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On the Zeros of the Incomplete Gamma Function 

By K. S. Kolbig 

Abstract. Some asymptotic formulae given elsewhere for the zeros of the incomplete gam- 
ma function -y(a, x) are corrected. A plot of a few of the zero trajectories of the function 
y(xw, x) is given, where x is a real parameter. Based on theoretical work by Mahler, it is seen 
that the zero trajectories of y(xw, x) lie in a finite region of the complex w-plane. 

1. Introduction. Let a = a + 43 be a complex variable. The incomplete gamma 
function Py(a, x) can then be defined by [1] 

-y-(a, x) ta-let dt (a > 0) 
(1) 0 

co _ 1 n Xa+n _ - (a F6 O, -1, -2,***) 
n=O n! a+n 

The zeros of this function have been treated theoretically by several authors, for 
example, by Franklin [2], Walther [3], Rasch [4], Hille and Rasch [5], Mahler [6], and 
Tricomi [7], [8], [9]; some of the papers seem to be little known. Numerical values for 
complex zeros have been given by Franklin [2] for -y(a, 1), and more recently by 
Kolbig [10], [11], who calculated the first eight zero trajectories of y(a, x) in the a-plane 
as functions of x > 0. 

It is the aim of this note to recall some of the earlier results (occasionally cor- 
recting them), and to present a plot containing a few of the zero trajectories of the 
function -y(xw, x) in the complex w-plane (w = u + iv), as functions of the real 
parameter x > 0. It will be seen that these trajectories all lie in a finite region of the 
w-plane, and that they cluster towards a limiting curve as shown by Mahler [6], who 
investigated the function y(xw, x) in detail. 

2. Some Results on the Zeros of Ty(a, x). From the results obtained by the 
authors mentioned above, we recall here that 

(a) for real x # 0 and real a = a, the function y(a, x) has no zero if a > 0, a 
negative zero x0(a) if a < 0, a -1, -2, -3, ... , and, in addition to x0(a), a 
positive zero x4(a) if -2m < a < 1 - 2m (m = 1, 2, 3, ) [7], [8], [9]. The in- 
vestigations of Tricomi [7], [8] show that the asymptotic expressions 

(2) x (a) = -(1 - a)[l + (Y 2 ) 1O/ ] + O(taV-12) 

and 

(3) - _ _ T lr (1 + r)[(1 - a)7r/2]1/2 + O(a-2 log2 jai) 43 0(a) = ra log si i 
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hold for ac - , provided the value of a is not too close to a negative integer. 
yo((a) is the real root of the equation 

(4) Erfi(y) = V/ir cotlal17r, 

where 

(5) Erfi(y) = -i Erf(iy) = edt 

is-the error function with imaginary argument. r = 0.27846 45427 61074 is the real 
root of the equation 

(6) 1 + t + log t = O. 

It should be noted that the above formulae (2), (3), (4) differ from the three 
disparate versions of these formulae given originally in [7], [8], [9]. The corrected 
versions given above may be obtained by reworking the original proofs. In particular, 
in the relevant formulae (1) and (2) on p. 187, and (7) on p. 190 of [8], the variable a 
should be replaced by 1 - a, and not by lal as has been done in [9], where this pro- 
cedure has caused an additional sign error to be introduced in formula (3) on p. 63.* 

(b) For complex a = a + i: and fixed real x < x* = 0.30808 99264 57654, 
ly(a, x) has only real zeros, which lie on the negative a-axis [5], [6]. 

(c) For complex a and fixed real x > x*', 'y(a, x) has, in addition to the real zeros 
on the negative a-axis, at least one pair of complex conjugate zeros a?(x), and at 
most a finite number M(x) pairs of such zeros [5], [6]. 

As functions of x, the zeros of zy(a, x) represent trajectories in the a-plane. Since 
these zeros are conjugate complex, one can restrict the- problem to the upper half- 
plane f > 0. As explained in [10], these trajectories start at points a* (m = 1, 2, 3, ) 

on the negative a-axis for certain values x* > x*'. For increasing x > x* they continue 
smoothly through the upper half-plane fi> 0 and tend to infinity as shown for some 
of them in [10], [11]. For m >-* , the following asymptotic expressions can be found, 
for a* and x*, 

a*= 1-2m---- arctan + O(m-F) 
(7) 2 ir 7 

1 - 2m - 0.623021 

or a* -2m + a with 6 = 0.376979, and 

X* = 2rm - - log m - r6 + T log( 
I 

sin 67r) + 0(1og m) 

0.556929m - 0.108906 log m - 0.299840.** 

* Note that the incorrect formulae corresponding to (2), (3) and (4) have been propagated 
from [7] into the Bateman project handbook of higher transcendental functions [12, p. 141], with an 
additional misprint in (4). 

