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An Elliptic Integral Identity

By H. S. Wrigge

Abstract. The identity

l @ @
Ko = o I I_w exp [—3(x¢ — 20272 — Dx?? + y9] dx dy,

where K(7) is the complete elliptic integral of the first kind, is used to prove that
K(V2 = 1) = w3152 + +/2)12/AT(DTC).

The identity
1 + + . . . 2 o .
1) K@) = (_21r—)17§ ﬁ /_ exp [—3(x — 227" — Dx™y" + yHdx dy, |7| < 1,

is easily proved by using the standard transformation x = 7 cos v, y = r sin v. Before
proceeding, we will list a few identities for the benefit of the reader.

2) f e V% dt = o ?p %P Ky ju(3ap®), Rea > 0 [1,p. 146],
0

3) f e TP K, o plat) dt = 2727 P T(u — T 4+ v + 1)s74P4(p/a),
0

s=@ —a)”’, Re(+» > —1, Re(@—y») >0,
Rep > —Reaq, [1, p. 198],
201r1/2
G — q) + DTG(—=p — g + 1))

We will now calculate the integral (1) in a different way.
Integration with respect to x yields

4 P(0) = [2, p. 354].

©

[ ew it =2 — ntiias = [ e
—o 0

A 1/2 A 2 4\2 4
= C=2P ) exp[———~(2’ 2 k(=) s

Integration with respect to y now gives

a— 222 e e 2.7 — 1 2y4 27 — 1 2y4
K(r) = 27‘_172) f_w lyle /2 exp @r 4 ) K/ ( 2 ) dy.

A few manipulations finally give
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A 2\/2 po .
(5) K(r) = a 12/72') f Y2t (rari—ar )K1/4((1 _ 27_2)20 dt.
27!' 0
Using Eq. (3) we can write
_ T 1+ 47 — 47'4>
© kKO =50 =257 7P ‘”“( (a—27 )

To get (6) in a more convenient form, we use the well-known formula

1 T
v Masom)

K(it) =

Then

T a1l + <1 — 477 — 474)
™ K((l - #)”2) T2 T a2y )

Now put 1 — 47° — 47* = O which yields 7> = — } *, 14/2. A little calculation and

Eq. (4) give

_ 7r3/2(2 + \/2)1/2.
4TEIE)

The identity (8) has been proved previously; see for instance [3, pp. 535-536]. The
present derivation seems, however, to give a better insight into the problem.

(8) K(v2—1) Q.E.D.
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