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over GF(p) are known. More generally, in this paper the authors give a primitive poly-
nomial of the third kind of degree n over GF(p?) for each p, d, n satisfying p < 102,
p? <103,p%" < 10°. Each GF(p?) is the exponential representation of [1, Section 3]
as defined by the polynomial given here of degree d over GF(p). Under the natural
lexicographic order on GF[p?, x], each of these polynomials is the first primitive poly-
nomial of the third kind of its degree over GF(p?). They were obtained through a search
option in a software package developed by the authors and based on techniques described
in [1]. Exhaustive tables of prime polynomials and the three kinds of primitive polynom-
ials have been compiled for the smaller cases and degrees, portions of which will appear
in due time. Those given in this paper are to be found on a microfiche card at the back of
this journal.

The authors are indebted to the staff of the University Computer Center for their
cbntinuingcooperation and assistance. Particular thanks are extended to the Director,
Melvin L. Pierce, and to Thomas R. Kennedy.
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Factorization Tables for z* — 1 Over GF(q)

By Jacob T. B. Beard, Jr.* and Karen I. West

Abstract. These tables give the complete factorization of x™ — 1 over GF(q),
q =p% 2 <n<d asbelow, together with the Euler ®-function of x” — 1
whenever ®(x" — 1) < 108.

q =2, d= 32 q=3;, d=27 q=11;d = 15
g=22a=16 g=3%a=15 g=13;d =15
ga=2%d=16 g=5 da=25n+23" q=17;d=15
a=2%da=16 g=5%a=10 qg=19;d = 12
q=2%d=12 gq=7 d=15 q=123;d=10

This paper gives the complete factorization of x” — 1 over GF(g), g = p?, as indi-
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cated in the abstract. These tables are to be found at the back of this journal on a micro-
fiche card. In addition, the generalized Euler ®-function is given whenever ®(x" — 1) <
108. The representation used for GF(p?), a > 1, is discussed in [1, Section 3], while
GF(p) is represented as usual by the integersmodulo p. Briefly, for a > 1 the additive
identity of GF(p®) is denoted by Z, while a € GF(p?)* ={0,1,+++,p* — 2} isan ex-
ponent for a cyclic generator for GF(p)*. For appropriate tabl&headings, the defin-
ing polynomial F(x) of GF(p“) is given and remains the same as listed in [2].
Each table gives n, the prime factorization of x” — 1,and ®(x" — 1)< 108. All non-
linear polynomials are given in ascending order by degree, with the variable factor sup-
pressed in each term. Linear factors are given in the form x — a, displaying the root a.
Hence the factorization

f)=(00 —a)A —a)by +b, +1)cy +c; +c, +1)
represents the product
f&)=(x —a))x —ay)(by +byx +x2)cg +e;x +,x? +x3).
Also, each factorization is naturally ordered according to the degrees of the factors.
The tables were obtained using a software package developed by the authors and
run on a Xerox £7. The importance of the factorization of x” — 1 over GF(g) is

well known. In particular, this output enables the computation of all admissible g-poly-
nomials (Ore, [3]) for elements of GF(q"), since each such monic g-polynomial

' a,.que GF[q, x]
i=0

M3

corresponds to a divisor

m Y

2 ax!

i=0
of x? — 1 over GF(q) for some divisor d of n. This allows a significant improvement
of the corresponding algorithm in [1, Section 4] .
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FACTORIZATION TABLES FOR x" - 1 OVER GF(q)  (this issue, pp.
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TABLE I - TABLE XIV

1. Description. For complete details and references, see the text of
this paper. The representation used for Gl‘(pa). a > 1, is discussed
in {11, while GF(p) is represented as usual by the integers ®modulo p.
The defining polynomial F(x) of GF(p®) appears in the appropriate
headings. All non-linear polynomials are given in ascending order by
degree with the variable factor suppressed in each term, including the
defining polynomials F(x). Each table gives n, the prime factoriza-
tion of x" - 1, and the generalized Euler function #(x" - 1) < 108,
Linear factors are given in the form x - a, displaying the root a.
Finally, each factorization is naturally ordered according to the degrees

