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Stability Theory of Difference Approximations for
Mixed Initial Boundary Value Problems. 11

By Bertil Gustafsson, Heinz-Otto Kreiss and Arne Sundstrom

Abstract. A stability theory is developed for general difference approximations to mixed
initial boundary value problems.

The results are applied to certain commonly used difference approximations which
are stable for the Cauchy problem, and different ways of defining boundary conditions
are analyzed.

1. Introduction. Consider a first order system of partial differential equations
a.n du(x, t)/dt = Adu(x, t)/dx + Bu(x, t) + F(x, t)

in the quarter-plane 0 < x < «, ¢ > 0. Here, 4 and B are constant square matrices
and

ux, ) = @V, 0, -, u&, Y,  Fx, 0= (F 0, -, F %, DY
are vector functions. Furthermore, 4 is Hermitian and of the form:
A 0
0 4,

(1.2) A4 = with 4, < 0, 4, > 0.

The solution of (1.1) is uniquely determined if we prescribe initial values for ¢ = 0:

(1.3) u(x, 0) = f(x), 0=x< o,
and boundary conditions for x = 0:
(1.4 W0, 1) = Su'©, )+ gt), t=0,
where
W= @, -, uMY and 4= @Y, oo u™y

correspond to the partition of A4, and S is a rectangular matrix.

We want to solve the above problem by difference approximation. For that
reason, we introduce a time-step k > 0, a mesh width # = 1/N where N is a natural
number, and divide the x-axis into intervals of length 4. As usual, we assume that
k/h = X = const. Let p, ¢, r, and s be natural numbers and use the notation

Dv(t)=v(xv,t)9 xv=Vh’ V=_r+l9—r+2"“’0’1,“'
We approximate (1.1) for» = 1,2, ---and ¢t = ¢, = 7k, r = s, s+ 1, --- bya
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consistent multistep method

(1.5) O-w,(t + k) = }Tﬁ O.,(t — ok) + kF,(2).

Here,

¥4
Qa = Z Aia(h)Ei; EU,, = Uy
j=-r
~are difference operators with matrix coefficients which depend smoothly on 4. For
the solution of (1.5) to be uniquely determined, it is necessary to specify initial values

(1.6) v,(ck) = f,(dk), c=01,2,-- ,55v=—r+1,—r4+2,---,

and, for ¢t = ¢, = sk, boundary conditions

UD) w4k =3 S — ok) + 8@  w= —r41, -0,

o=-1

where

qQ
(1.8) §# =3 CVE

i=0
are onesided difference operators, i.e. (1.7) expresses the solution at the boundary
point x, = 0 in terms of the solution at interior points.

The aim of this paper is to generalize the stability theory of [1] to the non-
dissipative case. Furthermore, we shall also treat the case with two boundaries, i.e.
consider the differential equations (1.1) for 0 < x £ 1, ¢ = 0. Then, we also have to
specify boundary conditions for x = 1. In this paper we will treat only the case with
constant coefficients. However, the generalization to equations with variable coeffi-
cients poses no new difficulties because stability is always proved by the energy
method.

We shall use the same notations as in [1] and assume that the reader is familiar
with that paper.

2. Estimates for the Differential Equations. As a preliminary, we shall derive
some estimates for the solutions of the differential equations. The reason why we
derive these inequalities is that the same type of technique is later used to give
estimates for the solutions of the difference approximations.

Let us introduce the L,-scalar products

(W, v). = f TG o, 0 dxy (o), = f "G, Do, 1) dt,

W, )., = / f u*(x, Ho(x, t) dx dt,
o 0

and define the corresponding L,-norms in the usual way by ||4||* = (v, u). We denote
the corresponding L,-spaces by Ly(x), L,(f) and L,(x, t), respectively.

The following estimate is well known:

THEOREM 2.1. Let F = g = 0. For every f € Ly(x), the problem (1.1)~(1.4) has a



STABILITY THEORY OF DIFFERENCE APPROXIMATIONS 651

unique solution which belongs to L,(x) for every fixed t. Furthermore, there are real
constants o, K, such that for all f and all « > a, an estimate

(2.1 [l uCx, |, £ Kof|f)|].

holds.
We can also prove
THEOREM 2.2. Let f = F = Q. There is a constant a, = 0 such that (1.1)-(1.4) has,

Sor every g(f) € Ly(9), a unique solution u(x, t) with e"*'u(x, t) € Ly(x, ) for a > a,.
Furthermore, there is a constant K, such that, for all g,

(2.2) [le”**u(0, D], £ Kolle”*'g®ll.,
and
(2.3 (@ — ao) |le“utx, |5, = Ko|le* g}

Proof. Here, we shall only prove the estimates. Let u(x, ) be a solution with
e “‘u(x, 1) € Ly(x, ¢) for all sufficiently large «. Introduce into (1.1)-(1.4) a new
variable w = e~ *‘u. Then,

dw/dt = Adw/0x + Bw — aw,
wix, 0) = 0,  w'(0, 1) = Sw'(0, ©) + §(),

(2.4)

with § = e *'g.

Defining now w = 0 (and g(¢) = 0) for ¢+ < 0, we can remove the initial line
t = 0 and consider (2.4) as a boundary value problem for —» < ¢t < «. Fourier
transforming (2.4) with respect to ¢ then gives us the system of ordinary differential
equations

2.5) sWw = Adw/dx + Bw, s =it + o, w = W, s),
with boundary conditions

(2.6) w0, ) = SH(0,5) + ¢ .

Here,

+®

+ 0
W= w(x,s) = (21)_1/2f e wix, 1) dt = (21r)'1/2f e *tu(x, t) dt.

-

We can write (2.5) in the form

(2.52) dw/dx = Mw, M=s4"'U — s 'B).

From (1.2), it follows that there is an «, > 0 and a nonsingular transformation
T=1+4+s'T\+s°T, + -

such that, for Re s > a,

TMT ™' = M, 0

] with M, + M¥ < 0, M, + MF > 0.
0 Mg

Introducing the transformed variable § = Tw into (2.5a), we obtain
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@7 ds/dx = [M‘ 0 ]ﬁ,
0 M,

with the solution

Px,5) = 90, 5),  9(x,5) = ™90, 5).
The boundary conditions (2.6) get the form

(T = STy + &

which can also be written as
(2.8) 50, 5) = $9"0, 5) + OG™H9(0, 5) + & .
In addition, we have by assumption

4 o +®
f [19Cx, 9|2 dt = f ||TW||2 d < const ||w||2,, = const ||e”* u(x, DI, <o

for all sufficiently large . Because ¢ ** is exponentially increasing, we get $(0, s) = 0
and (2.8) thus implies, for sufficiently large a,,
90, )| = |T7'5(0, )| < const |¢|.
Therefore, (2.2) follows from Parseval’s relation.
Assume now that also |B| < «, and multiply (2.5) by w*. Then
al|w||z = Re(w, 4 dw/dx), + Re(w, BWw),
= —4W*(0, ) AW(0, s) + Re(Ww, BW), = const |§ |” + ao ||W]|[%,

ie.,
(@ — a) ||W||2 < const | |,

and (2.3) follows again from Parseval’s relation.

Finally, we shall prove

THEOREM 2.3. Let f = 0. There is a constant o, such that (1.1)-(1.4) has, for every
F € Ly(x, t) and g(t) € Ly(2), a unique solution u(x, t) with e”*'u(x, 1) € Ly(x, 1),
e w0, 1) € Ly(Y) for « > «o. Furthermore, there is a constant K, such that, for all
Fand g,

(@ — ao) |le”*"u(0, D||; + (@ — o) |le* ulx, 0)||2.,

< Kolla — o) |le™*'g||} + |le”* Fx, D]]2..).

Proof. Again, we shall only prove the estimate. Let u(x, f) be a solution for which
e “u(x, 1) € Ly(x, 1), e *'u(0, £) € Ly(¢) for all sufficiently large «. Then, we can
again introduce a new variable

2.9)

w=e *u fort =0, w=0 fort <O,
and get, instead of (2.5), (2.6),
(2.10) sw= Adw/dx + B+ F, s=it+ a,

(2.11) w0, s) = SW'(0,s) + & .
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Here, w(x,s) & Ly(x) for sufficiently large o. Now let
H=lp1 0}, p = const > 0,
0 I
be a matrix. From (2.10), we get, by partial integration,
a(w, Hw), = Re(w, HA dw/dx), + Re(w, HBW), + Re(w, HF )2
< R+ |B| ||®|[: + 3a(b, HW), + 37" ||F]Z,
where
R = —1(W'0, )*p4,%' (0, 5) — (%7 (0, s))* 4,w' (0, s).
Using the boundary conditions, we can choose p so small that
RS — 3690, 9 + 357" g [".
Here, 6 > 0is a constant. Therefore, we get
al(poe — 2|B) |[W][2 + 890, 9 = ||F7|2 + 6 alg %,

and (2.9) follows from Parseval’s relation with «, = 2|B|/p.

3. The Stability Definition. While, for the differential equations, all estimates
(2.1)-(2.3), (2.9) hold at the same time, this is not true of the corresponding estimates
for the difference approximations. As a consequence, there are several ways to define
stability of difference approximations. We shall discuss some possible definitions.
(Questions of convergence will be treated in a coming paper.) Let /,(x) denote the
space of all gridfunctions v, = v(x,), x, = vhyy = —r 4+ 1, —r+2,---,0,1, --.
with Y.2__. ., |v,|’h < « and define the scalar product and norm by

©

(3.1) w,v). = 2 woh,  |lulli = @ w,.

v=—r+1

We define /,(¢) and Iy(x, ¢) in the corresponding way and denote by

©

(3'2) ) (us v)t = Z u*(t‘r)v(tr)k; ”u”? = (u’ u)t, tr = Tk;
(3.3) @, 0)0 = 2, D, wrtw,@dhk,  ||u|2. = (u, u),.,

7=0 v=—r+1

the corresponding norms and scalar products.

Remark. We use the same notation as in the continuous case. There is no risk
for confusion because from now on (u, v)., (4, v), and (u, v).,, are always defined by
(3.1)(3.3), respectively.

