
SUPPLEMENT TO 

A Note on the Optimal Addition of Abscissas to Quadrature Formulas of 

Gauss and Lobatto Type 

by 

ROBERT PIESSENS & MARIA BRANDERS 

pp. 135-139, this issue 

SLBRCLIINE KRONRC(hAh1,W2,EPSIER) 
C 
C TIIS SUBRCLTINE CALCULATES THE ABSCISSAS A ANC WEIGHTS WI 
C CF THE (2*N+1)-POINT QUAORATURE FORMULA WHICF IS OBTAINEC 
C FRCP THE N-PCINT GALSSIAN RULE BY OPTIMAL ACCITION OF 
C N+1 PCINTS. THE OPTIMALLY ACCED POINTS ARE CALLEC KRCNROC 
C ABSCISSAS. AESCISSAS ANC WEIGHTS ARE CALCULATEC FCR 
C INTEGRATICh CN THE INTERVAL (-1,1). SINCE THIS QUACRATURE 
C FCRPLLA IS SYPETRICAL WITF RESPECT TO THE CRIGINECNLY 
C TFE NCNNEGATIVE ABSCISSAS ARE CALCULATEC. WEIGHTS CORRES- 
C PCNEING tC SYPMETRICAL ABSCISSAS ARE ECUAL. 
C IN ACCITION, THE WEIGFTS %2 CF THE GAUSSIAN RULE ARE 
C CALCLLATEC. 
C 

2 REAL*E AAK,ANB#CTAL,W1,W2,XX 
[CIPENSICN A(2Cl),B(201),TAU(201),Wl201),W2(201) 

4 CCIPCN CINOEKS 
C 
C INPUTPARAMETERS 
C N CRCER CF THE GAUSSIAN QUACRATURE FORPULA TG WHICH 
C AESCISSAS MUST BE ACCED. 
C EPS REQUESTED ABSCLLTE ACCURACY OF THE ABSCISSAS. THE 
C ITERATIVE PRCCESS TERMINATES IF THE AeSCLUTE 
C CIFFERENCE BETIEEN TWO SUCCESSIVE APPRCXIMATIONS 
C IS LESS THAN EPS. 
C 
C CITPLTPARAPETERS 
C A VECTOR OF CIPENSICN N+1 WHICH CCNTAINS THE NONNEGA- 
C TIVE ABSCISSAS. AMl) IS THE LARGEST ABSCISSA.A(2*K) 
C IS A GAUSSIAN ABSCISSA.A(2*K-1) IS A KRCNRCC ABSCISSA. 
C Wl VECTCR OF DIPENSICN N+1 WFICH CCNTAINS THE WEIGFTS 
C CCRRESPONDING IC THE ABSCISSAS A. 
C W2 VECTOR OF CIPENSICh Ntl, CONTAINING THE GAUSSIAN 
C WEIGHTS. W2(2*K-1) =C AND W2(2*K) IS THE GAUSSIAN 
C WEIGHT CCRRESPCNCING TC A(2*K). 
C IER EPRCR COCE 
C IF IER=O ALL AESCISSAS ARE FCUND TC WITHIN TFE 
C REQUESTED ACCLRACY. 
C IF IER=1 ONE CF TFE ABSCISSAS IS NCT FCUNC AFTER 
C 5C ITERATICN STEPS ANC THE CCPPLTATION IS TERRINATEC. 
C 
C RECQIREC SLBPROGRAPS 
C ABWEI CALCULATES THE KRONRCD ABSCISSAS AND CCRRES- 
C PONCING WEIGHTS. 
C ABWE2 CALCULATES THE GAUSSIAN ABSCISSAS ANC THE CCR- 
C RESPONDING WEIGHTS. 
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C 
5 IER = C 
6 P= N+1 
7 1 = (N+1) /2 
8 INCEKS = 1 
9 IF(2*0.EQ.N) INDEKS=O 

10 C = 2.CCC 
11 AN = C.CDC 
12 EC I K=IN 
13 AN = AN +1.DC 
14 1 C = C*AN/(AN+C.5CC) 
15 EC 2 9=1,NP 
16 2 W2(K) = C.CD+C 

17 N2 = N4N+l 
18 M1 = -1 

C CALCLLATICN CF THE CHEBYSHEV CCEFFICIENTS CF TIE CPT-C- 
C CCNAL PCLYNCPIAL. 

