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On the Distribution of Pseudo-Random Numbers
Generated by the Linear Congruential Method. 11

By Harald Niederreiter*

Abstract. The discrepancy of a sequence of pseudo-random numbers generated by the
linear congruential method is estimated for parts of the period which are somewhat larger
than the square root of the modulus. Applications to numerical integration are mentioned.

1. Introduction. Let m =2 be an integer, let y, be an integer in the least
residue system modulo m with (y,, m)=1, and let X\ be an integer with (A, m) =
1. We generate a sequence y,, ¥,, **~ of integers in the least residue system modulo
m by the recursion y, ., =Ay, (mod m),n=0,1, . The sequence x,, X,, *°°,
defined by x, =y,/m for n =0, is then a frequently employed sequence of pseudo-
random numbers in the unit interval [0, 1]. Its elements may also be described ex-
plicitly by x, = {\"yo,/m} for n >0, where {t} denotes the fractional part of
the real number ¢z If A belongs to the exponent 7 = 7(m) modulo m, then the
sequence X, X,, *** has period 7. We note that always 7 < ¢(m), where ¢ is
Euler’s totient function.

In the first paper [7] of this series, the author has studied the distribution in
[0, 1] of the full period x,, X;, ***, x,_; in the case that X is a primitive root
modulo m, i.e., that 7 = ¢(m). It turned out that the full period provides an ex-
tremely good approximation to the uniform distribution in [0, 1]. However, in many
practical situations, one will only use an initial segment of the full period, simply
because the period 7 is too large in most of the interesting cases. In the present
paper, we therefore consider the question of the distribution of the sequence x,,

Xy, °%, Xy_; with 1 <N <7 in the interval [0, 1]. We also abandon the re-
quirement that A has to be a primitive root modulo m. In a sense to be made
precise below, we estimate the deviation of the distribution of such a segment from
the uniform distribution. We distinguish between m being a prime, a prime power,
or a general modulus, since, in the special cases, somewhat better results can be
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1118 HARALD NIEDERREITER

shown. There will be an emphasis on prime power moduli, since this is the case
occurring most frequently in practice. The estimates that we establish are only of
interest when N is at least of the order of magnitude m'/2*€ for some € > 0. In
the proofs, we make use of the work of N. M. Korobov [1], [2] on special trigono-
metric sums and of an effective version of the Erdos-Turan inequality which was re-
cently given by the author and W. Philipp [10]. In the last section of the paper, we
mention applications of the results to numerical integrations using the points x,

Xy, *"* Xp_, asnodes.

For 1 <N <, consider the points x,, x,, ***, X,_; described above. Given
real numbers u and v with 0 <u <v <1,let A(y, v; N) be the number of #,
0<n<N-1,with x, € [u,v). Then we define the so-called discrepancy D, of
the points x,, x,, ***, x5_; by

Dy =Dp(xg, =+, Xy_1) = sup 1A (4, v; NY/N — (v — u)l.

0<u<v<l
This is the quantity which we shall estimate. For the general theory of discrepancy,
see the book of L. Kuipers and the author [3, Chapter 2].

2. Lemmas on Trigonometric Sums. For real ¢, we write e(t) = e2™*. We
consider trigonometric sums of the type

N-1 N-1
> e(rx,)= D e(ry \"/m)
n=0 n=0

with a nonzero integer r and 1 <N < 7. The estimates given in Lemmas 2 and 3
are due to N. M. Korobov [2]. For the convenience of the reader, we include the
short proofs.

