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The Order of Numerical Methods for Ordinary
Differential Equations

By J. C. Butcher

Abstract. For a general class of methods, which includes linear multistep and Runge-
Kutta methods as special cases, a concept of order relative to a given starting procedure is
defined and an order of convergence theorem is proved. The definition is given an algebraic
interpretation and illustrated by the derivation of a particular fourth-order method.

1. Introduction. Detailed theories have been published for the study of error
propagation in linear multistep methods on the one hand ([1], [2], [3]) and for Runge-
Kutta methods on the other hand ([2], [4]). While it is possible to modify these theories
to include various methods which fall between these extreme types ([5], [6], [7], [8], [9]),
it is of interest to analyse the behaviour of error propagation for a class of method
of sufficient generality to include all these special cases in a natural and straight-
forward way. In fact, we will consider the type of general method formulated by
the author [10].

In attempting to find a suitable meaning for the concept of “order” which general-
izes the standard definitions in the well-known special cases, a rather surprising fact
arises. This is that the definition of order which seems most natural for this general
type of method does not necessarily, in the standard cases, assign a value to the order
which coincides with that given by traditional definitions. In fact, this new concept
coincides in the case of Runge-Kutta methods with “‘effective order” [11] so that,
for example, there exist methods of order 5 in the sense of this paper but only 4 in
the usual sense.

In the present paper, some of the ideas and methods introduced in [12] will be
made use of to show how the analytic definition of order may be expressed in algebraic
terms. To illustrate these developments an example is given of a method whose
derivation is based on this new meaning of order.

2. Notation. Let ¥ be an N-dimensional real vector space and let 4, B be the
matrices of two linear operators ¥ — V with components a;,;, b;; respectively (i, j =
1, ---, N). As in [10}, we consider methods (4, B) characterized by such a pair of
matrices.

Let X be a finite-dimensional normed real vector space and let f: X — X satisfy a
Lipschitz condition with constant L. We shall consider the differential equation
V'(x) = f()(x)). In computing solutions using (4, B), we have, at the end of step number
n, a collection of N approximations y{™, y™, --- , yy which are computed from
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corresponding approximations to the solution after n — 1 steps. We write % as the
stepsize. That is, we regard y” (i = 1, 2, --- , N) as approximations at points &
further ahead than the approximations "™ (i = 1,2, --- , N). The formula for the
computation of y™ (i = 1,2, ---, N)is

N N
(2.1 v o= D a4+ h Y baf™).
i=1

i=1
To represent this equation more compactly, we make use of the vector space V(X)
defined as the direct product of Vand X. If v = v, P v, P --- @ vy € V(X) where
Ui, Uy, -+, Uy € X, then we define ||v|| = max, ..y ||v|| . Given a linear operator
AV — V, we define [4] : (X)) — V(X) by

16 B0 ® - Do = 2 D 2 @ - D 2 aves
We thus write (2.1) in the more compact form used in [10]
(2.2) Y® = 141"V + h[BIF(Y™)
where Y™ = y™ @y @ -+ - @ y{» and the function F: V(X)— V(X)is defined by

Fo,Pv: @ -+ Dow) = f0) D @) D - -+ D flow).

Throughout this paper, we will assume that the method (A4, B) is stable and con-
sistent. That is, sup {||4"||:n = 1,2, -} < o, As = sand A + Bs = £+ s
where s € Vis defined by s, = 1 (i = 1,2, --- , N) and £ is some member of V.

3. Definitions of Order. In framing our definition, we are motivated by a number
of considerations. In the first place, we might consider the obvious generalization of
the definition of order for multistep methods. This would lead to the following
definition.

Definition 3.1. (A, B) is of MS-order q if there is ¢ & V such that, for k =
o1,:---,gandi=1,2,---, N,

N N
§= 2 aul — D'k b g

Note that this definition in the case ¢ = 1 corresponds exactly to the definition of
consistency.

