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Rate of Convergence Estimates for Nonselfadjoint
Eigenvalue Approximations*

By J. H. Bramble and J. E. Osborn

Abstract. In this paper, a general approximation theory for the eigenvalues and cor-
responding subspaces of generalized eigenfunctions of a certain class of compact operators is
developed. This theory is then used to obtain rate of convergence estimates for the errors
which arise when the eigenvalues of nonselfadjoint elliptic partial differential operators
are approximated by Rayleigh-Ritz-Galerkin type methods using finite-dimensional spaces
of trial functions, e.g. spline functions. The approximation methods include several in
which the functions in the space of trial functions are not required to satisfy any boundary
conditions.

1. Introduction. In this paper, we develop a general approximation theory for
the eigenvalues and corresponding subspaces of generalized eigenvectors for a certain
class of compact operators. This theory is then applied to several examples. The
principal examples consist of certain Rayleigh-Ritz-Galerkin type methods for the
approximation of the eigenvalues of second-order nonselfadjoint elliptic differential
operators. In each case we give estimates for the rate of convergence. By means
of our general theorems on compact operators, the problem of estimating the rate
of convergence of the eigenvalues is reduced to obtaining estimates for the rate of
convergence in the approximate solution of the corresponding boundary value
problem. We make strong use of not only £, estimates but also estimates in Sobolev
spaces of negative order.

Although our theorems could be applied to higher-order elliptic equations,
ordinary differential equations and integral operators, we have chosen to center
our attention on the general second-order elliptic case and to obtain specific results
for a variety of projection methods.

There is an extensive literature dealing with the approximation of eigenvalues
of selfadjoint operators. For the case of a selfadjoint operator which is bounded
below, upper bounds for the eigenvalues are provided by the Rayleigh-Ritz method.
The method of intermediate problems introduced by Weinstein [47], [48] provides
lower bounds. This method was extended by Weinstein [49], [50], [51], [52], Aronszajn
and Weinstein [3], Aronszajn [1], [2], Weinberger [45], [46], Bazley [7], Bazley and
Fox [8], [9], and Stenger [41]. Another method has been developed by Fichera [21],
[22] for finding lower bounds for eigenvalues connected with selfadjoint boundary
value problems for elliptic differential operators in a bounded domain.

Also, in the selfadjoint case, Birkhoff, de Boor, Swartz, and Wendroff [11] prove
an inequality from which lower bounds can be derived for the eigenvalues in terms
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of the Rayleigh-Ritz eigenvalues corresponding to a given finite-dimensional sub-
space and the approximability properties of the subspace. A specific application
of this was carried out for second-order ordinary differential operators using sub-
spaces of cubic splines. This idea has been generalized so as to apply to selfadjoint
elliptic operators and rather general finite-dimensional subspaces; cf. Ciarlet, Schultz,
and Varga [19], Schultz [39], [40]. Pierce and Varga [33], [34] give £, eigenvector
estimates which are optimal in the sense of corresponding to the approximability
properties of the underlying subspaces.

Perhaps the work closest to that of this paper is the work of Vainikko [42], [43],
[44]. In [44], he proves a general theorem on convergence of eigenvalues and gen-
eralized eigenvectors. Our Theorems 3 and 4 of Section 3 are analogous to his. He
does not obtain results of the type given in Theorems 1 and 2 of Section 3 (our main
theorems) and it is not clear how to put several of our applications into his setting.
His strongest results rest on the fact that an operator T'is approximated by an operator
P,T where P, is a certain projection whose adjoint can be calculated. This task,
which must be carried out with each application, does not appear to be simple.
Our approach, while avoiding this difficulty, yields stronger results.

Recently, Osborn [30], [31], [32] has derived error estimates for Galerkin ap-
proximations of the eigenvalues of nonselfadjoint ordinary differential operators
which are lower order perturbations of selfadjoint operators. The eigenfunctions
of the related selfadjoint operator are used as trial functions and the error estimates
depend in a simple way on the data of the problem.

We mention finally that Marek [27] gives error estimates for the approximation
of the Perron root of a class of nonselfadjoint operators which are of positive type
provided the approximate operator is also of positive type.

Error estimates for the approximate calculation of eigenvalues of selfadjoint
operators have always depended on a variational characterization of the eigenvalues.
In the present work, no use is made of such variational principles; instead, we use
certain estimates for the related resolvent operator. Special features of this work are:

1. Approximations for the generalized eigenfunctions are obtained first and then
used to obtain the eigenvalue estimates.

2. In the case of a multiple eigenvalue (in general having different algebraic
and geometric multiplicities), a weighted average of approximate eigenvalues is
shown to be the “right” choice as an approximation.

3. The results apply to general nonselfadjoint elliptic operators.

4. Various methods for defining the approximate eigenvalues are treated, in-
cluding methods in which the functions in the subspaces of trial functions are not
required to satisfy any boundary conditions.

5. The estimates are optimal in the sense that they give the best estimate that
could be expected on the basis of the approximability properties of the underlying
subspaces.

An outline of the paper is as follows: In Sections 2 and 3, we derive results on
the approximation of eigenvalues and generalized eigenfunctions of a class of compact
operators. Section 4 deals with the general class of differential eigenvalue problems
to be considered in the paper. In Section 5 we discuss the families of finite-dimen-
sional subspaces used in constructing the approximations. Sections 6-11 contain
various smethods for constructing the approximate eigenvalues: The ordinary Galerkin



NONSELFADJOINT EIGENVALUE APPROXIMATIONS 527

method, the least squares method of Bramble and Schatz [15], [16], methods of
Nitsche [28], [29], and a recent method of Babuska [6]. In each case the eigenvalue
results are shown to follow easily from results on the approximation of the solution
of the corresponding inhomogeneous problem.

2. General Notation. Let Q be a bounded domain in Euclidean N-dimensional
space R" with boundary 2 which we will assume (for convenience) to be of class
C”. Let C°(Q) be the class of infinitely differentiable complex valued functions
defined on &, the closure of Q. For functions in C*(2), we define the £,-inner product
by

(00 ) = fnwfb dx

and the corresponding norm by

tolls = ([ 1of ax) "

Let « = (a;, -+, ay) be a multi-index (i.., each «,, i = 1, --- , N, is a non-
negative integer),

D® = aa,/ax{n aaN/ax;N

and |a] = > ), a;. We define for ¢ € C*() and for j a nonnegative integer the
norm

et = (£ upr)”

The completion of C”({) with respect to ||-||; will be denoted by H'(Q). This is the
Sobolev space of order j and is a Hilbert space. For any positive real number s,
we define H°(Q) by interpolation between successive integers following Definition
2.1 of [26]. The spaces H'(Q) for s < 0 are defined as follows:

For ¢ € C°(Q) and s < 0, set

@.1 llells = sup_ (e, ¥I/1I¥II-..
yece @

Then H*(Q), for s < 0, is defined as the completion of C”({) with respect to the
norm ||- ||, (cf. [10]). Now H*(Q) is a Hilbert space for any real s. Note that H°(Q) =
£,(Q) and that H°*(Q) C H*'(Q) if 5, < s5,. We state the following well-known result.