of the factors.
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TABLE I

FACTORS OF ‘n-l OVER GF(2) , 2 <K <32

s PHL
(1e1) 2
(lele1) 3
(le1) (1e1) (1e1) 8
(lele1e1e1) 15
(lel) (141¢1) (14101) 24
(14140¢1) (1404141 49
(le1) (1=1) (1e1) (1=1) (1=1) (1e1) (1e1) 128
(1e1¢1) (14040¢14040¢1) 189
(1el) (1e1¢1e1e1) (le1elele1) 480
(le1e1¢101010101010101) 1023
(lel) (1e1) (1e1) (1e1e1) (1ele1) (1elel) (1ere1) 1536
(le1e1etetelelerelolelorel) 4098
(le1) (14160+1) (1414041} (160¢1¢1) (140¢1¢1) 6272
(1e161) (14160¢0¢1) (16040¢1¢1) (1elele1e1) 10128
(lel) (1ef) (o1} (1e1) (1e1) (1=1) (1e1) (1e1) (1e1) (1e1) (1=1) (1=1) (1el) (1=1) (1e1) 32768
(14040414141404041) (1¢1414D001¢0¢14141) 65025
(lel) (1¢141) (141¢1) (1424041404041) (14040414040¢1) 96768
(1e1e1e1¢1010101010101010010000¢0424101) 262143
(1e1) (1e1) (1e1) (1+1¢14161) (1416101¢1) (1o1416141) (1eleleiey) 491520
f14141) (14140411 (1404141) (141¢140414041) (140¢140¢14141) 583443
(l1el) (1¢1elegeieletologetel) (1e1eleleloleterstoger) 2095104
(14140404041 +141404140¢1) (1404140414141 404040¢1¢1) . 4190209
(le1) (121) (1e1) (1°1) (1e1) (1°1) (1=1) (16141) (1e141) (14161) (141¢1) (1e141) (16141) (1¢141) 6291456
1

(lelel4161) (140 1+0 1+0 140404040+1) 15728625
(lel) (141¢141e14101010101410141) (1oleloletoretolotolotetsy) 33846240
(141411 (14040414040¢1) (14040404040 040¢1 o 0 1) 49545027

(l1e1) (121) (1e1) (14140¢1) (1414061) (1414041) (1414041) (14043¢1) (1404141) (140¢141) (140¢1¢1)

(lege101010lege1olot0t010l010101400000004040004000024024140)

(lel) (141¢1) (141¢1) (16140¢041) (14140¢0¢1) (1404041¢1) (140¢0+1¢1) (141e1e1e1) (1e1e1¢le)
(14041404041) (160404140¢1) (16141¢140¢1) (141614041411 (1616041¢141) (160e1414141)

(le1) (1e1) (1e1) (1=1) (1=1) (1=1) (1=1) (1=1) (f1=1) (1=1) (1e1) (1=1) (1e1) (1=1) (1=1) (1ey)
11e1) (1e1) (1e1) (1e1) (1=1) (1e1) (fe1) (1el) (1e1) (1e1) (1e1) (1=1) (1e1) (1e})



TABLE 1
FACTORS OF X'-1 OVER GP(2?) : F(X) = 14141 , 2 < N < 16

FACTORS PHI
(0=C) (DeC) 12
(0=0) (0e1) (0e2) 27
(0=C) (0=0) (0=0) (0=0) 192
(0=C) (De140) (04240) 675
(0=0) (0=0) (0=1) (0=1) (0=2) (0=2) 1728
(0=0) (04042+40) (04240¢0) 11907
(0%0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0) 49182
(0=0) (0el) (0=2) (1424240) (2424240) 107163
(0=0) (CeC) (04140) (0¢140) (0¢240) (I+¢240) 691200
(0=0) (04240¢0¢1¢0) (04140¢04240) 3139587
(0=0) (0=8) (0=0) (0=0) (0=1) (Q=1) (3=1) (0=1) (0=P) (0=2) (0=2) (0=2) 7077888
(CeC) (0s14242424140) (0424241424240) 50307075

(0=0) (Ce0) (040¢2+0) (0+04Z4C) (0+42+4040) (0424040)
(0=C) (Oel) (0=2) (14040) (240¢0) (0+1+0) (14140) (0+240) (24240)
(0=C) (0e0) (0=0) (0=0) (0=0) (0e0) (0=0) (0e0) (0=0) (0«0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0)



vevensrwnz

TARR III

FACTORS OF 1 o a(z’) tR(X) ® MHOHHL , 2 <N <16

FACTORS

(0=0) (0e0)