Assumption 3.1. The Egs. (1.5)~«(1.7) can be solved boundedly for o(z + k), i.e.,
there is a constant K; > 0 such that, for every G & I,(x), there is a unique solution
w € I(x) of

Q—lwv=Gv’ V=1,2,""

I

W“_S(_“;W1=g“, 12 _r+13”' ’_1’0,
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with
0
2 2
(R AT MR
p=—r+1

(Osher [5] has given conditions such that this assumption is fulfilled.) The first
possibility is to use the same definition as for the Cauchy problem (see also Theorem
2.1).
Definition 3.1. Consider the difference approximation (1.5)~(1.7) with g, = F, = 0,
=—r+4+1,---,0,»=1,2, --- . The approximation is stable if there are constants
K, > 0, oy = O such that, for all t = ¢, = 7k, all @ > ay, all £ and all {, an estimate

(3.4) lle”*v|l; < Ko ZO [1f(k)| |2

holds.

In the same way as for the Cauchy problem, the analogue of Duhamel’s principle
gives us

LemMa 3.1. If the difference approximation is stable in the sense of (3.4), then the
estimate

8 t/k
(3.5) lle”*v@)||2 < Kﬁ(z_;) [1f@k)|]2 + (@ — o)™ Z=) [le =" V% F(rk)| |2 k)

is valid for the inhomogeneous problem withg, = O, u = —r 4+ 1, --- , 0.
The trouble with Definition 3.1 is that it is very difficult to develop a general
stability theory. The following definition is more useful:
Definition 3.2. Assume that f(ck) = 0,» = —r + 1, ---,0,1, --+- ;0 = 0,
-, 5. The approximation is stable if, instead of (3.4), an estimate
0

2
3.6 <a - ao) e—atv : < Kz( e—a(t+k)F : h—l e—a(t+k) 2)
6o (G1) Nl s Kl o4 3 e gl

holds. (We set F, = O for p < 0 and ¢ < sk, a convention we shall always use.) If
the approximation is stable according to Definition 3.1, then it is also stable with
respect to Definition 3.2. This follows from Lemma 3.1. We conjecture that the two
definitions are equivalent.

A stability definition should preferably be such that one can use it “pointwise”
for equations with variable coefficients and that one can check the stability as easily
as possible. The last definition fulfills the first condition. However, necessary and
sufficient stability conditions are not simple. To demonstrate this, we shall derive
such conditions for dissipative approximations. In general, we use rather the stronger.

Definition 3.3. Assume that f(ck) = 0, ¢ = 1,2, --- , 5. The approximation is
stable if, instead of (3.6),

0 2
a — O —at 2 g_ [o 1)) —at 2
@+mQva+@+qum

0
a — « — —a
gd&rﬂz|wwmmw<wmﬁ

p=—r+1

3.7

holds.
Definition 3.3 is obviously stronger than Definition 3.2 and is suggested by
Theorem 2.3. In this case, necessary and sufficient stability conditions are as simple
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as possible. Most difference approximations in use are stable in this sense, although
there are some which are only stable in the sense of Definition 3.2. In practice, it is
not too important in which sense the approximation is stable, once an estimate of
type (3.6) or (3.7) has been found.

The assumption f(ck) = 0,0 = 1, - -+ , s, is unimportant. As an example, consider
the case g = F = 0 for which we get

THEOREM 3.1. Let g = F = 0 and assume that the approximation is stable with
respect to Definition 3.2 or 3.3. Then, there is a constant K, such that

2 8
a — & —at 112 o gl 2
3.8 (a——k+ 1) lle™* vl < A7 K 2 (iR L2
and, therefore,
2 8
a — & —at 112 < —1 2
(3.9) (a——k - 1) lle™* vz = (W™ Ky 2 (IR

Proof. Let w be the function satisfying (1.7) and with

w, () =0 forv=0,t= sk, w, () = f,(ck) forv = —r + 1,t = ok.

Then, y = v — w is the solution of (1.5)-(1.7) with homogeneous initial values and
boundary conditions and a function F for which ||F|2., < const A~* >_:_, ||f(ek)||.
Therefore, (3.8) follows easily from (3.6) or (3.7).

In the same manner, it is easy to show that it is sufficient to study the case g, = 0,
u=—r+1,---,0,in Definition 3.2.

THEOREM 3.2. If an estimate (3.6) holds for the case g, = 0, the approximation is
stable according to Definition 3.2.

Proof. Let w be the function defined by w,(t + k) = g ¢) for t = sk, u =
—r—+1,---,0; w,(f) = 0 otherwise. Then, y = v — w is the solution of (1.5)~(1.7)
with homogeneous initial and boundary conditions, and (3.6) follows directly.

The generalization of the above definitions to problems with two boundaries is
obvious.

In certain applications, it is interesting to know whether there are any exponentially
growing solutions or not. We may then use

THEOREM 3.3. If oy = 0 in (3.6) or (3.7), then there are no exponentially growing
solutions.

Proof. Choose a = T~ * for every fixed time T > 0.

4. The Resolvent Condition. In this section, we want to show how the question
of stability can be reduced to an estimate of the solution to a resolvent equation.
Connected with the Definitions 3.2, 3.3, there is the following resolvent equation:

(4~1) (Q—l - Zz_q_lga)wv = F:’ vV = 19 2, .- s
o=0
with the boundary conditions
4.2) W— 22T W =, w=—r+ 1, ,0.
o=1

Here, z is a complex number and w € I,(x).
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We start with the Ryabenkii-Godunov condition:

LemMA 4.1. Let the approximation be stable in any sense. Then the homogeneous
equations (4.1), (4.2) have for |z| > e*°* only the trivial solution w = 0.

Proof. Assume that w € I,(x) is a nontrivial solution. Then v(x,, ) = z'/*W, is a
solution of the difference approximation with F = g = 0 and f,(¢ck) = z°w,. This
solution grows faster than e”°‘, which is impossible by Theorem 3.1.

We now have two theorems, relating the estimates (3.6) and (3.7) to estimates
of the resolvent.

THEOREM 4.1. The difference approximation is stable with respect to Definition 3.2
if and only if there are constants o, = 0, K; > 0 such that (4.1), (4.2) have, for every

z with |z| > e*°* and every F~ € I,(x), a unique solution with

0

aock\ 2
z| —e N L~
(4.3) (-——l l ] ) [Iw]]z = Kf(HF 12+n > lgu|2)~
I

=—r+l

Proof. Consider (1.5)«(1.7) with f(ck) = 0 and assume that the approximation is
stable in the sense of Definition 3.2. Introduce w = e~ *‘v as a new variable. Then, w
is the solution of

3

4.4 Ow,(t + k) = X e *ro,w,(t — ok) + KkF,Q),
o=0
4.5) wo(t + k) — D e VRSP it — ak) = §,(0)
o=0
with
(4.6) w(gk) = 0, sg=20,1, --- ,5s,
and
ﬁ,, — e—a(t+k)F” g.“ — e—a(t+k)g“.

The stability assumption means that there is an estimate (3.6) so that

2 0

wn (B ik s k(iAE e S 1isiE)
The starting time ¢ = O is completely arbitrary. We can choose any time ¢ = 1, = 7k’
i.e., replace (4.6) by w(t, + k) = 0 and study the difference approximation for
t = t, instead. Defining F = w = 0 for ¢ < t,, we consider the Eqs. (4.4), (4.5) for
allt = 7k, 7 = 0, &1, £2, - - - . By assumption, there is for every F and g with com-
pact support a solution for which (4.7) holds, provided we replace ||F|l..., ||£./|. by
the corresponding sums over all ¢t = 7k, 7 = 0, =1, &2, --- . Therefore, we can
Fourier transform (4.4), (4.5) with respect to ¢. With w denoting the (real) variable
dual to ¢ and using the notation z = e***“’*, we get the resolvent Egs. (4.1), (4.2),
where W, F~, and g, are the Fourier transforms of w, kF and g, respectively. (The
choice of notation £~ rather than k¥~ to denote the transform of kF may seem strange
but simplifies the presentation.)

By Parseval’s relation, the estimate (4.7) goes over into

2 0
o — & It —2< 27102 A 2)
(a—k T 1) Wl < Kok IIF 112 + M 22 12.°)

p=—r+1



STABILITY THEORY OF DIFFERENCE APPROXIMATIONS 657

where, as usual, A = k/h = const, and (4.3) follows easily. Now, it is well known
that the functions F with compact support are dense in /(x, ), and the corresponding
g. are dense in /(7). Therefore, (4.1), (4.2) have, for every Fe I(x), a solution for
which (4.3) holds. This solution is unique by Lemma 4.1.

We have thus proved that if an estimate of type (3.6) holds then the resolvent
condition (4.3) must be fulfilled. We shall now prove the converse: Consider the
Egs. (1.5)—(1.7) with f(¢k) = 0. Let F and g, have compact support and k be fixed.
By Assumption 3.1, these equations have a solution with

©

Ze_zﬁ' [loGR)|[Z < .

=0
Here, 8 > 0 is some constant. Replacing « by 8/k, we can Fourier transform the
Egs. (4.4), (4.5) with respect to 7 and get the Egs. (4.1) and (4.2) with z = ¢***“*and

-~

+
F‘y k(21r)—l/2f e—s(t+k)Fy(t) dt,

+
g = (21r)'”2f e“Peydt, s = iw+ B/k.
Solving these equations, the inverse Fourier transform gives us
+
o(t) = e®F'w(t) = 2r)? f ') dw, 5= iw+ B/k,z=¢".

The resolvent condition (4.3) implies that w(z) = w(e) is an analytic function of s
for Re s > a,. Therefore, we can choose for 8 any positive constant 8 = ak > ack
and (3.6) follows from Parseval’s relation

+ o

leeliz = [ IR do
—

and (4.3). This proves the theorem.
In the same way, we can prove
THEOREM 4.2. The difference approximation is stable with respect to Definition
3.3 if and only if there are constants ay = 0, Ky > 0 such that (4.1), (4.2) have, for
every z with |z| > e*°* and all F, g, a unique solution with
aok

z| — eaok 0 R zZl —e 2 R
(E=) 5 a4+ (E 1911

|z e |z

aok 0
z — e ‘.A -~
< Kf(k(————' l 2l ) El lg.° + |IF Hi)-

p=—r+

4.8)

We shall now show that the stability definitions are invariant with respect to
perturbations of order k. (This is well known for Definition 3.1.)

