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Difference Approximations for Boundary and Eigenvalue
Problems for Ordinary Differential Equations

By Heinz-Otto Kreiss

Abstract. The boundary value problem for ordinary differential equations is considered
and a general theory for difference approximation is developed. In particular, theinfluence of
extra boundary conditions is investigated and the eigenvalue problem is considered in detail.

1. Introduction. Consider an nth order linear system of ordinary differential
equations

a.n Ly = d"y/dx" + ni A,x) d*y/dx" = F
p=0

in the interval 0 < x < 1. Here, y = (0" (), - -+ , y™ (%)) * and
F=(F"®, -, F"x)y €cC

are vector functions and the 4;(x) € C' ** are m X m matrices. Furthermore, mn
linearly independent boundary conditions

l
aa B = Z B;1(0) d'y(0)/dx’ + B, (1) d’y(1)/dx’ = g,,

1=0,1,2,--- ,n—1,

are given. Thus B,y = g, describes the boundary conditions which contain derivatives
up to order /, the B;, are rectangular matrices with », rows and »n columns. Without
loss of generality, we may assume that the rows of (B,;(0), B;,(1)) are linearly in-
dependent. Thus, E ¥, = mn.

We shall also consider the eigenvalue problem

(1'3) L¢=k¢’ Bl¢=01 l=011a2s“°1n_1s

and assume that not all complex numbers \ are eigenvalues.

The aim of this paper is to develop a general theory for difference approximation
of the form (2.1), (2.14). Specifically, we shall investigate the influence of extra bound-
ary conditions on the speed of convergence. These extra boundary conditions are
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606 HEINZ-OTTO KREISS

necessary if r 4 s, the “width” of the difference approximation, is larger than n.
Another interesting result is that the behavior of the eigenvalue problem is completely
determined by the behavior of the corresponding inhomogeneous problem. For
example, if one can use Richardson extrapolation for the inhomogeneous problem,
then one can also use it to determine the eigenvalues and the invariant subspaces. No
assumption of selfadjointness or simplicity of the eigenvalues is needed.

Remark. The assumption that the coefficients are smooth is no real restriction. H.
Keller [2] has pointed out a procedure by which one can reduce the case of piece-
wise smooth coefficients to the case of smooth coefficients.

2. Formulation of Difference Approximations. We want to solve the problem
(1.1), (1.2) by difference approximation. Let # = N~', N a natural number, and
define gridpoints x, by x, = vh, » = 0, 1, 2, - - - , N. Using the notation v, = v(x,), we
approximate (1.1) by

2.1) KLy, = ), Cix,, HEv, = K'F,, v=r,r+1,.---, N—s.
i=-r

Here, r, s are natural numbers with » 4+ s = n, and Cj(x,, h) are m X m matrices
which belong to C' as functions of x and are polynomials in k. Furthermore, E
denotes the translation operator, i.e., E'v, = v,,; and F, is an approximation of F,
such that
2.2) limsup |F, — F,| = 0.

h—0 v
Practically all of the difference approximations used are of the form (2.1). For later
reference, we discuss some of them:

(1) We approximate the system of differential equations

2.3) dy/dx + A(x)y = F
by
(2-4) D+Uv+%A(xv+%h)(E+ I)U,=%(E+ I)Fv’ V=0, ly 2,"' ’N_l-

Here,I = E°, D, = " (E—Dandr = 0,5 = 1,ie,r + s = n. This type of ap-
proximation has been thoroughly studied by Keller [2].
(2) We approximate the differential equation

2.5) d’y/dx* + ay(x)y = F
by the usual difference equations
2.6) D.Dw,+ax,=F, D-=h'U—E"), »=12--,N—1
or »
h2
Q.7 <D+D_ -5 D Df)u, + ax, v, = F,, v=2,---,N—2.

In the first case, r = s = 1,i.e.,r + s = 2 = n, while in the second case, r = s = 2
and r + s > n.

We want to define consistency of the difference equations (2.1). For this reason, we
rewrite the equations in the form
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r+s

(2.8) WLwp, = 2. Ci(x,, hY(hD,)v,_, = K"F,.
i=0

Here, the C,(x,, h) are linear combinations of the C(x,, 4). For example, (2.4), (2.6)
and (2.7) can be written as

(I + 3hAGx, + 3W)AD.) + hA(x, + 3w, = H(E + DF,,
((hD.)Y + Hao(x,)hD.) + h*ap(x,)Dv,_, = K’F,,
and
(= f5(hD,)* + (AD.,)" + (1 + Kao(x,))(hD.)’
+ 2r%ayx,)hD.) + h'ao(x,),_, = K'F,,

respectively.
Definition 2.1. The difference approximation (2.1) is consistent, if there is a
constant X; > 0 such that, for all 2 > 0,

n—1
2.9) Sup<|én(x, By — I+ 2 [W"Cilx, h) — A,-(X)|> = Kih.
T i=0
There is no difficulty in showing that this definition is equivalent with the usual
one. We leave the proof of the following lemma to the reader:
LeMMA 2.1. The difference approximation is consistent if and only if for every
w(x) € C” there is a constant K(w) such that, for all h > 0,
(2.10) sup |Lw(x,) — Lyw,| = K(w)h.

r<vsN-—s -

It is obvious that the difference approximations (2.4), (2.6) and (2.7) are consistent
with the corresponding differential equations.
For later purposes, we write (2.8) in the form

n—1
Q@.11) Ly, = So(h) Div,—, + izo A;(x,, h) Div,_, = F,,

v=r,r+1,---, N—s.

