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A Finite Element Collocation Method for
Quasilinear Parabolic Equations

By Jim Douglas, Jr., and Todd Dupont

Abstract. Let the parabolic problem c(x, ¢, wu, = a(x, t, Wuz. + b(x, t, u, u:),0 < x < 1,
0<t =T, ulx 0 = f(x), u0, 1) = go®), u(l, £) = g1(?), be solved approximately by the
continuous-time collocation process based on having the differential equation satisfied at
Gaussian points £;,; and £;,» in subintervals (x;_;, x;) for a function U:[0, T] — 3C;, the class
of Hermite piecewise-cubic polynomial functions with knots 0 = xp < x;1 < -+ < x, = 1.
It is shown that u — U = O(h*) uniformly in x and ¢, where A = max(x; — x;_y).

1. Introduction. Consider the quasilinear parabolic differential equation

du d’u ( au)
—— — —_— <
(1.1) c(x,t,u)at—a(x,t,u)axz—l-bx,t,u,ax , 0<x<1,0<t=T,

subject to the initial condition

(1.2) u(x, 0) = f(x), 0<x<1,

and the boundary conditions

(1.3) u(0, 1) = go(1), u(l, 1) = g0, 0<t=T.
Assume the stability condition

1.4 0< m=cx,t,u) = M, m=alkx,t,) = M < o,

for0 = x=1,02¢t=T,and —» < u < o,

We shall be concerned with the numerical solution of (1.1)~(1.3) by a method
of collocation for the particular case in which the approximate solution is an Hermite
piecewise-cubic polynomial in the space variable x at each time z. More precisely, let

0=x0<x1<'~'<x,,=1, h,-=x,~—x,-_1,
and
Ii = [xi-ly xi]y I = [07 1]-
Let
3, = {v = v(x) € C'(I) | vis a cubic polynomial on each I;, j = 1, --- , n}.

We shall seek a map U: [0, T] — 3¢, such that U is a good approximation of u for
0 < t < T. Recall that a basis for 3¢; can be constructed by translation and nor-
malized piecewise-dilation of two functions. Let

Received March 13, 1972,
AMS (MOS) subject classifications (1969). Primary 6568.

Copyright © 1973, American Mathematical Society
17



18 JIM DOUGLAS, JR., AND TODD DUPONT

1—3"+2° 0=x=1,
V(x) = 31 — 3x° — 2x°, —-1=2x=0,
0, [x| > 1,
x(1 — x)°, 0<x=1,
Skx) = x(1 + xY, —1=x=0,
0, [x] > 1.
Set
V((x - xi)/hi+1), X g Xis
V,~(x =
V(x — x;)/h;), x = xj,
hiS((x — xi)/hi+1)a x = x;,
Si(x) =
h;S((x — xi)/hi)’ x = x;,

where h, = h,., = 1. Then,
5c3 = Span[ VO, SO, ttt Vn, Sn]

and dim(3C;) = 2n + 2. Thus, we need 2n + 2 relations at each time ¢ to specify
the approximate solution U(f). Two of these conditions obviously can be obtained
from the boundary conditions; i.e., the coefficients of ¥, and V, are given by go(?)
and g,(?), respectively. The method of collocation requires that the remaining re-
lations be obtained by having the differential equation satisfied at 2n points. Since
there are n intervals I;, it seems natural to locate two points in each interval. For
reasons associated with approximation theory that will be explained later, we shall
choose the points in the following fashion:

A9 Ea =Y Fx)F (D g, S= L mk=12

Thus, our collocation method is specified by the equations (the writing of the in-
dependent variables x and ¢ being partially suppressed)

2
X

au U ( a_v>} o o _
(1.6) {C(U) ot a(U) ) b U, dx (Ei.k’ t)_o’ J= 1’ ° ,n’k_ 1’ 29

U(O’ t) = go(t)’ U(la t) = gl(t),

for 0 < ¢t £ T. In addition, it is necessary to specify initial conditions for U; the
easiest way to do this if f € C'(J) is to let U(x, 0) be the JCs-interpolant of f; i.e.,
U(x, 0) and 8U/dx (x, 0) agree with f and f’ at the node points x;, respectively.