LemMa 2.1 (RELLICH). Let s, and s, be real numbers with s, < s,, andlet 1, ,,
be the injection operator mapping H**(Q) into H**(Q). Then I,, ., is compact.

For any 4: H°(Q) — H'(Q), we define, for s, £ s < s,,

”Allsl,sz = Ssup ||A¢||81/||¢H82'
@

EH®2 ()

Note that, for each given sy, s, and s, there is a constant C such that

(2.2) HAll.... = C 4]l
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The restriction of 4 to a subset X of H*(Q) will be denoted by A|y. Let ¢(4) denote
the spectrum of 4 and p(A) the resolvent set. For any complex number z & p(A4),
the resolvent operator R ,(A4) is defined by

R(A) =@E— 4)".

If A is compact, then ¢(A4) consists of a denumerable set of nonzero complex numbers
and zero. Each nonzero point u of o(A4) is an eigenvalue of A4; i.e., there exists a
nonzero element u of H°(Q) such that Au = uu. Zero may or may not be an eigen-
value.

Let u be a nonzero eigenvalue of 4. The least integer « such that 9U(4 — w)*) =
(A — w)**"), where 9 denotes the null space, is called the ascent of 4 — u. If
A is compact « is finite. The integer m = dim 9U((4 — p)®) is called the algebraic
multiplicity of u and is likewise finite. The subspace 9U(4 — w)®) is called the space
of generalized eigenfunctions corresponding to the eigenvalue p. The geometric
multiplicity is equal to dim 91(4 — p) and is always less than or equal to m. In the
case of a selfadjoint operator, the geometric and algebraic multiplicities of a given
eigenvalue p are equal.

We next state a general result on the approximation of eigenvalues of compact
operators,

Let K : £,(Q) — £,(Q) be compact. Suppose that {K,}o<x<: is a family of compact
operators K, : £,(Q) — £,(Q) such that

lim ”K - KhHO,O = 0.
h—0

Let w,, s, - -+ be the nonzero eigenvalues of K ordered by decreasing magnitude
taking account of algebraic multiplicities. Then for each # > 0 there is an ordering
of the eigenvalues of K, u,(k), uy(h), - - - , such that, for each integer j, lim,_, p;(h) =
p; (cf. [20]).

For the purpose of this paper, we shall restate this convergence property in the
following convenient form.

LemMa 2.2. Let p be a nonzero eigenvalue of K with algebraic multiplicity m
and let T be a circle centered at u which lies in p(K) and contains no other points of
o(K). Then, there is an h, such that, for 0 < h < h, there are exactly m eigenvalues
(counting algebraic multiplicities) of K, lying inside T and all points of o(K,) are bounded
away from T.

The next lemma relates the projection onto the generalized null space corre-
sponding to u to the projection associated with the part of the spectrum of K, inside
T (cf. [25]).

LemMa 2.3. With T and hy as in Lemma 2.2, if 0 < h =< h,, the operators

1 1
Ew) = 5 f R(K)d and EG) = 5 fr R.(Ky) dz

are projections (in general nonorthogonal). The range of E(u), R(E(w)), is the space of
generalized eigenfunctions of K corresponding to u and R(E,(w)) is the direct sum of
the spaces of generalized eigenfunctions of K, associated with the eigenvalues of K,
inside of T. Finally,
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lim ||[Ew) — E.W)]loo = 0

h—0

and dim R(E,(x)) = dim R(E(r)) = m.

3. Convergence Estimates. In this section we will consider a particular type
of compact operator 7 and a family of compact operators {T,},<,<, which approxi-
mates it. The first theorem relates a certain invariant subspace of T, to generalized
eigenfunctions of T. These estimates are then used to deduce estimates for the rate
of convergence of the eigenvalues of T, to the eigenvalues of T.

More precisely let s, be a fixed nonnegative real number. Let T be an operator
from H™*°(Q) to H *°(). We suppose further that for some fixed ¢ > 0 and all
$ = —S,

(3.1) T: H'(Q) — H'*(Q)

as a bounded mapping.

From (3.1) we see that 7 can be considered as an operator from H'(Q) to H(Q)
for s = —s, and, from Lemma 2.1 we see that 7 will be compact as an operator on
H’(Q). In the sequel the space H°(©2) on which we are considering 7" will be clear
from the context.

LemMa 3.1. Fors = —s,, the spectrum of T on H’(Q) is the same as the spectrum
of T on £4(Q).

Proof. Clearly, the spectrum of T on H™°°(Q) contains the spectrum of T on
H’(Q). Suppose u ## 0 is in the spectrum of T on H ™ °°(Q). Then, there is a nonzero
u & H™*'(Q) such that Tu = wu. By virtue of (3.1), u € H'(Q) for all t = —s,. Hence,
u & H'(Q) and it follows that u is in the spectrum of 7 on H'(%).

Note that the space of generalized eigenfunctions corresponding to a nonzero
eigenvalue is also independent of s. This follows easily from (3.1).

Now let {7} <, be a one-parameter family of compact operators from Ly(r) to
L,(r) such that
(3.2) lim [|T — Tillo,0 = 0.

h—0

Let u be a nonzero cigenvalue of T with algebraic multiplicity m. Let T' be a
circle centered at u which lies in p(7) and contains no other points of ¢(7). From
Lemma 2.2 applied to T'and | T,}o.,<; We see that there is an 4, such that, for 0 < A
=< h, there are exactly m eigenvalues (counting algebraic multiplicities) of 7, inside
of T'. Throughout this section, u, T, and A4, will be considered fixed and the m eigen-
values of 7, which lie inside T are denoted by w,(h), - -+ , w.(h).

Now, from Lemma 2.3, with K = T|., 4, K, = T, and h < h,, the operators

1 1
Ew) = 5 [ R(Tlew)dz and B = 5 [ rar
i Jr 2wi Jrp

are projections onto the space of generalized eigenfunctions of T corresponding to u
and the direct sum of the spaces of generalized eigenfunctions of T, corresponding
to w(h), -+, w.(h), respectively, and dim R(E,(x)) = dim R(E(u)) = m.

The following lemma is central to our development.

LeMMA 3.2. Let s, be a given nonnegative real number. Then there are constants
C and h, such that for any u € H''(2),0 < h £ hyand 0 < s < s,,
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|Eu — En(uul|-,

S C{IT — Tull-s,s. + IT — Tull-co [IT — Tallo.o,} - [lull., .
Proof. By (2.1),for 0 < s = s,
|Ewu — Eywull-s = sup [([E() — E.w)lu, o)|/]lells

(3.3)

(3.4) pecm
_ 1 sup ([R.(T) — R.(TW)lu, ¢) &z -
2r pecem |Jr ”‘PHS
Now let z & T be arbitrary. We have for any ¢ & H*(Q),
(3.5) I(IR.(T) — R.(Tlu, )/ llells = [[[RAT) — RAT)u||-,.