Here, A/(x, k) = h’"C.(x, h) and S,(%) denotes a uniformly bounded difference
operator of the form

r+s—n

(2'12) SO(h) = Z SOk(xvs h)Ek)
k=0
whose coefficients are linear combinations of &,, --- , C,,,. For example, for (2.4),

(2.6) and (2.7), the operator Sy(k) has the form
So(h) = I + 3hA(x, + i), So(h) = 1,

and

So(h) = —15(hD.)Y + (AD,) + (1 + hao(x,)I

—%E + E — (& — K ay)l,

respectively.
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From (2.9), it follows that

r+8—n r+s—mn

(2.13) > Solx,, k) = I+ O(h), i.e., D Sulx,, 0) = I.
k=0

(2.1) represents (N — (r + s) + 1)m linear equations for the (N 4+ 1)m unknowns
v,,»=0,1,2, ---, N. Therefore, we have to add (» + s)m boundary conditions. These
boundary conditions are also linear expressions between the v; near the boundary
points x = 0 and x = 1. We shall write them in the form

(2.14)  Byv = 3 (B;(0, h) Dive + By(1, h) Dlvy) + hRiuy = &i(h).

Here, B;, are rectangular matrices whose elements are polynomials in 4, and R,,.»
stands for a linear combination of divided differences D'*'v; for which an estimate
2.15) R,,w| £ K, max |DY'v,], K, independent of &,
0sysN-1-1

holds. Thus, R,.,v represents the higher-order terms.

Definition 2.2. The boundary conditions (2.14) are consistent if the following
conditions are fulfilled:

(1) Ifr + s = n,then/ < n — 11in (2.14) and there is a constant K;, independent
of h, such that

|&h) — &l + Z% |B;:(0, k) — By(0)| + |Bu(1, k) — Bu(1)| £ Ksh,
l1=0,1,---,n— 1.

(2) If r + s > n, then there are still n#mm boundary conditions of type (2.14) with
I = n — 1 for which (2.16) holds. Furthermore, there are (( + s) — n)m extra bound-
ary conditions of the same type with / = n.

We do not know of any difference approximation which cannot be written in the
above form. Let us now consider the examples.

(1) The boundary conditions for the system (2.3) are given by

(2.16)

(2.3a) By, (0)y(0) + Boo(1)y(1) = 0
and we use
(2.4a) By, (0)vy + Boo(l)oy = 0

as an approximatioh which is obviously consistent.
(2) For the differential equation (2.5), the boundary conditions shall be given by

(2.52) »(0) = y(1) = 0.

As an approximation, we use

(2.6a) vo=vy =0

or

(2.7a) v =vy =0, Div, = Dlvy = 0,

where 7 is a natural number with 7 = 2. Even these approximations are consistent.
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Remark. D]v, = Dvy = 0 defines some kind of extrapolation which is indepen-
dent of the differential equation. However, one can also use the differential equation
to derive the extra boundary conditions. From (2.5) and (2.5a), it follows that

y''(0) = F(0), y'() = FQ1),
and, therefore, we can use instead of (2.7a)
(2.7b) vo = vy = 0, D2v, = F(0), D’vy = F(1).

The accuracy of (2.7b) is, of course, improved if # = (N — 2)™! and x, is defined by
x, =@ — Dhie,xo=—hxy =1+ h

We shall also consider the eigenvalue problem. In that case, we approximate
(1.3) by

(2.17) Lh¢=)\hShI//y, V=r,r-|-1, e ,N_S,
with boundary conditions
(2.18) Blh¢ = 0.

Here, S, is a uniformly bounded operator of the form
(2.19) Si = 2 Sis,, WE.

The coefficients S,, are matrices which belong to C' as functions of x and are poly-
nomials in 4. For consistency, we assume that

> Six,, By — 1

(2.20)  sup | < K.h, K, = const independent of #.
For our examples, we get

(2.21) D.y, + 3 A(x, + 3ANE + DY, = IME + Dy,

(2.22) D.D_¢, + a(x,)¥, = AY,,

(2.23) (D+ D_ — Th-;- D Df);//, + a(x,)¥, = \Y,.

3. General Convergence and Stability Theorems. In this section, we want to
prove a number of general stability and convergence theorems. Let 8B, denote the
Banach space of all gridfunctions v = (o, vy, - - - , y)’ With the norm defined by

|lolls = max |v,].
0svsN

If v € B,, then it is not true that w = D, v also belongs to B,, because w, = D, v, is
only defined for » = 0, 1,2, --- , N — 1. We shall, however, use the notation

[|Dsv||ls = max |D.v,]|.
0sv<N-1

In general, if To, = ».%__, T«x,)E'v, is a difference operator, then

1 Tolla

max |Tv,]|.
psSvsN—q
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Thus,

[IDiD%||s = ||Di™]||, = max |Di*%,].
OsvsN-j—k

We shall denote by B the Banach space of all functions f(x) € C with the norm
defined by
[IfIl = sup [f(x)].
0szs<1

With these notations, we write down the following two well-known lemmas:
Lemma 3.1. Let j, k with j < k be natural numbers. For every § > 0, there are
constants c;;(8), independent of h and v, such that
[1D:olls < 8| Divlls + cin(®)][v] .

