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Sums of Distinct Primes from Congruence
Classes Modulo 12

By Robert E. Dressler, Andrzej Makowski and Thomas Parker

Abstract. It is shown that every integer greater than 1969, 1349, 1387, 1475 is a sum of
distinct primes of the form 12k + 1, 12k + 5, 12k + 7, 12k + 11, respectively. Furthermore,
these lower bounds are best possible.

In [2], A. Makowski proved the following:

THEOREM. Every integer greater than 55, 121, 161, 205 is a sum of distinct primes
of the form 4k — 1, 4k + 1, 6k — 1, 6k 4+ 1, respectively. Furthermore, these lower
bounds are best possible.

To do this, he used the work of Breusch [1] and the following theorem of H. E.
Richert [4].

THEOREM. Let m,, m,, - -+ be an infinite increasing sequence of positive integers
such that, for some positive integer k, the inequality m;., < 2m; holds for all i > k.
Suppose there exists a nonnegative integer a, such that the numbersa + 1,a + 2, - - -,
a + my., are all expressible as a sum of distinct members of the set {m;, my, - -+ , m;}.
Then, every integer greater than a is expressible as a sum of distinct members of the
sequence my, my, - .

Our purpose is to strengthen Makowski’s work by using Richert’s theorem and
the following theorem of Molsen [3].

THEOREM. For n = 118, the interval (n, 4n/3) contains a prime of each of the
forms 12k + 1, 12k + 5, 12k + 7, 12k + 11.

Our work was done on the IBM 360/50 computer at Kansas State University
and we wish to thank Mr. Gary Schmidt for his help in the programming. The program
was written in FORTRAN and the computer time was 12.42 minutes. So much time
was used because we wanted more information than we actually needed to prove the
theorem. For example, we obtained information about the multiplicities of repre-
sentation.

We now give our result.

THEOREM. Every integer greater than 1969, 1349, 1387, 1475 is a sum of distinct
primes of the form 12k + 1, 12k + 5, 12k + 7, 12k + 11, respectively. Furthermore,
these lower bounds are best possible.

Proof. In the case of 12k + 1, put a = 1969, m, = 2029, and m;., = 2053.
In the case of 12k + 5, put a = 1349, m, = 1301, and m,., = 1361. In the case of
12k + 7, put a = 1387, m;, = 1327, and m,,, = 1399. In the case of 12k 4 11, put
a = 1475, m, = 1523, and m,., = 1559.
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