THEOREM 4.3. Assume that the difference approximation (1.5)«(1.7) is stable in
any of the above senses. Perturb the approximation by adding to the difference operators
Q. and S terms of order k. Then, the resulting difference approximation is also
stable in the same sense.

Proof. Let the grid function G be defined by G, = F, forv = 1,G, = g, for u < 0.
Then, we can consider the resolvent Egs. (4.1) and (4.2) and its perturbation as a
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mapping from ,(x) into itself and write them in the form
O@)w = G and (O@) + kG = G, W, G E Lx).
Let the approximation be stable in the sense of Definition 3.2 and let «, be a constant
with
lz| &

aok

1Bl < 55 for all [z > ™.

lz| — e T 2K,

Then, we get for these z values
1® + kG 7. = 107 11U + 6,67,

US|,
< -
= 1=k 1G]l 1671,

and for Definition 3.2 the theorem is proved. If we replace the norm

= 21671,

. 0 1/2
1o by 1w = (2wl )
the theorem follows for Definition 3.3 in the same way as above. By the same kind
of perturbation argument, we get, from Assumption 3.1:
THEOREM 4.4. There is a constant z., such that the estimates (4.3) and (4.8) hold
Jor |z] 2 |za|.
Proof. For |z| — =, the resolvent Egs. (4.1), (4.2) and the estimates (4.3) and
(4.8) converge to the equation of Assumption 3.1 and its estimate.

5. The Main Results. In this section, we want to formulate the main results
of this paper. By Theorem 4.3, we can neglect B and assume that the coefficients are
independent of 4. Thus, the resolvent Egs. (4.1), (4.2) can be written as

8

G.1) 3 A@Ew = B 4@ = =X A+ A,

WE LK), W= 2 (C@W) + £
(5.2) =

8

Cie)= 2.z 'Ciyy m=r+1,---,0.
o=—1
We shall start with stating the assumptions.
Assumption 5.1. The approximation is stable for the Cauchy problem, i.e., if we
consider (1.5) for all v = 0, 41, &2, --- , then we have, for & > a,

v @I = K3 2, @RI, with [IfI" = 20 1A &

Consider the Eqgs. (1.5) with constant and of 4 independent coefficients for the Cauchy
problem and Fourier transform them with respect to x. If F = 0, we get

Q@B + 1) = 3 0ot — ak), Qo= 3 A

i=-r
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Then, Assumption 5.1 implies:
(1) The von Neumann condition is fulfilled, i.e., the eigenvalue problem

5.3 ( 1) — Z@(zs)z”") =0,

which may also be written

8

2 4@y =0, 4@ =-—2""4;+ A,
i=—r =0
has no solution z with |z| > 1.
(2) If z = z, is an eigenvalue with multiplicity ¢ and |z,| = 1, then there are
precisely g corresponding linearly independent eigenvectors.
We always make either
Assumption 5.2. Let z;, j = 1,2, -+, (s + Dn, be the eigenvalues of (5.3). If

z; = z; for some £ = £, and |z,| = 1, then z,, z; are continuously differentiable and
(5.4 9z,(5)/9t #= 0, v =1, J;
or

Assumption 5.3. The matrices 4;, can be transformed to diagonal form by the
same transformation.

Furthermore, we assume

Assumption 5.4. The approximation is either (strictly) dissipative or nondissi-
pative, i.e., for the eigenvalues z; of (5.3), we have either |z;| < 1 for all j and
0 < |¢| £ mor|z] = 1forall jand all £&. We do not know of any used difference
approximation for which neither Assumption 5.2 nor Assumption 5.3 is fulfilled.

For convenience only, we make also

Assumption 5.5. A,(z) and A_,(z) are nonsingular for |z| = 1

To derive stability conditions for the Definition 3.3, we need only consider (5.1),
(5.2) with F~ = 0, i.e. we replace (5.1) by

(5.1a) 2 A,EW, =0

(5.1a) is an ordinary difference equation with constant coefficients. Therefore, its
general solution belonging to /,(x) can be written in the form

(5.5) w, = 2, PO = D, P 2)k@).

lxjl<1 Tkjl<1
i

Here, «; are the solutions of

i A,

j=—r

(5.6) det ,
and P;(») are polynomials in » with vector coefficients. The degree of P,;(») is one
less than the multiplicity of the corresponding ;. We shall now show that for |z| > 1,
(5.5) consists of nr linearly independent solutions. We start with

LemMa 5.1. Let |z| > 1. Then the Eq. (5.6) has no solution k with || =

Proof. Assume that (5.5) had a solution « = e, £ real: Then there is a vector
y # 0 such that
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2 A4,@e 7y =0,
This is the same equation as (5.3). The von Neumann condition implies that
|z| > 1, a contradiction to the assumption.

The solutions of (5.6) thus split for |z| > 1 into two groups: M, containing those
eigenvalues « with |«| < 1, and M, containing those with |«| > 1. Furthermore, the
number of eigenvalues belonging to M, or M,, counted according to their multi-
plicity, is independent of z for |z| > 1. Therefore, these numbers can be determined
by considering (5.1), (5.2) for z — «. In the limit z — «, we get the equations

D
> AinEW, =0.W, =0

i=—r
with the nr linearly independent boundary conditions
a
W — 2, CienyW; = W, — SUW = §,.
i=1
By Assumption 3.1, these equations have, for every set of values g, a unique solution

belonging to J(x). Therefore, we have proved
LEMMA 5.2. The number of linearly independent solutions in (5.5) is equal to nr.

Thus, the general solution (5.5) depends on nr free parameters ¢ = (¢y, * -+ , ¢,,)'.
Inserting (5.5) into the boundary conditions (5.2) gives us a linear system of equations
.7 EQx =&, & = o s 8rn),

and (5.1a), (5.2) have a unique solution if and only if det|E(z)| > 0.

We can now formulate our main result.

THEOREM 5.1. The difference approximation is stable in the sense of Definition 3.3
if and only if the Egs. (5.1a), (5.2) have a unigue solution in l,(x) for all |z| > 1 and there
is a constant K,, independent of z and g, such that

0 0
(5.8) > wlP=s K X gl lzZl > 1.
p=—r+1 p=—r+l

In Lemma 10.3 we shall formulate (5.8) also as a determinant condition. In [1],
this was expressed in the following way: There are no eigenvalues or generalized
eigenvalues for |z| = 1.

For the stability Definition 3.2, we do not get such a simple result and we formulate
the conditions first in Section 10. '

THEOREM 5.2. If the approximation is dissipative, then it is stable in the sense of
Definition 3.2 if and only if the conditions of Theorem 10.3 are fulfilled.

It should be pointed out that the above conditions need only hold in a neighbour-
hood of |z| = 1.

THEOREM 5.3. Let n > 0 be any constant and assume that det|E(z)] =% 0 for
|zl > 1 + = and that the above conditions hold for 1 < |z2| < 1 + n. Then the
approximation is stable.

There is no difficulty to generalize the above theorems to the case with two
boundaries. The following theorem is-valid for any of the stability definitions.

THEOREM 5.4. Consider the difference approximation for t = 0and 0 < x < 1 and
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assume that the corresponding left and right quarter-plane problems (which we get by
removing one boundary to infinity) are stable. Then the original problem is also stable.

6. Applications. Difference Approximations on a Quarter Space. In this sec-
tion, we will investigate various boundary conditions for some commonly used
approximations.

I. Lax-Wendroff (L-W) Type Dissipative Schemes. Consider the system (1.1),
(1.2), (1.3), (1.4) with F(x, f) = 0, g(¢) = 0 and the difference approximation

6.1) o(t + k) = v(t) + kBu(t) + k ADw(t) + k*C D, D_v(t)

where C > 0 is a matrix that can be transformed to diagonal form together with A4:
The condition

(6.2) vo = Svy'
will always be used, and the following possibilities for specifying v}’ will be studied:
(6.32) (hD.Yvl' = 0,  jnatural number,
(6.3b) vo'(t + k) = vo'(t) + kA" Do’ (2),
11 11 _ 11 I
63c) t+ k) +vit+k)— kd Do (t + k)

=05’ (1) +v1'(t) + k4" D.v5' ().
The resolvent equation for (6.1) is in scalar form

\a ?

" _ . " Ac " "
(6~4) zw, = w, + ? (wv+1 - Wv—l) + _2£ (wv+1 _ 2Wv + wv—l)s vV = 1: 25 R

where, by Theorem 4.3, we have neglected the term kBw,.
The characteristic equation takes the form

(6.5) ™=k +z‘§ W — 1)+ % « — 1.

The following lemma is proved in [3].
LeEmMMA 6.1. There exists a & > 0, such that for the roots k,, k.
I Ifa < 0, then

k] <1 for lz| = 1,z # 1,
K = 1 forz =1,
kel = 1 4+ & for|z|] = 1.

IL. If a > O, then
k] £ 1 — 8 forlz] = 1,
ko] > 1 for |z]| =2 1,z # 1,
ke = 1 forz = 1.

With help of this lemma, we can prove
THEOREM 6.1. The approximation (6.1) is stable in the sense of Definition 3.3 with



662 BERTIL GUSTAFSSON, HEINZ-OTTO KREISS AND ARNE SUNDSTROM

the boundary condition (6.2) in combination with any one of the conditions (6.3a),
(6.3b), (6.3¢c).

Proof. With this form of boundary conditions, it is clearly sufficient to show (5.8)
for each scalar equation with @ > 0. The general solution of (6.4) belonging to /,(x)
has the form

W,, = K:WO, lKll é 1 — 4.
We insert this solution into the condition (AD,)Ww;' = 0, corresponding to (6.3a),
and obtain
(6.62) Wolky, — 1)' = 0.