LeMMA 3.2. Let k be a natural number. For every h and every gridfunction v,, there
exists a function w = w(x, k, h) € C* and constants d;,, independent of h and v, such
that

w(x,, ) =v,, v»=20,1,2,--- N,
“DiUHh = ||diw/dxi|| = da(olls + ||Div||h), j=0,1,2, -+ k.

Proof. The function w of Lemma 3.2 can, for example, be constructed in the
following way: Define v, for v > N by D*"'vy_;., = 0, = 0, 1,2, - - - , and construct
w by Hermite interpolation with d’w(x,)/dx’ = Dlv,, j = 0, 1,2, - - - , k. This process
we shall denote by w = Int, v.

Lemma 3.2 implies that Lemma 3.1 holds if we can prove it for the continuous
case, i.e.,

lld'u/dx’|| < 8||d"u/dx"|| + Ci(8)||u]].

Let |[ull, = (J5 |u|* dx)"'* denote the L,-norm of u. Then the above inequality follows
from the corresponding Sobolev inequality

l|d'u/dx’||* = &°||d"u/dx"||; + Ch(8)|]ull3.

With these two lemmas, we can now prove the main result of this section.
THEOREM 3.1. Assume that N = 0 is not an eigenvalue of (1.3) and that there is a
constant K, such that for all h and all solutions of (2.1), (2.14) an a priori estimate

@.0 D%l = K(Ilolh + 11FL + 3 12)

holds. (Here we define F, = 0 forv = 0,1, --- ,r — landv =N — s+ 1, --- , N)
If the Egs. (2.1), (2.14) are consistent, then these equations have, for every F, g and all
sufficiently small h, a unique solution v € B, and there is a constant K, such that

(32) llolh = Ko( 1171 + 3 18]).

Furthermore, the interpolated function Int, v converges to the solution u of the dif-
ferential equations, i.e.,

(3.3) lim ||Int,v — u|| = 0.
h—0



BOUNDARY PROBLEM FOR ORDINARY DIFFERENTIAL EQUATIONS 611

Proof. Assume that (3.2) does not hold. Then, we can select subsequences #;,
FP g0 j=1,2,---,with

hi_)Os llﬁ(j)llh:‘_)o, lg-l(nl _)O’
such that the equations
(3.4) Lh:‘vv = F(i), Blh'v = g.ij),

i

have, for every j, a solution v‘” with |[o*”||,, = 1.

Using Lemma 3.2 with k = n, we can construct a sequence of functions w‘’(x) =
Int, v‘”’, which, by (3.1), have uniformly bounded derivatives up to the order n.
Therefore, we can, without restriction, assume that w‘’(x) and its first » — 1 deriv-
atives converge uniformly to a function u(x) and its derivatives. Here ||ju(x)|| = 1. Add
the Eqs. 3.4) forv = r,r + 1, --- , and use the notations # = h;, w, = w!” = p'".
Then

» n—-1 p »® .
3.5) 2 SWDYw,_.h+ 3 >0 Aix,, B)Diw,_.h = 3 F”h,
. o=r i=0 o=r o=r
B=r, - ,N_S.
By (2.12),
B 2
2 So(h)Diwe_rh = 2 (So(h) — DDw,_.h
= D'-:-_lwu—r - D:_lwo + Rlv + R2n R
where

I
Ry = 2 X Sou(E* — DDw,h,

k

I3
Ry= Y (; Sox — 1) Diw,_.h.

o=r

By assumption, the So, = S,.(x,, h) belong to C* as functions of x and are polynomials
in h. Therefore, partial summation gives us

max |R;,| = const 4||D i w||, = const A||D}v||, = const A.
»

From (2.13), it follows that the same inequality also holds for R,,. Thus, (3.5) implies
that u(x) is the solution of

7 ux)/dx" — & u(0)/dx" + f 2 AN u@®)/dE) dt = 0,

ie, Lu = 0.

It is obvious that u also fulfills the boundary conditions (1.2). Therefore, A = 0 is
an eigenvalue of (1.3) which is a contradiction. We have proved that an estimate of
type (3.2) holds.

Writing the difference equations (2.11) in the form (3.5), consistency and the
inequalities (3.1) and (3.2) then imply (3.3).

We shall now derive algebraic conditions such that the estimate (3.1) is valid. Let
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¥ =Dlv,»=0,1,2,---, N — n. Then, we can write the Eq. (2.11) in the form
(3'6) SO(O)yv—r = Gv, V=0r,- -, N -,
and it follows from (2.11) and (2.13) that
n—1
Gl = const(Z || Dol s + IIFII»>~
»=0

(Here we again define G, = Ofor» =0, --- ,r —landv =N—5s+1,---, N
If we use the relations

1%

4 T—n g—n
D+vi = D+ Yis DZ Yi-ns a n,

then, we can write the (( 4 s) — n)m extra boundary conditions (2.14) with / > n,
after multiplication with 4’ in the form

N-—n
(3.7 > Huy: =%
i=0

Here, the H;, are rectangular matrices independent of 4 and, for %, we have an
estimate

n—1
(3.7a) Iz < const(z [|Dio||s + A" ; |g|>.
u=0 zn

(3.6) and (3.7) represent (at least formally) (N — n + 1)m linear equations for the
(N — n + 1)m unknowns y,, - -+ , yy_,. From Lemma 3.1, we obviously get

THEOREM 3.2. Assume that the Egs. (3.6) and (3.7) have, for every G, and §,, a
unique solution and that there is a constant Ky such that, for all h, G, and 3,

(3.8) max || S Ko max |G| + max &),
0SvsN-n rSySN-—s 1
then (3.1) holds.