LEMMA 1. For any integers A and B with 1 < B < A, the sum

A |B—1
5= £ |'E o)
c=1|y=0
satisfies S < A(1 + log A).
Proof. We have
B-1
Z e(cy/A)‘ =B for ¢ =4,
y=0

_ le(cB/A) — 1| _ sin mllcB/All

T le(c/A) =1 sin wllc/A|l
where ||t denotes the distance from the real number ¢ to the nearest integer. If
A =1, the lemma is trivial. For 4 =2 we get

for 1<c<4-1,

s—p4 5 snmlemal _ [%21 sin 7l|cB/Al|
o=1 sinwllc/All =1 sin mwhc/A|l
sin 7lIB/A|l (4/21 _
<+ 23 TBAL S Gl

sin (7/A4)

c=2



ON THE DISTRIBUTION OF PSEUDO-RANDOM NUMBERS 1119

where the last sum is taken to be zero for 4 < 4. It follows that
[4/21
S<B+24|B/AI+4 Y ¢! < B +24|B/A|l + A log[A/2]
c=2
< A(B/A +2|B/All —log 2 +log A) < A(1 +log A),
where the last inequality is shown by distinguishing between the cases B/4 < 1/2 and
B/A > 1/2.
LEMMA 2. Let m =2 be an integer, let b and )\ be integers relatively prime
to m, and suppose N belongs to the exponent T modulo m. Then
N—1 i

> e(b\"/m)

n=0
holds for all N with 1< N<T.
Proof. For integers a and c, write

<+/m (1 +log7)

T—1

o(a, ¢)= > e(@\/m + cn/T).

n=0
Since A7 = 1 (mod m), we have

@\ *7/m +c(n + 1)/r} = {a\'/m +cn/7},

so that e(@\"/m + cn/t), as a function of #, depends only on the residue class of
n modulo 7. Therefore, for any integer y, we have

T—1
o@ c)= Y. e@\"tY/m +c(n + y)1),
n=0
and consequently
—1
> e@\*/m + cn/r)

n=0

lo(a, ¢)| = = |o(@aN, o)l

Since the integers DA, b)\2, +=+, bAT are pairwise incongruent modulo m, we have
T

m
tlod, ) = 3 1oV, ) < 3 lola, )P = mr,
y=1 a=1
hence |o(b, c)l <+/m. Now

N—1 12 N—1 7—1
> e\'/m) == ( > e cy/v» ( 2 e(b\'/m + cn/T)) ,

n=0 c=1 \y=0 n=0
and so by Lemma 1

N-1 T N—-1
> e\Ym)| </m % > > e(=cy/r)| <+/m (1 +log 7).
n=0 c=1 y=0

We remark that for the special case m =p, a prime, and A a primitive root
modulo p, trigonometric sums of the above form have also been considered by
L. J. Mordell [4], [5] and R. G. Stoneham {11].
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LEMMA 3. Let m =2 be an integer, and let \ be an integer relatively prime
to m which belongs to the exponent T modulo m. If b isan integer with (b, m)=
d> 1 and such that X7_} e(b\"/m) =0, then for all N with 1 <N <71 we have

N—-1

> e(b?x”/m)\ <,\E (1 + log 7(m/d)),

n=0

where T(m/d) is the exponent to which N\ belongs modulo m/d.
Proof. Since e(b\"/m), as a function of n, is periodic with period 7(m/d), we
have

'r—_} ., T T(m/d)—1 .,
nL:O e(b\*/m) = pramyy n;Z_O e(b\*/m),
and so
T(m/d)—1
> e(N'/m)=0.
n=0

Write N =g1(m/d) +s5, 0 <s < 7(m/d). Then

& q=1 7(m/d)-1 . o
> e(N'Ym) = 2 > e(bNr(m/d)+n/m) + X e(pNIT(m/d)+n /m)
n=0 j=0 n=0 n=0
7(m/d)—1 s—1 o )
Sg Y my+ X ebnm)= X o LN
n=0 n=0 n=o \ m/d

To the last sum we can apply Lemma 2 in order to obtain the desired inequality.