Since |k, — 1| = & for |z| = 1, the determinant condition of (10.3) mentioned in
Theorem 5.1 is satisfied and stability follows. (This was already shown in [3].)
(6.3b) gives the condition

. Aa _
(6.6b) wo(l M T )\a> =0

and for Aa < 1 (stability condition for the Cauchy-problem), we have

_lz=1+ M —«da| > 7.
= =1+l =4 for|z| = 1;

\a
'z— 14+ Xa

stability. (6.3c) implies

1 —«

R z—l—)\a(z-l—l))__
(6.6¢) w0(1+x12_1+>\a(z+ ) = 0.
However,
z—1—xa(z+ 1) _ z=1—=2Xaz+ 1)
Lt T e+ ) = 17 r—i1frac+ %

since Re (z + 1)/(z — 1) = O for |z| = 1; stability, and the proof of the theorem is
completed.

II. Nondissipative Schemes: Leap-Frog (L-F) and Crank-Nicolson (C-N). Con-
sider the leap-frog approximation
6.7) v(t + k) = 2k ADw(t) + v(t — k) + kB@(t + k) + v(t — k))

with resolvent equations, for B = 0,

(6'8) zzwv = Z)\a(ﬂ'xwl - wv—l) + wv’ v = ly 2’ Tt
and characteristic equation
2 22 —1
(6.9) K — k—1=20
Aaz

For z = (1 4 n)e'’, (6.9) has the roots

isin  + n(1 + fme’’ (1 _ Gin§ — in(1 + %n)e“’f)‘”
Aa(l + )y’ ‘

e = Na(l + n)

For z = ¢'’, we thus get




STABILITY THEORY OF DIFFERENCE APPROXIMATIONS 663

o= S0 ( _sin’ o)‘” _ Aa = (Aa)’ — sin® 6)* + isin ¢
! Aa \a)’ Aa + ((A\a)’ — sin® 6)"® — isin 6
where the sign is to be chosen opposite to that of cos 4.

LEMMA 6.2. The roots of (6.9) have the following properties:

If |z| > 1, then || < 1, |ks| > 1 and Re x, < 0 for Re z > 0, Re «, = 0 for
Rez < 0.

Ifz = ¢, then

k] < 1, [ke] > 1 for |sin 8] > Ma,

k] = 1, ko] = 1 for |sin 0] £ Aa,
(6.10) kK = —1, ks = 1 for 6 = 0,

kK =1, ke = —1 for 0 =,

Ky = ky = =i for sin § = 4Xa.

Let us now again investigate the boundary conditions (6.3), and also
(6.11) CA)v' =0
with A, defined by
Avu, () = wnat — k) — w0

THEOREM 6.2. The approximation (6.7) is stable in the sense of Definition 3.3 with
any of the boundary conditions (6.3b), (6.3c), (6.11) in combination with (6.2), but not
with (6.3a).

Proof. For |z| > 1, the general solution of (6.8) belonging to I(x) is w, = W,x’,
|x:| < 1. It follows immediately that there is no nontrivial solution for |z| > 1. Since
k1i(—1)=1 satisfies (6.6a), the determinant condition cannot be satisfied and that ap-
proximation is not stable in the sense of Definition 3.3. Condition (6.6b) gives w, = 0
for |z| > 1. For z = ¢'°, [Im(z — 1 — Na(x, — 1))| = [sin § — Aa Im x| > O when
|sin 6] > \a, and for [sin 6] £ \a, [Re(z — 1 — Na(x, — )| > (1 — N’a®)Y? — 1 +
N\a > 0for \a < 1. Also, |z — 1 + M| < 2 — Aa, and we have stability.

Condition (6.6¢), for z = + 1, is 2, = Oand, for z = ¢'°, § = 0, =,

z—1—=2a(z+ 1) isin 8 — Aa(1 + cos 6)
z— 14+ naz+ 1) i sin 8 + Aa(1 + cos 6)
_ ’1 _ <>\a + (\’a® — sin® 6)"? + isin 0)()\a(1 + cos ) — isin 0)’
- Na + (\’a® — sin® 6)"* — isin 6/\Aa(1 + cos 6) + isin 8
2i sin O(£(\%a® — sin® 6)/* — \a cos 6)
(\a &= (\’a® — sin® 6)'2 — isin )Q\a(l + cos §) + isin 6)

proving the stability.
Condition (6.11) gives

|]+K1 1+K1

>0,

6.12) wo(l — z7%) = 0,

but from Lemma 6.2, |1 — z™'x,| > 0 follows; stability, and the theorem is proved.
We now consider the Crank-Nicolson scheme
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(6.13) o(t + k) — 3k ADw(t + k) = v(t) + 3k AD(?),
with resolvent equation
(6.14) 4z — Dw, = Mz + Da(w,,1 — W,-1), v=1,2,.--,

and characteristic equation

g_iz_l _
. )\az-l-lK

For z = ¢'%, (6.15) has the roots

2i 6 ( (4 tan 0/2)"2 _Na = (\’a® — 4tan’ 6/2)'* + 2i tan §/2

kg =y tans % T Na £ (\%a® — 4 tan® 6/2)"% — 2i tan 6/2

By studying the roots for z = (1 + n)e’’, 5 — 0, we obtain, for a > 0,
LEMMA 6.3. The roots of (6.15) have the following properties:
Iflz| > 1, then |k, < 1, k| > 1 withRe x, < O.
Ifz = €', then

(6.15) 1 =0, z # —1.

] < 1, lkz| > 1 for tan—0 > Aa ,
2 2
. 2 1/2
(6.16) 6 = tand — (1 _ 4tan 02 tg’a)f/2> o
for tan-2— = 5
Ky = 2 tan 9 + (1 _ 4tan 6/2 tan’ 0/2>1/2
27 \a 2 (\a)’

We can now prove

THEOREM 6.3. The approximation (6.13) is stable in the sense of Definition 3.3 with
the boundary conditions (6.6a), (6.6b), (6.6c), and (6.11).

Proof. For |z| > 1, the general solution to (6.14) is w, = W}, |x,| < 1, and again
it is clear that the conditions (6.6) imply w, = O for |z| > 1. It is also obvious that we
have stability with condition (6.3a) since «, = 1 always.

For (6.6b), (6.16) gives, for z = €',

}1 e

z— 1+ ha

Also, Im(z — 1 — Aa(x; — 1))] = |sin § — A Im «, |> O for |tan 6/2] = a/2,

6 % 0,and for 8 = 0,z — 1 — Aa(x;, — 1) = 2Aa > 0. We thus have stability.
For (6.6¢), (6.16) gives

z—1—Naz+ 1)
z—14+Xaiz+ 1)
Aa — (\’a® — 4 tan® 6/2)"® 4 2i tan 6/2 itan 6/2 — Aa
A — (\*a® — 4 tan® 6/2)'° — 2i tan 6/2 itan 6/2 + Aa

> |1 — || | > 0 for |tan 6/2| > Aa/2.

l1+K1

—2itan 68/2(\a + (\’a® — 4 tan® 0/2)'%)

(\a — (\’a® — 4 tan® 0/2)"® — 2i tan 8/2)(i tan /2 + \a) >0

for z = ¢ with |tan /2| < \a/2, 8 = 0.
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Furthermore, |1 + xi(z — 1 — Na(z + 1))/(z — 1 + Na(z + 1))] = 2for 6 = 0
and is larger than |1 — || | > O for |tan 6/2| > \a/2, proving stability. For con-
dition (6.11), |(1 — z 'k;)’| > O follows easily from (6.16), since Re «, < 0 for
[tan 6/2| < Aa/2 and |«,| < 1 for [tan 6/2| > Na/2.

IIl. Schemes for Systems with Characteristics in Pairs. For systems of the
symmetric type (e.g., the wave equation)

%lp(l) = C_aa; ‘0(2) _|_ F(l)(x, t),
(6.17)
9

o ‘,,(2) = C/ _éa_.; 1p(l) + F(Z)(x, t),

the use of staggered grids often reduces the computation time (for a given accuracy)
by a factor of two. The term ‘staggered’ means that the vector ¥V is defined at points
x, = vh, but the vector ¥* at intermediate points x,,,,, = (v + %)h. With an error
of O(h®), we may then approximate the space derivatives by differences over a single
step-length &: (3y/9x),, ~ (Do¥),, = (1/AX¥(x,+1/2) — ¥(X,-1,5)). The time-differ-
encing may be chosen as the leap-frog or Crank-Nicolson type.

We shall here investigate the stability of such difference schemes for a pair of
scalar equations

YV /ot = cay® /ox,
v ® /ot = coy'® Jox,
and boundary conditions of type

(6.18)

1
1 —5

L s yo0, 0 + g0

1 —35

(6.19) v, 1) =
with —1 £ s £ 1.
The leap-frog approximation to (6.18) is
T+ k) = U@ — k) + (@S 0(0) — P (6)
U200t + k) = TP — k) + 2@ — T (@0).

To guarantee stability of the Cauchy problem, we assume 2Ac < 1.
If we now temporarily regard ¥‘® as defined also at points x, = vh
and ¥ at points x,,,,, = (v + 3)h, we obtain the resolvent equations

(6.20)

6.21) (@ — DEP £ IF?), = L2 [TV £ TP),,0 — @D £ TP, 0]
forv =0, %, 1, - - - with the solution, in /,(x),
(‘I/(l) _|_ ‘I’(z)), = Kfv(\I’(l) + \I'(z))o, (\I’(l) — \I’(Z))v — (—Kl)zy(‘I’(l) —- ‘I,(2))0
or
U o= v, U, =0, v =0,1,2, -
at the original grid-points. «, is here the root of

K —1=(—z %/ 2\
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which satisfies [«| < 1for |z] > 1, cf. (6.9), (6.10) with 2 = 2c. We must now formulate
a boundary condition corresponding to (6.19) in terms of the staggered-grid variables.
For many physical problems, s = —1 so that ¥‘V(0, /) = %g(¥), and for the
resolvent equation, Theorem 5.1 immediately gives stability in the sense of Definition
3.3; no additional condition is required. For —1 < s < 1, we propose the following
equation to compute ¥, the accuracy of which is one order lower than (6.20):

W't 4 k) = V"¢t — k)
(6.22)

1= s ¥+ D+ ¥ -k g )

(2) _
+ 4>\C(‘I’1/z(t) 1+ s 2 1+

For the resolvent equation, it gives

1 — _ .
T : (z +z ‘))\Pé” = P,

(6.23) (z — 2z 4 2\ 1

Inserting ¥(%), = «,¥{" and using z — z7' = 2\c(x; + &), we obtain

1—=5
1+

Since Re(x, — «;) has the opposite sign of Re(z + z7') for |zl = 1 and
A=5/0+s)=0for -1 <s<L|1—=9/A+)Nz+2")— x4+ x>0
except maybe for purely imaginary x, — «,. In that case, however, z is also purely
imaginary, and Im(x, — «.) has the opposite sign of Im(z 4 2z "), so that we again
have stability according to Definition 3.3. For s = 1, the boundary condition (6.22)
does not give stability in the sense of Definition 3.3, since x; — «, = 0 for

(6.24) Af)”( C+z)—m+ Kz) = 0.

z =2y = =2ci £ (1 — 4NC)"°.

