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SUPPLEMENT TO
A Note on the Optimal Addition of Abscissas to Quadrature Formulas of

Gauss and Lobatto Type

by
ROBERT PIESSENS & MARIA BRANDERS

pp. 135-139, this issue

SUBRCLUTINE KRONRG{NsAywl,W24EPS,IER)

THEIS SUBRCUTINE CALCULATES THE ABSCISSAS A ANC WEIGHTS Wl
CF THE (2#N+1)-PCINT CUACRATURE FORMULA WHICK IS OBTAINEC
FRCM THE N-PCINT GALSSIAMN RULE BY COPTIMAL ACCITION OF

N+1 PCINTS. THE CPTINMALLY ACCED POINTS ARE CALLEC KRCNROC
ABSCISSAS. ABSCISSAS ANC WEIGHTS ARE CALCULATEC FCR
INTEGRATICN CN THE INTERVAL (-1,1). SINCE THIS QUACRATURE
FCRMULA IS SYMMETRICAL WITE RESPECT TO THE CRIGINE,ONLY
THE NCANNEGATIVE ABSCISSAS ARE CALCULATECL. WEIGHTS CORRES-
PCNCING TC SYFMETRICAL ABSCISSAS ARE ECUAL.

IN ACCITION, THE WEIGKETS WZ CF THE GAUSSIAN RULE ARE
CALCULLATEC.

REAL#E Ay AKyANyByCoTAL b1 yh24XX .
CIMENSICN A(2C1),B(201),TAU(201),W1(201),W2(2C1)
CCMNMCN C, INDEKS

INPUTPARAMETERS

N CRCER COF THE GAUSSIAN CUACRATURE FGRMULA TO WHKICH
ABSCISSAS MUST BE ALCLCEC.

EPS REQUESTEDC ABSCLUTE ACCURACY OF THE ABSCISSAS. THE
ITERATIVE PRCCESS TERMINATES IF THE ABSCLUTE
CIFFERENCE BETWEEN ThO SUCCESSIVE APPRCXIMATIGNS
IS LESS THAN EPS.

CLUTPLTFARANETERS

A VECTCR OF CIMENSICN N+l WHICH CCNTAINS THE NONNEGA-
TIVE ABSCISSAS. A(1) IS THE LARGEST ABSCISSA.A(2#K)
IS A GAUSSIAN ABSCISSA.A(2#K-1) IS A KRCNRCLC ABSCISSA.

Wl VECTCR CF DIMEANSICN N+1 WEICH CCNTAINS THE WEICKHTS
CCRRESPONDING T1C THE ABSCISSAS A.

W2 VECTCR OF CIMENSICN N+1, CONTAINING THE GAUSSIAN
WEICHTS. W2(2#K-1) =C AND W2(2#K) IS THE GAUSSIAN
WEIGHT CCRRESPCANCING TC A(2=K).

IER ERRCR COCE
IF TER=0 ALL ABSCISSAS ARE FCUNC TC wWITHIN TFE
REQUESTED ACCLRACY.

IFf TER=1 ONE CF THE ABSCISSAS IS NCT FCUNC AFTER
SC ITERATICN STEPS ANC THE CCMPUTATION IS TERMINATEC.

RECUIREC SUBPROGRANS

ABhE1l CALCULATES THE KRCNRCC ABSCISSAS ANC CCRRES-
PONCING WEIGHTS.

ABWE2 CALCULATES THFE GALSSIAN ABSCISSAS ANC THE CCR-
RESPONDING WEIGHTS.
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IER = C

NP = N+1

VM o= (N+1)/2

INCEKS = 1
IF(2#N.EQ.N) INDEKS=0
C = 2.CCC

AN = C.CDC

CC 1 K=1,yN

AN = AN +1.0C

C = C#AN/(AN+C.5CC)
CC 2 K=1,NP

W2(K) = C.GD+C

N2 = N4N+1
Ml = M-1
CALCULATICN CF THE CHEBYSHEV CCEFFICIENTS CF TFE CRTHC-
CCNAL PCLYNCNMIAL.

TAL(L) = (AN+2.0C)/7(AN+AN+3.CCO)

B(M¥) = TAL(1)-1.0CC

IF(N.LT3) GCTC 4

AK = AN

CC 3 L=1,M1

AK = AK +2.0DC

TAL(L+1) = ((AK=1.,CCCI®AK-AN=(AN+1.CCC))=(AK+2.CCCI=TAU(L)/

1 (AK#{ (AK+3.CDC) = (AK+2.CCO)-AN® (AN+1.0CC)))

ML = M=L

B(ML) = TAUL(L+1)

CC 2 LL=1,L

MV = MLHLL

B(ML) = B(MLI+TAL(LL)=B(MN)

B(M+1) = 1.0D0
CALCLLATICN CF APPRCXIMATE VALUES FCR THE ABSCISSAS

BB = SIN(1.57C7S6/(SNCL(AN+AN)I41.))

X = SCRT(1.-BB#BE)
S = 2.#8BxX
C = SCRT(1.-S#S)

CCEF = le-(1le-1e/AN)/(Bo.xAN®AN)

XX = CCEFsuX

DC & K=1y,\'2
CALCLLATICM CF THE K-TH ABSCISSA (=KRCNRCC ABSCISSA) ANC
THE CCRRESPONCING WEICHT.

CALL ABWE1(XXy4ByNyEPSyWl(K),yN,IER)

IF(IER.EQ.1) RETLRA

ALK) = XX

Y = X

X = YaC-BB#S

BB = Y#S4EBxC

XX = CCEF#X

IF(KeEG.N) XX = C.CCO
CALCLLATICN CF THE (K+1)-T+ ABSCISSA (=CAUSSIAN ABSCISSA)
ANC THE CCRRESPCNDING WEIGHTS.