Consider now
[R.(T) — R.(T)lu = R.(TXT — T,)R.(T)u
— R.(TXT — T)R.(T\)T — T,)R.(T)u.

(3.6)

It follows easily from (3.6) that
[[[R.(T) — R.(Tw)lu||-,
(3.7 S IR(D[)-e.—e IT = Talloeo, [IRADe, o0 [ulls,
F RAD e [IT = Tull-c.0 [IRATWI]o.0
T = Tallo.s, [RADs, o0 ulls, -

Now by Lemma 3.1, z is in the resolvent set of T on H'(Q) for —s, < t. Since the
resolvent of T"on H'(Q) is continuous as a function of z and T is compact, we have
for some constant C that

(3.8) IR.(D]... = C

forallz& I'and —s, < ¢t < 5.
Furthermore,

R.Ty) = (I + R(TXT — T.)) 'R.AT)

provided ||[R(TXT — T)llo.o < 1. By (3.3) and (3.8), 4, may be chosen so that this
condition is fulfilled uniformly for 0 < 4 < h, and z & T. Thus there is a constant
Csuchthatfor0 < 4 < hyandall z € T,

(3.9) [IR.(TW)lo,0 = C.
Using (3.9), (3.8), and (3.7), we have
H[RZ(T) - Rz(Th)]uH—s
S CIT = Tll-ss. + IT = Tll-so UT — Tallo.s,} [lulls..

Inequality (3.4) now follows from (3.10), (3.5) and (3.4).
The next lemma is an easy consequence of Lemma 3.2. In what follows, the term
orthonormal will always refer to £,(Q).

(3.10)



NONSELFADJOINT EIGENVALUE APPROXIMATIONS 531

LemMA 3.3. Let {u;}7-, be an orthonormal basis for R(E(w)) and s,

exist constants C, and h, and a basis {w;}7_, for R(E,(u)) such that for
and 0 < h £ h,,

B11) max |lu; — w,l|-s S T — Tull-ss. + IT — Tulloao IT — Tillo.s, ).
1=ism
Proof. Since u; & R(E(w)) and E(u) is a projection, we have that u; = E(u)u;.
Since u; € H''(Q) we may apply Lemma 3.2 with u = u;, j = 1, --- , m. Hence,
choosing C; = C max; ||u;||,, with C the constant from Lemma 3.2, (3.11) follows
with w; = E,(u)u;. Now by (2.2),

HT - Th”—s.s:
T — Th||—s,0[ = C'IT = Tulloo
T — Tullo.s.

and hence, because of (3.2) there is a constant 4, such that for 0 < & < h,,

>l — wills < L.
i=1

But from this it follows that the w,’s are linearly independent and hence a basis for
the m-dimensional space R(E,(v)).

The first of our principal aims of this section is to obtain an estimate like (3.11)
but for an orthonormal basis for R(E,(u)). To this end we prove the following
general lemma. Because of our application we phrase this lemma in £,(Q) even
though it is true with £,(Q) replaced by any inner product space.

LEMMA 3.4. Let m be a positive integer. There is a constant C,, such that, for
fi» ©** 5 fn any linearly independent set in £Q) and g,, --- , g. the corresponding
Gram-Schmidt orthonormalization, we have
(3.12) ITkaSX [1fe — &llo = Cn ]:?2’5( [(fis f£) — als
where §;, is the Kronecker delta.

Proof. We proceed by induction on m. Let M
Observe that

(3.13) lfallo = 11 = Hlifullc — 1] = M.

In particular, for m = 1, we have ||f, — gillo = ||Ifillo — 1] £ M. Now assume
the result holds for m — 1 with m = 2 and a constant C,,_,. Set

max, < ism [(Fir f) — 5ikl-

m—1
(.14 Bn = fn — 2 (> 88
i=1
amd comsider first the case M =< 1. Since
[Gons €1 = {lfmllo [1g: = fillo + 1(Fms 11
it follows from the induction hypothesis and (3.13) that

|(fm’ g!)‘ é (zcm—l + l)M
for j < m and hence, from (3.14),
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(3.15) i — &nllo £ (m — 1)'*QC,ey + 1)M.
NOW, since 8&n = gM/llg-M|l0?
[1gn — &nllo = [1&nllo — 1]
(3.16) = Hgnllo — [fnllol + [lfnllo — 1]
S |1&n — fullo + lfallo — 1]
< (m — D'*QC,ey + 1) + 1IM.

For M < 1 the result follows from (3.15), (3.16) and the triangle inequality. If
M > 1 we have

Ufm — &ullo £ |lfullo +1 224+ M= 3M

and hence the lemma is proved.

We shall also need:

LemMMA 3.5. Let s = 0 be given and let {u;}7_, be an orthonormal set in £,(%)
such that u; © H*(Q) for each j. There exists a constant C such that if {w;}7_, is any
linearly independent set and {w |7, is its Gram-Schmidt orthonormalization then

max |[we — willo £ € max ([lu; — w;ll-s + [lu; — w,110)-

1sksm 1=7sm

Proof. We have, from Lemma 3.4, a constant C depending only on m such that

3.17) max ||w, — W lo £ C max |(w,, W;) — 6|

1sksm 1gd,ism

Now, for fixed i and j,

l(wn WJ) - 6zil = I(Wi’ wi) - (uu ui)l
(3.18) = |Oob, — u,, Ww; — w,) + (u,, W, — uy) + (W, — uy, ;)|
= lu, — wollo Huy — wyllo + [ludls g — W, 1]

+ sl [ue = 2]

The result follows easily from (3.17) and (3.18).
We now state and prove the first principal result of this section.
THEOREM 1. Let {u;}7., be an orthonormal basis for R(E(y)) and s, = 0. There

m

exist constants C and h, and an orthonormal basis {w;}7_, for R(E(w)) such that, for
0L s<s,and0 < h £ h,,

max ||lu, — wiell|-s
(3.19) 1<cksm [l ¢l

= C{HT_ ThH—s.s, + HT_ Thll—s,O HT_ Thllo,s, + HT_ Thllg,m}‘

Proof. Let {Ww;]™, be the basis for R(E,(u)) given by Lemma 3.3 and {w;}T,
its Gram-Schmidt orthonormalization. Then
N — willos < [lue — will-s + [ — willo.
Applying Lemma 3.5 we obtain, for an appropriate constant C,
(3.20) [lwe — willo £ € max (lu; — W,|1-0 + [lu; — W;][0).

1=i=m
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The theorem now follows by using the estimate (3.11) on the right-hand side of
(3.20).

We may also start with an orthonormal basis in R(E,(x)) and obtain a close
orthonormal basis for R(E(w)). This we see in the following:

COROLLARY 1. For each h with0 < h < h, let {w,;}7_, be an orthonormal basis
for R(E,(w)). Then there is an orthonormal basis {u;}7_, for R(E(w)) such that

max ||y, — w,||-;

= C{HT - Thll—:.:. + HT - Th“—st ”T - ThHO,h + HT - Thll(Q),s,}

holds for all 0 < s < s,, where C is a constant independent of h.