With the energy method, it is, however, easy to show that the approximation is still
stable in the sense of Definition 3.2. To obtain the same order of accuracy, we should
then change g(?) into g(¢) + 2(h/4c)’g” (2).

The Crank-Nicolson scheme

T+ k) = ¥V
e

+ 5 @Rl + k) + B0 — B0 + B = B20),
(6.25)
V20t + k) = 0,700
+ 2@+ B+ TR0 -+ B - V)

gives the resolvent equations
6.26) ¢ — DEP £ 4P, = £ @+ DIED £ FP),r — F % $),000

with v = 0,1, 1, --- . As above, the solution in /,(x) is

EC+ D), = EC + T, @ -V, = C)TED -,
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where «, is now given by (6.15), (6.16) with a = 2¢, or
\i,(l) — él)Kf" ‘i’(i)l/z = \I,(l) 2v+1 y=0.1.2, +--

If s = —1 in the boundary condition (6.19), we have directly ¥{"’ = 0; stability.
For —1 < s < 1, we propose the formula

Ut + k) = TP

(2) (2) (1) (1)
(6.27) + )‘C[‘I’l/z(t + k) + ¥y() — _|_ TP + k) + ¥, (1)

+ o G+ B+ g(t))]-

For the resolvent equation, we then get

(z — 14X 1 jr j(z + 1))@5“ = Az + D¥.

Inserting the /,(x) expressions for ¥ and ¥}, this is simplified into
‘I’(()l)((l — 5)/(1 + 5) — (1, — x2)/2) = 0,

but since (6.15), (6.16) imply Re k; < 0,Re k, = 0, [(1 — 5)/(1 +5) — (k1 — &3)/2| > 0;
stability. ‘

Ifs =1,k =k, = =i gives |(1 — 5)/(1 + 5) — (xi — x3)/2| = 0. As for the
leap-frog scheme, this leads to stability of type Definition 3.2 but not of type
Definition 3.3. Also in this case, we use the conventional energy method [with the
norm ||¥|| = (A/D|¥"|* + 2,1 b U7 1" +22,-0 b T2

Finally, we study a ‘“‘semi-implicit” scheme for a system with characteristics
“nearly in pairs”:

6 (1) a (1) a (2)
(6.28) €, creal,
a¢(2) _ a¢(2) a'p(l)
a = T¢ax T ax

where |e] < |c| and the boundary condition is ¥‘V(0, 1) = ¥?(0, 1) + g(?). An
example of equations of this type are the linearized shallow-water equations, where
often |¢| < |c|. For such cases, the following approximation has been suggested:

v+ k) =¥ — keDo\I/“’(t + ’—‘) +5 D@0 + 0+ ¥,
(6.29) 2 2

TO% 4+ k) = ¥O() — keDoW’(t + ’g) +5 D, @V + B + ¥,

We may then use a staggered grid, in which ¥** is defined at the points x, = vk and
¥® at the points x,,,, = (v + %)k for the integer time levels and the opposite is
true for the fractional time levels.

Using the notation ¥*V(¢) for ¥*V(t + k/2) and ¥*?(¢) for ¥ (¢ + k/2), we
may write (6.29) as a system of four equations in ", ¥‘®  ¥*™® and ¥*® at times
tand ¢ 4 k. The corresponding resolvent equations are
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@ — DEP £ ¥,
= —Ne[(F* £ TP, — &Y £+, ]
=+ )\_20(2 + 1)[(@(1) + \i’(2))v+1/2 - (‘i’(l) + ‘i’(2))v—1/2],

(6.30)
iz — DEF*P £ @),

= Ae[@ £ 7)., — FV £ E?),_,,]
X s
£ 5@+ DI £ 8P), 0, — @O 2§D,
where we have temporarily assumed all variables exist at all points.
The solution in /,(x) is
&Y+ ), = el + o’
" = ¥?), = cs(—x1)” + cu(—ks)”,
P 4 *®), = 22wl — end),

> — D), = 2 (—eo(—n)” + e —x)”),

where
gy = 2z — 1) .
631 .2 T @+ D — 2P
2 2z — 1)
K3,4 — 1 =

T @+ D + 22

and |x,|, [xs] < 1 when |z| > 1. It is easy to show that the Cauchy problem is always
stable, since |¢| < |c|.

The physical boundary condition ¢‘(0, £) = ¢‘®(0, £) + g(¢) is not used in its
original form. Instead, we propose the boundary formula

Vo' (¢ + k) = U5 () — 2Ne[ ¥ (1) — 3t + k) + ¥ ()]
+ Nel¥i0(t + k) + i) — ¥V + k)
6.32) — ¥ @) + gt + k) + 2]
WEP 4 k) = WEP @) — 2lTN(¢ + k) — 3@ED@ + k) + VP 0)]
+ Ael¥L (¢ + k) + B @) — WD + k)
— () — 280 + K)).
For the resolvent equation, they give
(@ = 1D+ M — 9+ I = -2l + Az + DFE,
(@ = D+ NMe — 9+ 1)N)F? = —2e2b()) + Nz + DELS.
Inserting the /,(x) solution of the resolvent equation, we get

( c— e+ 1)
cz + 1) — 2272

- ;“2)@1 +c) =0,
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((c—e)(z+ D
cz+ 1)+ 2ez'?
From (6.31) follows that Re(x; — «;) < 0, Re(ks — k) < 0for |z| = 1, if the condition
||\ < 1is satisfied and || < |c|. Furthermore, Re((c — e}z + 1)/(c(z + 1) & 2¢z?))
> 0if z % —1 and k;, 5 ks, k3 ¥ ks, for z = —1 so that we must have ¢, 4+ ¢; =
0, c; + ¢, = 0. Then

1) _ 3,2 — w1 %*(2) __
\i,v - ‘I,v+l/2 - ‘I’f+1/2 - ‘i,v - 0’

— Ky _
) )(cz +c) = 0.

proving the stability of the scheme in the sense of Definition 3.3.

7. Further Applications. Difference Approximations on a Half-Strip. In this
section, we will consider (1.1), (1.2), (1.3) on the strip 0 = x < 1, t = 0, with boundary
conditions

(7.1a) u'(0, 1) = Sou''(0, ) + go(),
(7.1b) W1, 0 = S, )+ gi@).

The corresponding conditions for the difference approximation are

(7.22) vt + k) = Z SePvi(t — k) + gou(2), p=—r+1,---,0,

o=—1

(7.26) vt + k) = 3 Silovat — o) + g0,  w=N, oo, N+p—1.
It is clear from Theorem 5.4 that if the approximation is stable with (7.2a) on x = 0,
and with (7.2b) on x =< 1, then it is stable with (7.2a), (7.2b) on 0 < x < 1. However,
there can be an exponential growth of the solution of type e*"*, since we have the
term 6k in the resolvent estimate. We shall now investigate with which boundary
conditions we do, and with which we do not, get such an exponential growth for
Eq. (1.1) with F(x, £) = 0 and

4= |4 0
0 a

As boundary conditions, we take
(7.3a) u'(0, 1) = u"(0, 0),
(7.3b) (1, 0 = u", 1),
The approximation (6.1) with C = 4 and boundary conditions,
(7.42) vo(t) = vo' (),  ox() = v,
(7.4b) (hD.)'v' () = 0, (hD_Yoy(t) = 0,

analogous to (6.3a) can be shown to have exponentially growing solutions for j = 2, 3.
However, when using the boundary conditions (7.4b) combined with

(1 — B*DHus(t) = va'(e),
(1 — KD2YW'w) = vy(D),
we avoid the exponential growth.

(7.4¢)
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THEOREM 7.1. The approximation (6.1) with C = A® and boundary conditions
(7.4b) and (7.4c) is stable, and has no exponentially growing solutions.
Proof. The stability of both quarter-space problems follows immediately from
Lemma 6.1 and the proof of Theorem 6.1. The general solution to (6.4) can be written
W,I, = CuKiv—v + ClzKlzv—y,

~TT v v
W, = Caky + Caoks,

(7.5)

where «; with |;| < 1 and «, with |;| = 1 are the roots of Eq. (6.5). When inserting
the representation (7.5) into the boundary conditions, we obtain

Culg — 1) 4+ Ciulee — 1) = 0,

Cak; — 1) 4 Coolky, — 1) = 0,
Culdd — & " — 114 Cualky — k3 *(k; — 1’1 = Cot + Cos,
Could — &% — 11 4 Caslky — k5 (ke — 1)°'] = Ciy + Ciay

or

(Ci £ Co)s — 1) + (Ciy == Cop)ks — 1)) = 0,
(Ciy £ Co)K) — k)72, — 1) £ 1) + (Cra = Coo)ky — &y (ke — 1)° &= 1) = 0.
A nontrivial solution may exist if one of the conditions
(7.6) (1 — 1)Ky — &5 2y — 1" = 11 — (ke — 1)K} — &) (s — 1) £ 11 =0

is fulfilled.

Since K3k, = —(1 — A@)/(1 4+ Aa), |x;| = |(1 — Ma)/(1 4+ Aa)| and we may neglect
terms of order «3. Since also |« — (k, — 1)’| = 1, it is sufficient to show that (7.6)
cannot be satisfied for k, = e“**¢, ¢ > 0; ¢, £ small. Then

(@ — DI — A = i")) £ 11— ke — D'KTA — A — D)) £ 1]

1 — (ke — 1)/ — 1))"],
I—ad—xY

(7.7

X — 1D —-0a-— K:Tl)z)l:(l + eNye'™ +
But

1 — (6 — 1)/ — 1)
1— (1 —x')

1 — (4 e —£/2)/(=D'a + ja)‘
1 — (e + &)

<14e¢ forj=1,2,3,.--,

with § = (1 — Aa)/(1 4+ Aa), so that (7.6) can never be satisfied.

