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Confluent Expansions for Functions of Two Variables

By V. L. Deshpande

Abstract. In a recent paper, J. L. Fields established four theorems giving confluent expan-
sions for functions of one variable. In the present paper, we extended one theorem of Fields
for functions of two variables. The usefulness of the theorem is illustrated by obtaining
known and hitherto unknown transformations for Appell functions and Horn functions.

1. This paper is a continuation of an earlier work of the author’s (see [1], [2]
and [3]). It discusses the extension of some results of Fields [4] to functions of two
variables.

The usefulness of Theorem 1 below is illustrated by obtaining known and hitherto
unknown transformations for functions of two variables such as Appell functions
F,, F, and Horn functions H, and H, [5, pp. 224-225, (6), (7), (14) and (16)]. The
Horn function H, is expressed as a generating function for the Jacobi and Legendre
polynomials.

With the help of the theorem, an asymptotic confluent expansion for the Kampé
de Fériet function [6, p. 150] is established.

2. TueoreM 1. If

2.1) V(x, y) = Zo A" Y)Y, x| <y |xy] <,

m,n=

then the series

_ - (0' + a)m+n(6 + a’)ﬂ
@2 SG w0 0) = 2 Ao Y Bpeinte + B

)™ (xp)”

is convergent for |x| < r, |xy| < s, + b # 0, —1, =2, --- , (¢ + b)) # 0, —1,
—2, - -+, and can be rearranged in the region |x| < r/2, |xy| < s/2 as

@2.3) S(x, xy, 0) = Z gi.1(x, M@ + b)i(e + /%I,

where g; (x, y) is defined by (2.8) below. Also, if a, @', b, b’ are bounded, then we obtain
the asymptotic confluent expansion of S(x, xy, o) as

2.4y SE )~ 2 gl M@ + 0@ + W, 0~ e,

larglc + b)) = 7 — 5, |argle + )| =7 — §,65,8 > 0, x| <7, [xy] <s.
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Furthermore, (2.4) can be expressed in negative powers of o if we employ the formula
in [7] for [(c + b)i(s + ).
Proof. From (2.1) and the test of convergence given by Horn [5, p. 227], it can
be proved that (2.2) is convergent for |x| < r, |xy| < s.
From [8, p. 69, Example 4],
@+ Dnin _ s~ 0 — @)i(=m

@+ Dmin _ = n); 1 —y .
@) TE e =X et CTEFEL-L -2,

(c+ a) _ z‘”: & — a(—=n)

(2.6) (0_ + b’),, = o k! ((T + b’)k ’ (4 + b # 09 _13 _29 Y
and

itk .
Q.7 g V.3 _ E Apn (—m — n);(—n)(— 1) F ™7k

axi * 6y k m,n=0
Using (2.5)~2.7) in (2.2) and comparing with (2.3), we obtain

(b — a);(0) — aW(—=x) -(—p) "
jl k! dx’ -9y

2.8) giulx, ¥) = 5 Vix, »).

Now we proceed to obtain convergence conditions for (2.3).
Let |x] < x, < rand |xy| < X'y, < 5. Then

Am,n = o[(xo)_m_n'(yo)_n]'
From (2.3),
(b — a);(’ — a'),
(e + b);(c + b

b — a),( — a'),
(@ + b)i(c + b')

x|’ |p[* |07 V(x, »)
JUE! ax'-ay*

N A
JTk!  ox'-9y* .52,

| SGx, xy, )|

IIA

i.k=0

©

x |" |2y

i, k=0 Xo XoYo
v v @);(b’ — a')| (=m — n)i(=n) |x |" |y "
“mgogg(a'—l—b)(d-l_b)k k! Xo Yol

Employing formula [8, p. 57, (2)], we obtain after some simplification,

o |6 = @ = @] Gt D& + D, |z "7 |x [
IS(x, Xy, 0')[ = n nz1:k=0 l(o_ + b);(o + b Y (m + m)! n! Xo Yo
-1 -1 — 1
S O N Ot
Xo Yo o+ b, ‘% —1

' 1
oF, b a,l1,
N A
y
which is convergent for |x| < r/2, |xy| < s/2. Hence, (2.3) is proved.
We can easily show that the g; .(x, ) in (2.4) are the Poincaré coefficients of

s(x, xy, ¢) as ¢ — @,
Special Cases. (i) Putting a = band @’ = b’ in Theorem 1, we obtain the follow-




CONFLUENT EXPANSIONS FOR FUNCTIONS OF 2 VARIABLES 607

ing theorems:
THEOREM 2. If

Vix, ») = M; A O™ Cey)s x| <7, Jxy] <05,
and
S(x, xy, 0) = m%() A Ed i Z;: "), x| <l <,
then

> b — a)(—y) 6 Vix, y)
S(x, xy, 0) = EZ_O k! (o +kb) 't

THEOREM 3. If

x| < r/2, |xy| < s/2.