(0e0) (040¢0)

(0=0) (0e0) (0=0) (0=0)

(0e0) (040404040)

(0=0) (0e0) (04040) (040¢0)

(0e0) (Oel) (0=2) (0=3) (0=8) (0e5) (0=6)

(0=0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0)

(0°0) (04040} (04340) (04540) (0e6e0)

(0=0) (0e0) (040404040) (0+0¢0+0+0)

(0=0) (040404040404040+040¢0)

(0=0) (0e0) (0=0) (0=0) (040¢0) (040+40) (04040) (04040)

(020) (0¢1484140) (04241¢240) (000424440)

(0=0) (0=0) (0=1) (O=1) (0=R) (0=2) (0=3) (0=3) (O=s) (Ded) (0=8) (0=B) J0=6) (0e6)
(0=0) (040401 (040+24240) (042424040) 1040404040)

(0=0) (0e0) (0=0) (O=h) (0=0) (0=0) (0=0) (O=0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0} (0=0) 10=0)

(L2

se

LI3Y

3884
20665
208792
823843
14680064
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MR IV
ncroms or X1 over Gr(2%) ¢ KD = 10KOKHL, 2< N< 16

FACTORS

(0=0) (0e0)

(0=0) (CeS) (0=10)

(0e0) (0e0) (0=0) (0=0) .

(0=0) (0e3) (0=6) (0=9) (0=12)

(0=0) (0e0) (0®8) (0eS5) (0e10) (0=10)

(0=0) (04042¢0) (0eZ40¢0)

10=0) (0=0) (0=0) (0e0) (0=0) (0=0) (0=0) (0=0)

(0=0) (0eS) (0=10) (85424240} (10624240}

(0°0) (0e0) (0=3) (0=3) (0=6) (0=6) (0=9) (0=9) (0=12) (O=12)

(0=0! (041040404540) (0+5+4040+1040)

(0=0) (0eQ) (0=0) (0=0) (0=8) (O0eS) (0e8) (0e8) 7}-10) (0e10) (OeiQ) (0=10)

(020) (0044140) (0+34240) (0¢1¢440) (0+24840)

(0°0) (0=0) (04042¢0) (0404Z40) (04Z4040) (0eZ24040)

(0=0) (Oe1} (0=2) (0=3) (O=d) (0=5) (0=6) (0=7) (O=8) (0=9) (0=10) (Oe11) (0®12) (0=13) (0=14)
(0=0) (0=0) (0°0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0) (0«0} (0=0) (0=0) (0=0) (0=0) (0=0) (0=0)

PHI

240
3378
61440
789378
13824000
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TANE ¥
PACTORS OF X1 OVER GP(2%) : B(D) - 1414140MIM1 , 2 <M 12

FACTORS PHI
(0=0) (0e0) 992
10=0) (04040) 31713
(0=0) (0e0) (0=0) (0e0) 1018808
(0e0) (04040¢0+0) 2808028
(0=0) (0e0) (04040) (04040}

(0®0) (040¢Z+0) (0+424040)

(0=0) (0e0) (0=0) (0=0) (0=0) (0=0) (0=0) (0=0)

(0®0) (040¢0) (04Z4240424240)

(0=0) (0=p) 1040404040) (040404040)

(0=0) (04140) (04240) (0+440) (0e840) (0e1640)

(0=0) (0e0) (0=0) (0=0) (04040) (04040) (04040 (04040}
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TANE VI
vacross or X1 ovER GI(3) , 2 <M <27

FACTERS

(lel) (1e2)

(1e1) (1el) (1e1)
(1e1) (1) (140e1)
(1el) (leletete)

T (1e1) (lel) (1e1) (1e2) (1=2) (1e?)