We notice also, that, with boundary conditions (7.4a), we would have 1 instead
of 1 — (1 — «;')? in the denominator of the last term in (7.7), and, for j = 3, (7.6)
is satisfied when ¢ = 3£*/(2N). Equation (6.5) then implies

il ~ 1+ 38/N — o,
and, hence, the criterion for nongrowing solutions in this case is
(7.8) N> 6/ — a).

For nondissipative approximations, the investigation analogous to the one above

.
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becomes more difficult, since we have a neighbourhood of the whole unit circle to
take into consideration.

The following table shows those approximations for which there are no exponen-
tially growing eigensolutions. *means that the eigenvalues of &(z) (defined in Section
4) were obtained by a computer program for different \-values.

Boundary Approximations with no exponentially
condition growing eigensolutions

(6.3a), j = 1 L-W; C-N for N even

(6.3a), j = 2 C-N for N even

(6.3a),j =3 L-W for N > 6/(1 — «); C-N for N even

(6.3b) L-W; L-F*; C-N*

(6.3c) L-W for N odd*; L-F*; C-N*

6.11) L-F for N even; C-N for N even

For the wave equation (6.18), the leap-frog scheme (6.20) and the Crank-Nicolson
scheme (6.25) have no exponentially growing solutions for the half-strip problem with

1+s (t)

YOO, 0 = T ¥P0, 0 + 5

1+s &)

— s’

v, = T \1/‘2’(1 D+

if we use the Eq. (6.22) and (6.27) to compute ¥ and corresponding formula for
¥, Nh = 1. The condition for such an eigensolution to exist is for the leap-frog
scheme

Ko N_ +zH0 — /A + 5) F x — Ky
(K1> - (z + z‘l)(l — S)/(l I+ —n s (cf. (6.24))

and for the Crank-Nicholson scheme
Kz Vooo200=9/0+ )tk — ks
(«) S T T —r s 628

but in both cases, the magnitude of the right-hand side never exceeds 1 while |k.| is,
by definition, never smaller than |«,|. For the modified system (6.28), the analysis is a
little more complicated but leads to a condition similar to that for (6.25). No eigen-
solutions with exponential increase can exist.

8. A Special Form of the Resolvent Equation. In this section, we shall write
the resolvent equation (5.1) in a more convenient form. By assumption, A4,(z) is
nonsingular for |z| = 1. Then, we can write (5.1) in the same way as in [1] as a one-step
formula:

(8'1) Wye1 = Mw, + G,, v = 1’ 2, -0,

with w, = (WHP—I’ ) W,_,)’ and
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A A, e AN A, F,
€y m=-| 1 0 v 0 G, = 4;|°
0 .- -1 0 0

Using (8.1), we can write the boundary condition (5.2) as nr linear relations for w,
only. These we formally write as

q+1

(8.3) Sw,=RG)+ g  |RG)|*= const X |G g= (Gor -+ s forer).
v=1

The following lemma is well known.

Lemma 8.1. The eigenvalues x of M are the solutions of (5.6).

Let us denote by /(%) the space of all vector functions w,, » = 1, 2, --- , with
[wll = D5, [w.|*h < . We shall consider (8.1), (8.3) for any G € I,(h), i.e. not
only for the particular G given in (8.2). This introduces no new difficulties because of:

LemMma 8.2. Consider (8.1), (8.3) for any G € I,(h). The estimate (4.8) holds (with
ao = 0) if and only if there is a constant K, such that for all z with 1 < |z| £ |z.| (for

the definition of z., see Theorem 4.4):

6.0 (=1 35w+ (B ik s (o220 ter + ).

P Izl Iz

The estimate (4.3) is valid if and only if
—1\?
(8.5) (IZIT) wlls = Ks(||Gl[x + & |g]").

Proof. Observing that k/h = \ = const, it is obvious that (8.4) and (8.5) imply
(4.8) and (4.3), respectively.

Assume now that (4.8) or (4.3) holds. Observing that the coefficients of (5.1) and
(5.2) are independent of k, it follows that also the solutions are independent of k
and therefore (4.8) or (4.3) holds with o, = 0. Write now (8.1) and (8.3) in the form

(8'6) yv+1 = Myv + Gv’ Syl = LG + g, .V = (y(l)a DY y(t’*’f))l.
Using the relations
(8.7 =y + G,

we can eliminate y‘, --- , y**” and get the Egs. (5.1), (5.2) for y”. Thus, we can
estimate ||y‘"||, and therefore, by (8.7), also ||y’||,. This proves the lemma.

9. A Normal Form for the Matrix M. The aim of this section is to derive a
normal form for the matrix M of the one-step formula (8.1). Let us first state the
results.

THEOREM 9.1. There exists a transformation T(z) with the following properties:

(1) T(2), T~ '(2) are uniformly bounded for 1 < |z| < |z.|.

(2) T(2) can be chosen to be analytic in the neighbourhood of every point z, with
|zo] = 1. :

(3) In a neighbourhood of every point z, with |z,| > 1, there is a constant § > 0
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such that

L 0

9.1) TROME)T '(2) = , L*L = (1 — &I, N*N = (1 4+ 9I.

0 N

(4) In a neighbourhood of every point z = z, with |z,| = 1,

M, 0 e 0
9.2) TOME)T '(2) = f) M, 0 .- (_’
0 e 0 M,
Here,
M= M" + @—z2)M" + @—z)'M” + -,
with
9.3 M, = L O] ,  LXL, = (1 — I, N*N = (1 + §I.
0 N
Forj =2, ---, 1, the submatrices M; are of order r; X r; and M\” has the form
(11 0 0
01 10 0
9.9 M = 't forj = 2,---,I*% I* = some integer,
0 01 1
L0 0 1)
and
©.5) M@ =010 forj= P41, L,
0 “e. 01

with & # & fori# j,2 <i,j< 1

It should be pointed out that we could replace the Assumptions 5.2 or 5.3 by the
assumption that there is a transformation 7(z) as described in Theorem 9.1.

The following two theorems contain more information about the blocks M.

THEOREM 9.2. Assume that M” has the form (9.4) and let

my Tt My,
1 . . .
M = | . - et
Meyy o0 Mpgyy

Then, Re(m, ;1z,0)'"" #= O for all complex o with Re ¢ > 0 and all definitions of
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(m, 12,0) /", Therefore, the eigenvalues of M; are given by

(9.6a) e = 1+ (maiz — 207 + 06 — 2)"",
and, if I; denotes the number of «;, with |;,| < 1 for |z| > 1, then

(9.6b) L, =% forr,=012) or I;=13%@; 1) forr; = 1(2).

THEOREM 9.3. Assume that M\ has the form (9.5). Then there is a transformation
T;, analytic in a neighbourhood of z = z, such that

oy 0
T, M T = 1+ 0 @ 0 (z — zo)
e 0 ay,

©.7 0 Frs

Bl Bl2 e 61”

+ 0B Py

0 ... 0 B,
Here, Re(2 B; — a;)°z, # 0, a;z, is real with
9.8) aZo S opzg £ o0 Sazo < 0 < agizo = 000 = anz

and

(9.9) 2z + iz —2ReB#0 forallc> —§,7=1,2, - ,r;.
Therefore, we can even assume that M; has the form

L, 0}

0 N,

(9.10) M, =

with
lz| (LXL; — 1) = —8(|z| — DI,
lz| (N¥N; — ) 2 8&(z| — DI, 5, > 0.

Let us now prove these theorems. We start with the following essential lemma.
LemMA 9.1. There exists a constant K > 0 such that

9.11)

9.12) sup [((M(z) — e*)'| = K Tzllz——lf ,  oreal.
14
Therefore, if « is an eigenvalue of M(z), then
(9.13) inf | — ey = K [EL= 1‘-
@ |z

Proof. Let us consider the Cauchy problem. By assumption, it is stable and
therefore, by Theorem 4.1 and Lemma 8.2, the resolvent condition (8.5) is fulfilled,
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i.e. for the solutions of (8.1) considered for all v = 0, £1, £2, - - - without boundary
conditions, there is an estimate

(lz| = D/Iz)* [Iwllx £ Ks||G][x.

The inequality (9.12) then follows if we Fourier transform (8.1) with respect to ».
. Proof of Theorem 9.1. If |z,| > 1, the existence of an analytic transformation 7(z),
such that (9.3) holds, follows directly from Lemma 5.1 and Lemma 9.1, because the
eigenvalues of M are precisely the solutions of (5.6) which split up into the groups
M, and M,.
If |z| = 1, then it is well known that there is a-constant matrix 7(z,) such that

M® 0 e 0

(0) CECErY
T(20)M(zo)T '(z0) = f’ M” 0 ?

0
0 M

Now let Assumption 5.2 be fulfilled. If we can show that for the submatrices (9.4)
and (9.5) always e'®”  e'®*  then (9.2) follows without difficulties. Assume that
e'fr = 't = ¢ for some z = z,. Then the equation

(M@)) — ey =0, y=0", -y,
ie.
X p+r )
A,ee® Y + T A, i@y =0,
i=1 .
y(i——l) _ eifoy(i) — 0,

which can be written as

(0100 — % @) = 0,

y(i——l) - eifoy(i), i=23,-,p+r,

9.14)

has at least two linearly independent solutions. Therefore, z, must be a solution of

9.15) det |G1(i0) — 2 QuiE)z""| = 0
with multiplicity two at least. Consider now the equation
det |€1() — 2 Q.82 = 0

in a neighborhood of ¢ = &, By Assumption 5.2 for every solutioq z,(§) with z,(&) =
Z,, the relation (5.4) holds. Therefore, we can also considgr k = €'t as a function of z
and get, for every eigenvalue «,(z) of M with «,(z,) = e'**, an expansion

©.16) k(@) = e + (@ — 20)9K,(z0)/8z + 0@ — 20)' """,
where 9x,(2,)/9z = (8z,(&,)/d€**)”*. Furthermore, the number of linearly independent
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eigenvectors is equal to the multiplicity of «,(z,). This follows from the stability of
the Cauchy problem as explained in the beginning of Section 5. But then we could
transform the matrix

[M“ 0
0 M,

to diagonal form which is a contradiction. This proves Theorem 9.1 if the Assumption
5.2 is fulfilled.