3. Prime Modulus. Here we consider the case that m is a prime. The notation
remains the same as in the introduction.

THEOREM 1. Let m be a prime. Then, for 1 <N < 1, the discrepancy D,
of the points Xy, X, **°, Xy _, satisfies the inequality

< 4/m (1 +log 1)
= N

aN
Vm(l + log 7)
Proof. We use an inequality established by the author and W. Philipp [10,

Corollary of Theorem 1']: for any points z, ***, zy_, in [0, 1) with discrepancy
Dy (zy, ***, zpy_;) we have

4 5v/m (1 +1log 1)
aN ‘

Dy log

4 alZ (1 1\n1™&
1 Dy(zg, **+, <242 LA | LN S
® (o ZN_I)\L ™ ,;(r L)N ,,2=0 z,)
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for all positive integers L. In order to apply this to the special sequence x,, x,, **°,

L=|—™ |
Vm(1 + log 1)

If L <5, then the theorem is trivial since we have always D, <1. Thus we assume
L =5 from now on. For the same reason, the case 7= 1 is trivial, so that we may

Xp_1> we choose

assume 7 = 2. From (1) we obtain

4 4 L1 1\]; &
D,<-+- -—— =)= e(r
NOLoow El\r L> N,E, )

@ oy
4 L N-1
S ASD> <1 - %)l]l—v )3 e(ryox"/m>|

n=0

We note that
N T m

< <
Vm(l +log 7y /m(1 +log7) Vm(l +log 2y
hence +/m > 5(1 + log 2)/m. It follows that

1 m 2
L<=(—1— .
5<1+10g2> m< m

Therefore we have (ry,, m)=1 for all the values of 7 considered in (2). By applying
Lemma 2, we deduce from (2) that

+4\/r71(1+10g1') i(l_l><% +4\/r_n(1+log1') |

5<L<

4
Dy <= - L
NS N ~\r 1L N o8 %

where we use the inequality ErL: lr_l <1 +logL. From L =5, the inequality
[t] = 5t/6 for t>5, and the special form of L it follows that

D <4\/Zz(1 + log 7) o N 24 +/m(1 +log 1)
NS N & Jm(l +1log7) SN
< 4/m(1 + log 7) o aN N 5vm(1 +log 7)
aN g\/r?t(l +log 7) aN

This concludes the proof of the theorem.

We remark that the estimate in Theorem 1 is nontrivial when N is at least of the
order of magnitude m'/2+€ for some €> 0. In this case, Dy, is then of the order
of magnitude N !/m(1 +log7)logm. This gives a considerable improvement on a
result of R. G. Stoneham [11].
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4. Prime Power Modulus. Let m =p® with a prime p and a>2. Let A
: relatively prime to m with |A] > 1. Otherwise, the notation from the introduc-
on remains operative. We determine a positive integer  as follows. First, let
7(p) be the exponent to which A belongs modulo p. Then, if p is odd, 8 is the
largest integer such that pf|(\"®@) —1). If p=2,set u=1 if X=1 (mod 4) and
=2 if A\=3(mod 4). Then § is taken to be the largest integer such that
P10# - 1).

THEOREM 2. Let m =p® with a prime p and o= 2. Let )\ be relatively
prime to m with [\ > 1 and o> @, where ( is defined above. Then, if 1 <
N<7 and

3) 5<p3/2—p1/2 m3/2(1 + log 7)
p p3/2__1 : N ’

the discrepancy Dy, of the points x, X,, ***, X,,_, satisfies the inequality

b <P2op?4ym(1 +log ) @*? - DaN
N p3/2—1 N (pa/z _pl/z)\/;n(l +log 7)
“)
+ 2
+ (2 +log ) 4/m(1 +log 7) 1+ 4 \ 4m(1 + log 1)
N p1/2 12N?