A corollary is

THEOREM 3.3. Assume that r + s = n, i.e., the difference scheme is as compact as
possible. Then (3.8) holds.

Proof. By (2.13), we have Sy(0) = I and (3.8) follows from (3.6).

Thus, for compact difference schemes, we have only to make sure that the boundary
conditions are consistent. Therefore, Theorem 3.1 implies that the solutions of our
first two examples (2.4), (2.4a) and (2.6), (2.6a) converge to the solution of the dif-
ferential equations if X = 0 is not an eigenvalue of (1.3).

In most applications, the difference equation (3.6) is a scalar equation with constant
coefficients, i.e., we can write it in the form

(3.9 Za“E“,,=G,,, v=r,--+-,N—sg,

u=-r

where the a, are constants. In this case, we can prove:
LEMMA 3.1. Let the difference equation (3.6) be of the form (3.9) and denote by «; the
solutions of the characteristic equation

(3.10) > ax* = 0.

u=—r
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The estimate (3.8) holds if and only if all |k;| > 1 and (3.8) is valid for the special
case that G = 0.

Proof. Let k, = e*, o real, be a solution of the characteristic equation, then we can
write (3.9) in the form
(3.11) (E—eWw, =G,, w, =a.. ] E-—«xw.

%1

If (3.8) is valid, then w, has to be bounded for all G,. This is impossible. We need only
to choose G, = ¢"”°G,. Thus, the conditions of the lemma are necessary.

Assume now that all |«;] > 1. Then, there is no difficulty in showing that (3.9)
has a particular solution w, i.e.,

i auE“wv = Q4_p H (E - K,‘)W, = G,,

p==r i
with

max |w,| < const max |G,|.

0sSvsSN—-n rSvsSN-—s
Subtracting w from y, the lemma is proved.

Let us now consider the difference equation (2.7) with the boundary conditions
(2.7a). Observing that

(D D_ — L D2D2>v = (D2 + hDS — Ls D")u
+ - 12 + - + + 12 + JYv—2>
it follows that the homogeneous equation (3.6) has the form
h2
(3.12) (1 + kD, — 5 Df)yy-z = 0.
The boundary conditions (3.7) are given by
(3.13) hf_zD:L_z.VO = ?1, hr_zbi_zJ’N—z = ?2-

The solutions of the characteristic equation 1 + (x — 1) — #%(x — 1)* = 0 are
ki =T — /48 ~ 0.07 and k, = 7 + /48 ~ 13.93. Therefore, the general solution of
(3.12) has the form

— v v—N
Yy = o1k + oKy .

The ¢; are determined by the boundary conditions (3.13) and there is no difficulty in
showing that the desired estimate holds for any . We have thus proved that the
solutions of (2.7), (2.7a) converge to the solution of the differential equation if A = 0
is not an eigenvalue.
One can generalize the above results considerably. We state without proof:
THEOREM 3.4. Consider the characteristic equation

r+s—n

Z SO(xv’ O)Kk

k=0
for all fixed x,. If, for all its solutions «;, |k;| = 1, then the estimate (3.8) is valid if it

holds for the special case G = 0.
If the boundary conditions (3.7) can be separated into linear relations

Det =0,
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q N—-n

Z Hy; = ?t E Hy; = ?z,

i=0 i=N-n—p
where g and p are some natural numbers independent of A, then one can go still
further. Consider the half line problems with constant coefficients which we get
from (3.6) and (3.7) by moving one of the boundaries to infinity and freezing the
coeflicients at the other boundary, i.e.,

r+s—n

(3‘14) E SOk(O’O)Ekyv—r=01 V=r,r+l,“',N, N+1""’

k=0

with boundary conditions

(3.15) > H;y; =0, sup |»,| £ const,
i=0 rsv<o

and

rt+s—n v
(3.16) > So(l,0)E'y,_, =0, vy=N—s,N—s—1,---,0,—1, -+,

k=0
with boundary conditions

N-n
3.17 > Huy;, =0, sup |y,| = const.
i=N-n—p N—g=<y>—c

Then we have

THEOREM 3.5. Assume that the conditions of Theorem 3.4 are valid and that the
problems (3.14), (3.15) and (3.16), (3.17) have only the trivial solution. Then the estimate
(3.8) holds.

Let us consider the difference equation (2.7) with boundary conditions (2.7a) once
more. The general solution of (3.12) with sup, |y,| < const is given by y, = ¢,«} and,
therefore, 7" >D"%y, = a:(x; — 1)’ = 0 implies that ¢, = 0, thus, that the cor-
responding Egs. (3.14), (3.15) have only the trivial solution. Obviously, the same is
true for the Egs. (3.16) and (3.17).