If we applied Definition 3.1 as it stands to Runge-Kutta methods expressed in
the form (4, B), we would conclude that every explicit Runge-Kutta method has
MS-order no greater than 1. This is because the first off-step approximation found
in a Runge-Kutta step uses only the approximation at the beginning of the step and,
in fact, computes this new value by an Euler step. Later stages may make use of this
first-order approximation to construct other approximations at various off-step
points,but the final value given at the end of the step is designed to allow the effects
of the lower order errors to cancel out. Of course, only this final approximation is
used by subsequent steps. These considerations lead to the following definition.

Definition 3.2. (A, B)is of RK-type if there is I & {1, 2, --- , N} such that for
allv & Vandi& {1,2, ---, N} it holds that (4v), = v;. In this case, we can reframe
the method as an equivalent Runge-Kutta method and we define the RK-order as
the order of that method.
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This definition, besides being applicable only to a limited class of methods, suffers
from the disadvantage that it is not symmetrical in the members of {1, 2, --- , N}.
One way of combining features of these two definitions is to note that multistep
methods in general require starting procedures. In the case of linear multistep methods,
for example, Runge-Kutta methods are often used to supply the starting vectors
»?, -,y . Furthermore, in the case of methods of RK-type, the internal computa-
tions in step n could be regarded as being themselves computed from Runge-Kutta
methods starting from Y"™V.

Let r denote a Runge-Kutta method. For a fixed function f, we interpret » as a
function on the real numbers which for stepsize 4 gives a mapping r(h): X — X
which takes z & X into the value computed using the Runge-Kutta method r from
starting value z. If we have a collection of Runge-Kutta methods 7, r,, - - - , ry, then
we can construct a method which gives N results 7,, 75, -+ , Fy given by

N N
(.1 F.(h)(z) = ; a;;ri(h)(z) + h ; biif(F;(h)(2).

Note that #,, 75, - -+ , 75 are Runge-Kutta methods also, so that we can interpret a
method (4, B) as a mapping on the class of N-tuples of Runge-Kutta methods to
this same class.

For given z & X, let P,(z) denote the value of y(%) such that y satisfies y(0) = z,
Y'(&) = f((¢)) for all £ in the open interval {£: &k — £) > 0} and such that y is
continuous on the closed interval {¢: gk — §&) = 0}.

Definition 3.3. (A, B) is of order q relative to ry, ry, - - - , ry if for all £ with con-
tinuous partial derivatives of order ¢ in a neighbourhood of z, it holds that

(3.2) [IF.(M)(@) — r (AP = O(|A]"*")
as |hl > 0fori=1,2,---,N.

Definition 3.4. (A,B) is of order g if there exist Runge-Kutta methods
Fi, Fay -+, Fy such that (4, B) is of order g relative to ry, #,, -« , Fy.

To make practical use of this definition, we use algorithms consisting of three
parts: (a) a starting procedure, (b) a continuing procedure, (c) a finishing procedure.
Suppose the differential equation y'(¢) = f(1(£)) is given together with the value
of y(x,). It is required to compute y(x,) where x, = x, + vh. The three parts of the
method are as follows: (a) we compute Y’ by (@ = r,(h)(»(x,)) fori = 1,2, ---, N,
(b) we use the method (4, B) to compute in turn Y, Y, ... | Y, (c) we choose
one of y{, yi”, -+ |y, say pi, and compute an approximation to y(x,) by the
Runge-Kutta method (in general an implicit method) » such that #(h) = r(h)~" (this
inverse function exists for sufficiently small %) operating on y{*.

There are, of course, certain generalizations possible. For example, the finishing
formula may be chosen in such a way that it not only reverses the effect of the per-
turbation to the initial value introduced by the starting formula but also carries the
solution forward for a further step or part of a step. It is also possible, in some cases, to

find simple finishing formulae which make use of more than one of y{*, p{", - - - , y.