** The constant given by the author in the corresponding formula (25) of [10] is incorrect, due 
to the use of one of the erroneous versions of (3). For the same reason, Eq. (23) of [10] should be 
replaced by I(1 - s)- ? +r cot 7rs = 1 + r. 
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By comparison with the numerical values in Table 1 below, one sees that for m = 5 
the relative error of (7) is less than 0.1%, whereas the relative error of (8) is less than 
1.2%6. The above formulae can be deduced by differentiation from (3). These formulae 
are also given by Rasch [4] (with a weaker 0-term ifi (7)) and, in part, by Mahler [6]. 
Rasch [4] also gives an asymptotic expression, obtainable from (8), for the number of 
pairs of complex conjugate zeros for x -*> o, namely 

11 1 
MW 

I 
+ 

I I 
log x 

M(x) =_22r 2 +4 1 + ((log1x 

(9) 1 1 1 o 2r11 
s in 

.7r) (lo Xj 2 2 1 + I + T -\/7r ) (g) 

[1.795561x + 0.195547 log x + 0.652837] + E, 

where e can take the values -1, 0, 1, and where [t] is the integer part of t. 

3. A Plot of the Zeros of y(xw, x). From the results of Mahler [6] and Kolbig 
[10], one can see that for real x = x* the zero trajectories w?(x) in the upper half-plane 
v ? 0 start on the negative u-axis at the points u* = a*/x*, where u*+1 > u* (m = 1, 
2, 3, ). For increasing x, they continue through the half-plane v > 0 as roughly 
semilenticular trajectories. As x - o they approach the point w = 1 for all m. As 
shown by Mahler [6], for m -c these curves cluster towards the limiting curve w ? 
defined by 

(10) Re{w log w - w + 1} = 0 (u ? 1) 

or 

(11) 2u log(u2 + v2) - v arctan(v/u) - u + 1 = 0 (u < 1). 

This curve starts on the negative u-axis at the point u* = -1jr = -3.591121, in 
agreement with the limiting value for u* obtained from (7) and (8). It increases up to 
its maximum value at the coordinates (U, V), crosses the v-axis at v = 2/7r, and 
reaches the positive u-axis at u = 1. By differentiation one finds that 

(12) v'(u,v) ~~~dv I log(U2 + V2) 

du 2 arctan(v/u) 

In particular, for the slope at the endpoints, we have 

v'(u*, 0) = (1 + r)/ir = 0.406948 and v'(1, 0) = -1. 

For the coordinates of the maximum value, we obtain U = -0.689158 and V = 

0.724611, where U is the negative root with smallest modulus of the equation 

(13) u = Cos( U)I!2 

and V = (1 - U2)1'2 

Table 1, which is calculated in part from Table 2 of [10], shows the starting points 
U* of the first ten zero trajectories of -y(xw, x), together with the values of x* and ac*. 
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TABLE 1 

m x* (x*u m~~~mmu 

1 0.30809 - 1.64425 -5.33690 
2 0.77997 - 3.63887 -4.66539 
3 1.28634 - 5.63573 -4.38120 
4 1.80754 - 7.63372 -4.22327 
5 2.33692 - 9.63230 -4.12179 
6 2.87150 - 11.63126 -4.05059 
7 3.40964 - 13.63044 -3.99762 
8 3.95039 - 15.62979 -3.95652 
9 4.49311 - 17.62925 -3.92362 

10 5.03739 - 19.62880 -3.89662 

Figure 1 shows the plot of the first eight trajectories. These curves have been 
calculated on a CDC 6600 computer in essentially the same way as described in [10]. 
Because of the increasing computational difficulties for x -* co, the curves have been 
extrapolated near w = 1. All the trajectories lie between w?(x) and w? and are sym- 
metric with respect to the u-axis. 

We add here that Mahler [6] has also treated the behaviour of the zeros of y(xw, x) 
in the case of complex x = ixi et+, where 141 < xr/2. He has also investigated the 
problem of the zeros of the complementary incomplete gamma function r(xw, x) = 

r(xw) - -y(xw, x). 
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