Proof. Let {u/}7_, be an orthonormal basis for R(E(y)) and let {w]}7_, be the
corresponding orthonormal basis in R(E,(n)) given by Theorem 1. Now w, =
Som (wi, wiwy. Setu; = Z;’;l (w;, whus. The result follows by applying the estimate
of Theorem 1 to each term on the right-hand side of the expression u;, — w; =
2ors (Wi, W, — wi).

Theorem 1 and Corollary 1 show that the “gap” between R(E,(1)) and R(E(u))
is estimated by the right-hand side of (3.19) (cf. [25]).

We want next to study the eigenvalues of T, which are inside T' and their re-
lationship to u. As before, let u,(h), - -- , u.(h) denote the eigenvalues of T, which
lie inside T. In case they are not all distinct, they are counted according to their
algebraic multiplicities. Now, it is well known that the individual w;(h)’s may be
rather poor approximations to u because of the nonselfadjointness of T although
by Lemma 2.2 they converge to u as & — 0. However, their arithmetic mean is a
much better approximation to u (cf. [25]). We therefore define

Z‘, 1, (h).

The next lemma gives representations for u and (k) in terms of 7, T, and elements
of the subspaces R(E(u)) and R(E,(u)).

LemMA 3.6. Let {u;}7., be any orthonormal basis for R(E(w)) and {w;}7_, be
any orthonormal basis for R(E,(u)) with 0 < h < h,. Then

fah) =

3=

3.21) u = ;L— Z (Tu;, u;)
and

1 m
(3.22) ah) = — 2 (Tuw,. w)).

Proof. Denote by T the restriction of T to R(E(w)) and by T, the restriction of
T, to R(E,(w)). We first observe, since R(E(u)) is an invariant subspace for 7, that
o(T) = {u} and that u is an eigenvalue of T with algebraic multiplicity m. Similarly,
for 0 < h < hy, o(T,) = {m(h), -, u.(h)}. Since on the one hand trace T = mu
and on the other hand trace T is equal to the sum of the diagonal elements of any
one of its matrix representations, (3.21) follows. In the same way we obtain (3.22).

We are now in a position to state and prove the second main result of this section.

THEOREM 2. Let s, be a given nonnegative real number. Then there exist constants
C and h, such that, for 0 < h < h,,
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— a)|
< CUIT = Tll-sers + T = Tull-sero IT = Tullo.o. + [IT — Tull5..}-

Proof. Let {u;}7_, be any orthonormal basis for R(E(u)) and let {w;}7_, be the
corresponding orthonormal basis for R(E,(u)) given by Theorem 1. Then, by Lemma
3.6, we have

(3.23)

1 m
(3.24) w— A = — 3 [(Tup, w) = (Tow;, w)l.
i=1
We will obtain the estimate (3.23) by re-expressing the right-hand side of (3.24);
For ease of notation let j be fixed with 1 < j < mandset u; = uand w; = w.
Then

(Tu, u) — (Tww, w) = (T(u — w), u) — (T — Tw)u — w), u)
(3.25) + (Tu,u — w)y — (T — T)u, u — w)
+ (T — Tyu, u) — (Tw(u — w), u — w).
We estimate the terms on the right-hand side of (3.25) as follows:
(T — w), )| = ||T|l-s, -5, llu — wll—s, [ullss
(T — T — w), w)| = ||T — Till-so0 [lu — wllo [[ulls.,

[(Tu, u = W) = ([Tlee.a0 [fulle, (10 — wll-..,
(T — Tu, u = w)| = [T = Tallo,s, ulls, [lu = wilo,
(T = Tu, )| = [|T — Tull-s,.o, [lulls, [lulle,

[(Ta(e — w), u — W) = || Tallo.o [lu — wl]3.

Since ||T — Tillo.o = 0 as A — 0, ||Tl|o,o is bounded uniformly in 4 for 0 < & < h,.
Now each expression on the right-hand side of each of the six inequalities is bounded
by a constant times the right-hand side of (3.19) with s = s,. Hence, using these
estimates with (3.25) and (3.24), the proof of Theorem 2 is complete.

We may also estimate u — u,(h) for each k.

THEOREM 3. Let « be the ascent of w — T. Then there are constants C and h,
such that, for 0 < h < hyand s, 2 0,

max |u — pp(h)|*

1sksm
< C{IT = Tull-ssrss + 1T = Till-soro UT = Tillos. + [IT — Tllo.s.}.

Proof. Let w be a unit eigenfunction corresponding to u,(%). By Corollary 1
there is a unit vector . & R(E(w)) with ||u — w||_, estimated by the right-hand side
of (3.19). Now, noting that (v — T)*u = 0, we have

= ™ = 106 — )™ — @ — 1), 0)]
=§m—mW@—W+MW—mWy

Since R(E(w)) consists of generalized eigenfunctions, ||u||, will be bounded in 4 for
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any fixed s even though u may depend on 4. Using this and the fact that T is bounded
in H™°°(Q) we obtain
v — m|* = C [|(uh) — Thul|-,.
Adding and subtracting w and observing that (u(h) — T,)w = O gives
b — m()|*
= C{ll®) — D@ — W, + [T — T — W|-., + (T — Tyul|-,,}

from which we obtain

b — M| = C{llu = wll_os + [IT = Tull-ss0 llu — wllo + [IT — Tull-s,.0.}-

The result follows immediately from Corollary 1.

Finally in this section we obtain quite easily results concerning the proximity
of certain elements of R(E,(u)) to certain elements of R(E(w)). For example, for
small # an eigenvector in R(E,(n)) will be close to an eigenvector in R(E(u)). The
full result is given in the following:

THEOREM 4. Let w(h) be an eigenvalue of T, such that u(h) — w as h — 0 and
s, = 0. Suppose, for each h, w is a unit vector satisfying (w(h) — T,)*w = 0 for some
positive integer k < a. Then, for any integer | with k < | £ «, there is a vector u &
R(E(w)) such that (uw — T)'u = 0 and

llu = wlle = CIT = Tullo."7 .

Proof. From the Riesz-Schauder theory and the closed graph theorem it follows
that (u — T|c, ) has a bounded right inverse which maps R((x — Tl¢, @)") to the
orthogonal complement of 9U(u — T)' in £,(Q). Thus, setting u = Pw where P is
the orthogonal projection of £,(Q) onto 9U(ux — T)'), there is a constant C inde-
pendent of w such that

(3.26) [lw — ullo £ C |l — D'w — wllo.
By Corollary 1 there is a unit vector i in R(E(w)) such that

llw — allo = C[IT = Tillo.s.-

Hence
e = D' — & — Tl
3.27) = E =TT = D = D'77'w — @) + al||.
= C(llw = allo + ITw — Tllo,s.) = C [ITh — Tllo...
Since k < 1,
16 = T wllo = H?l: (j-)(# = WO () = T Tw |
(3.28)

HE 1 (}’.)(u = w() () — To)'"'w

]

1A

C l/-lv _ ﬂ-(h)ll_k+1 X
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Using (3.26), (3.27), and (3.28), we have
llw — ulle £ C [l — ' — = TD'w + (— T)'wllo
< Cllw — w®W™ + (1T = Tl

The result now follows from Theorem 3.