4. Rate of Convergence. We consider a sequence of approximations to y(x)
given by the algorithm described in the previous section. That is, for v = v, v, + 1,
-, we use a value & = (x — x,)/v and apply that procedure. We obtain an approxi-
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mation for each such » and we are interested in the behaviour of the error in these
approximations as 2 — 0 (that is, as v — ).

Denote by Y™ the value of Y’ computed with stepsize # = (x — x,)/» and
write Y,V = y" @y @ - - - @ y{"y. The initial values are given by y{® = r.(h)(1(x,))
fori = 1,2, ---, N and the final approximation is given by p, = r(h)~'(y%)).

THEOREM 4.1. If the method (A, B) is of order q relative to vy, 1y, - -+ , ry and if
all partial derivatives of f of order up to q are continuous and bounded in-an open set
in X containing Y = {y(£): (§ — x)(x — §&) = 0}, there exist constants C, v, such

that, for v = v,,
7, — v = &7

Proof. Let H” = 7% @ 7% @ - @ % € W(X) be defined by
2™ = r(h(A(x, + nh)) for i = 1,2, --- , N. Also define Z™ = H™ — yp™ and
W™ = F(H™) — F(Y™) so that ||W™|| < L|| Z”|| . Our first task is to estimate

@.1) EV =27 — (412" — nBIW,”
= H" — [41H""" — hBIF(H").

We write E™ = e @ e, @ - @ e," and we find that

e = ri(W)(y(xo + nh)) — ENI a;ri (Mo + (n — D)) — h ENI b.if(ri(h)(xo + nh))
= {n(h)(y(xo + (n — D) — éal,-ri(h)(y(xo + (n — DhY)
— h i biifFi(R)(y(xo + (n — l)h)))}
+ {n(h)(y(xo + nh)) — F(D(xo + (0 — 1))

N
—h ; bii(f(ri(N(y(xo + nh))) — fF (Mo + (n — l)h))))}
= r.((Pi(y(xo + (n — DA))) — F.(D(xo + (n — Dh)
N
+h Zl bi;(fF(M)(y(xo + (n — DA))) — fri(M(Pr(y(xo + (n — Dh)))).

Because of the boundedness of the partial derivatives of f at all points sufficiently
close to the points in Y, we can, by requiring 4 to be sufficiently small, obtain a
uniform bound C, |h|*** for the difference occurring in (3.2) for all z in Y and all
i=1,2,---, N. We therefore have, for some », and all » = »,, the following bound

lles | < €y |A™" (0 + |n] L ||B]]) £ C, |n]""

where C, = C, (1 4+ L ||B||-|x — xo|/v). Hence, [|[E™|| £ C, |h|**! for v = »,.
From (4.1) and the fact that Z®’ = 0, we obtain the equation

Z,(,") =4 E [An—iB] W,Ei) + Z [An_i]E,(,i).
1=1

i=1
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Let a, 8 be chosen so that ||4’|| < «, ||4'B|| < Bforalli=0,1,2, --- . We see that
[|1Z™]] < €™ where ¢” = 0and

e = |h| LB nZl & + nC |n|**".
Hence,
&” — &7 = |h| LBe” + Coox |A[*".
If LB = 0, this leads to the equation
(4.2) 1211 £ Cs |B]°,

where C; = C,a |x — x,| for all v = », = »,. Otherwise, we have

(1 — || LB, + |h]|* Coa/LB) = (" + |h]° Co/ LB).

In this case, we choose v, such that, if 4 = (x — x,)/v,, then |4| LB < 1 and such
that v, = »,. We then find

&V + |k Cua/LB = (1 — || LB) ()" + |h|® Csa/LB)
so that
(»)

& = (1 — [r] LB — 1) []* Cra/ LB.