If Assumption 5.3 holds, then we can assume that the 4;, have diagonal form and
get a scalar equation for every component. If the 4;,’s in (8.2) are scalars, then it is
well known that the Jordan form of M has only one submatrix of type (9.4) associated
with each distinct eigenvalue, and the theorem is proved.

Proof of Theorem 9.2. Without restriction, we may assume that £, = Oand z, = 1.
Let (M; — )71, 0 < i, k < r = r;, denote the elements of (M; — I)"'. By Cramer’s
rule,

1+ 0z —1)

det(M,' - I)

1+0z—-1)
@ — )(m,, + 0z — 1)|’

.17 sup (M — Dl =
i,k

and therefore, by Lemma 9.1,

|m,1| 2 Kl > O.

An easy calculation then shows that the eigenvalues of M, are given by (9.6a). Let
now z = 1 4+ ¢ and denote by (m,,0)" the different values of (m,,0)"". Let
¢ = Im(m,,s))", then, by (9.17),

K1+ 0(z| — D)(|z| — 1) £ |det(M; — e'*)| =

LS .
I . — e
=1

H ((mao)” — i Im(mao)” + 0@

Therefore, Re(m,,0)}’” = 0 for all ¢ with Re ¢ > 0 and (9.6b) follows by an easy
calculation.

Proof of Theorem 9.3. Without restriction, we can assume that £, = 1, z, = 1,
that the eigenvalues of M(" are all equal and that M" has upper triangular form, i.e.

(9.18) M, =0+ az — 1_)I+(z— DD+ ¢— 1YE+ ---)
with
0 dyy ce d,
D — (') O d23 e d.z,- .

We want to show that « is real and different from zero. The eigenvalues of M;, have
the form
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kir =14+ az — 1)+ 0z — 1),
Letz=14+ x4+ iy, = oy + iyand ¢ = ayy + vx; X, , ay, v real. Then
lkir — €'°| = lawx — vy| + O(x]| + [y,
and Lemma 9.1 implies that « is real and different from zero. Now let x = y'*'/",

y > 0and ¢ = ay. We then get, from (9.18),

1/r . -1
(ayl“/'<1 + 2 j:—l D)(I + O(yl_’/'))) }

ay

|(M; —e*D7'| =

(9.19)

r—1
oy T + 00T 2 (—0M + ey DY
v=0

But Lemma 9.1 implies
((M; —e*D7'| = Ki(lz] — D7 = Koy™ 7,

and, therefore, (9.19) is possible only if D = 0. We have thus proved that (9.7) and
(9.8) hold. Therefore, we get for the eigenvalues

kip =1+ a— 1)+ Be— D' +0e— 1"
Let
z=1+x+iy, ¢=ay+2xyRep + & —)")Img,
then Lemma 9.1 gives us, for all sufficiently small x, y,
FEK'(x| + 1) £ lawx + 2" Re B, + ¥°(e7/2 — Re B))
— 2xy Im B, + O(|x| + [»)*""],

and therefore Re(a? — 2 Re 8,) #= 0.
For x = ¢y®, ¢ > —1%, we have |z] > 1,

kir|* =~ 1 + 2a.cy* + (@7 — 2 Re B,)y".

Assume now that (9.9) is not valid, i.e. there is a ¢, such that 2a,¢, + o> — 2Re 8, =0.
Then, for o, < 0, —} < ¢ < ¢,, we would have |«;,| > 1, contradiction.
Without restriction, we may now assume that e "¢/ M; has the form (9.10) with

a 0 “ e 0
L=1+10° @0 @ — 20)
0 0 a,
61 612 ﬁu
+ OB By,
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Qa1 0 0
N, =1+ (_’ @z 0 (z — 20)
0 0 a,
Bd+1 ﬂd+1,d+2 cee Bd+1.r,'
0 N +2r;
4| Bass S P S
0 0 ﬂfi

where |8;;| are as small as we like. Then (9.11) follows by an easy calculation from
(9.8) and (9.9).

10. Necessary Stability Conditions. We again consider equations with constant
coefficients and want to show that the conditions of Theorem 5.1 are necessary for
stability.

LemMmA 10.1 (RYABENKI-GODUNOV). A necessary condition for stability (in any
sense) is that the homogeneous Egs. (8.1), (8.3) have no nontrivial solution for |z| > 1.

Proof. Follows directly from (8.4) or (8.5).

For later purposes, we shall derive an explicit algebraic criterion: Let z with
|z] > 1 be fixed and consider the Egs. (8.1), (8.3). Let T(2) be the transformation in
Theorem 9.1 and introduce y = T(z)w as a new variable. Then, (8.1) gets the form

I I
(10.1) Yoot = E] = [y”
I1 11
v+l Vv

and the boundary conditions (8.3) can be written as
(10.2) D'Gyi + D" = g + R@).

If g = G = 0, then the general solution of (10.1) which belongs to I(#) is given by
yr = L'yl " = 0 and we get at once

LemMma 10.2. The homogeneous Egs. (8.1), (8.3) have no nontrivial solution if
and only if

(10.3) det| D'(z)| = 0.

Let z = z, with |zo] = 1 be fixed and consider the homogeneous Eq. (8.1) with
inhomogeneous boundary conditions (8.3). Let T(z) be the transformation of Theorem
9.1 and introduce again y = Tw as a new variable. Then, (8.1) gets the form

Lo + 76,

0 N

M, 0 cee 0

0 M 0
(10-4) Vve1 = . ? Vs

0 “ e Ml

which, in partitioned form, can be written as
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(10.5) o= My, oy =0, e Py

By (9.1) and (9.10), we can assume that M, for j = land j = I* + 1, --- , ], have
the form
M; = e'ti L; 0] s
0 N,
L;, N; having the properties defined in (9.3) and (9.11). Therefore, we can write
(10.5) as
(i2)

(10.6) Y =Ly, Y =Ny, YT = Y.
The other M;, j = 2, --- , I*, have, by (9.6;1), (9.6b), I; eigenvalues «;, with |;.| < 1.
Correspondingly, we partition the vectors y, j = 2, - - -, I*, in the following way:

(10.7) = o, e, Y, P R S 0%
and introduce the following notation:
(108) yI = (y(u)’ e, y(“))/’ yn — (y(12)’ cee, y(l2))/.

Then, we can write the boundary conditions again in the form (10.2) and the following
theorem holds.

Lemma 10.3. If the approximation is stable according to Definition 3.3, then the
determinant condition (10.3) holds for all |z| = 1.

In Sections 12 and 13, we shall prove that this condition is also sufficient for
stability.

Proof. For j = 2, --- , I*, it follows, from (9.6a), (9.6b), that there is a non-
singular matrix

(10.9) Ui =] + (Z _ zo)l/ri U;l) + e
such that

Ki1 1 0 0

umut = |0 ke 10 0

0 . 0 Kirs

with [k, £ ko] £ -+ 2 |kiry| <1< |y 0,00 £ -+ = |xy,,| for 2] > 1. Introducing,
instead of y,

I 0 0
0 U, 0 0

v=1[0 -« 0 UF 0 Oly =+ 0 — 2)")y.
0 0 I 0
0 0 1)
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as a new variable, then the boundary conditions (10.2) get the form
(D'@ + 0 — 2)" i + (D' @) + 0G — z)”" W' = g + R(G), r = maxr,.
If G = 0, then v]" = 0 and 0] is given by

v = (D'@ + 0G — z)"") g.

If det D'(z,) = 0, we can choose g with |g| = 1 in such a way that lim »! = « for
z — z,. This is not possible if the approximation is stable because (8.4) implies
|v}| = const |g|.

We shall now consider Definition 3.2. For that purpose, we shall discuss a special
class R of approximations which is defined by

Definition 10.1. R is the class of approximations for which the normal form of M
does not contain any block of type (9.4).

There is no difficulty to characterize this class algebraically.

THEOREM 10.1. Let z; denote the eigenvalues of (5.3). The approximation belongs
to R if and only if |z;| = 1 for some £ = &, implies 9z,(&,)/ 9t # 0.

Proof. If 9z,(¢)/0¢ # 0, then we can consider «k = e in a neighbourhood of &,
as a function of z and get for the corresponding eigenvalue k = «(z) of M an expansion

k@) = €' + (z — 2)@2(5)/¢) " + -+ - .

This is impossible if «(z) is an eigenvalue of a block M, with M{” of type (9.4).
THEOREM 10.2. If the approximation is dissipative, then it belongs to R.
Proof. We need only to consider a neighbourhood of ¢ = 0, because, by assump-
tion, [z,(§)| < 1for 0 < |¢| < . Consistency implies that there are precisely n eigen-
values z; of (5.3) with z,(0) = 1 and for these eigenvalues we have

z; = 1 + itk/mag + OEF).

The other eigenvalues are smaller than one in absolute value. This proves the theorem.
Let z = z,, |zo| = 1, be fixed and assume that the approximation belongs to R.
Introducing again y = Tw as a new variable, we can write the Eq. (8.1) in the form

L 0o o0 0
yin ' nh
(10.10) I N I R R I i )
wl 1o o Mmool

Y+l t 0 0 0 N, v

where L,, N, have the properties defined in (9.3), and L,, N, consist of blocks as
described in Theorem 9.3.

The boundary conditions can again be written in the form (10.2) with y' =
oV, yPY, y" = (®, »*¥Y and we may, without restriction, assume that they

have the form
(1) (3)
yl}+ K*}=g+R(G).
(2) (4)

Y1 1

Du 0 Ell E12

EZI E22

(10.11)

0 D,

THEOREM 10.3. If an approximation of class R is stable according to Definition 3.2,
then there is a constant K, such that
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(10.12) |D%| £ K,
(10.13) |DUEu| £ Ky |z — 2|7,
(10.14) IDIiEl | = Ki.