4. Second-Order Boundary Value Problems. Let L be a second-order op-
erator given by

N
J
L""_“,ﬂax,("a >+Zb T e
where a,;, b, and c are in C°(Q) and a,; = a,,. We will assume that L is uniformly

strongly elliptic; i.e., there is a positive constant a, such that

N N

Re Y a,(0)&8 = ap D &

1,1=1 1=1

for all real &, --- , £y and all x € Q. The sesquilinear form on H'(Q) X H'(Q)
associated with L is given by

Ble, ¥) = XN: fau: 6¢d +Zfb——¢dx+fc¢¢dx

1,1=1

Let b = max, < ¢y, en |B.(X)].
We shall assume without loss that Re ¢ = a,/2 + b®/2a, since adding a constant
to ¢ only shifts the eigenvalues. Under this assumption B is coercive on H'(Q); i.e.,

@.1 Re B(e, ¢) 2 3ao |lol]d

for all ¢ € H'(Q). Clearly, because of the boundedness of the coefficients, we also
have that B is continuous on H'(Q) X H'(Q); i.e., for a suitable constant a,,

(4.2) [Ble, Y| = a1 llelli [1¥]]:
for all ¢, ¢ © H'(Q).

Let H)(Q) be the closure in H'(Q) of the infinitely differentiable functions with
compact support in @, C3(%), and V any closed subspace of H'(2) with Hy(Q) C
V C H'(Q). A class of boundary value problems associated with B may be formulated
as follows: Given f & £,(Q) find u & V such that for all ¢ & V,

4.3) B(u, ©) = (f, ¢).

With our assumption on B this problem always has a unique solution u (cf. [26])
and we denote the linear operator which takes f to u by T. In the case V = Hy(Q)
this is just the weak formulation of the Dirichlet problem and for V = H'(Q), T is
the solution operator for the Neumann problem. We suppose now that V' is either
H(Q) or H'(Q).

If, in addition, we have { € H’(Q) for s real, the following estimate is valid:

4.4 T2 = Cs |If1Ls

where C, is an appropriate constant (cf. [35], [36]). The estimate (4.4) allows us to
extend the operator T from £,(Q) to H'(Q) for any s < 0. Now let s, = 0 be fixed
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and consider the operator T as being defined on H™*°(2). Then (4.4) shows that
T: H'(Q) — H*(Q)

as a bounded operator for —s, < s. Hence T as defined here satisfies the conditions
set forth in Section 3.

An eigenvalue corresponding to the boundary value problem is a complex number
A such that

(4.5) B(u, ¢) = Mu, ¢)

for some nonzero u & V and all ¢ & V. An eigenvalue of T is a complex number u
such that Tu = uu for some nonzero u & H *°(Q). As was pointed out above, the
spectrum of T consists of nonzero eigenvalues and zero. Clearly, for any eigenvalue
p of T we have that A = 1/u is an eigenvalue satisfying (4.5). Similarly, for A an
eigenvalue of (4.5), u = 1/\ is an eigenvalue of T. It is also well known, because of
the smoothness assumptions on the coefficients, that Lu = A\u in Q and, depending
on the choice of V, u will satisfy certain boundary contitions. For V = Hy(Q) we
have

u=0 ondQ
and for V = H'(Q),
du/dv = 0 on 9%,

where 9/9v = Z;",,ﬂ a,;n;0/0x, and n; is the jth component of the outward unit
normal on 4.

Finally, we shall need in our applications some information about the £,(Q)-
adjoint T* of T|g, . This operator is defined by

(T, ¥) = (, T*Y)

for all f, ¢y € £4(2) and satisfies T*y € V and B(e, T*¥) = (¢, ¢) forall ¢ € V,
In addition we have as for T, the regularity estimate for s = 0 and ¢ € H'(Q),

(4.6) UT*¢llss = CF [[¥]]s

with C* an appropriate constant. We shall not need (4.6) with s < 0 even though
it is valid.

5. Finite-Dimensional Subspaces of H'(Q). Let {S,}o<1<: be a one-parameter
family of finite-dimensional vector spaces. For given integers k and r with0 < k =< r
we shall say that {S,}o.,z, is of class 8, , if S, C H*(Q) for each h and if there is a
constant C independent of 4 such that for any v € H'(Q) withk < ¢t < r,

k
(5.1) inf > h' o — x|, £ ch' ||]..
xE€ESh 1=0
Analogously, we define the class §,., to consist of those families {Sy}o<se, such
that for each A, S, C H(), and (5.1) is required to hold only for v € H'(2)N HY(Q).
In the definition of §, ,, condition (5.1) can be replaced by the condition that
the same inequality be required to hold for ¢+ = r only. This was proved in [12].
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We note that there are many examples of families of class 8, ,. In particular
the restriction to @ of many different families of piecewise polynomial functions
are of class 8, , for certain values of k and r (cf. [17], [23], [24], [39], [54], [55]). Each
of the usual sets of trial functions used in conjunction with the finite element method
(cf. [53]) is of class §,,, for some k and r. The simplest example of these for N = 2
is the family of restrictions to © of piecewise linear functions on a family of uniform
triangulations of the plane with 4 the diameter of each triangle. Such a family is
of class 8, , and hence satisfies (5.1) with k = 1 and r = 2.

Finally, by using tensor products of B-splines [37] it is easy to see that for any
number of dimensions and any given values of k and r, families of class §,, , may be
constructed. For such considerations, cf. [4], [5], [13], [14], [23].

6. Standard Galerkin Methods for the Dirichlet and Neumann Problems.
For V = H'(Q) let {S,}oc1<: be a family of spaces of class 8, ,. For V' = Hy(Q),
let {Si}o<rs: belong to 8, and, in addition, assume that for each ki, S, C Hy(Q).
We note that such families may be difficult to construct in practice for domains
of general shape. Hence we will treat Dirichlet’s problem again in the later sections
by alternative techniques which do not require that S, C Hy(2).

We want to consider the eigenvalues of the Galerkin problem; i.e., the complex
numbers \(h) satisfying B(w, ¢) = Nh)(w, ¢) for some nonzero w & S, and all
¢ & S,. These we want to consider as approximations to the eigenvalues of (4.5).

To this end we define now a family of operators {T,}o<sc: On £5(2) as follows:
For each h set T,f = u,, where u, is the unique solution in S, of the equation

6.1) B(uy, ©) = (f, @)

for all ¢ € S,. The inequality (4.1) guarantees the existence and uniqueness of u,.
Hence, for each 4,

T},: £2(Q) s Sh C £2(Q)

and, since S, is finite-dimensional, T, is compact.