In this case, we choose

_C2a( ( [x — x| LB >_ )
G = L eXp 1 — LB |x — Xol/”z !

so that (4.2) holds in this case as well with v = »,. Having obtained this bound on
[|H” — Y|, we must still estimate

Il

r() 03D — rh) (R (p(x)))
= ri(h) D — rB) (1)),

Let the Runge-Kutta method r,(h)"" be one that computes s -+ 1 approximations

J, — y(x)

Zo, Z1, * -+ , Z, from an initial value z by the formula
(4.3) z;=z+h Zciif(zi)’ i=0,1,---,5s,
i=0

and gives a result 7,(h)"'(z) = z,. Since r,(h)" " is, in general, implicit, we assume that
|h| L max; D_:_,|c.;| < 1to guarantee existence and uniqueness of z,, z,, - - - , z,. This
is achieved by requiring that » = »;, where |x — xo| L max; )_‘_, |ci;|/vs = k say,
satisfies k& < 1. We now define v, as the greater of v, and »; and, from now on, we
assume that v = »,.If 2 &€ Xand z,, z,, - - -, Z, are computed from Z in the same way
as z,, z1, - -+ , z, are computed from z, we will now estimate r,(h)~'(z) — r(h)~'(2).
From (4.3) and the corresponding equation for z,, z,, --- , Z,, we have

zi—Z, =z—Z+4+h Z_Ocii(f(zi) — G
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so that if max; ||z; — z|| = ¢ then ¢ < ||z — 2|| + k¢. Hence
()@ — @I = (A — k)7 ||z — 2|

so that if we write C, = C,/(1 — k), and substitute z = y{}, z = 1) and make use
of the inequality ||y} — #{}]| £ ||Y’ — H”|| , then we find

(4.4) 17, — )| = Cs 4]

To obtain the result of the theorem, we write C = C, |x — x,|* and substitute 4 =
(x — xp)/vin (4.4). O

5. Algebraic Criterion for Order. In this section, we make use of the terminology
of [12]. The basic idea in that paper is that there is a group G whose elements may be
represented by real-valued functions on the set T of (rooted) trees and such that every
member of a certain class of method (which includes all Runge-Kutta methods)
can be characterised by a member of the group. In particular, p is the group element
associated with the exact increment function for a differential equation integrated
through a unit step. If m,, m, are two methods with group elements g,, g,, then the
method formed by successive application of m, and m, has corresponding group
element g,g,. If g is a group element and # is a real number, then g*’ denotes the
group element such that for any ¢ € T with order #(t), g*’(¢) = h"“g(¢). If g corre-
sponds to a method m then g*’ corresponds to a method m’ say, which is related
to m in such a way that the increment function for m’ applied to the differential equa-
tion y' = f o y is identical to the increment function for m applied to the equation
y' = hf o y. In particular, if 4 is an integer, then p*’ = p" (where the last exponent
is the group-theoretic power).

We now introduce some further terminology.

Definition 5.1. The derivative g’ of g & G is defined by the recurrence

g'(r) =1,
g'(tu) = g'(H)g(w), t,u€E T.

From this point onward, we regard G as a linear space over the real field R. If g,,
g: € G, c1, c; € R then ¢,8, + c.g. is defined by

(€181 + c222)(1) = c181(2) + cag2(2)

forallt & T.
LemMA 5.2. Fora,B, 7,818 ,B. € Gandc,cy, Csy - -+ , ¢, E R the following
relations hold:

.1 acB) = caf + (1 — o),

(5.2) aB +7v) =oaf t+ory —a,

53 «Feh = Feab+(1- Tela
5.4 af’ = a+ (@B).

Proof. To prove (5.1), we make use of the function \ introduced in [12]. We
have, for t € T,
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(@(eB))(t) = a(®) + Ma, 1)(cB)
= a(t) + cMa, 1)B)
= c(a(®) + Mo, DB) + (1 — c)al®)
= c@f)®) + (1 — ().
Similarly, to prove (5.2),
a@ + 7)) = a@) + Ma, DB + 7)
= a(t) + Ma, )B) + a(t) + Ma, H@) — a(t)
= (@B)(®) + (@¥)(®) — a(?).