Proof. Let G = 0. Then y® = p* = 0 and, therefore, y{* = L;'D;;g®.
If (10.12) does not hold, then D7} grows at least like (z — z,)"' and the inequality
(8.5) cannot be fulfilled. In the same way, we can prove that |D7}| < const|z — z,|™".
Therefore, also (10.13) holds. Choose now TG = (0 0 0 (N%) ’g,)’. Then g{¥ =
(N, N% — I)"'g, ~ (2| — 1)"'g, and (8.5) cannot be fulfilled if (10.14) does not hold.

11. The Generalized Energy Method. We consider now the Egs. (5.1) and
(5.2) and write them again in the form (8.1), (8.3):

(11.1) W, = Mw, + G,, Sw, = g + R(G).

THEOREM 11.1. Assume that there is a matrix H(z) which for all z with |z| > 1
has the following properties:

(1) H(z) is Hermitian and uniformly bounded.

(2) There is a constant §; > 0, such that, for all z with |z| > 1,

(11.2) lz|(M*HM — H) = 6,(z] — 1).

(3) There are constants 5; > 0, j = 2, 3, such that, for all w, which fulfill the bound-
ary conditions Sw, = g + R(G),

(11.3) wiHw, = &|w|* — &(g|° + [RG)).

Then, the approximation is stable in the sense of Definition 3.3.
Proof. Let N > 0 be any natural number. Then, we get, from (11.1),

N-1 N-1 N-1
Re(z w;"HHMw,h) — Z w¥  Hw, . h = —Re(z w;““HG,,h) R
v=1 v=1 v=1
N—-1 N-1 N—-1
> wEM*HMw,h — Re(z w";M*Hw,+1h> = —Re(Z w";MHGh)-
v=1 v=1 v=1

Adding the last two equations gives us

N-1

> wH(M*HM — H)w,h + hw*Hw, — hwkHwy
(11.4) .

N—1
= —Re<2 (w¥. HG, + w“;MHG,)h)-
v=1

Therefore, for N — «, we get, from (11.2) and (11.3),
8zl — D [Iwlls + k8, |z| [wi|*
< hd; lz| |g|* + R8s |z] |[RG)|” + |z| const [|G]|[u- [|w]]s,
ie.,
3ozl — D [l + hés [z] [wif?

11.5 s -
a5 < nby [2] [al* + Aty |z| RGO + const &7 EL (2] — 17 1612

and the inequality (8.4) follows without difficulties.
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There is no difficulty in constructing H for |z| > 1 + 7.

THEOREM 11.2. Let 7 > 0 be a constant. If the Ryabenkii-Godunov condition is
Sfulfilled, then we can construct H for 1 + n < |z] £ |z.|.

Proof. 1t follows from Theorem 9.1 that there is a transformation 71(z), such that

T(z)M(z)T(z)_1 = Lo s L*L < (1 — 8)I, N*N > (1 + 81,
0 N
forl + 7 =< |z| £ |za.
We choose now
H = T* —cI 0 T,
0 I

where ¢ with 0 < ¢ = 1 is a constant to be chosen later. Then

— *
(M HM — Hy = 2| T[T D 0 s pes
0 N*N — I
and, therefore, (11.2) is fulfilled. We also have
—cl 0
wiHw, = y"{[ ¢ = —cyl+ '
0 I

and, by (10.2) and Lemma 10.2, we can easily choose ¢ in such a way that (11.3)
is fulfilled. This proves the theorem and, in addition, also Theorem 5.3.

We shall now prove Theorem 5.4. For that purpose, we assume that A~ = N,
N natural number, and consider (8.1) for v = 1, 2, - - - , N, with boundary conditions

(11.6) S0)w, = g(0) + Ro(G), SMwy = g(1) + R,(G).
Let ¢ € C” denote a monotone function with

¢ = ¢(x,e) = 0 forx < ie,

= e

=1 forx = 3¢

and let ¢y = 1 — . Then, we can write the Egs. (8.1), (11.6) in the form

)

a1.m (ew)+1 = Mlew), + (@41 — IW,11 + 0,G,,
(11.7a) S(Mew)y = g(1) + R.(G),

(11.8) ¥w)sr = MYw), + (Gyr1 — ¥IWenr + G,
(11.8a) SO)¥w) = g(0) + Ro(G).

If we neglect the terms (¢,+1 — @, )W,41, Wrs1 — ¥, )W, 41, then we can consider (11.7)
and (11.8) as the resolvent equation for the left and right quarter-plane problem,
respectively. These are, by assumption, stable and, therefore, the estimate (8.4) or
(8.5) holds for the system

(6 o) = 0+ 0)
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Now, the terms (¢,+; — ¢, )W,, (¥,+1 — ¥,)w, can be considered as perturbations of
order k and, therefore, Theorem 5.4 follows from Theorem 4.3.

12. Dissipative Approximations. We assume “that the approximation belongs
to the class R and that the Ryabenkii-Godunov condition is fulfilled. By Theorem
11.2, we need to construct H only for 1 < |z] < 1 + 5. Theorem 10.2 implies that
there is a transformation T = T{(z) such that

L, o 0 O

TMT™ = 0 L, 0 O

0 0 N O
0O 0 0 N,

Here L,, N, are of type (9.3) and L,, N, consist of blocks as described in Theorem 9.3.
Let y, = Tw,. Then, we can write the boundary conditions Sw, = g + R(G) in the
form (10.11). If for all |z| with 1 < |z| < 1 + » the determinants det|D;;| # 0,i = 1, 2,
then there exists a constant K such that

(12.1) AP+ 171 £ K(»”| + 7] + gl + RGY).
Choose now
—cl 0 0 0
o= T* 0 —cI 0 O T.
0 0 10
0 0 o0 I

Then there is no difficulty in showing that the inequalities (11.2) and (11.3) are
fulfilled if we choose the constant ¢ > 0 sufficiently small. Therefore, the approxima-
tion is stable according to Definition 3.3. This proves Theorem 5.1 for dissipative
approximations.

If there are some z,; with |zy;| = 1 for which only the inequalities (10.12)~(10.14)
hold, then we have, instead of (12.1),

21 KW® |+ 0] + lel + [R@D,
PPLS KX Iz =zl (001 + el + RG) + K [5°].
1

(12.2)

In this case, we choose

- 2
—c(zl 1) I 0 0 0

Iz
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and, by introducing y, = Tw, into (11.4), a simple calculation shows that we can
fulfill the inequality (8.5) for sufficiently small ¢. Therefore, the approximation is
stable in the sense of Definition 3.2. This proves Theorem 5.2.

13. Nondissipative Approximations. In this section, we want to prove Theorem
5.1 for nondissipative approximations. Let z, with |z, = 1 be fixed. By Theorems
9.1-9.3, there is, in a neighbourhood of z,, an analytic transformation T = T(z) such
that

(M, © e 0]
rmur = | O M O O
Lo -~ 0 M,

where the matrices M; have the same properties as described in Theorems 9.1-9.3.
We now choose H in the form

-

R, 0 e 0
H=T* ? Ra 0 - ? T
LO e 0 Rl

and get, from Lemma 10.3,

LemMa 13.1. Let the determinani condition (10.3) be fulfilled for |z| = 1. An H
which fulfills the conditions of Theorem 11.1 and thus proves stability in the sense of
Definition 3.3 can be constructed in a neighbourhood of z = z, if, for every constant
¢ > 0, there is a constant 5, > 0 and a Hermitian Ri(z) such that
(13.1) |lz| (M%R;M; — R;) = &:(|z| — 1),

(13.2) OV Ry” Z —c iV + IR

Here y¥’ = (»“", y®) is defined by (10.5) and (10.8).

We shall now show how R; satisfying these conditions can be constructed. In the
same way as earlier, we can prove that for j = l,and j =I* + 1, --. , ],

R, = [—cl 0]
0 I

fulfills the conditions (13.1), (13.2).
For j =2, ..., I* wecan write the corresponding M, as exponential functions

(13.3) M,(z) = e
with
01 -4 3
- 1 1
(13.4) Me) =i+ 0% 1 733
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Furthermore, if &;,, k;» denote the eigenvalues of M;, M;, respectively, then
e = «;,. From Lemma 9.1 and Cramer’s rule, it follows that there are constants
¢; > 0 such that

K(z| — 1) = sup [(M; — €' D)7'| Z ¢, sup
l'4 ']

IT e — e"*’)“j
I - fgo)“‘\

¢ sup
¢

II ¢ - e“’)‘ll > ¢, sup
T 4

(1%

cssup |(M; — ioD)7'.
We have thus proved that, in a neighbourhood of z,,

(13.5) sup [(M; — ipD)™'| < const ||z| — 1™, |z| > 1.
(4

By assumption, the approximation is nondissipative. Therefore it is stable for the
Cauchy problem, not only for ¢ — 4+ « but also for # —» — «. Thus, the resolvent
condition (9.12) and (13.5) hold also for |z| < 1. Now let z = e’ and z, = e’°. Then
we have proved

LeMMA 13.2. The matrices M; are in a neighbourhood of s, analytic functions of s,
and the double-sided resolvent condition

(13.6) sup |(M; — ipI)™"| < const |Re s|™’
(4

holds. ,
In a similar way as in [4], Ralston [6] has shown that (13.4) and (13.6) imply that
for every constant ¢ > O there is a constant §, > 0 and Hermitian R,(z) such that

(13.7) R:M;, + M*R;, = 86,(z]| — 1) =~ 6, Res, z=¢,

(13.8) O R Y 2 —c i P+ IR

We shall now show that we can choose R; = R;. Consider the differential equation '
dy/dx = My, 0Sx=1,

then

1

y*(O)(ei"‘ﬁ,-e;;" — RHy0) = 2 Re(f y*R; dy/dx dx)

=2 Re(f1 v*R; M,y dx) Z 28,(]z| — 1) [»(0)]".

Observing that (0) is arbitrary, we see that (13.1) is fulfilled. The inequality (13.2)
is also fulfilled by (13.8), and we have thus been able to construct R; for j =1, ---, 1,
satisfying the conditions of Lemma 13.1. This proves Theorem 5.1 also for the
nondissipative case.
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