The object of this paper is to analyze the convergence of the solution U of (1.6)
to u. Obviously, it is a prerequisite to show that U exists and is unique. We shall
demonstrate that there is a constant C depending on u and certain of its derivatives
such that

llu = Ullzeo.z:22a) S CH', h = max h;,
1



A FINITE ELEMENT COLLOCATION METHOD 19

if U(x, 0) is chosen as indicated above. This is optimal order convergence, since
U & 3C;. We do not know the minimal smoothness necessary to preserve the fourth
order convergence; consequently, we shall not complicate the arguments in this
paper by seeking minimal smoothness requirements on u.

The placement of the collocation points ; , is critical in obtaining the O(A*)
estimate. For other choices of the collocation points, only second order accuracy
is obtained. Obviously, the £; , can be perturbed by terms of O(h*) without causing
a loss in order of accuracy, but such modifications of the method generate no new
ideas.

Before practical calculations can be made, it is necessary to discretize (1.6) in
time. This can be done in the usual ways, e.g., backward differencing, Crank-Nicolson,
etc. The proofs of convergence for these cases can be carried out without great
difficulty based on the methods of this paper; however, we shall defer presenting
these results so that they can be combined with the extension of the single space
variable results to several variables.

It should be noted that Eq. (1.1) was not given in divergence form. There does
not seem to be any advantage to having a divergence form for collocation methods,
in sharp contrast to Galerkin and finite-difference procedures. It is clear that, under
the hypothesis (1.4), no loss of generality in (1.6) results from dividing out the co-
efficient a(x, ¢, u), since the arithmetic is unaltered. We shall henceforth assume

a.7 alx, t,u) = 1.

We can also assume go(f) = g:(t) = 0 by modifying b and c. For convenience, we
shall do so.

The Hermite cubic space 3C; can be employed in a Galerkin procedure just as
readily as in a collocation method. It is also the case that O(k*) accuracy results
[5]. Thus, some comparisons should be offered between the two methods. Practically,
the collocation method should run noticeably faster on the computer than Galerkin,
given exactly the same nodes. First, there are no quadratures to evaluate in the
collocation method. Even with the various methods that have been devised to reduce
the effort involved in these quadratures [2], they remain a significant part of any
Galerkin calculation. Second, there are only four nonzero coefficients in any of the
2n equations generated by (1.6), while there are six in the Galerkin case. Thus, solving
the algebraic systems that result from discretization in time is simpler for collocation.
Now, our arguments to be presented below require more smoothness on u for the
collocation method than is required for the Galerkin method to obtain the optimal
order of convergence. Whether this is real or only a failing of this proof is unknown
to us. It is not known whether the same 4 leads to a smaller error for collocation or
Galerkin.

2. Some Preliminary Lemmas. We shall indicate the L® inner products on
I and I; as follows (only real functions will arise):
1 n n z§
2.1 (w,v) = f u dx = Z (u,v); = Z [ uv dx.
0 zj—1

i=1 i=1

It is convenient to define
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22 () = B ) + e, Do Dy,
|ul3 = (ua u)i

and

(23) <uav) = E (u’ D),-, Iul2 = <u’ u)-

i=1

LemMMA 2.1. For all f and g in 3C,,
{41 — (! N — 5 |1 1 S 111 1115
2.4 (", 8) = (", &) = 1'g o + g5 2 11'8VH,

where f'’ is the (constant) value of the third derivative of f on I;.