Making use of (5.1), we see that (5.3) holds with n = 1. We now use (5.1) and (5.2)
to complete the proof of (5.3) by induction. We have, assuming the result holds with »
replaced by n — 1,

a2 b = a(Z cb: + c,.ﬂn) = a Z ciBi + alc.8,) — o

~ S+ (1- Tea+a@sy+ 0 —c—a

=1 i=1
= Z C,'aﬁi + (1 - Z Ci>a.
1=1 i=1

Finally, we note that (5.4) is equivalent to
(5.5) @B)(#) = a() + @B)' (1)

for all + € T and this will now be proved by recursion. For ¢ = 7, the result is clear.
We now assume (5.5) holds when ¢+ = « and when ¢ = v and prove it when ¢ = wv.
Let Ma, u) = EweT c(w)w, Ma, v) = err d(x)x where ¢, d map all but a finite set
of trees to 0. Using results proved in [12], we find
(@B")(uv) = a(uv) + NMa, uv)@’)
= a(u) + @, )\ a, v))B") + eV a, v)(B)

= a) + X, c(w)dx)B (wx) + @\ e, u)(B’)

w,zE€T

= a(uw) + ZGT c(Wyd(x)B'(w)B(x) + a@)\a, u)(B')

a(uv) + Ma, 1)B')a®) + Ma, v)(B))
a@v) + (@B ) — a(w))(eB)©)
a(uv) + (@B) (w)(aB)w)

= a(uw) + (@B) (w).

This completes the proof of (5.5) and therefore of (5.4). O
Let the Runge-Kutta methods 7, 7., - - - , Fy have group elements gy, g2, - ** , &~
associated with them when 4 = 1. Thus, for a general stepsize 4, the group elements
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are g, g, ..., g, We wish to study the group elements associated with 7,,
Fa, -+ , Fy given by (3.1).
THEOREM 5.3. The group elements associated with Fi, F,, -+ , Fy are given by

=(h 5(h 5 (h)
g: )’ g; )9 s 8N where

N N
(5.6) g = Zaiigi+ Zbug;, i=1,2,---,N.
im1 i1

Proof. We first note that (5.6) does indeed define g,(¢) fori = 1,2, --- , N and
all ¢ € T, since in the equation

N N
(5.7 g = 2 aue(® + X big), i=1,2,---,N,
i=1 i=1

g/(9) on the right-hand side can be written as the product g;(¢,)g.(t,) - -+ 8i(¢,) say,
where t,, t,, -+ - , t, have lower orders than ¢.
By absorbing # into the function f, we can, without loss of generality, restrict

ourselves to the case # = 1 so that g» = g, and g»¥ = g, fori =1,2,---, N.

Suppose the Runge-Kutta method », (i = 1, 2, - - - , N) is defined by (S,, ¢, ;) where
S; is a (finite) set, ¢, is a linear operator on the space of real-valued functions on S;
and s; is a particular member of S;. The result computed by the method r,, starting

from an initial value z € X, is y(s;) where, for all s € S,,

¥(i) =z + (i X (f o y))s).

Suppose, without loss of generality, that S,, S,, --- , Sy are disjoint and that none
of them contain any of the numbers 1,2, -+ , N.Formanewset S= S, U S, U ---
U Sy {1,2, ---, N} and define a function y : S — X satisfying

(5.8) ¥ =z + (¢ X (f o))

for all s € S, where c: B(S) — ‘B(S) is defined by «x)|S; = c(x|S;) for
i=12,---,Nand

N N
c(x)(i) = 2_: a;ici(x | S;)(s;) + Z biix(j), i=1,2,--+,N.