Proof. As in the proof of Theorem 1, we infer from (1) that

(5) py<t 1t (L)L Y o,
NEL a2\ LN &, PoN'/m)

for all positive integers L. We now choose

- (% - DN
P/ = p /P)m( +log 1) |

If L <5, the theorem is again trivial. So L = 5 from now on. Moreover,
condition (3) implies that L < p*#. From Lemma 2 we get

N-1
(6) jlv Z e(ryo)\n/m)\ <M for (r’ m) =1.
n=90 N

Let R be the largest integer with p® < L. We note that 0 <R <a—-f—1. For
an integer 7, 1 <r <L, with (r, m)=d > 1 we have d =p° for some s with
1 <s <R. Furthermore, p*# does not divide 7. It follows then from a theorem
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of N. M. Korobov [1, Theorem 2] that

7—1

> e(ry \'/m) =0,
n=0

1 m 1 m
< - — + < — — +

Combining (5), (6) and (7), we arrive at the inequality

® DN<%+M S 3 <1_1>.

N §=0 r=1;(r,m)=p% r L

and so Lemma 3 yields

N—1

1
v > e(ry o \"/m)

n=0

(M

For an integer s with 0 <s <R we have

L 1 1 1 [L/pS] 1 1 (L/pSt1) 1
N R

r L P =1 T pstl r

SR

and, using log (K + 1) < Ef(:l r1<1+4logK for K>1, we get

L
> (l—l><—l 1+10g£ L log L +1
r=1; om)=pS \” L P P psH1 L pstl
L] [z
P s+1

r=1;(r,m)=p* =1

©)

If R =0, that is, if L <p, then from (9) with s =0 and (8) we deduce that

4  4/m( +log7) o

L N g L.

1123
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Since L =5 and [t] > 5t/6 for t > 5, we arrive at

24032 —p'/?) Vim(1 +10g 7)
5@3/% - 1)aN

+ +1
N 4/m(1 + log 7) log p < (2 + Iog p) 4/m(1 + log T)’
mN N

so that (4) is shown in this case.
If R=1,thatis, if p <L <p?, then from (9) with s =0, 1 and from (8) we
deduce that

DN<1+M”1Q_+_IM logL—llog£+l+ L log'L“" 1
L o p p? TP Lp/

Llogp 1_)
p3/2 Lp1/2

<24
L

1+1 -1
4/m(1 + log 7) (p log L + 87 4
N p

1

p
Using the special form of L, aswellas L > p and [t] = (p/(p + 1))t for t >p,
we get

(p3/2 -1)aN
> = p'/*)m(1 +log )

3/2 _ 1/2
+(<p+1)(p ph 1 logp +logp> 4/m(1 + log 7)

p—1 4/m(1 + log 7)
D nN

Dy <

p(p3/2 -1) P p p3/2 N
+ @+1) (p3/2 —pl/z) _4m(1 + log 7)?
p3/2(p3/2 -1 n2N?
Now
p—-1 <p—1 p3/2 p3/2__p1/2
| P P p3/2 _ 1_ p3/2 -1
an
3/2 _ ,1/2
C+D@EP-p _pr1_ 4
p3/2 (p3/2 -1 p3/2 p1/2

and furthermore

+1 3/2 _ ,1/2 1 lo 1 +2
(12 ) (p p )+_+ gp +ogp <p +logp <2 +logp,
p(p3/2_1) 14 p p3/2 p

so that (4) is also shown in this case.
For R > 2 we proceed as follows. By first simplifying (9) somewhat, we get
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L
1 1 1 L 1 L 1
(10) O . DSV AN S PV S .
r=1:omy=p\' 4 p° P ot psH1 L psH1

for 0<s<R-1 and

L
1 1 1 L 1
> - ——)<—log— +~ for s=R.
r=1; (r,m)=pS\' L ps ps L

Using these inequalities, we have

2 —s/2 z 1 1
P 2 (; ‘z)

r=1; (r,m)=pS

R-1 s
. L 1 L 1
<) p‘“/2 log — —— log +2 +—>
=0 p° P pstH1 L p

1
+pR/? —l-log—L— +7
AN

R-1
_ p—1
< p 3s/2
<X >

p—-1 1\ & —35/2 13 —s/2
= log L +— p 32 4+-3p
(p p) L

s=0 s=0

R /s +1 1
+(logp) 2 (s—; —s)p/r 4 2EE

s=0 p3R/2

_ 3/2 3/2 1 1/2
<<p Dogr +1)(-2— - 2 to
D p p3/2 -1 (pa/z__ 1)p3R/2 p1/2 -1
Jlogp  logp
p p3R/2