V(x, y) = Z A )™)Y, x| <1, |xy| <,

m,n=0

then the series

SG a7, @) = B Aun a0y, sl <yl <

can be rearranged to read

= (b — a);-(—x) 9" V(x, y)
,Z; il (@ + b); x

S(x, xy, g) = x| < r/2, |xy| < s/2.

3. In this section, we establish various transformation formulae and generating
relations for functions of two variables. The result (3.6) is important as it contains
all known transformations [5, p. 240, (6)~(8)]. Formula (3.7) is known [5, p. 239, (1)],
but the technique for obtaining it is new. The rest of the formulae are believed to
be new.

We establish the following results.

(a) HA(a; o + a’s Y, O + b’; xs xy)

= —_ —a ' ’ X Xy )
(3'1) (1 xy) H4(a’ b a ,79 g + b H (1 — xy)2 1} xy — 1
a , 2y — 1
(3.2) = +2vVx) " Fla,o+d, 55—,
, _ Xy 4/x )
o+ = L T 2 )
,at+1 , X — 1 (x’—l)y>
(b) x H4<a,0'+a 2 ya+b! 4x2 ’ 4x2

a4+ 1 4x

3.3) _ zw: (@u(o + a') [(x2 — l)y]k.Pk((a—x)/z.(a-n/z)(x)
e+ (e
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provided |(x* — 1)/4x®| < r, [(x* — 1)y/4x’| < sand 4r = (s — 1)°.
Ha,o + a',v,0 + b, x, xy)

(3.4) = x"~F4(a, v+ a’,ﬁ'—;—l,“t L byt — 1), byx + 1)) ,
(¢) Hyle,o+ ad',v, 8,0+ b, xy,x)
(3.5) = (1 - xy)_a'H2(a, b, - a’s Y 8: g + blr xyxi 1 ’ x(l - xy)) ’

(d) FZ(ar ﬁ,o' + a’:’Yy‘T + b’: X, xy)
(3.6) = F4(, B,8,0 —a',v,B',0 + ¥, x, xp, —x»),
(e) Fl(a + a, B, ﬂ’,a + bs X, xy)

3.7 =01-x*a- xy)“"-F1<b —a,B,B8,0+ b, " f 1 ,x——yxf 1)-

Proof. (a) Setting A,,, = (@)zm+n/(7)nm!n! in Theorem 2, we have, on simpli-
fication,

S(x, xy,0) = Hya, 0 + a’,v,0 + b, x, xy)

_ i (0 — a )@)emen(—nh(x)"(xp)"
m,n=0 k=0 klm!nl(c + bl)le(')’)m

i (@sminsi(® — @B (Y)(—xp)
m,n, k=0 k!m!n!(a + b/)k('Y)m

®

(3.8)

in view of [8, p. 56, (1)].

In (3.8), summing the series over n, we immediately arrive at (3.1).

Again, in (3.8), summing the series over m and employing formula [8, p. 22,
Lemma 5], we obtain

H4(a9 o + a’y 'Ys (4 + b/y X, x.y)
@asr(® = @Gy (=xp)* o [x +nt+k a+nt+k+1 ]
241 ’ 4x

= nlklo + ') 2 ’ 2
Y

A 1 N () Y Gl S €D a+k atk+1
Z z: 2F1 s 4x

o2 nltk— o + b 2 2
Y

in view of [8, p. 56, (1)].
Reversing the order of the inner summation and summing the series over n, we
arrive at

Hya,0 + a’,v,0 + b, x, xp)

(3.9) =iM(xy)k.zF‘[a+k’a+k+1,4{}'

=t klo + b') 2 2
Y,
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In (3.9), employing formula [5, p. 112, (17)] and expressing the hypergeometric
function in series form, we obtain the transformation formula (3.2).
(b) Again in (3.9), making use of formula [5, p. 112, (16)], substituting 2y =
o + 1, replacing x by (x> — 1)/4x* and employing formula [5, p. 254, (11)], we
obtain a generating function for the Jacobi polynomial given by (3.3).
In (3.3), substituting ¢ + b’ = (a + 1)/2 and replacing y by 4xy/(x* — 1), we have
a+1 a+1 x*—1 y)

-« , Y
X H4(a,cr+a, 2 ' 2 4 ' x

(3.10)

_ ¥ (@)le + a') b o (Camb /2 (am /)
- kz-o (@ + 1/l + /2 P *).