Proof. 1t is sufficient to treat just one interval of length #,, since the boundary
terms collapse on summation over intervals. Note that the points #;, and ¢; , are
exactly the Gaussian quadrature points for the choice of two points and a uniform
weight function [1], [4]. Hence, if p is a polynomial of degree three,

Ay
(o, 1), = ‘/; p dx.
Thus, if

3 3
p(x) = Zo ax',  q(x) = ) bx',

1=0

then

hy hy
—(p", q) = —f p''q dx — (6asx, bsx®), + A 6asbsx* dx.
0

A trivial calculation shows that {x, x*), = 7h%/36; thus

5

h
* h
—", ah = —fo p'qdx + 10§0 p'"q",

and the lemma follows.
It is another easy calculation to see that

max| @
l fo @'Y dx

720

p a nonconstant cubicl = 7

Thus,

1 n n
1080 21 h < % 21 W erap e Neaan = % 1Alae lellas 18 € 3,
<

i=1

where

e = [ G as.

The space Hy = Hy(I) is defined as usual [3], along with the other Sobolev spaces.
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Let 3¢; denote the subspace of 3C; consisting of functions vanishing at x = 0 and
x =1
Lemma 2.2, Iff € 3¢3, then
Willie: < =07 1) = % 1] fres

This lemma will be quite useful later. It should be noted that, while {f, f') is
obviously positive semidefinite on 3¢, it vanishes for

f(x) = Z S:(x) € 3.

Fortunately, the form that will arise is — (f”, f). In fact, we can see by an argument
analogous to that of Lemma 2.1 that

1 n
&)= &) = 55 L eH, [ € %,
£

and

(2.5) 7P lles 1€ 3.
The following lemma is useful in interpreting the error bound that will be derived.
Lemma 2.3. Forf € H',
Uil + 111" Z £ [
(The constant can be of the form (1 + ch)™'.)
Proof. The relation f(x) = f(&;,,) + [;, . f’(r) dr implies that
Nz = 41515 + 285111 e o s
and
1 = 4l + 111

It should be noted that |f| and ||f||.. are not equivalent with constants inde-
pendent of the x,’s on 3C; for arbitrary node spacing. This is easily seen by taking
a very short interval adjacent to a much longer one. However, it is clear from homo-
geneity (in /) and a simple calculation that

(2.6) Ifl = @8/21) ||fllze, | € .

3. Approximation Theory. We shall bound the error in collocation by first
bounding the difference between U and the Hermite cubic interpolant of the
true solution u. In order to estimate the amount by which the interpolant fails to
satisfy the collocation equations (1.6), we shall need a representation of the interpola-
tion error.

For sufficiently smooth functions u on [0, 1], define the following interpolants
of u:

Ty(u)(x) = u(0) V(x) + u'(0)S(x) + w()V(x — 1) + #'(1)Sx — 1),
Ty(u)(x) = Tsu)x) + 4 3)Bx),
Ty(w)(x) = T.)x) + 4 3)0x),



22 JIM DOUGLAS, JR., AND TODD DUPONT
where
B = 420 — 2, 06 = 5 (1 — 9 — B).
Using Taylor’s theorem with integral remainder and the fact that T'; reproduces
polynomials of degree less than i 4+ 1, we obtain by standard techniques [1, pp. 69—

701, [4, pp. 70-71].
LeMMA 3.1. Suppose that, for | = 3,4, 0r 5, u € H'"'(I). Then

3.1 W= T = [ K, a0 ar,
where, for each fixed t,

Kix, 1) = g”(x) — Tu(g:")(x)

and
1 .
o 'l;(x—t), 0=:t=x
g (x) ="
0, x<t=<1.

For sufficiently smooth functions u defined on [0, /], define
Tl,h(u)(x) = Tl(w)(x/h)s 0 é X é h9 l = 3, 49 5»
where w(x) = u(hx). Also let

of, & = g 2 fg<g a+ (—l)i/\/3)> ) WP =1, 1)

Taking # = 1 and e = u — T,u, we obtain the following relations from Lemma 3.1:

de®| £ Cllu®||esy, k= 0,1,

e’ = Cllu®|lzan
(e, D = Cl|u(5)||u(;),
(e’ 1] = C”"“””Lf(m
In deriving these relations, we used the facts that

(B, 1) = (0", 1) = B"(1/2 £ 1/24/3) = 0.