(1e1) (leleleletetey)

(1e1) (1e2) (160¢1) (Relel) (24Re1)

(1e1) (lel) (1e1) (fe1) (lei) (lel)
(1e1) (1e2) (1e1ele1e1) (LeReielel)

(1e1) (24241420041) (240¢1020108)

(1e1) (lel) (1e1) (1e2) (1) (1e2) (140e1) (140+1) (14041}

(101) (24240¢1) (24001¢1) (Rele1e1) (202e20e1)

(1e1) (1a2) (1416161050101) (102e342¢10001)

(121) (1e1) (1e1) (1et1ele101) (1e1e80141) (leleleleq)

(1e1) (1a2) (14041) (Relel) (20241) (2404240¢1) (2e0¢R¢001)

(1e1) (le1e1e1010letogotototetototetogel)

f1=1) (1el) (121) (1°1) (1=1) (121) (1e1) (1e1) (1e1) (1e2) (1=B) (1e2) (1=2) (1e2) (1e@) [1=2) (1e@)
(1=2) .

(1e1) (1e14101010801014101010000000000000001)

f1e1) (1e2) (14041) (14240¢1¢1) (161610101) (141600008) (1e2e10201)

(1e1) (1el) (1e1) (1e1elele10101) (1o1eleteloleol) (1010101000108)

(1e1) (1a2) (24241024041) (10202424041) (200010201 01) (14002420201)

(1e1) (24242414100424002404041) (24040¢140¢1000202¢301041)

(1°1) (1el) (1=1) C1eP) (1o2) (1e2) (160e1) (14043) (140¢1) (2el1e1) (Rele1) (Re141) (2e2e1) (R2e2041)
(2e2e1)

(1e1) (141¢14141) (160404040¢1404040¢0¢1404000404140¢0404041)

(1e1) (1e2) (1420001) (2024041) (2000101) (2e14141) (1620161) (1600201) (1616241) (2420201)

f1=1) (1e1) (1e1) (1o1) (1°1) (1e1) (1=1) (1e1) (f1=1) (1=1) (1=1) (1e1) (1e1) (fey) (1e1) (1=1) (1ey)
(11} (1ed) (1e1) (1el) (1e1) (1e1) (1e1) (fel) (lel) (1ef)

t1°1) (1=1) (teq)

13122
117128
209982

913982
2119936
9447840

13307200
86093440
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TaBLE VIR
mcras o -1 o @G 1 ¥ e M1, 25W 1S

FACTORS

(0e0) (Ded)

10=0) (0e0) (0=0)

(0=0) (02} (0=d) (0=6)

(0=0}) (04540) (04740}

(0=0) (0=0) (0=0) (0=4) (0=4) (O=4)

(0°0) (44345¢0) (4414740)

10=0) (Oel) (0=2) (0=3) (0=4) (0=5) (0=6) (0e7)

(0=0) (0«0} (0=0) (0=0) (0=0) (0=0) (0=0) (0«0) (0=0)

(0=0) (Oed) (0+140) (043¢0) (0¢8¢0) (04780)

(0e0) (44440444240) (44740424040

(0°0) (0=0) (0=0) (O=R) (0=2) (0=2) (0=4) (0=4) (0=4) (0=6) (0=6) (0=6)
(00} (4004240) (442¢040) (440¢0¢0) (4480840)

(0=0) (0ed) (0434140) (061¢3¢0) (4434540) (4414740)

1020} (0e0) (0=0) (0+540) (0+540) (0¢5¢0) (04740) (0¢740) (04740}

pup
o
o

81200

419904
4239872
167778386



TABLE VI
vacroms o X'-1 OVER GE(S) , 2 < B <25

N FACTORS (L}
H (1e1) (1ed) 16
3 (1°1) (leie1) 9%
4 (1e1) (1eR) (1e3) (1e4) 286
s (l1e1) (1el) (1e1) (1e1) (1=1) 2800
[ (1e1) (1e8) (1e1+1) (148e1) 216
7 (1e1) (leieleieteten) 62496
8 (1e1) (1e2) (1e3) (1e8) (24041} (3eD+1) 147486
9 (1el) (1e1¢1) (14040+14040+1) 1499904
10 (1e1) (lel) (1e1) (1e1) (1el) (1=84) (1=8) (1ed) (1es) (1e4) 6280000
11 (101) (84361000201) (80301484001 . 39037504
12 (1e1) (1e2) (123) (1°8) (1e1e1) (442¢1) (8e3e1) (1841} 84934686