On comparing the right-hand side of (3.10) with the left-hand side of formula
[8, p. 271, (11)], we obtain (3.4).
(c) Setting

Amn = (@n-m)m(8)n/ m!n!
in Theorem 2, we have, on simplification,
S(x, xy, 0) = Hy(a,0 + a’,v, 8,0 + b, xy, x)

i i (@)= (Dn(®” — a")(—n)(x)"- (xy)"

G.11) n.m=0 k=0 minlkl(o + b').
S S @ 0n(@n® = @) ) ()"
n,m, k=0 n!k!m'(a + b,)k

on account of [8, p. 57, (2)].
In (3.11), summing the series over n, we obtain the result (3.5).
(d) In Theorem 2, taking

Amn = (a)m+n(ﬁ)m/m!n!(7)m:

we have, on simplification,

Fye,B,0 + a’',v,0 + b, x, xy)

i i (@2 B0 — aY(—n)()™*" - (»)*

3.12) WS & mink!@)n(c + b
— Y @@ = a )" (o) (=xp)*
m,n, k=0 m'n'k!(7)m(6 + b’)k

Inserting the factor (8"),/(8'). on the right-hand side of (3.12), we obtain formula
(3.6), which involves the Lauricella function F, [6, p. 114].
(¢) In Theorem 3, taking

Amn = (B)m(B,)n/m’n’

we obtain
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Fi(c + a,B,8',0 + b, x, xy)
b= a@(—=x) 9
- i=0 j!(a' + b), axi
A = (0= @)i(— B B(— 1) (—x) V- — )PP — xy)
= E E jlple + b);

- -8’ - (b _ a)i+p(ﬂ)i(ﬁ,)p X d Xy ?
= A =07 —o™ 2 <x - 1) ’(xy = 1>

a—x"*%a—-x»n*

= Wy B — -8’ _ ’ i Xy ).
'—(1 'x) (1 xy) Fl<b a’B’ﬁ’a_l_b’x—l’xy—l)

Thus (3.7) is established. It is not difficult to reduce (3.7) to different forms [5,
pp. 239, 240, (2)~(5)].

Special Cases. (i) In (3.3), substituting o = 1, we have the hypergeometric
function H, as a generating function for the Legendre polynomial. Thus

-1 - l)y)
4 4x°

=@t a6 =Dyl
- kz.:',(a + b’)k[ 4x ] Pix).

Substituting @’ = b’ and replacing y by 4xy/(x> — 1) in (3.13), we obtain, on
simplification, a known generating function [8, p. 156, (1)] for the Legendre poly-
nomial.

(ii) In (3.5), replacing y by y/x, x by x/é and letting 6 tend to infinity, we obtain

Hy(a, 0 + a',v,0 + b, y, x)

2
x“-m(l, c+a,1,0+b,%
(3.13)

(3.14)

= (1 - y)_a'H2(a) b — aly Y, 0 + bl’ x(l - y)))

y—1’
where H, is the confluent hypergeometric function [5, p. 226, (30)].

Again in (3.14), replacing x by x/v and letting v tend to infinity, we have the
transformation formula

Hy@,0 + ad',0 + b, y,x)
(3.15)

=1 - y)‘“-Hz(a, b’ —a',o+ b”y - 71— y))
where Hj is the hypergeometric function [5, p. 226, (31)].

(iii) In (3.12), summing the series over n, we obtain a known transformation
formula [5, p. 240, (7)].

(iv) Again, in (3.12), summing the series over m, employing formula [5, p. 105, (3)]
and expressing the hypergeometric function ,F; again in series form, we have

Fye,B,0+a',v,0 + b, x,xy) = (1 —x)°
(3.16) o

.Y @un — adly —B)m( xy )( xy )"(X x )'".
n,k,m=0 n!k!m!(a + b,)la('y)m 1 —x x — 1 —1
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In (3.16), summing the series over n, we obtain a known transformation formula
[5, p. 240, (8)].
Similarly, (3.16) can also lead to [5, p. 240, (6)].

4. In this section, making use of Theorem 1 of Section 2, we establish the asymp-
totic confluent expansion for the Kampé de Fériet function.
We prove the formula

F7\+1,#,u+1[x
v+ 1,p,p+ 1 Lxy

ar, o + a: b,; b, 0 + a’]
a,,oc + b:c,5¢h, 0 + b

~ B e e+ o e
@)+ e A + (U—J:—a Ay o, 59)

+ (—a'_-T—LI;T; Ao o(x, xy)

+ (7—_57)—3 Ao 3(x, xy) + m As o(x, xy)

+ - o, 59) + L Ay, 59 + oo

(@ + bl(c + b)) (e + b)o + b'),
c—o>o, A+ pu=Zv+p+1,and

(=) (=»'® — a),® —d), I A, ul:x
T 8 F
rls! ox" -dy" " v, plLxy

’

a: b,; b,

Ar.a X, xy) = al. c.: C, '
v P P

Proof. 1In Theorem 1, setting S(x, xy, o) equal to the Kampé de Fériet function
given on the left-hand side of (4.1), and making use of (2.4) and (2.8), we arrive at

“.1).
By reducing the Kampé de Fériet function to Appell functions, many special
cases of (4.1) can be obtained.
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