Let u(h) be a nonzero eigenvalue of T,. Then there is a nonzero element w of S,
such that 7,w = w(h)w. By the definition of T3,

B(w, ¢) = ;:h-) B(T,w, ¢) = ;(lh—) (w, )

so that MA) = 1/u(h) is an eigenvalue of the Galerkin problem. Conversely, since
none of the eigenvalues \(/) can be zero, each u(h) = 1/\(h) is an eigenvalue of T),.
Hence we may compare the eigenvalues of (4.5) with the Galerkin approximations
by comparing the eigenvalues of T with those of T,.

In order to apply our theorems we shall obtain estimates for T — T,. Let f &
£,(Q) be arbitrary. Combining (4.3) and (6.1) we have that

(6.2) BT — Tf,¢) = 0
for all ¢ & S,. Hence, using (4.1) and (6.2), it follows that

(T — T[T £ 2/a0 |BAT — Tf, (T — TPI
2/ay |BAT — T)f, Tf — x)|
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for any x & S,. Using the continuity of B, (4.2), it follows that for a suitable
constant C,

(T = Toflls < € inf [|77 = x].

Now suppose that f & H'™*(Q) for some ¢ with 2 < ¢ < r. Then by (5.1) we have that

(6.3) (T — TOfllL = Cch'™" ||TS]]..
But for f € H'™*(Q),
(6.4) NTfll. = C |Ifl]i-2

where we have used the estimate (4.4) with s = ¢ — 2. Combining (6.3) and (6.4),
it follows that

(6.5) (T — THfll: £ Ch* ™" [flli-s

for2=t=r.
Now we want to estimate norms of (I’ — T)f with index lower than 1. To this
end let ¢ &€ C°(Q) be arbitrary. We have that

(6.6) (T — Twf, ¥) = BT — Tf, T*Y) = BT — Tf, T*¢ — x)
for any x & S,. Using (4.2) and (6.5) we obtain from (6.6),
(6.7) (T — T, I = Ch' 7 (Il IT* — x|

Now since x is arbitrary we may take the infimum on the right-hand side of (6.7)
and use (5.1) withz = s + 2,0 < s < r — 2 to obtain

(T = T, ¥l = Ch° (I e=e [IT*$ s
Using the estimate (4.6) we have that
|((T - Th)f’ ‘//)l = Chsﬂ ”f”t—z H‘/’”a

for0 < s=<r—2and2 £ t < r. Since y is arbitrary in C°(8) it follows that

(T — THfll-e = sup_ [(T — T)f, YI/11¥ll. = Ch™* [[f]]i
YEC®(Q)
Now dividing by ||f||,-, and taking the supremum over functions f & H'"*(Q)
we obtain
(6.8) (T = T||-s.i-2 = CA”™

for0<s<r—2and2 =t r.
If we take s = 0 and ¢ = 2 in (6.8) we obtain easily that (3.2) is satisfied. Hence
Theorems 1-4 apply with s, = s, = r — 2. Thus let X be any eigenvalue with algebraic

multiplicity m satisfying (4.5) and u = 1/X\. Then the eigenvalues u,(h), - -+, p.(h)
which converge to u as h — 0 are computed as the reciprocals of certain eigenvalues
M), « -+, Na(h) of the finite-dimensional eigenvalue problem

B(w, ¢) = N.(W)(w, ¢)

for nonzero w & S, and all ¢ & S,. Theorem 2 thus yields the estimate
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m -1
(6.9) lx — <}IZ > 1/)\,(/1)) } < cnrl
1=1
We point out that in the case of a simple eigenvalue (m = 1) we have

that [N — N(h)| £ Ch*""?, and that this estimate yields the same rate of convergence
obtainable in the case that the problem is selfadjoint using the methods of [11].

Using Theorem 1 with s = 0 we obtain for the invariant subspaces
(6.10) max ||lu, — w,|[o £ CH".

1<ism

We note that in case the boundary or the coefficients do not possess the required
smoothness properties we would obtain lower rates of convergence. In such a case
this would indeed be expected.

7. Least Squares Method. One method of approximating the solution of the
Dirichlet problem using subspaces S, which are not required to satisfy any boundary
conditions is the least squares method of Bramble and Schatz [15], [16]. Although
the case studied in [15] was that of real coefficients all relevant theorems from [15]
are valid in the case of strongly elliptic operators with complex coefficients with the
spaces taken to be complex.

Now let {S,}ocsc1 be of class S, , with r = 4. Then the least squares approxima-
tion to the solution of Dirichlet’s problem is given as follows: For f & £,() define
u, to be the unique element of S, such that

HL W= fllo + A7 |wl® = inf {{[Lx — fllo + 77 |x|*}.
XESh

Here we have used the notation

ol = [ ol ao,
o0

with o the measure on 9Q induced by the Lebesgue measure on R¥™'. The corre-
sponding inner product will henceforth be denoted by

¥ = [ oV an.

Because of uniqueness in the Dirichlet problem, (4.3) with V = H{(Q), u, € S,

exists and is unique and we denote the corresponding linear solution operator by

T,. Hence we have that T,f = u, and T, : £49) — S, C £4(2) and is compact.
Clearly, an equivalent characterization of u, is given by

(Luyn, L) + ™ un, ¢) = (f, Lo)

for all ¢ & S,. Now it is easy to see that u(h) is a nonzero eigenvalue of T, and
w & S, is a corresponding eigenfunction if and only if

(7.1 (Lw, Lo) + k™ X(w, ¢) = (w, Le)/u(h)

for all ¢ & S,. Hence, again, we may compare the eigenvalues (%) = 1/u(h) of the
system (7.1) with those of (4.5) by comparing the eigenvalues of T with those of T.
Note that even in the case that L is selfadjoint, (7.1) gives rise to a nonsymmetric
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matrix eigenvalue problem so that the convergence estimates for the eigenvalues
do not follow from the standard techniques using the Rayleigh quotient. In par-
ticular, the technique of [11] does not apply.

In order to see that Theorems 1-4 apply, we need only give estimates for T — T,
in various norms. But these follow directly from Corollary 4.1 of [15]. In Corollary
41, take v = §, A =t — 2, g=0and / = —s. We have e = (T — T)f
and |[(T — Tfll-s < Ch*"" ||f||,-afor 0 < s < r — 4and 2 < ¢t < r. This means

that |[(T — TW||-s..o S Ch** ' for0 £ s <r—4and2 <t < r. Takings = 0
and ¢ = 2 we see immediately that (3.2) is satisfied. Now let A be an eigenvalue of
(4.5) with algebraic multiplicity m. Then the m eigenvalues \,(h), --- , \,(#) which

converge to \ satisfy
m -1
lx - (i > 1/>\,-(h)> ’ < cnt
1=1

This is just the result of Theorem 2 with s, = r — 4and s, = r — 2.
The estimate (6.10) given by Theorem 1 is the same in this case.