13 (1e1) (1e1e00101) (162014241) (143404341

14 (1e1) (1ed) (1elele1e10101) (1680140010801)

18 (1e1) (1e1) (1e1) (1e1) (1e1) (141e1) (1eleg) (1e141) (1elel) (1egel)

16 (lel) (1e2) (1e3) (1ea) (240¢1) (3¢0+41) (200404041) (34040+0¢1)

17 (1e1) (1e1e101010l0101010101014101010108)

18 (1e1) (1ed) (161¢1) (16861) (1404041404043) (10040444040¢1)

19 (101) (8480204424202034041) (4404203434301030101)

20 (1e1) (lel) (1e1) (1e1) (1=1) (1e2) (1=2) (1=2) (1=2) (g1=2) (1=3) (1=3) (1=3) (1e3) (1=3) (1=4) (1e4)
(1e8) (1e8) (1e8).

21 (121) (1e161) (1404242424041) (10101010101 01) (1080301030801)

22 (101) (1e8) (16300400141) (44141000241) (141480843010 (2eDe100e001)

s (1e1) (1a2) (1e3) (1e8) (24041) (360¢1) (1e1e1) (Re141) (IoRe1) (40201) (Ie301) (4eDe1) (10801) (Rede1)
2s (1e1) (1ef) (1e1) (1=1) (1=1) (1ed) (1°1) (1el) (1e1) (1e1) (1e1) (1e1) (1=1) (lel) (fel) (1=1) (ley)
(1=1) (1e1) (1e1) (1el) (1e1) (1e1) (le1) (1eg)

*Based on the CPU time of en run, we are certain that (x” = 1)/(x - 1) has two prime factors of degree
11 or else is prims. We comjecture it is pr!
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-

NS
racross or X'-1 ovER Gr(s?) 1 (D) - 24141, 2 <H <10

FACTORS PHI
(0e0) (0e12) 876
(0=0) (0e8) (0=16) 13826
(0=0) (0e6) (O=12) (018 331776
(0=0) (0=0) (0°0) (0=0) (0=0) 9378000

(0=0) (Oed) (0=8) (0=12) (0=16) (0=20)

(020) (19+5¢13¢0) (124141740)

(0=0) (0e3) (0=6) (0=9) (0=12) (0=15) (0=18) (0=21)

(0e0) -(0e8) (0°16) (4424240) (20424240)

(0=0) (0=0) (0=0) (0=0) (0=0) (0e12) (0=12) (O0=12) (0e12) (0=12)
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TARE X
ractons or X'-1 OVER GF(D) , 2 <M <1S

FACTORS

(1e1)
(1=1)
(1e1)
(1e1)
t1=1)
(1e1)
(1e1)
(lel)
(1=1)
(1e1)
(1=1)
(1=1)
(1=1)
(1e1)

(1e6)
(1e2) (1e8)

(1e6) (14041)

(lelelelel)

(1e2) (1e3) (1°8) (1=8) (1e6)

(le1) (1°1) (1°1) (1=1) (1e1) (1=})

(1e6) (14041) (14341) (14841

(1e2) (1e8) (340¢0+1) (5¢040¢1)

(1e6) (161614161) (146414641)

(1e1ele1ogelotorolotel)

(1e2) (1°3) (1e8) (1°8) (1) (140e1) (24041) (8e0e1)
(1e101010101010101000001¢1)

(leg) (1e1) (1e®1) (1e1) (1e1) (1°1) (1e6) (1=6) (1e6) (1=6) (1°6) (1°6)
(1e2) (108) (161616141) (241004241) (401424001)

(1e6)

70889
3981312
25264228

14



CeNcRLIWNZ

TAnE X1
vacroes o x'-1 ovEr @r(1) . 2 <M <15

FACTORS

(1e1)
(1el)
t1e1)
(1=l
(1)
(1=1)
(1e1)
(1=1)
(1e1)
(1eg}
(1e1)
(1e1)
(1e1)
(1e1)

(1e10)
(1e1e1)

(1e10) (14041)

(1e3) (1e4) (1e8) (1e9)

(1e10) (1e1e1) (341041)

(1044¢8541) (10460701)

(1e10) (14041) (1043¢1) (10e8¢1)

(14141) (1400041¢040¢1)