The stability results which we have derived here are independent of the particular
differential equation, i.e., they depend only on the approximation of the nth derivative
and the choice of the extra boundary conditions. If the solutions «; of the characteristic
equations do not have the property that |«;| ¥ 1, then this is no longer true and one
cannot develop any general theory. We shall illustrate this by an example:

Consider the differential equation

du/dx = 0, u(0) = go,
and approximate it by
Uy — U,y = 0, Vo = o, D.vy + 2D vy = g,.
Then
v, = o1 + ox(—1),
where o,, o, are determined by

Vo = 01 + 02 = go,
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h(D.vo + 2D_vy) = (=2 + 4(—=1)")o, = hgi,
ie.,
(3.18) (=2 4+ 4=, = (=2 + 4(—=1)")g + A(—1) — Dg.
Therefore, the v, converge to u. If we now change the differential equation to
du/dx — au = 0, u(0) = g,
and approximate it by
Uys1 — Uy_q — 2ahv, = 0, Vo = Zo» D.vo + 2D_vy = g,
then
B, = g™ TR | o (e OB
and ¢, o, are determined by
o, + o0, =0,
howa(e™? 4 2¢*" VP 4+ 0(") + ox(1 + 27N =1 + 2¢ (= 1)" + O(H)) = hg.

An easy calculation shows that we do not get convergence if N is even and « = log 2.

4. Error Estimates. We have already proved that the solutions of the difference
equations converge to the solution of the differential equation. We shall now derive
refined error estimates. We start with

LeEmMA 4.1. Assume that N = 0 is not an eigenvalue of (1.3). Consider the equations

“4.1) Liw, =0
with boundary conditions

= < —
“2) Byw 0 forl = n 1,

n—1 ~

=HK""g forlz=n,

and assume that for the Egs. (3.6), (3.7) the estimate (3.8) holds. Then, there is a constant
K., independent of h and §,, such that, for the solutions of (4.1), (4.2), an estimate

(4.3) Hwlls < Ko D |21l

is valid.

Proof. From (3.7a) and (3.8), it follows that an estimate of type (3.1) holds for w.
Therefore, the estimate (4.3) follows by the same argument as the estimate (3.2).

In most cases, one can improve the above estimate. We can, for example, prove

LEMMA 4.2. Assume that the conditions of Lemma 4.1 are fulfilled and that the Egs.
(3.6) have the form (3.9) and all solutions «; of the characteristic equation (3.10) are
distinct. Then we get, instead of (4.3), an estimate

(4.4) Nwlls £ 2Ks 2 |4

If, furthermore, l,,, = max, I, < n — 2 for the highest derivative appearing in the
boundary conditions (1.2), then

(4.5) wllh S K Ke-2 |l
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Proof. Let y be the solution of

N-n
(4.6) So)y,—, = 0, > Huy; = §i.
=0

By assumption and Lemma 3.1,
Yy = Z oix; + Z U'iK;‘N,
with
lo;] < const ) |&], x| = 1.
Define z{" by
4.7) 2V = (X ol — DTG+ 3 ol = D7),

lkjl>1

then D7zV = y,and v = w — z* is the solution of
Lw = kG,  ||G|x £ const 3 |z,

(4.8) Buwo=h"'4 forl<n-—1,

|g:] = const Z B

= ptyg, for I = n,
Therefore, v = v* + v'", where v, v"" are the solutions of

Lot = hG,, By = nm'g forl<n-—1,

4.9)
=90 forl = n,
and
(4.10) L,.vf,I = 0, B,,,vf,I =0 forl=n-—1,

= hn""g, forl = n,

respectively. Then, the estimate (4.4) follows from (4.3) and (3.2).
Let /... < n — 2. Then, we define z*’ by

n_(2) & (2) (2) n—1_(2)
4.11) Diz,” = p,, 2o = D,zp = -+ = Dizg =0,

where j, is the solution of

N—
SO(O)J:'V—r = th Z H:'lj;i = hg.l’ V=T, 0, N — s.
i=0
(4.7) implies that there is a constant d with 0 < d < 1 such that
IG,| £ const(@® + d"™") > |&]
and therefore also

5,] £ & const(@ + &) 3 |gil.
Thus,

[|Diz® ||, < h* const Y, |§| forj=0,1,2,--+,n— 1.

v =w — 2z — z® s the solution of
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Lo = K6, 167l S const I 4.

BV = R forl < n— 2,
180 gl or =n |gl| é const E |gl|‘

= B2, for 1 = n,

Therefore, (4.4) follows in the same way as above.

There is no doubt that Lemma 4.4 can be generalized considerably. For example,
the assumption that the solutions «; of the characteristic equation are distinct is
unnecessary. This can be seen by a simple perturbation argument.

Furthermore, it can be shown that the estimates are sharp.

It is now easy to derive error estimates: Let u be the solution of (1.1), (1.2) and
substitute it into the difference equation. Then there is a natural number «, the order
of the difference approximation, such that

Lhuv = FV + han’
(4.12) B[hll = g~[ + hafl for I é n — 1,
&+ 1 for I = n.

We get
THEOREM 4.1. Assume that the conditions of Lemma 4.1 or 4.2 are fulfilled and let v
denote the solution of the corresponding difference equations. Then

n—1
e = ol = #1161 + 2 1) + K T

Here,o = 0, 1,2 and K; = K,, K;, K, if the estimates (4.3), (4.4), (4.5), respectively,
hold.