CALL ABWE2(XXyByMoEPS,h1(K+1),h2(K+1)4N,IER)

IF(IEREQ.1l) RETLRA

A(K+1) = XxX

Y = X

X = Y#C-BEsS
BB = Y#S+8B#(C
XX = CCEF#X

IF(INCEKS.EQ.1) GCTC 6
A(N+1) = C.OCC
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56 CALL ABWELULA(N+1)4ByNM4EFSyWL(N+1),4N,IER)
57 6 RETURN

58 ENC

59 SUBRCLTINE ABWEL(X,A4N,EPSyW,NL, IER)

60 REAL=E A, Al ,B0+sBLlyB2yCCEFsCOyC19sC2yCELTAGFFDyyX,YY
61 CIMENSICN A(2C1)

62 CCVMMCN COEF, INDEKS

62 ITER = C

64 KA = €

6% IF(X.EC.C.CDC) KA=1

66 1 ITER = ITER+1

C START ITERATIVE PRCCESS FCR THE CCMPLTATICN CF A KRONRCD
C ABSCISSA.
C TEST CN THE ANUMBER CF ITERATICN STEPS

67 IF(ITER.LT.5C) GCTC 2
68 IER =1
69 RETLRA
70 2 Bl = C.CDC
71 82 = A(N+1)
12 YY = 4.CCxX#X-2.0C0
73 Cl = C.(CCC
14 IF(INCEKS.EQ.l) CGCTC 3
& AL = N4N+1
¢ C2 = AI=A(N+1)
17 CIF = 2.DC
18 GCTC 4
¢ 2 AT = N+1
EC C2 = C.CCC
€1 CIF = 1.CC
€2 4 DC 5 K=1,N
E2 Al = AI-DIF
€4 I = N-K+1
gc BC = E1l
ge¢ Bl = B2
e7 CC = C1
€€ Cl = €2
8s B2 = YY#¥B1-BC+A(1I)
SC I = I+INDEKS
S1 £ 02 = YY#C1-DC+ATI=A(I)
§2 IF(INCEKS.EQ.1l) GCTC ¢
s3 F = x»(B2-B1)
S4 FD = C2+D1
SE ccic 7
SE € F = C.5C0%(B2-80)
S FC = 4.CC#X*C2
GE 1 DELTA = F/FD
GS X = X-CELTA
1CC IF(KA.EC.1) GCTC 8

C TEST CN CCNVERGENCE.
ic1 IF(CABS(CELTA).GT.EPS) GCTGC 1
1C2 KA = 1
1C2 GCTC 1

C CCMPLTATICN CF THE WEIGKT.
1C4 e DC = 1.CO
1CE Cl = X
1C¢ Al = C.CC+0
1c7 DC S K=2,M1
1CE€ Al = AI+1.0+0
1C¢ 02 = ((AI+AI+1.C+C)#x»C1-AI%CC)/(AI+1.C+C)
11C bC = C1
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111 S Cl = C2

112 W = CCEF/(FD#C2)

1132 RETULRA

114 ENC

115 SLBRCLTINE ABWE2(X,A4N,EFS,W1,W2,N1,IER)

11¢ REAL#E AyAN,CCEF,CELTA,PCyPLlyP2yPDOsPLL14PC2yWLyN24XyYY
117 CIMENSICN A(2C1)

11¢ CCVMMCN COEF, INDEKS

116 ITER = C

12¢ KA = C

12) JE(X.EC.C.CDC) KA=1

C START ITERATIVE PRCCESS FCR THE CCMPUTATICAN CF A GAUSSIAMN
C ABSCISSA.

122 1 ITER = ITER+1
C TEST CN THE NUMBER CF ITERATICN STEPS.
123 IF(ITER.LT.5C) GCTC 2
124 IER = 1
125 RETLRA
12¢ 3 PC = 1.CC
1217 P1 = X
12¢ PCC = C.DC
126 PCl = 1.0C+0
12¢ Al = C.CD+C
131 CC 3 K=24NMN1
122 Al = AI+1.D0
122 P2 = ((AT+AT+1.0C)#X*P1-AI#P0)/(AI+1.CO)
124 PC2 = ((AI+AT+1.C+C)#(P1+X#PC1)-AI#FCO)/(ATI+1.CQ)
135 PC = P1
12¢ P1 = P2
127 PCC = PC1
13€ 3 PC1 = PC2
139 CELTA = P2/PC2
14C X = X-DELTA
141 IF(KA.EC.1) GCTC 4
C TEST CN CCNVERGENCE.
142 IF(CAES(CELTA).GT.EPS) CGCTC 1
142 KA =1
144 GCTC 1
145 4 AN = N1
C CCMPLTATICMN CF THE CALSSIAN WEIGFT.
14¢ w2 = 2.D0/(AN=PD2#PC)
147 P1 = C.CCC
l14¢ P2 = A(N+1)
149 YY = 4.CDC#X#X-2.CC
15C DC 5 K=1,N
151 I = N-K+1
152 PC = P1
152 Pl = P2
154 £ P2 = YY#P1-PO+A(I)
155 IF(INCEKS.EQ.1) GCTC ¢
C CCMPUTATICN CF THE CTHER WEIGHT.
15¢ Wl = CCEF/(PC2#X#(P2-P1))+W2
157 GCT1C 7
1c¢ ¢ Wl = 2.CO®COEF/(PC2#(F2-F0))+h2
156 1 RETLRA
1€C ENC
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