Note that ¢5.8) defines y for all f with sufficiently small Lipschitz constant, and
that y(s;) = r:(1X(2), y(i) = F(1)(2) foralli = 1,2, --- , N. Let the functions p, » be
defined for S and c as described in [12] and, for i = 1, 2, --- , N, let u,, »: be the
corresponding functions computed for S;, c;, so that for all t € T, u(t) = w(®) | S:
and »(f) = wW(£)| S;. Also, forall t € Tand alli = 1,2, --- , N, v(t)(s:) = g(9),
W(1)(@) = g(t), and u(2)i) = g'(f). We now use the relation »(f) = c(u(?)) to compute,
fori=1,2,---, N,

v(1)(i) = c(u@®))(i)

&:(1)

N N N N
; a;ic;(u(®) | S:)s;) + Z:l bi;u()() = Zl a;ici(ui(0)s;) + 2;; b ;u()())

N

2 a6 +

N N N
>, b)) = 2 aiigi® + 2 bugl).

i

Hence, (5.6) holds. O
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We now use the result of Theorem 5.3 to express a condition for order. Let
T, denote the set of trees with up to g nodes.

THEOREM 5.4. The method (A, B) is of order q iff there exist g, g», -+ ,gv € G
such that, forallt & T,andi = 1,2, --- , N,

N N
(5.9) (gD = 2 aiigi® + X biilpg)' ().

Proof. Given Runge-Kutta methods 7,,7,, -+« , ry, let g™, g®, -+ - | g{® denote
the group elements associated with r,(h), ry(h), - - - , rx(h). By Theorem 5.3, the group
elements associated with 7,(h), F(h), --- , rv(h) are g™, g, .-, g where g,
g, -+ , &y are given by (5.6). However, the group element assomated with the
operation that takes z € X to r,(h)(P,,(z)) isp™g® = (pg:))™. Hence, (5.9) will hold
iff (pg)?) = gt) for i = 1,2,-.- N and all t € T,. This holds iff, for each
i=1,2,---, N, the Runge—Kutta method which, for stepsize h, takes z € X to
(r:(h)™" o #(W)Xz) is of order q. This is equivalent to (3.2). O

COROLLARY 5.5. The method (A, B) is of order q iff there exist g,, g, -+ , gy € G
such that, forallt € T,andi = 1,2, -+ , N,

N N
(5.10) g:(r) = Z a;(p” g0 + E b, igl(0).

Proof. This result follows directly from Theorem 5.4 by substituting p~'g, for
g: (=12 ---,N) However, we will give an alternative proof based on the group-
theoretic interpretations of (5.9) and (5.10). Let G, denote the normal subgroup of G
such that, if g € G, and t € T, then g(¢) = 0. We will prove that

N N N
(5.11) g:‘p“(_; aiig; + 2 b,-,-<pg,-)') = & (Z a;(p”'g) + Z b,,g,) ;
which will establish the result since (5.9) is equivalent to the statement that the left-
hand side of (5.11) is in G, and (5.10) is equivalent to the statement that the right-hand
side of (5.11) is in G,. We have, using Lemma 5.2 and the consistency of (4, B),

- (Z{ a8 + Z b,;(pg;) )
N N N
(2 0o + E b ey + (1 = Zas = Zou)p)
= (Z an(p gl) + Z b“g') D

i=1

In the next corollary, which we state without proof, we consider a method (4, B, C)
in which (2.2) is replaced by

Y™ = [A1Y"" 4 A[BIF(Y™) + RICIF(Y"™).
COROLLARY 5.6. The method (A, B, C) is of order q iff there exist g,, 8, ** - , 8w
& G such that, forallt € T,andi = 1,2, --- , N,

N N N
(pg:)(1) = Z a;;g:(t) + Z b:;(pg,) (1) + _}_:lc“g;(r).
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TABLE 6.1
t T TT TT.T T.TT (tt.1)1
' 1 =
gj®| 1] 0 0 Lo, #5451 ) 0
I 1 1
gy 1] 7 + 0 % 0
: 1 1 1 1 1
g3(0) | L] 5 T P32 O P32
' 1 1,
go| 1)1 1 LG 1 3o, ,#b,5)
1 - 2.3 140 1 = = Z 311 _1y2
£y (6) | 0 Hbyp#h, a1 | £-200, 90, ) ~hlb by g (b by 3) (b ymby ) | bbb, )d| J(byp¥b, 3= Pb, g,
1 1 -
g | Lo 0 Lo, ,t,3D) 0 0
1] 1L . |

