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Maximum-Norm Interior Estimates

for Ritz-Galerkin Methods

By James H. Bramble, Joachim A. Nitsche and Alfred H. Schatz

Abstract. In this paper we obtain, by simple means, interior maximum-norm estimates
for a class of Ritz-Galerkin methods used for approximating solutions of second order
elliptic boundary value problems in RV, The estimates are proved when the approxima-
ting subspaces are any of a large class of piecewise polynomial subspaces which we assume
here to be defined on a uniform mesh on the interior domain. Optimal rates of conver-

gence are obtained.

1. Introduction. In this paper we shall be concerned with obtaining ‘“quasi-
optimal” interior maximum-norm error estimates for a class of Ritz-Galerkin methods
used for approximatiag solutions of elliptic boundary value problems. Interior estimates
in L, Sobolev norms for such methods were obtained by Nitsche and Schatz in [15]
under rather mild assumptions on the approximating subspaces. Here we shall study
locally, the rate of convergence in maximum-norm using a large class of piecewise poly-
nomial subspaces which we require to be defined on a “uniform mesh” (on the region
in which the error is being estimated). We shall obtain these estimates utilizing the
theory developed in [15] with the aid of a new Sobolev type inequality (proved in
Section 4) which is valid for the subspaces considered here but which is in general not
valid over all (sufficiently smooth functions). It will allow us to obtain the best possible
rate of convergence locally for the particular subspaces used. Thomée and Westergren
[18], obtained interior maximum-norm estimates involving elliptic difference operators
from discrete L, estimates using a discrete Sobolev inequality.

An outline of the paper is as follows. In Section 2 we introduce some notation
and preliminaries. In Section 3 we introduce the approximating subspaces and discuss
the properties needed. In [14] and [15] a new property was introduced which was
verified in [15] for some particular subspaces. The same method of verification may
be used for a large class of piecewise polynomial subspaces for which a projector can be
defined on each element. This fails for example in the case of smooth splines. In the
appendix we shall verify this property for the tensor products of a large class of one
dimensional piecewise polynomial splines. Section 4 (Theorem 2) contains our main
results on interior estimates. In Section 5 we apply the estimates to specific examples.

As in [15], this paper concerns itself with approximations to solutions of second
order elliptic differential equations. However, the method given there and here can be
easily generalized to treat Ritz-Galerkin methods for elliptic differential equations of
order 2m.
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2. Notation and Preliminaies. Let £ be a bounded open set in RY. For m a
nonnegative integer, C""(2) will denote the space of real valued functions having uni-
formly continuous derivatives up to order mon 2 with the norm,

2.1 lul, o = 2. sup ID*u(x)l.

lal<m x€Q
C, will denote the infinitely differentiable functions on £ whose support is contained

in Q. The space H™(S2) (respectively, 1?’"(52)) will denote the completion of C*(2)
(respectively, Cy (§2)) with respect to the norm,

22) leell,, o =< ) (fQLD"‘uP dx>>l/’.

lal<m

Note that HO(Q) = H°(Q) = L,(%).

Let 0 <h <1 be a parameter, and for each h, let Q@ C Q,j=1,...,1(k) be
disjoint open sets such that Ull(=h1)QJh = Q. The sets 2 form a partition of 2. For m
a nonnegative integer, C"" () and H™ () will denote the space of functions whose
restrictions to SZ;' belong to C™ (Q]'.’) and H™ (QI'.'), respectively, with the corresponding
norms,

2.3) lul, o = { su lul

QT a0
and

) 1(n) ) %
2.4) lull, ¢ = j; Wl on(

where for simplicity we have suppressed the dependence on # in the notation.
The space H ™ () is defined as the completion of Cy’(§2) with respect to the
norm,

Squudx

2.5 M = su —_—
(2.5) m,Q veeHe) Wl o

We shall also make use of norms involving difference quotients. For v a multi-
integer define the translation operator
Tyu(x) = u(x + vh),
and the forward-difference quotients,
By, =h~ 1T - T

Here [ is the identity operator and e; is the multi-index whose jth component is 1 and
all others 0. For any multi-index o, we set

dpu = (0, - 0N u.

If u € L,(€2) and m > 0 is an integer, we set
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lal<m

ke
(2.6) lull,, o, =< > fna h(a:u)2dx> ,

where Q, , is the subset of £ such that u(x) is in the domain of 9j.

We shall also use Sobolev’s Lemma in the following form:

LemMaA 2.1 (cf.eg. [1]). Let Q5 CC Q,. Ifu € HWNI21+1(Q,), then (after
possible modification of u on a set of measure zero) u € ((S),) and

@7 lulo 0, < Clulin/py41,0,
where C = ((82,, ) and [N/2] is the integral part of NJ2.

3. The Approximating Subspaces. The local error estimates given in [15], which
we will use in this paper, depend on certain properties of the approximating subspaces
used. For simplicity in presentation we shall consider here piecewise polynomial sub-
spaces defined on a uniform mesh. We proceed in the following manner: First we shall
describe, in general terms, a partition of an arbitrary domain §2, which is the restriction
to  of a uniform partition of RY. Then a general class of piecewise polynomial sub-
spaces will be defined relative to such a partition, and the properties we rieed will be
stated. Examples will be then given.