8. Nitsche’s Method for the Dirichlet Problem. Although the least squares
method requires nothing special about the elements of S, at the boundary of , it
does involve second derivatives in the quadratic form and hence might lead to prob-
lems of conditioning of the resulting linear system.

Nitsche has proposed a method in [28] for approximating the solution of the
Dirichlet problem for Poisson’s equation. This method involves a quadratic form
which is not bounded below on the whole space but which is positive definite on
subspaces S, which satisfy certain additional conditions. Because of this indefiniteness
property the standard techniques for dealing with selfadjoint problems do not lead
to a convergence proof or estimates for the rate of convergence of the corresponding
eigenvalues.

Here we shall formulate Nitsche’s method for the general nonselfadjoint equation
with complex coefficients and prove the estimates necessary for the application of
our theorems to the study of eigenvalues.

Let {S,}ocrs1 be of class 82 and, in addition, we assume that there is a constant
C, such that

2

do £ Ch7" lell?

©

(8.1) 72: fan ;

X;
forall¢ & S,and 0 < A £ 1.
Define now the quadratic form

;1 binn//> - <g—f , ¢> + vh e, ¥),

where « is a positive constant, a/dv = »_." _, a,n0/dx; (as in Section 4) and

3/05 = .V .., a,md/dx;.
2 1/2
] + 0! |<p|2>

me=3mw—<%%—

Let us define, for each A, the norm

|wm=<§ﬂ

e ||*

9¢
dx, h

ax,'

0
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for ¢ € H(Q) with d¢/dx; on 4Q its trace. It is a simple consequence of (4.1) and
Schwarz’s inequality that there are constants C and v, such that for v = v,,

(8.2) Hlell]” £ € [N,(p, ¢)|

for all ¢ & S,. In this estimate explicit use is made of (8.1).
It is equally clear that N, is a sesquilinear form which is continuous with respect
to |||-]]|; i.e., there is a constant C such that

(8.3) IN,(e, ¥ = C llelll ¥l

for all p and ¢ in H*(). Now for a given f € £,(Q) let u, = T,f be the unique solution
of the equations

(8-4) N‘y(uha ‘P) = (f’ <P)

for all ¢ & S,. The existence and uniqueness is assured by (8.2). Thus we have
defined a family {T,},<ns: Of compact operators on £,(2). As in the previous sections
the corresponding eigenvalues A(h) satisfy

(8.5) N,(w, ¢) = Nh)(w, ¢)

for some nonzero w in S, and all ¢ & S,. Clearly u(h) is a nonzero eigenvalue of T,
if and only if MN(#) = 1/u(h) is an eigenvalue of (8.5).

To apply our theorems to the comparison of the eigenvalues of (4.5) with those
of (8.5) it again suffices to estimate certain norms of T'— T, with T defined through
(4.3) with V = Hy(Q).

To this end we note first that

(8.6) N,(Tf, ) = (f, )
for all ¢ € H*(Q). Hence, combining (8.4) and (8.6), we obtain
(8.7 N,(T — Tf, o) =0

for all ¢ & S,. We first obtain an estimate for |||(T — T.)f|||. By the triangle inequality
we have that, for any x € S,

(8.8) T — Tl = [ITf — x|l + [lIx — Tuflll.
Since x — T,f & S,, we may use (8.2) to obtain

= C|N,(x — Tf,x — T:)I,
the last equation coming from (8.7). Using (8.9) and (8.3) it follows that

(8.10) lHix — Tuflll = C llIx — TAIlI.
The last inequality, (8.10), together with (8.8) yields

(8.11) (T — TOflll = C lensf Ix — Tl

Now by standard trace inequalities it follows that for any v & H*(Q),

(8.12) ]| £ C Z R ol
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for 0 < & = 1. Combining (8.11) and (8.12) and using the property (5.1) of S, we
obtain

(T — Tl < cr'™" |71,
for 2 < ¢ < r. It follows then from (4.4) that, if f © H'~*(Q) then
(8.13) T = TN = CA (I le-s

To estimate the norms ||T — Ty||-..,.ofor0 £ s < r —2and2 =<t = r we
proceed as in Section 6. Let ¢ & C”({) be arbitrary and note that N, (¢, T*y) =
(o, ¥) for all ¢ & H*(Q). In particular,

(T — Tof, ¥) = N, (T — Tof, T*Y)
= N, (T — Tof, T*¥ — %)
for all x € S,. From (8.3) it follows that
(T — Tof, Y = C T = T T* — x|l

Using (8.13), (8.12) and the approximability assumptions (5.1) it follows that

(T — Tf, Y = CH " [fl]i-e [IT* s
The estimate (4.7) yields

(T — T I = Ch (Il s
for0 £ s £ r— 2and 2 £ ¢t £ r. This inequality implies immediately that
T — Tull-s,i-e = CH*

forO0 <s<r—2and2 £ ¢t £ r. In particular, with s = 0, t = 2, we have

lim [|T — Tulloo = 0
h—0
so that Theorems 1-4 apply. The results (6.9) and (6.10) are valid now in this case.

9. Nitsche’s Method with Nearly Zero Boundary Conditions. If the subspaces
S, satisfy, in addition to condition (8.1), a certain condition of smallness on the
boundary then Nitsche [29] has observed that the form N, also leads to good ap-
proximation in the Dirichlet problem.

More precisely, suppose that there is a constant C, such that for all ¢ & S,

©.1) lol* < Coh o7
Suppose further that C, < (a,/8)8Na’C,/a, + b)"' where C, is the constant in

(8.1) and a and b are constants such that

N
ZE: a;n,

1=1

N

2 b,

1=1

< b.

< ad and max
€90

max
1£72.V;2€00

This condition just says that (9.1) must hold with C, a sufficiently small constant.
In fact, in many examples where a condition such as (9.1) is satisfied, it is also satisfied
with C, = Cy(h) and Cy(h) = o(1) as # — 0. In this connection see [29], [18], [55].
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Now with this condition satisfied (8.2) is valid with y = 0 and all subsequent
considerations of Section 8 are valid in this case. Hence Theorems 1-4 again apply
and the estimates (6.9) and (6.10) are valid in this case.

10. Lagrange Multiplier Method of BabusSka. Recently Babuska [6] has in-
troduced a method for constructing an approximate solution of the Dirichlet problem
in a subspace S, which belongs to a family of class 8, ,. He introduces analogous
classes of spaces of approximating functions on 99 and simultaneously obtains
an approximation of du/dv, the conormal derivative of the solution on 9Q. As in
the other examples this method gives rise to a family of operators which fits nicely
into our theory for the approximation of eigenvalues. Hence, as we shall see, estimates
similar to (6.9) and (6.10) are valid.

In order to describe precisely the method, we need some additional notation.
For s any real number let H°(99) denote the Sobolev space of (complex valued)
functions on 9 (cf. [26]) and denote by |- |, the corresponding norm.

