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On the Eigenvectors
of a Finite-Difference Approximation
to the Sturm-Liouville Eigenvalue Problem

By Eckart Gekeler

Abstract. This paper is concerned with a centered finite-difference approximation to
to the nonselfadjoint Sturm-Liouville eigenvalue problem

Llu] = — [a(x)ux]x - b(x)ux + c(x)u = Au, 0<x<1,
u(0) = u(1) = 0.

It is shown that the eigenvectors Wp of the M X M-matrix (Ax = 1/(M + 1) mesh
size), which approximates L, are bounded in the maximum norm independent of M
if they are normalized so that IWplz = 1.

1. Introduction. The present paper is concerned with the nonselfadjoint problem

= laGe)u, ], —bC)u, +clx)u =h, 0<x<1,

) u(0) = u(1) = 0,

where a(x) = a >0, c(x) =0, and a, b, ¢ are all bounded and smooth functions.
This problem has an infinite sequence of positive and distinct eigenvalues 0 <A; <

A, <Ay <--- and a corresponding sequence of smooth eigenfunctions !, uz, ud .-
(see, for instance Protter-Weinberger [10, p. 37] and Coddington-Levinson [4, p. 212]).
Following Courant-Hilbert [5, p. 334], the eigenfunctions ©? are uniformly bounded
in the supremum norm if they are normalized so that

f:)lup(x)lzdx =1, p=1,2,3,+"".
Of course, by the well-known transformation

@) u(x) = exp (— % fz az(%l dt> w(x)

(1) may be put in the selfadjoint form
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= [aGw, ], +TCw =w, 0<x<1,
w(0) = w(l) = 0,
where

T(x) = c(x) + ¥%b (x) + b2 (x)/a(x).

Here, in order to obtain ¢'(x) > 0, we have to make a restricting assumption on b.,.
Therefore, we choose the direct approximation of (1) by means of the finite-difference
equations

Bt 2 W44 _vk)—ak—1/2(vk—vk—-1) V41~ Vg1

b, —— +c v, = Avg,
A’ k 2Ax kY 13

(3) k=1’...9M’
Vo = Upr41 =0,

where M €N, Ax = 1/(M + 1), and v, = v(kAx). Equivalently, we may write (3)
in matrix-vector notation

3) LV = AV,

where V' = (v;,***,v,,)7 and the matrix L may be easily derived from (3).

Let [p(x)| <B and 0 < Ax < 2qa/B. Then the matrix L is equivalent to a real
symmetric matrix (see Carasso [2]). Using this fact and Theorem 1.8 of Varga [11],
it can be shown that all eigenvalues A, of (3) are real and positive, 0 <A; <A, <
Ay < -+ <Ay, and there exists a complete sequence of corresponding eigenvectors
VP. A result of Carasso [2, Corollary 1] says that there exist a constant K and an
integer p,, both independent of M, such that

VP, = max RI<Kp'2,  py<p<M,
if
VP2 = Ax f WP =1
2 = " .
In the selfadjoint case, this result goes back to Biickner [1]. In this paper, we prove
the following theorem:

THEOREM. Let a(x) =2 a>0 and c(x)=0, 0<x < 1. Assume that a, b,
and c are differentiable bounded functions with bounded derivatives. Let |b(x)| <.
Let 0< Ax <afB and let {VP }f,”zl be the eigenvectors of (3), normalized so that
|[VP|, = 1. Then

VPl <k, p=1,++,M,

for some constant « independent of M.
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Remark 1. In the case of the equation u,, = Au, this result may be proved by
explicit computation of the eigenvectors VP (see Isaacson-Keller [9, 9.1.1]).

Applications of the Theorem to the theory of finite-difference approximations to
parabolic and hyperbolic partial differential equations are given in [3], [7], [8].

2. Proof of the Theorem. Instead of L, we consider, as in [2], the eigenvectors
D™'VP of the similar matrix D™'LD defined below. But, in contrast to Carasso [2],
who uses a discrete maximum principle for his estimation, we then transpose the proof
of Courant-Hilbert [5, p. 334] to the resulting discrete problem.

The following basic results are needed.

LEmMA 1 (CARASSO[2, LEMMA 1], [3, LEMMA 3.1]). Let D =(d,,*** ,dy,)
be the diagonal matrix with

= "k+1/2‘bk+1A"/2]1/2 i=2 e M

d,=1, d,=+
' ' [kr—-ll g1 2 TDAX[2

For 0 <Ax < 2a/B, we have d; > 0 and
DI, <k,, D', <k,

for constants «,, K, independent of M. Furthermore, D"!LD = (P + Q)/Ax? where
P = (Dir)i, k=100 ,115

Pik = Pry1p2 T Pr—1pp)s ik,

= " Pkt1)2 i=k+1,
= " Dit1)2s k=i+1,
=0, otherwise,

Prt+1/2= @ryyp2 — bies1BX12) 2y 12 T bidx[2)! 2,

and Q =(qy,***,q,) isthe diagonal matrix with
= 2
A = @ry12 T Oy 2) = Wrgr2 + Proy ) + A ¢y

Remark 2. The change of variables ¥ = DW is a discrete analog to (2) [2].