Proof. The estimates follow in the usual way by writing down the difference
equation for ¥ — v and then using a representation of type (4.9), (4.10).

It is easy to see that & = 2 for the approximations (2.4), (2.4a) and (2.6), (2.6a). In
these cases, the second sum in the error estimate does not appear. For (2.7), (2.7a), we
have o = 4 and the second sum is of order O(h"). For (2.7), (2.7b), we again have
« = 4 and the second term is of order O(h*) if we use a grid defined by x, = (» — 1)A,
h = (N — 2)"". Otherwise, it is of order O(#®).

One can always construct compact difference schemes, i.e., r 4 s = n, such that
the truncation error can be expanded into power series ) h’v¢,(x) in h°. Therefore,
it is doubtful that one should use difference schemes with » + s > n to increase the
accuracy. Instead, one can use Fox’s difference correction method [1] or Richardson
extrapolation. Justifications of these methods are given in [3], [4] and depend on the
estimate (3.2).

5. The Algebraic Eigenvalue Problem. The eigenvalue problem for the dif-
ferential equations can be considered as the limit of finite-dimensional problems.
Therefore, we shall discuss the latter briefly.

Let X, denote the p-dimensional vector space x = (x;, - , X,)’. Denote by 4 a
p X p matrix, and let A\, be an eigenvalue of 4, i.e., a solution of

5.1 Det |4 — M| = 0.
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It is well known that the associated invariant subspace J is given by the projections

(5.2) J=PX,, P = ——lf (4 — D' dz.
2mi lz=As| =8,

Here, 6, > 0 is a constant which is so small that there is no other eigenvalue A\ with
IN— A\| = 6,. A basis of J can (for theoretical reasons) be constructed by solving the
set of equations

(5.3) (4 — My =0, (A= MDDy = yo, ~++ , (A — MDyss1 = yi, =+ .

Now let B be another p X p matrix and let us consider the generalized eigenvalue
problem

(5.4) Ax = ABx.
Without restriction, we may assume that
Ax = 0, Bx = 0 imply x = 0.
Then, the eigenvalues are given by
(5.5) Det [(4 — AB)| =
The invariant subspace J associated with an eigenvalue \, is given by

(5.6) J=PX,, P= —l—f (4 — zB)'B dz,
2mi Jiaon, =5,

and a basis of J can be constructed by solving the equations
6.7 (4—NB)y, =0, (4—AB)y, = Byy, -++, (4 — AB)y;s1 = By;, -+ .

If B is nonsingular, then we can write (5.4) in the form B™'4x = \x, and (5.6), (5.7)
follow directly from (5.2), (5.3). If B is singular, then we perturb B and consider

P(€)=——“f (A — zB) 'B dz, B = B+ ¢B,.
lz—=X1 =8

Here, B, is chosen in such a way that B is not singular in an interval 0 < ¢ < &,.
Observing that P(e) is, for sufficiently small ¢, an analytic function of e, the relations
(5.6) and (5.7) follow by a perturbation argument.

In applications, the generalized eigenvalue problem (5.4) is often written in the
form

5.9 Ax = MBx, with side conditions Cx = 0.

Here A4, B are ] X p matrices, / < pand Cisap — I X p matrix. (5.8) can, of
course, be written in the form (5.4),

(2 =)

Let ©, denote the subspace of vectors x € X, with Cx = 0 and denote by ¥(z) the
operator

X(@)x = (4 — zB)x, x €Dy,
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which maps ®, into X,. If z is not an eigenvalue of (5.9) then ¥(z)"' exists and we can
write the invariant subspace connected with an eigenvalue A, of (5.9) in the form

(5.10) J=PX, P=——- 1) B dz.
2wi Jyn, =8,

This follows directly from (5.6) and (5.9) because

(&2 Q- e

Remark. If there is more than one eigenvalue inside the circle |z — ;| < §,, then J
denotes the combined invariant subspace.

6. The Eigenvalue Problem for the Differential Equations. Let ® & B denote
the subspace of all ¢ & C" which fulfill the homogeneous boundary conditions (1.2),
i.e., B;¢ = 0. Then we can write the eigenvalue problem (1.3) in operator form

6.1 W=\ oD
We assume that not all complex numbers X are eigenvalues. Then the equation
(6.2) R—zhu=F, yED,

has a unique solution for every z which is not an eigenvalue and every F € 9B and
[[( — zI)™'|| < = if z is not an eigenvalue. In fact, (2 — zI)™* is a meromorphic
function of z with poles at the eigenvalues. Let )\, be an eigenvalue and assume that
8 > 0is a constant such that no other eigenvalue belongs to ||z — \|| £ &. Then the
invariant subspace J(\;) which is associated with X, is given by the projection

(6.3) J\) =P8, P= —lf (8 —zD7' dz.
2mi J o 1=8

It is well known that J(\,) is finite-dimensional.