Using the relations (3.2) and homogeneity, we obtain the following:
LeMMA 3.2. Suppose u & H®0, h). Let e = u — Ts, ,u. Then, with a constant C
independent of h,

IA

3.2)

hle(l)l é Ch4_l||u||H‘(0,h), l= 09 19
wle”| = CH||ul|gso.ny-
|,.(e', 1)| = ChQ/Z”"”H*(o,h),

e’ )] = Ch9/2||”||11-(0,h)-

(3.3
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4. A Weighted Galerkin Formulation. In this section, we shall show that the
solution of (1.6) can be viewed as the solution of the following Galerkin-type scheme:

(4'1) <C(U)Ut - Uzz - b(U’ Uz)r Z> = 07 z E ch.

In the process of showing this, we establish the existence of the solution of the equiv-
alent systems (1.6) and (4.1) locally in time; the global existence in time then follows
from the a priori estimates of the next section.

The form (4.1) is useful for analysis but its time-discrete analogues should not
be used in computations, since (1.6) gives schemes that are both more efficient and
easier to implement.

Let {Z.}>", be a basis for 53, and write U(x, f) = 2 B.()Z:(x). The relations
given by (1.6) can now be written as

4.2) F8" + 68 = ®,
Whereﬁ = (Bl) Sty B2n)T and g = ‘J(B) = (fii)s 9 = (gii); m = (ri)' Ifwe let {E{ I l =
1, ---,2n} = {&;|i=1,---,n j= 1,2}, then we can express f,;, g;;, and r; as

foi = c(le B,z,(sz))z,(sz),
g = —ZI'ED,
b(; BiZuED, 2 BzZ{(ES))-

In a similar fashion, we can express (4.1) as

(4.3) e + ag = s,

where

r;

e = CP) = (1) @ = (a;), 8 = (s1),

<c(zl: 5,2,)2,., zi>,

a;; = _<Z§,’ Zz‘>’
<b(213 B.Z,, Z B,z;), z>

If we can show that the matrix @ = @(g) is nonsingular for any g, it will follow
that (4.3) has at most one solution and that (4.3) is solvable locally in time. It follows
easily that if €(B) is nonsingular, then F(8) is nonsingular, since any solution 7 of
Fr = 0 would also be a solution of €7 = 0. Thus, if ©(8) is always nonsingular,
(4.2) is also locally solvable in time. Since any solution of (4.2) is clearly a solution
of (4.3), we see that they are equivalent.

LemMa 4.1. For any B, ©(B) is nonsingular.

Proof. Suppose that 7, 8 € R*", r 5 0, are such that €(8)r = 0. If U(x) =
> B:Z(x)and W(x) = X, 7.Z.(x), We see that

(YW, W) = 0;

o
Il

§;
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hence, W(&) = Ofork = 1, -+, 2n since ¢ > O for any arguments. Since W is a
cubic on [x,, x;] and vanishes at x,, £ 1, &1,2, €ither W = 0 on [x,, x;] or W(x,)W'(x,)
> 0. Now, if W = 0 in any [x,, x;..], then W = 0 on I, since in each adjacent interval
W would have a double root at the endpoint (W & C'([0, 1])) and two roots at the
collocation points. Thus, since 7 # 0, we see that W(x,)W’(x;) > 0. On [x;, x,],
the quadratic W’ has roots in (x;, £,:) and (&1, &,.). Hence W(x,)W'(x;) > 0.
Proceeding inductively, we can see that W(x,)W’(x,) > 0, which is a contradiction
since W(x,) = 0. Thus, the lemma is proved.

5. Convergence Analysis. Let U be the solution of (1.6) where we have assumed
without loss of generality that a(x, #, ¥) = 1 and go(¢) = g.(¢¥) = 0; i.e,,

5.1 <(U)‘w 9yv b(UQa—g) >=o, z € 305.