3/2 _ ,1/2 1 1/2 1/2 lo
DAl Y S L PR 1 4
p3/2 -1 L p1/2 -1 p3/2 -1 D

-1
+p"3R/2<logp—pp log L)
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Since L > p?, we get therefore

f p—s/2 i <l — l>< p_3/_2:£_1_/_2 log L
an §=0 r=1; (r,m)=pS \* L p?’/2 -1
1 p1/2 p1/2 +10gp
L p1/2_ 1 p3/2 -1 p
Using (8), (11), the special form of L, and [t] = (p2/(p® + D)t for t > p?, we
arrive at

D <p3/2—p1/2 _4/m(1 +1og 1)
NS ,
p3/2_1 TN

@3 - )N
@3/? = p'/?) Jm(1 +log 7)

+<(p2 +1) (p3/2 _pl/‘-’) N p1/2 4 log p> 4/m(1 + log 7)

pz(ps/z -1) p3/2 -1 p mN

L@ D) @ -p?)p! 2 am(1 +log 1)
pz(pa/z _ 1)(p1/2 -1 n2N?

Now

2 41 3/2 _ ,1/2 1/2 1 3 4,5—
P-+H@ p’) P Llogp _ P Fp 1, logp

<2 +1
pz(pa/z -1) p3/2 -1 D p3 —p3/2 08 p
and
@+ 1) e -p)p? @+ @24
e - 1) ' - 1) p(@*? 1)
2 1/2 4
P - e e NS L
ps/z_p p1/2

This concludes the proof of the theorem.

A condition which implies (3), and which is easier to check, is the following
one:

(12) PP < (024)ym'/? (1 +log 7).
For if (12) holds, then

1/2
P <(o. 24)7}11/2 (1 +log )< \/_ .m " (1 +logT)
2V2- "

p3/2 —pl/2 ) m3/2(1 +log 7)
p3/2 -1 m ’

<
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since the function f(z) = (t3/2 - 1‘1/2)/(2‘3/2 — 1) is increasing for ¢t > 2. But m >
7= N implies then (3). In practical cases, m and 7 are large, so that (12) can be
satisfied by choosing a A with < a/2. We remark also that if B is large, then 7
is rather small, since the two numbers are related by the identity 7= 7(p%) =
p* Pr?) = p*Pr(p) (see [1, Lemma 1]).

If (3) does not hold, then D, can still be estimated, although in a weaker form
only.

THEOREM 3. Let the conditions of Theorem 2 hold, with (3) being replaced by

p3/2 —pl/2 . m3/2(1 +log 1)
p3/2 -1 TN

(13) pP>

Then the discrepancy Dy, of the points Xxg, x,, ***, X N_1 satisfies the inequality

p3/2 —p!/? _4+/m(1 +log 7) log(ﬂ + )m

D, <
N
p3/2 -1 N pﬁ

4 p3/2 (m + pP) +logp 4/m(1 +1log 7)
(p3/2 - )m p mN

m

B\ 4pf
+<1+10g@,+1)+%>£_

Proof. We start from (5) and choose

L=[ @ -1 @ + HmN ]
@32 = p?ym32(1 +1og 1) + @*/* - VPPN
Condition (13) implies that
©%2 1) @ + DmN > (p%? - p!/2ym*/2p2 81 +log 1) + (/% — 1)m¥,