In analogy with Section 5, let {S;},<,<, be a one-parameter family of vector
spaces. For given real numbers k’ and # with 3 < k’ < »’ we shall say that {S}}o<he:
is of class 8}, ,. if S; C H*'(99Q) for each h and if there is a constant C independent
of h such that foranyv & H'(0Q)and —3 < [/ k' S s =/,

(10.1) inf v — x|, £ Cr°7" o),
XESH'

and

(10.2) lelis: = ch! lol-1/2

holds for all ¢ & Sj.

An example of a situation in which such a family may be easily constructed is
as follows: Let @ C R* and 99 be a simple closed (smooth) curve. By parametrizing
92 we may easily construct a family of periodic complex valued spline functions
corresponding to a family of uniform subdivisions of 9@ of length 4. If we take
S; C H'(39) for each h then the condition (10.2) follows easily from the property
lol; < Ch™' ||, which is easy to verify in view of the uniformity of the subdivisions.
In addition, it is not difficult to see that the validity of (10.1) with 0 =< / < k' implies
(10.1)for —3 = I = k.

Now let H= H'(Q) X H '*3Q) andlet U = {u, v’} € H.(Here u & H'(Q) and
W € H™'*(3Q) are, of course, independent and ||U||,, = (||u||? + [«]%,,,)""*.) On
H X H consider the sesquilinear form

®(U, W) = Bu, w) — (u, w') — (u’, w),

where B is the form introduced in Section 4. Now let {9,}y<,<, be a family of sub-
spaces of H with 9%, = S;, X S;, § a fixed small constant, {S,},,c, of class §, .
and {S}}ecss) Of class 8/,, ,_,,, with r = 2. Babuska [6] has proved the following
inequality:
(10.3) sup [B(U, ®)| = C ||U||x

PEMa; 1Pl IH=1
for all U & 9, for a suitable positive constant C independent of 4 and U provided
that § is sufficiently small. It is by means of this inequality that we may study a family
of approximate solutions to (4.3) with ¥V = H}(Q) (the Dirichlet problem).
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We first note that if f € £,(2) and u is the solution of (4.3), then for
U= {u, du/dv} and & = |, ¢'} arbitrary

(10.4) B(U, ®) = Bu, ¢) — Qu/dv, ) = (f, ¢).
By virtue of (10.3) there exists a unique U, & 91, satisfying
(10.5) B(U,, ®) = ({, o)

for all ® € 91,. Now for U, = {u,, u}} define T,f = u,. Then, T, 1 L(02) > £4(Q)
and, since S;, is finite dimensional, T, is compact. As in Section 6 let u(h) be a non-
zero eigenvalue of T,; i.e.,

(10.6) Tyw = u(h)w

for some nonzero w & S,. Then with N(h) = 1/u(h) and W = {w, w’} for a certain
w' &S], we have

(10.7) ®(W, @) = Nh)w, @)

for all & & 91,. Hence, if we choose bases for S;, and S/, then (10.7) reduces to a
matrix eigenvalue problem with (%) an eigenvalue. Conversely for (k) satisfying
(10.7) with w a nonzero element of 911, it follows easily that (10.6) holds with u(h) =
1/\(h). Hence the nonzero eigenvalues u(/) of (10.6) may be determined from a
finite-dimensional (matrix) eigenvalue problem.

Now to compare the eigenvalues of T with those of T, we shall estimate the
appropriate norms of 7 — T),. Babugka [6] has already obtained some of the necessary
estimates. Set E = {e, ¢’} where e = u — u,and ¢/ = 9u/9v — ul. He has shown that

(10.8) HE[w < Ch' ™" |[f]]izs
and
(10.9) llello < Ch" [[f]]: -2,

for2 <t <r.

The method used for obtaining (10.9) also leads to the remaining desired estimates
which, for completeness, we derive here.

Let ¢y € C7(Q) and set V = {T*y, aT*y/5}. We have that (e, ) = G(E, V)
and, using (10.4) and (10.5), (¢, ¥) = ®(E, V — &) for all & € 91,. Now by the
trace inequality (cf. [26]), [v],,. = C |[[v]], for v € H'(Q), it follows immediately
that ® is continuous on H X H and hence, since & is arbitrary,

|(C’, ¢)| =C ||E||11 inf || VvV — q>||H-
bEM

It is an immediate consequence of the properties of 9, (5.1) and (10.1), that for
0=s=r—2,

le, W = CH ([ T*Y| e + [0T*¢/35],.1,2) ||El|a-
The trace inequality
[0T*/07],11/0 = C [|T*Y]]s40

with s = 0 is also well known (cf. [26]) so that
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le, W = Ch™ ([ T*¢losn [|E]a
We have then from (4.6) and (10.8) that

I, W = ch'™ [1¥ll. [Iflli=z-
Clearly, since e = (T' — T,)f, we have that
T — Till-s. -2 < Ch'™*

for0 < s <r— 2and 2 £ ¢ < r. Hence, in particular, setting s = Oand ¢ = 2,
we see that

lim HT - Th”O.O = O
h—0
so that Theorems 1-4 apply. Again the estimates (6.9) and (6.10) are valid.

11. £,-Projections. In each of the foregoing examples the approximate op-
erators T, were chosen to be of the form P,T where P, is some projection onto S,.
The crucial point in all these Rayleigh-Ritz-Galerkin methods is that although the
operator T is usually not explicitly known, the operator P, is chosen in such a way
that P,T can be explicitly evaluated. In case T is an operator which can be evaluated,
for example, if T" were given as an integral operator whose kernel is a known Green’s
function, then a possible choice of the operator P, is just the orthogonal projection
in £4(Q) onto S,.

As a final example we suppose that T'is an operator of the general type described
in Section 3 and we take T}, = P,T|¢, ), Where P, is the orthogonal projection in
£4(2) onto S, with {S,} s, Of class &, .. Assume that » = e where e is as in Section 3.

To obtain estimates for T'— Ty, let f € H™ () and ¢ € C°({}). Then

(T — Twf, Y| = (I — POTf, (I — Py

= inf ||Tf = xillo inf [[¥ — Xello.
X2€8h

X1E8h

Il

It follows from (5.1) and (3.1) that
(T — T, I = k™" (1Yl fl]e-
for0 < s, t < r. Hence
T — Tull-s,i-c = CB°™
for 0 < s, t < rand in particular choosing s = 0 and ¢ = e it follows that

lim ”T - Th”O.O = 0.
h—0

Thus Theorems 1-4 apply. Let u be an eigenvalue of T with algebraic multiplicity
mand j(h) = (1/m) 2", u,(h), where the u,(h)’s are the m eigenvalues of T;, which
converge to u as # — 0. Then from Theorem 2 we find that, for 0 < 4 < h,,

lu = ah)| £ CH”.

As before, for {u;}7_, and {w;}7_, the respective orthonormal bases for the cor-

i=1

responding invariant subspaces, we have from Theorem 1 that
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max ||u; — w,|lo £ Ch".
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