23(0) 1 7 | 33, by 7(7P32) By 24371 32 0

t 1|1 1 “l(1-p, 241 1 1
g,(0) 2(®42%043) w(byothy3) [ p(lobypmbyy) by abyy 5Pty | basba
g(t) | 111 1 - Lily b +l(b, +b 1 1 1
5 2 3 12722537327 a2 a3 b w53°32%7; Cazbu3)
pey |11 1 1 1 1

2 3 6 u 8

6. An Example. By contrast with the classical Runge-Kutta method (4, B)
where

[0 0 0 0 1 000 0 0
000 0 1 10000
6.1) A4=/0 0 0 0 1|, B=[03 000
0000 1 00100
(00 0 0 1] 3 5 5 & OJ
we consider a method (4, B) where
[0 0 0 1 0] i 0 0 0 0 0]
000 0 1 1 0 0 0 0
62) A=|00 0 0 1|, B= 1 by, bys 0 0 0
000 0 1 1 by — by by by 00
0 0 0 0 1] L i 32— bss b § O

and bas, byy, bas, bss are to be chosen. The advantage the method (6.2) would have over
(6.1) is that it requires three rather than four derivative calculations per step. This
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TABLE 6.1 (continued)

T(1T.7) t(t.11)
e CPAL Y F 3P 32t3(Bua*0as) (b, )
0 PR
e 75732 ®uz*oyyD
Loy, (b, 5mb, ) 42, by,
ITRTAT AT A UPLL I L PRI By3b3p(Grbypmby ) it b b, 3) =2 by b, )2 Cobyyoby )
1 20,,%0,9) oty 3y (b pthyy) (b by y)
by E30b, 4,)) (Grbyp) (mphiby 930+ (Loby mby 1) €L b ¥b 3)=b3y k(b 5¥D, 1))
21000, 54Dy P+, 40, ) 4 by (L pmby 3) (kb 540, )10, #b, 24D, b))
3 ®u2tPuy) b5 b5, Sl ¥b )bty ) Phb by tb by (LoD by 5)
L 1
12 %

is because f(y{™) is identical to f(y{* ") and need not be recomputed and because
fi) is not made use of and therefore need not be computed at all.

What we shall do is to choose bs,, bys, by, bss, S0 that the method (6.2) is of order 4
relative to ry, ry, 73, 74, 75 Where r; is the trivial Runge-Kutta method defined by
rs(h)(z) = z. This will mean that the method will not require any special finishing
procedure. Let p~'gy, p~'gs, p~'gs, P84, P 'gs (Where g; = p) denote the group
elements corresponding to r,(1), ry(1), r5(1), r«(1), rs(1) so that the conditions for the
method to be of order 4 are that, for t € T,,

(6.3) g = (@ 'g)®),

(6.4 g:(t) = 321(1),

(6.5) 2:(1) = G — bsx)2i(t) + bsag:3(1),

(6.6) g(t) = (1 — by, — bu3)gi(t) + baagi(t) + busgs(t),
6.7 (1) = g() = }2l(®) + G — bs3)es(t) + bssgi(t) + 38i(D).

To write these as polynomial conditions on bs,, bys, bas, bss, We substitute in turn
t = 1,771, 701, 777, (7 7)1, TT-77, (77 7), 7(7- 77) Into (6.3)6.7). From (6.4),
(6.5), (6.6), we find, for each ¢, the values of gx(t), gs(¢), g«(2); from (6.3), we find the
value of g,(f); and, from (6.7), we obtain a condition on bs,, - - - , bss. Because of the
form chosen for B, the equations for ¢t = 7, 77, 77+ 7, (r7- )7 will be automatically
satisfied. However, for completeness, the computations are shown for all the 8
members of 7, in Table 6.1.
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Equating gs(¢) with p(¢) in the cases t = 7-77, 7777, 7(77-7) and (r-77), we
obtain the following conditions