(1e2) (123) (1e8) (1e8) (1e6) (1°7) (1e8) (1e9) (1e10)
(lel) (1°1) (1e1) (l1el) (1+1) (1°1) (1e1) (1e1) (1ey) {(1ei)
(1210) (14041) (14141) (1e5¢3) (14641) (1410e1)
(l1ete141¢10101010l01010141)

(1010) (14648017 (10440841) (1680601) (10464741)

(1e3) (1=8) (1°8) (1=9) (1e161) (9e341) (Sede1) (IeSe1) (4e9sy)

PHL

100

1200
12000
100000
1440000
17689000

64628060



vevenswnz

TARZ 111
ncross or P-1 ovER Gr() , 2 <M <1§

FACTORS PH3
t1e1) (1e12) 146
(1el) (1e3) (1e9) 1728
(1e1) (1e8) (1=8) (1°12) 20736
(1el) (1egegete1) 382720
(1e1) (1e3) (1e8) (1°9) (1210) (1=12) 2988984
(121). (14341) (14801) (1e6e1) 56899584
(1e1) (1e85) (1e8) (1e12) (54041) (3¢0e1)

(121) (1e3) (1°9) (440+40+41) (13434¢1)

(1e1) (1e12) (1421410103) (1012¢143201)

(1e1) (1efe10101e10101010141)

(1e1) (1e2) (1e3) (1e8) (1e8) (1e6) (17) (fe8) (1°9) (1=10) (1°11) (1e12)
(1e1) (1e1) (1°1) (1e1) (1°1) (1el) (1®)) (lel) (fey) (1=1) (1e1) (1e1) (1e1)
flel) (1e12) (16341) (16541) (14641) (147¢1) (1e8e1) (1e10¢1)

(1°1) (123) (129) (141614301) (34149¢301) (9e1434941)



veNenswnz

FACTORS

(1e1)
(1el)
(1=1)
(1e1)
(1e1)
(1=1)
(1=1)
(1)
(1e1)
(1e1)
(ge1)
(ge1)
(1e1)
(1e1)

(1e16)
(le101)
(1e8)

1=13) (1e16)

(lele1e141)

(le16)

(1e101) (1416+1)

(lege1egetetey)
1°4) (1=8) (1°9) (1°13) (1218) (1e16)

(le2) ¢
(1e1e1)
(1e16)

(163¢1) (14801) (1e10e1)
(1e1¢10001) (10162101641

(leleloletetogegetogey)
1°13) (1e16) (14141) (164841) (16413¢1)
(1054200024841) (14130241242413¢1)

(led) (

(1e16)
(lege1)

(1ege101010101) (1016414160
(1¢1010101) (141141545¢1)

zamz X
mcrons or x-1 ovr @D , 2 <W <13

1416+1)
(14801841101)

(1e3601)

21233664



- po oo
NeoweNeRsWNZ

Tanz x1V
racrons or X-1 ovER GR(19) , 2 <M <12

FACTORS PHL
(1e1) :

(1e1)

(1e1) (1e18) (16001} 1 0
(1e1) (1e8e1) (141801) 2332800
(1e1) (1e7) (1=8) (1e1l) (1e12) (1e18) 38012024
(1e1) (legeleletete1)

(1e1) (1e18) (14041) (18+641) (18+13¢1)

(1e1) (1e8) (1e8) (16) (1=7) (1e9) (1°31) (1°16) (1°17)

(1o1) (1018) (168e3) (1e8e1) (1¢18¢e1) (184185e1)

(1e1) (1efelelegetotetetoley)

(1e1) (1a7) (18) (111 (1212) (1=18) (140¢1) (74041) (1140¢1)



-

cCumvenswnz

TANIE XV
vacroas o7 X'-1 OVER GF(23) , 2 <M <10

2

FACTORS PN
(l1el) (1e22) (11}
(1e1) (1e101) 11616
(1e1) (1e22) (1e0¢1) 288882
(1e1) (1e1e141e1) 6156480
(1e1) (1a22) (1e161) (1422¢1)

(1e1) (224941041) (2241341801

(1e1) (1e22) (14041) (148¢1) (1e18e1)

(1e1) (1e1e1) (14040414040¢1)

(1e1) (1a22) (1e1e10101) (14224142241)