19 TAL) = (AN+2.OC)/(AN+AN+3.CCO) 
20 B(M) = TAL(1)-1.CCC 
21 IF(N.LT.3) GCTC 4 
22 AK = AN 
23 CC 3 L=l,Pl 
24 AK = AK +2.ODC 
25 TAL(L+1) = ((AK-l.CCC)*AK-AN*(AN+1.CCC))*(AK+2.CCC)*TAU(L)/ 

1 (AK*((AK+3.CDC)*(AK+2.CCO)-AN*(AN+1.OCC))) 
26 ML = t4-L 
27 8(PL) = TAL(L+1) 
28 CC 3 LL=1,L 
29 PF = PL+LL 
30 3 B(PL) = 8(PL)+TAL(LL)*B(PF) 
31 4 8(M+1) = 1.ODO 

C CALCLLATICN CF APPRCYIPATE VALUES FCR TI-E ABSCISSAS 
32 88 = SIN(1.57C7S6/(SNCL(AN+AN)+l)) 
33 X = SCRT(l.-e8*8E) 
34 S = 2.*88*X 
35 C = SCRT(1.-S*S) 
36 CCEF =1.(1.-1./AN)/(8.iAN*AN) 
37 XX = CCEF*X 
38 DC 5 X=1,N,2 

C CALCLLATICN CF THE K-TH AESCISSA (=KRCNRCC ABSCISSA) ANIC 
C THE CCRRESPONCING hEICf-T. 

39 CALL AB1EI(XX,8,NEPShl(K),NIER) 
40 IF(IER.EQ.1) RETLRN 
41 A(K) = XX 
42 Y = X 
43 X = Y*C-B8*S 
44 88 = Y*S+88*C 
45 XX = CCEF*X 
46 IF(K.EC.N) XX = C.CCO 

C CALCLLATICN CF THE (K41)-Ti- ABSCISSA (=CALSSIAN ABSCISSA) 
C ANC TFE CCRRESPCNDING hEIGFTS. 

4 7 CALL ABhE2 (XXtBt,,E PS , I 1 (K+l ), h2 (K+1) Nh , I ER) 
48 IF(IER.EQ.1) RETLRN 
49 A (K41) XX 
50 Y = X 
51 X = Y*C-8p*S 
52 88 = Y*S+B8*C 
53 5 XX = CCEF*X 
54 IF(INCEKS.EQ.1) GCTC 6 
55 A (Nil) = C.OCC 
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56 CALL ABhEl (A (N+1 ) ,B , ,9ES th1 tK+1 ) ,N, IER) 
57 6 RETLRN 
58 E NC 

59 SLBRCLTINE ABhE1(xtt, EPS,WN1,IER) 
60 REALE AAI ,BOBlB2,CCEFCOC1,2,CELTAFFDWXYY 
61 CIMENSICN A(2C1) 
62 CC0MCN C0EFIFKDEKS 
63 ITER = C 
64 KA = C 
65 IF(X.EC.C.CDC) KA=1 
66 1 ITER = ITER+1 