LEMMA 2 (CARASSO [2, THEOREM 1]). Let A,, VP be the characteristic
pairs of the matrix L with |VP|, = 1. Let uP be an eigenfunction of (1) cor-
responding to 7\p and let UP be the vector of dimension M obtained from uP by
mesh-point evaluation. Assume uP normalized so that \D™1U Pl, = |DtyP l, then,
as Ax — 0, we have

) N, = Al <k3(AxX?,  |UP = VP, <k,(p)Ax?,
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where K5, K, are positive constants depending only on p.
In the selfadjoint case, Lemma 2 was proved by Gary [6].
Remark 3. The estimation (4) implies |U? — V?|,, < k,(p)Ax3/2,
LEMMA 3. Let

1
cw) = kgl [pk+l/2(wk ~Wip1) ~ pk—1/2(wk ~Wi_1)] qkwk/Ax2‘

Then, under the assumptions of the Theorem,
Cl(wp) ="qlp,+1/2W§’+lw§’/Ax2 + 0(1)’ I=1,++ ,M,

where WP =D 'VP and ((1) denotes a function which has a bound independent
of M.

Proof. We show at first that lqk/Ax | < kg independently of M. To this
end, it suffices to consider @y ;,, =Py ,- By means of the binomial theorem, we
obtain

Agr1/2 " Pr+1)2
by Ax b Ax
=a —-a 1 ————+ 0(Ax®) ] [1 + ——— + 0(ax?)
1z Tk ( 4y 4102 45 1112
Inserting b, ,, = b, + 0(Ax), we find that
®) +1/2 " Prt1j2 = 0(ax?).

Now, since wh =0,

C(WP) = —q;pyyq pW5, 1w‘;’/Ax2

1 qx =1 qgyq —4qg
+ Y — (Pegrja ~ProypWhwi + Z Prs12Why Wh-
k=1 Ax? Ax?

But, by the mean value theorem, we have p,,, — p = 0(Ax) and
@rqq — qk)/AJc2 = (0(Ax). Hence, using Schwarz’s inequality and [WP|, <k, we
obtain the desired result.

Now, according to Lemma 1, it suffices to prove the Theorem for the eigenvectors
WP = D 1PP of the matrix (P + Q)/Ax? which also has the eigenvalues A,. We
multiply the kth row of

(1/Ax*)(P + QWP = A, WP

by
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Prr12WE —wWiiy) ‘Pk-l/z(wi “wi_y)

and obtain, by adding all rows from k=1 to k=1,

2
p wP—wh )
[l+1/2 1 1+1] +C,(W”)

Ax

©) ) Py wE—wh) ]
F ApPryy p Wi WE T ApAx k};l P EIwiw, = Ax ’

where (k — 1/2)Ax < &, <(k + 1/2)Ax. In order to eliminate the term on the right
side of (6), we sum up Egs. (6) for =1 to /=M, add (pllz(wf - w’(;)/Ax)2 to
both sides, and divide by M + 1 = 1/Ax. _Then

Py a8 ~wh) ] e
[1/2 1 o] =Ax§[1+1/2 1+1 1] +Ax§CI(W")

Ax 1=0 Ax =1
) M , Mo
+AA, 1; Pri12Why W — A, Ax l>;1 k}_:l P, (EIWRWE.
But
)] O<oz/2<p,_‘_l/2<i<7 (k,>1)

if 0<Ax < /. Thus, using the fundamental relation

M
Z(:) Pry12Wppy —-wp? = wipPw

Wy = wyr,, = 0), we derive

PP
M |—pl+1/2(wl+1 Wi

=0 L Ax

)| :

] < Ax,(WP)TPWP /AX?
M

— AXK7(WP)T(P + Q)WP/AXZ — AXK7 Z qleW7/Ax2
=1

S Axk A, (WPYTWP + ki Ax(WPYTWP =k, Ap + K sk,

since Iq,/szl <k, independently of M and |WP I% = 1. Hence, applying Schwarz’s
inequality, we find from (7) by means of the assumption and Lemma 3 that

[pl/z(wll’ - wh)/ Ax] 2 Skghp +Kqg.
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From this estimation, Eq. (6), and Lemma 3, we deduce that

2
(A = @A) Dy oWl WS Ko, + Ky
Consequently, observing (8), we obtain, in case A, > K, that
©) WP W) SKyp  I=1,000 M,

for some constant k,, independent of M. For Ap < Ks, the assertion of the Theorem
follows by Lemma 2, Remark 3.

Finally, we return once more to Eq. (6). The above estimation yields
2

Pri12Wip —wh)
/ Skigh, vy I=1,000 M,

Ax

or, using (9),
2 2 2 _ 2
WPI12 < WPI* + Iwp, (12 = Why, —wD)* + 2wPwh, |
2
Ax? | Pre1p Wiy —wh)

= + 2wP WP
2 Ax 111
Piy1p2

SAxP(k A, +Kyg) TRy =K, I=1,2+ M
Hence, maxlgp< u {IWP1.} is bounded independently of M.
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