The operators L,, S, defined by (2.1) and (2.19), respectively, map B, into the
N — (r + s) + 1-dimensional vector space ¥, consisting of the gridfunctions (w,, - - -,
wy_.). Let ©, € B, denote the subspace of gridfunctions v = (v,, - - , vy)’ Which
fulfill the boundary conditions (2.14) and denote by &, &, the restriction of L,, S,
to Ds.. Now, we can write the discrete eigenvalue problem in the form

6.9 8}:‘// = )‘h@h‘p’ A Di,

which is a generalized eigenvalue problem of the form (5.8). For the computation of
the invariant subspaces, we consider the equation

(6.5) &% — Z@h)l’ = S»F, v E Dy, SiF = (SyF,, -+ , ShFN—a), & Vs

We now make a number of assumptions:
Assumption 6.1. Let z be a complex number which is not an eigenvalue of £ We
assume that there is constant 4, > 0 such that

sup [|[(% —2&) 7|l = K < .

0<hz=ho

The following lemma is valid.
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LEMMA 6.1. Let Q denote a compact set in the complex z-plane which does not
contain any eigenvalue of {. If Assumption 6.1 holds, then there is a constant hy > 0
such that

sup  |[(& — 2807 = Ko < .

2€Q,0<hsho

Proof. Let z, € Q. By Assumption 6.1,
(& — Z@h)_l = (& — Zo@h)_l(l + @ — 20)Su(& — ZO@A))_l

is uniformly bounded in a whole neighborhood of z,. The lemma follows from the
theorem of Heine-Borel.

Let z € Q, F € B be a fixed function and define F = S,F € V, by F, = S,F,,
v=rr+1,.--, N— s By Assumption 6.1, the function v = (&, — zS,)” 'S, F exists
for all & < h, and, by Lemma 3.2, we can construct the interpolated function w =
Int, v. We now make

Assumption 6.2. For every z € @ and every F € B,

lim ||w — u|| = lim ||Int,(% — z&,) ' S,F — (¥ — zI)'F|| = 0.
h—0 h—0

LeEMMA 6.2.

lim sup ||w — u|| = 0.
h—0 z€Q

Proof. From Assumption 6.1, it follows that the w’s are analytic functions of z
and that the first derivatives dw/dz are uniformly bounded for all z € Qand all & < h,.
Therefore, the lemma follows from Assumption 6.2.

LEMMA 6.3. Let h, — 0, F*’ € B be sequences with lim,... ||[F* — F|| = 0.
Denote by u the solution of (R — zI)u = F and by w*’ the solution

w® = Int,( — z8,) 'S,F*¥, h = h,.
Then

limsup |lu — w™ || = 0.
h—0 €0
Proof. The lemma obviously follows from Assumption 6.1 and Lemma 6.1.
Assumption 6.3. Let h, — 0, F*> € B with sup, ||[F*’|| < « be sequences. Then,
we assume that the solutions of the discrete problem

w(“) = Intn(gh - z@h)_lshF(“), z E Q’ h = hn’

form a compact sequence.

Assumptions 6.1, 6.2 are the usual stability and consistency requirements. They
guarantee that the eigenvalues of the discrete problem converge to the eigenvalues
of the differential equations. However, the invariant subspaces need not converge.
For that, the last assumption is essential. Consider, for example, the eigenvalue
problem

dy/dx — \y = 0, »(©0) = y(1),
and approximate it by the leap-frog scheme

UVyt1 — Uyoy — 2B\, = 0, Vo = Uy, v, — vy = 0.
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It is easy to see that Assumptions 6.1 and 6.2 are fulfilled and A = 0 is an eigenvalue
for both problems. However, the corresponding invariant subspaces are y = const
and v, = const + o(—1)’, respectively.

The above assumptions are natural in our framework because we get from Theorem
3.1 without difficulty:

THEOREM 6.1. Assume that for every z there is an a priori estimate of type (3.1) for
the solutions of (6.5). Then, the Assumptions 6.1-6.3 are fulfilled.

Let A, be an eigenvalue of the differential equation (6.1) and J(\,) the correspond-
ing invariant subspace. (5.10) shows that

Ji\w) = Ph&n P, = ‘/I‘ N (81. - Z@h)_lsh dz

denotes the combined invariant subspace of the eigenvalues \;, of the discrete eigen-
value problem which lie inside the circle |z — A,| < 3. We shall now imbed J,(),,)
in B by interpolation. We let

JA,) = Int, Ju(\0)

and prove
THEOREM 6.2. lim,o J(N.1) = J(\), i.e., for sufficiently small h the dimension of
J(\.4) is the same as that of J(\,), and there is a basis of J(\,,) which converges to a
basis of J(\,).
Proof. Let ¢,, --- , ¢, be a basis of J(A,). Then, ¢,(x, k) = Int, P,¢,; belongs to
J(\,4). By Assumption 6.2 and Lemma 6.2,
fim ¥;Cx, ) = —50 (@ — 2D dety = &
A0 2mi J =0
Therefore, we need only show that the y,(x, &) define, for sufficiently small 4, a basis of
J(M\..). Assume that there is a sequence A, — 0 such that, for every & = h,, there is a
function ¥(x, k) € J(\,,) with

1
l¥Gx, mI| =1 and f PG, Y, D dx = 0, j=1,2,---,p.
0
Then

Y, B) = — Int, ——

2wi

‘/; oo (& — 287" dzSu(x, h).