C START ITERATIVE PRCCESS FCR TkE CCMPLTATICN CF A KRONRCD 
C ABSCISSA. 
C TEST CK Tf-E NLMBER CF ITERATICN STEPS 

67 IF(ITER.LT.5C) GCTC 2 
68 IER = 1 
69 RETLRN 
70 2 81 = C.CDC 
71 82 = A(U+I) 
72 VY = 4.CC*X*X-2.OCC 
73 Cl = C.CCC 
74 IF(INCEKS.EQ.1) GCTC 3 
75 Al = - + +l 
70 C2 = AI*A(N+1) 
77 C IF = 2 .DC 
78 GCTC 4 
75 3 AT = N+1 
EC C2 = C.CCC 
E1 C IF = 1.CC 
82 4 DC 5 K=1,N 
E8 Al = A I-C IF 
84 I = N-K+1 
E5 BC = El 
66 B1 = 82 
87 CC = Cl 
E8 Cl = C2 
es 82 = VY'B1-BC+A(I) 
5C I = I*INDEKS 
51 5 02 = NV*C1-DC+AI*A(I) 
S2 IF(INCEKS.EQ.1) GCTC 6 
S3 F = X*(82-81) 
S4 FO = C2+DI 
S5 GCCTC 7 
se E F = C.5CO*(B2-B0) 
S7 FC = 4.CC*X*C2 
se 7 CELTA = F/FD 
5$ X = X-CELTA 

lCC IF(KA.EC.1) GCTC 8 
C TEST Ch CCNVERGENCE. 

l11 IF(CAES(CELTA).GT.EPS) GCTO 1 
1C2 KA = 1 
1C3 GCTC 1 

C CCOPLTATICN CF TiE hEIGFT. 
1 C4 e C = 1. C0 
1(C Cl =X 
1C6 Al = C.CC+0 
1C7 DC S K=2 ,NI 
ICE Al = Iu41.0+0 
ICS 02 = ((AI+AI+1.C+C)*X*CI-AI*CC)/(AI+.C.+C) 
1C CC = Cl 
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111 S Cl = C2 
112 W = CCEF/(FD*C2) 
113 RETLRN 
114 ENC 

115 SLERCLTINE A8WE2(XAN,EFSW1,W2,N1,IER) 
116 REAL*E AANCCEFCELTA FCPlIP2.PDOPClPC2,WlW2,XYY 
117 CItENSICN A(2C1) 
lie CCFCN COEFN1CEKS 
11S ITER = C 
12C KA = C 
123 JF(X.EC.C.CDC) KA=1 

C START ITERATIVE PROCESS FCR ThiE CCMPUTATICN CF A GAUSSIAN 
C ABSCISSA. 

122 1 ITER = ITER+1 
C TEST CN THE NLMBER CF ITERATICN STEPS. 

123 IF(ITER.LT.5C) GCTC 2 
124 IER = 1 
125 RETLRN 
126 2 PC = 1.CC 
127 P1 = X 
12? PEC = C.OC 
12S PC1 1.CC+0 
13C Al = C.CD+C 
131 CC 3 K =2,N1 
132 Al = AI+I.00 
133 P2 = ((4lAI+l.CC)*X*Pl-AI*PO)/(AI+l.CO) 
134 PC2 = ((AI+AI+l.C+C)*(P1+X*PC1)-AI*PCO)/(AI+l.CO) 
135 PC = P1 
136 P1 = P2 
137 PEC = PC1 
13E 3 PCI = PC2 
139 CEL7A = P2/PC2 
14C X = X-CELTA 
141 IF(KA.EC.1) GCTC 4 

C TEST CN CCNVERGENCE. 
142 IF(CAES(CELTA).GT.EPS) GCTC 1 
143 KA = 1 
144 GCTC 1 
145 4 AN = N1 

C CCPPLTATICN CF THE GALSSIAI WEIGHT. 
146 h2 = 2.C0/(AN'P02*PC) 
147 P1 = C.CCC 
14E P2 = A(N+1) 
149 YY = 4.CDC*X*X-2.CC 
15C DC 5 K=1,N 
I51 1 = N-K41 
152 PC = P1 
153 P1 - P2 
154 5 P2 = IY*Pl-PO+A(I) 
155 IF(INCEKS.EQ.1) GCTC 6 

C CCPPLTATICN CF THE CTHER %EIGHT. 
156 i1 = CCEF/(PC2*X*(P2-Pl))+W2 
157 GCTC 7 
15e 6 hl = 2.EOCCOEF/(PC2*(P2-PC))+h2 
159 7 RETLRN 
16C ENC 

347 