and so L = p® 8. Using (6) and (7), we have

a—p-1 L 1 1
4, Wmltloen P ¢ (:’z)
s=0

L mN r=1;(r,m)=ps

L 1 1
+4 0y (21
T m1ipe—B\/ L

With (10) and the trivial estimate

N

Dy

1 N-1

N nz=:0 e(ryo)\"/m)\

|1 N-—1
V_V > e(mfok"/m)\ <1
n=0

we get



HARALD NIEDERREITER

1128
4 m(1 +log 1) “&ET _ 1 L 1 L 1 1
DN<2+M—““(,,N B0 (S test -ty 44—
s=0 14 14 p p p
4 L 1 1
20 (11
T =18y \* L
Now
a-pB-1
E p'—s/2 _l_log_L._ 1 L +l 1
=0 P’ P* ps+1 p'H! L ps+l
-1 1 a—f—1
—( log L +-—>Z p3s/2
PJ s=o
a—p—1 a—=B-1f¢ 4 1 3/2 _ ,1/2
13 5 4 ogp) T (— —s\par<E P
§=0 5s=0 p p3/2—l
+1 ) p1/2 N p1/2 +logp
p1/2—1 p3/2_1 D
and
£, (1)L "]
=ipefr \I' L) peb =1 Lpef
. L [ L
< 1 + log - =
p° pa—a L pa—p
1 L 1 pP 1 pP
< log +-=£—logL+-—p—login—,
a—@ poz—-ﬂ L m L m pﬁ

so that

3/2 _ ,1/2 B .
Dy <4(&—=F )Vm(t +logn) BTNy AL
(p3/2 - 1N mm L T

+ p'/? +logp W/m( + log 7) _fp_ﬁ log—rtl—.
3/2 _ 4 N mm pﬁ

From the special form of L it is easily seen that L <(m + 1)p*P. Therefore
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DN<p3/2—p‘/2.4\/r7z(l+logT) ™+ Dm L(1+1)

p3/2 -1 aN pp

log @ +1).
p3/2 -1 4 TN

1/2
+< p . log p) 4/m(1 + log 1')

Using again the special form of L, as well as L >p*# and [t] >(0*#/(p*F + 1))t
for ¢ >p*F, we obtain

p3/? - pl/2 ) 4/m(1 + log 7) log @+ 1)m

p3/2 -1 N pa

Dy <

N @ + 1) %2 - p'/?) N p'/? Llogp 4\/m(1 + log 1)
pa—a(ps/z -1) p3/2 -1 4 TN

e=f 41 4pf
+ p—-—+10gﬁr+l) &
pﬁ

and the proof of the theorem is complete.

In the remaining case, namely when B = «, the sequence x,, X, ***, Xp_;
shows a bad distribution behavior. For then we have 7= 7(m)= 7(p) <p — 1; also,
as for any N points in [0, 1), we have D, = 1/N (see [3, Chapter 2]), and so
Dy = 1/(p — 1) for 1 <N < 7. Another negative result in this case can be derived
as follows. Let m =p? with an odd prime p, let g be a primitive root modulo
p?,and set A\ =gP. Then we have of course 7=71(m)=71(p)=p—1 and f=a.
As N. M. Korobov [1, p. 643] has shown, there exists a y, relatively prime to m
such that

71 71
Y )| =|T e(yox"/m)‘ >VP=T,
n=0 n=0
and so
1 71 _1/4
- Y elx,) >p /2= 1/4,
T n=0

As for any 7 points in [0, 1), we have

71

ST etxy)

n=0
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by [3, Chapter 2], and so D, =% m1/4,

5. General Modulus. Let m =p$!++- p§s be the canonical factorization of
m and suppose that s > 2. Let A\ be relatively prime to m with [A\| > 1. Other-
wise, the notation from the introduction remains operative. For, my =p, *** p,,
let 7(m,) be the exponent to which A belongs modulo m,. Weset u=2 if
m =0 (mod 2), 7(my) = 1 (mod 2),and A =3 (mod 4), and pu =1 otherwise. Let

(14) AT — 1 =y pB1 e pBs with (44, mg) = 1.