By Assumption 6.1, the sequence (&, — z&,) ' S.¥(x, k), h = h,, is equicontinuous
with respect to z. Therefore, Assumption 6.3 implies that the sequence ¥(x, h),
h = h,, is compact and we can, without loss of generality, assume that lim y¥(x, k) =
¢(x). Then, it follows from Assumption 6.2 and Lemma 6.2, that

$) = —5- [ (@ =z debin) € SO,
LA PRSI
Furthermore, ||¢|| = 1 and ¢ is orthogonal to all ¢;. This is impossible, and the theorem
is proved.
We have thus proved that the eigenvalues and corresponding invariant subspaces
of the discrete problem converge to the eigenvalues and invariant subspaces of the



622 HEINZ-OTTO KREISS

continuous problem. In most cases, one can derive sharper error estimates and can
show that Richardson extrapolation is possible. We want to show

THEOREM 6.3. Consider any compact set Q which does not contain any eigenvalue
and assume that there are natural numbers o and q such that (6.2) has, for every F & C**,
p = qand any z € Q, a solution u(x, z) & C*”. Assume, furthermore, that for the
corresponding solution of (6.5), there is an expansion

v =v(x, h, z)

= u(x,z) + hCu(x,z) + -+ + B Vu,_i(x, 2) + O, x = x,.
Here, the u,(x, z) € C**~" as functions of x and are continuous functions of z. Then,
there exists a basis {i(x,, h)} of Jy(\.») such that
(6.7 ¥ix, B) = ¢;(x) + h°bpu(x) + -+ + 1"V, 1(x) + O™, x = x,

where ¢; & C** denotes a basis of J(\,) and ¢;, € C* .
Furthermore, if N, has multiplicity =, then there are precisely r eigenvalues \,,,
counted according to their multiplicity, with |\,, — | < « and

(6.6)

(6.8) —11-_2 Mr =M A A A e A BN+ O
y=1
Proof. Let F = ¢; € J(\,). Then ¢; & C*“ and, by (6.6),
1
'l#,'(x, h) - Ph¢i - _-21',1- t/;z—)‘,l-b U(x_, hs Z) dz

a

=¢i(x)_£—f w(x,z)dz + -
lz=X1 =8

2ri

and (6.7) follows directly.
Let z, € Qand ¢; € J(\,). Then also (§ — z,I)"'¢; € J(\,) and, therefore,

(6.9) (2 - 201)_105:‘ = ; a; s

The 7 X 7 matrix 4 = (a;;) has the sole eigenvalue A = (\, — z,)”'. In the same way,
if ‘l/i e Jh()‘vh)’ then

(6.10) (X% — Zo@h)_lsh¢i = 2 bir

and the r X r matrix B = (b;;) has the eigenvalues (\,, — z) ', » = 1,2, --- , 7. We
want to derive a relation between 4 and B. By (6.7),

2 bade = (B — 2@ S + A(® — 2@ S + o
Now, apply (6.6) to all of the terms on the right-hand side. Then, (6.9) gives us

Z bt = (R — z0D) b + Wi (x) + K wai(x) + - - -

Z apde + hOwi(x) + B wa(x) + - - - .
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We can now use (6.7) to express ¢, in terms of the ¢, and get

Z by = ; a;. ¥, + R;.

k=1

R; = bW, i(x) + B**W,(x) + - -+ € Ju(\,4) and therefore (6.7) implies that

q—1
R, = X hc{ ¥ + O(™).

o=1

Therefore,
B= A+ hC, + K*°Cy + -+ + h*“VC,_i + 09, C, = (),

and (6.8) follows without difficulty.

‘We have thus shown that the error behavior of the eigenvalue problem is the same
as that of the inhomogeneous problem, the estimates for our examples are obvious.
If the dimensions of the invariant subspaces are always one, then there are no practical
problems either. Otherwise, we have to cope with two difficulties:

(1) If there is an eigenvalue of multiplicity + > 1, then it might be difficult to
decide which are the 7 eigenvalues \,, which converge to \. In general, this difficulty
can only be overcome by some a priori information of the differential equation.

(2) Assume that (6.7) holds and that we have constructed a basis {¢,(x, k), - -,
¥.(x, h)} for the invariant subspace J,(\,,) for a number of values h = hy, by, ---
with h;/h, = p; = natural number. In general, Richardson extrapolation will not
work directly. Though there is a basis in Jy(\,») as described by (6.7), the particular
bases we have constructed need not have that property. We can, however, proceed
in the following way.

(1) Compute bases for # = ho, h, , - - - and consider these bases for x = %,

(2) Now change the bases for # = h,, hy, --- to bases {{;(x, h,)}, x =
demanding

Vho.
x,, by

(6'11) ”\Zi(x’ hv) - 'l/i(x’ h0)||2 = Zoo |‘pi(iv’ hv) - ‘Pi(“iv’ hO)l2 hO = min-

We have
THEOREM 6.4. Richardson extrapolation is possible for the bases

{‘/’i(x’ hO)}’ {‘;i(x, hl)}’ trt L, X = iw
Proof. By (6.7), there are bases {{(x, h,)} for which

dulx, b)) = ¢ux) + B°Puax) + -+ + BV (x) + O(h*Y), x =X
and

0 fork = 1,

(ﬁk(x’ hc), &l(x’ hv))2 = Z:) \bk(xw hv)ﬁl(-.x'n hv)ho

1 fork =1.
Therefore,

‘;i(x, h;) = Z aik‘pk(xa hy)
and (6.11) implies
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ai = (ulx, h), ¥ilx, ho))s.
This proves the theorem.
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