(6.8) $(bsy + bazs) — Tz + 3bsabse = 3,
(6.9) To(bse + b)) + 3bssbs = 3,
(6.10) 5 — Tz(bss + bas) + 1bssbs, = Tz,
(6.11)  —Fs + Tabsz + bas) — $(bsr + bso)’

+ §busbsy + $bssbsy (1 — byy — bys) = 71

Equations (6.8), (6.9), (6.10) are satisfied if and only if
(6.12) bes + by = 11/12,
(6.13) bssbss = 7/36,
and, with these values, (6.11) simplifies to
(6.149) basbs, = 5/12.
The general solution to (6.12), (6.13), (6.14) is

by, = 0, by, = 11/12 — 5/126, by = 5/126, bss = 7/360

where 6 is any nonzero number. There do not seem to be compelling reasons for
choosing any particular value for 6; an analysis of the region of absolute stability,
for example, shows this to be independent of 6. Hence, we select 6 = % on grounds
of simplicity. The method (6.2) becomes in this case

00 0 1 0] 0 0o 0 0 o]
000 0 1 1 0 0 00
A4=/0 0 0 0 1|, B=|0 % 0 00
0 00 01 &% 12 § 00
0 0 0 0 1] 3 5 15 %+ O

To use this method in practice, we could find Runge-Kutta methods ry, r,, 75, 7,
which satisfy the requirements that r,(1) has group element lying in p~'g;G, and use
these methods to compute starting values for Y (i = 1, 2, 3, 4). However, since
only Af(Y{”) and Y{” are used in subsequent steps, 7, r,, #; can be omitted from con-
sideration and Y{” need be computed only to third-order accuracy. The starting
procedure that will now be suggested takes the result forward one step (so that we
may think of Y{*, Y{" as being the starting values computed) by the classical fourth-
order method (6.1) and then computes Y{" by using an increment function that
requires no further derivative calculations. If Y,, Y,, Y, Y,, Y, are the approximations
computed using (6.1) with ¥, equal to a given initial value y(x,), we compute YV, YV
as follows

Y=Y, + %hf( Y1)y
;=Y + %hf( Y,),
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Y, = Y + hf(Ys),
vV = Y = Y, + §h(f(Y1) + 2f(Y2) + 2f(Y3) + f(Y.)),

Yi” = Y, + k(. f(Y)) + cf(Y,) + csf(Y3) + csf(Y,)),

(k)

where ¢,, ¢,, cs, ¢, are real numbers. If g
Y{" computed this way, we find

g(r) = & +c + ¢ + ¢4,
g(rm) = 3(cs + ¢3) + ca,
g(rr-7) = 32 + ¢3) + ¢4,

glrerr) = doy + des,

is the group element associated with

so that, equating these to the appropriate g,(¢) given in Table 6.1, we obtain the values
o = 1/12, c, = 7/72, c; = 59/72, ¢, = 0.

Although this new method is put forward to illustrate the definition of order
rather than as a practical alternative to existing methods, it does seem appropriate
to see how well it performs in at least one example. Accordingly, the four-dimensional
system of equations yi(£) = y:i+i()) (0 = 1, 3), Yi()) = —yia()/0(5)*+y:(£)*)*
(i = 2,4)with (0) = (1, 0,0, 1) was integrated through » steps with stepsize h = =/2v
and with » = 10, 20, 40, 80 using the classical fourth-order Runge-Kutta method and
the method derived in this section. At each value of », for each method, the value of
v*((w/2) — p,) was printed out. For each method, this vector was almost independent
of » and had the values

Runge-Kutta: (.03, .10, .10, .13), New Method: (.22, .04, .05, .27).

Thus, the fourth-order error behaviour for the new method is experimentally
confirmed in this example. Although a comparison of these error vectors favours the
Runge-Kutta method, a comparison based on numbers of derivative calculations
(rather than numbers of steps) would favour the new method.
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