Then we have the following result.

THEOREM 4. Let m =p$l +++ p¥s be the canonical factorization of m and
suppose s =>72. Let \ be relatively prime to m with \\|>1 and o, > @, for
1 <v <s, where the f, are defined according to (14). Then,if 1 <SN<rT7 and

m3/2(1 + log 7)
TN ’

the discrepancy Dy, of the points x,, X, ***, Xp_; satisfies

(15) ph1 +ee ps <

< 4/m(1 + log 7)

mN

. 5vm(1 + log 7)
°8 Vm(1 +log 7) ’

o N

Proof. We use (5) with L =[nN/A/m(1 + log 7)]. For the same reason as in
the proof of Theorem 1, the theorem is trivial if L <5. Thus L =5 from now
on. Furthermore, condition (15) implies that L < p‘i‘l"ﬁ 1 eee p%Fs  In order
to estimate

N-1

1
]_V ngo e(r.}’())\n/m) |

for 1 <r <L, we use Lemma 2 in case (r, m) = 1. Now consider (r, m)> 1.
Since r < p‘i‘l'ﬁl p‘;‘S"ps , it follows that there exists », 1 <v <, such that
p,‘f”_ﬁ" does not divide r. Then by a result of N. M. Korobov [1, Theorem 2] we
have

7—1

Y e(ry,\'/m) =0,

n=0

so that Lemma 3 is applicable. Altogether, we have then

1 Nl 1+1
(16) LS ey, N/m) LYmQtlogn) ooy
Nn=0 N

and thus
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L
p, <4 Wmd +log ) 2(1__1_)_
=1\

L mN L
The proof is then concluded in the same way as in Theorem 1.

Replacing (16) by the sharper estimate
m 1+logr
yf— » —2-
\1]; N

LS et

N n=0 "yo "
would, in this case, only result in an insignificant improvement of the upper bound
for D,. If condition (15) is not satisfied, one proceeds as in Theorem 3 to obtain
an estimate for D,,. Since in most practical applications of the linear congruential
method one works with a prime power modulus, the discussion of this exceptional
case is not of sufficient interest to be carried out in detail for the general modulus m.

6. Application to Numerical Integration. The discrepancy estimates established
in the preceding sections imply error estimates for numerical integrations performed
by a quasi-Monte Carlo method with nodes x4, x,, ***, x5_,. For a general
discussion of the relation between the theory of discrepancy and numerical integration,
see [3, Chapter 2], [6], and [9].

Suppose xq, Xy, ***, X,_; is a sequence of pseudo-random numbers generated
by the linear congruential method with 1 <N <7, and let K be an upper bound
for the discrepancy D, of the sequence. By an inequality of Koksma mentioned
in [7], we arrive at the following result: for any function f with bounded variation
V(f) on [0, 1] we have
1 N-1

1
(17) ]-Vn‘g flx,) - fo f@at

< V(K.

For a continuous integrand f which is not of bounded variation, we may employ
an inequality due to the author which is based on [8, Theorem 1] and shown in
[6], [7]. We obtain then the following estimate: if f is continuous on [0, 1]
with modulus of continuity

w(h) = sup If@) = f)| for h >0,
u,vE[0,1] 5lu—vI<h
then
1 N-—1 1
18 al -
(18) | N = 1) = [ roar | < o)

Using the upper bounds K from the theorems of the present paper in (17) and (18),
we arrive at nontrivial error estimates for the considered type of numerical integration
problem.
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Added in Proof. In my forthcoming paper “Some new exponential sums with
applications to pseudo-random numbers,” Colloquium on Number Theory (Debrecen,
1974), North-Holland Publishing Co., Amsterdam, it will be shown that the estimates
in Theorems 1 and 2 are best possible apart from the logarithmic factors. The
methods of that paper also allow the treatment of pseudo-random numbers generated
by inhomogeneous linear congruences.
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