Now, assume that u € C"'(I X [0, T]) and let W: [0, T] — 3¢, be determined at each
time ¢ as the 3C;-interpolant of u. We shall not look at { = u — U directly, but instead
we shall estimate v = W — U and then apply known approximation theoretical
results to = u — W. Let

= §°n/0x>.
Then, it is a straightforward calculation to see that
((Up: = vy 2) = ([c(U) — c(WNW, — (W), — [c(u) — ¢(W)lu, + R, 2)
+ ([b(u, u.) — (W, u)] + [B(W, u,) — b(W, W.)], 2)
+ ({b(W, W.) — b(U, W.)1 + [b(U, W,) — b(U, U,)], z)
= (=ctWw — (W), — cF*um, z)
+ (b¥n + b¥* + bk, 2)
+ (R, 2) + (W, u,) — (W, W,), ),

where we have assumed b and ¢ to be differentiable (or at least Lipschitz continuous)
with respect to u and u,. If these derivatives are bounded, then the choice z = »,
leads to the inequality

|Vt (Vz;n Vt) K[IV|2 + I”;l:l2 + |77|2 + |77l|2]

5.2)

+ 5 bl Row) GO, ) — bW, W), v0).

Add the inequality

1d m 3
sl =gl + 5 b
to obtain
53 mWE S E B ) S KD Wl Il

+ (R, v) + (W, u) — LW, W,),»).
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Lemma 2.1 implies that

13, ]
(Vz: Vz) + 1080 Z yzzz,'hi

i=1

4
dt

D=

_<vzz, Vt) =

Vzzs V).

Integrate over the time interval (0, 7). Then,

S N |

N =

2 [ il dr = 3 )0 + 3 b
(5.4) < K[|»12<0)+ f W + Wl dr + f (nl* + [nl®) dr]

— 2pan 9)(O) + f (R, ) dr + f (B(W, ) — bW, W), v dr.

Integrate by parts in time to get

_/: <R’ V‘> dr = <R’ V) lct' - j: <R., V) dr.

Assume that

sup ||[u@O|lzecy = |ullee, rimemy < ®,
0<t<T
(5.5) T
[ @l de = Ml < o
Then
(R,v) = 2R, v) = 2 (R,v — 7 + 2 (R, %), ;= hi v, 1);.
i=1 i=1 i=1

Recall that the collocation points were chosen so that

KR, 7:)il = {02z, 7:)i
K ||ullmeanhi?hi" [y, 1)
K H“HH'(I;)h? vlss

lIA

IA

by Lemma 3.2. Thus

n

KR, »| < 2 IRl v — 5l + K El [ullgecrphi ;.
“

i=1

Since it is trivial (using the elementary version of the Poincaré Lemma) that

b — %l = Khyi |Ppellzsan
and since
IRl; = K ”“”H'(mh?:

it follows that
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IA

n
KR,»)| = K El Ulallasan [Pallzean + Hullaeay Wik
“

1 n n
(5.6) 16 2 (Pelliec + WD + K 2 Hlullian
1= 1=

IIA

1 n
S 16 S + PO+ K X Nl A
Note that it follows immediately from the above argument that

5.7) f (R., ) dr

< 16f = (ay ) + Pl dr + th f e[z dr-
Also,

ft (b(W, u,) — b(W, W,), v, dr
0

<b(W uz) - b(W Wz)’ 1’)‘0 - f b(W u_-,) - b(W W)} V>

Now,
(b(W’ uz) - b(W9 Wz)’ V) = 21 <bu;(W: Wz) lz-E,',‘ Nz + ‘I’hin:n V)i’

where |¢| is bounded independently of A; if the second derivatives of b are bounded.
Since the b,, multiplier of 7, has been reduced to a constant on each I,, we can
employ the leading orthogonality (3.3) of 7, to constants on each I, as follows:

Kbuz lz-és‘.l Nz ”)il = Kbus Iz-ii.l Nz r’i)il + Kbug l:==$i.: Nzs V — vi)il

< KU Nullasan Wl + &5 [ullasan [Wallzean].
Also, by (3.3),

K¥hin, v)i| £ Kb ||ullgeas Plis

and
1 n
5.8) oW, u) — bW, W), )| £ Tel—@ees ) + W1+ K 28 [ullia.-
i=1
Next, note that

a
E [b( w, uz) - b( w, Wz)]

a=u

AW b 3°u b
“{ (W, o)+ 75 5, Ws ) + oo 3t du, aat}

It then follows from the argument above that, if » has bounded third derivatives,

f & (W, w) — bW, W, v> dr
(5.9)

S oo [ b+ b1 K R [l + Nl dr
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It follows from (5.3)~(5.9), (2.5), and the Gronwall lemma that

T
[ Wil ar + max Uplfi. + 17
0sts

(5.10) n
= K[”V(O)“?h‘ + PO + 2 B {lullie0 rmean + ”“t”i’(o,r;m(nn}]'
i=1

Lemma 2.3 and (2.6) imply that

T
[ bl ar + (b1, mm
(5.11) 0
= KI:HV(O)HZ' + Z; Bi{||ul|Ze o, rimocrsyy + ||“t||i’(o.r;ﬂ'<1;>>}:|'
“
In particular,

”V”iw(o,r;w)
(5.12) "
= K[”V(O)Hin + 2 B {lullie o, rimeany + ||“t||2u(o,r;n-<m>}:|‘
i=1

Also, it is well known [4] that

(5.13) Unllieo.zizm = K 22 &5 ||ullZeo, zimsan) -
=1
Sinceu —U=¢ =194 v,

[lu — UHZI:“(o,T;Lw)
(5.149) n
= K[”"(O)“?f' + Zl h?“l”“iw(o,r;m(n)) + H“t“ia(o,r;n-(u))}]'
=

If we choose, as is quite natural, to define U(x, 0) as the 3Cs-interpolant of u(x, 0),
then

(5.15) llu — Ullzew.zieoy S Kll|ullzoo,zim0 + ||#el]zoc0, 2,00 10",
where
(5.16) h = max h;.

i-l."'.”

THEOREM. Let the coefficients in the differential equation have bounded third
derivatives and assume that (1.4) holds. Let u be the solution of (1.1)~(1.3) and assume
that

u & L0, T; H and u, € L*0, T; H.

Let U(x, 0) be the 3Cs-interpolant of {(x) = u(x, 0). Then, there exists a unique solution
U of the collocation equations (1.6), and U converges to u with an error that can be
estimated by (5.15).

The order of convergence of U to u is optimal, given the approximating space
3Cs; however, the smoothness hypotheses in the above theorem are stronger than
would be required from approximation theory alone, since boundedness in H*
suffices for interpolation to give O(h*) in L* and H’ is more than enough for L°.
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Thus, we have not obtained as strong a theorem for the collocation procedure as
for the corresponding Galerkin procedure.

Mathematics Department
University of Chicago
Chicago, 1llinois 60637

1. PHILLIP J. Davis, Interpolation and Approximation, Blaisdell, Waltham, Mass., 1963.
MR 28 #393.

2. Jim DoucLas, Jr. & Topp DupoNT, “The effect of interpolation of coefficients in non-
linear parabolic Galerkin procedures.” (To appear.)

3. J. L. LioNns & E. MAGENES, Probléemes aux limites non homogénes et applications.
Vol. 1, Travaux et Recherches Mathématiques, no. 17, Dunod, Paris, 1968. MR 40 #512.
19694' B. WENDROFF, First Principles of Numerical Analysis, Addison-Wesley, Reading, Mass.,

5. M. F. WHEELER, Thesis, Rice University, Houston, Texas, 1971; SIAM J. Numer.
Anal. (To appear.)