Let Q be a given bounded simply connected domain in RY and suppose that it
is partitioned into disjoint open sets mj=1,...,11e. with Wj;—lﬂj = Q. For any
0<h<1,weset Q" =hQ, 7r]’~’ = hm;, and for any multi-integer v, let Q™" and nf""
denote the translates of Q" and ﬂf‘, respectively, by Av. We shall assume that {Q1""}
form a uniform partition of RV, i.e. the Q!*” are disjoint and u, 0!’ = RV. Then
so do the {17,'-"” }. For any bounded open set §2, we now form the spaces C"""(Q)
and H™"() as in Section 2 using the sets a»? N Q for the subdivision . T
will be called a mesh domain if T is the union of some of the 7 ]’”’ The set of all
mesh domains will be denoted by F,. We note that if Q, CC RY, then there exists a
T € F,, such that &, C T and dist(T, Q,) < Ch, for h sufficiently small where C is
‘independent of A.

In general, the finite element spaces with which we shall work will be based on a
given finite set A4 of multi-indices and a space L spanned by the monomials x® =
x‘:‘ . -vaN for BE A;ie.

(3.1) L= {<plcp =3 rﬁxﬁ, rg € R}.

peEA
We impose the condition on A that | be translation invariant; i.e. if ¢(x) € L and
y €ERY, then ¢(x + y) € L. Typical examples are 4 = {BIB; <r} or 4 = {Bl18I <r}
for some fixed integer . For any domain, &', Lg,+ will denote the restriction of L to
Q'. We first define a general (translation invariant) space S*(T) for any mesh domain
T by

S"(T) = (el 4, €L 4, forala” CT}.
1(," ﬂj'

S"() for arbitrary € is then the restriction of $*(T) to 2. We note that in general
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the elements of S”(£2) may be discontinuous across the boundaries of the 711""

The spaces we will use will be subspaces of S#(2). Before defining them we shall
note some properties of the general space S#(2) and a property of S*(£2) for a particu-
lar choice of A which will be useful later on.

PROPOSITION 1. Let TC Q and T € F,,. Then for any ¢ € S*(Q) inverse rela-
tions of the type,

(3.2) loly, 7 < CH=N12lgly 1.
and
(3.3) lpl,, 7 < CH*=™ gl 7, 0 <k <m <max|Bl, €4,

hold, where C is independent of h, ¢ and T.
These properties are well known and much used. The proof in the one dimension-
al case was given by Nitsche in [12]. The proof for the above cases are similar.
PROPOSITION 2. Let Q, CC Q, and S"(Ql) be as above with {B|181<r} CA
for r = 1 a given integer. Let a be any multi-index with la| < t for t fixed but arbitrary.
Then for any u € C'*1*(Q, ), there exists a U, € S"(,) such that for all h sufficiently
small

(34) 105 @ = Uplo o) < CH!lul,, e, O<I<r,
and
(3.5) 105 @ = Up)llp 0, < Ch’lluu,“a,,n-l, 0<I<r,

where C is independent of u, h and a.

The proof will be given in the appendix.

We shall now define the subspaces with which we shall work. Let r = 2 be an
integer. For each 0 <k < 1, S*(2,) will denote a subspace of CO(Q,) N S*(Q))
having the following properties for all 4 sufficiently small:

A. 1. Let $2(Q,) = {v € S"(Q,)Isupp(¥) C 2,}, 2, CC Q,, and a be any
fixed multi-integer. Then 3%y € S"r'(ﬂl) for all p € §f(90).

A. 2. Let Q, CC Q,. Then for each u € flf(ﬂo) there exists an n € §:‘(Ql)
such that

. .
(.6) -l o <O 'ulg , 1<j<r,

where C is independent of u and A.
A. 3. If g € SH(Q,), @, CC Q,, w € C(,) then there exists an 1 € $1(Q,)
such that

where C is independent of & and ¢.
Examples. In all of our examples we take Q = {x|0 <x; <1} the unit cube in
RV.
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Example 1. First let N =1 and Q = m, (i.e. the unit interval). Then the 004
form a uniform partition of the line into intervals of length 4. Let S” be as above
with 4 = {8 =p,18, <r} and k be an integer 0 < k <r— 2. We define S*(R') =
S" N C¥ (the piecewise polynomials of degree < r — 2 which belong to C¥). For
N = 2 we define Sf(RN) = Sf(Rl) Q- Q Sf(Rl), the NV fold tensor product of ont
dimensional splines and for arbitrary & CC RY, Sf(Q.) is the restriction of Sf(RN )
to §2.

Another way of describing this space directly in RY for N > 1 is as follows: Le
Q = m, (the unit cube in RY), and let S be taken with 4 = {818; <r}. Then Sf(ﬂ)
is the restriction to £ of the subspace of S” which has the property that ¢ € Sf’(ﬂ)
if all the derivatives Dy with B; < k are continuous on 2. We note that when k =
r — 2 these are the B-splines of Schoenberg [16]. For m = 1, an integer, r = 2m and
k = m — 1, these are piecewise Hermite splines.

Example 2. Let N = 2 and partition Q into triangles M, j=1,...,1, and take
Sf(ﬂ) to be the elements of Bramble and Zldmal [5]. Briefly,r =4m + 2, m =
0,1,...,etc., 4 = {Bl18l < r} and S*(Q) C CO(Q).

Example 3. For general N, partition Q into [ n-dimensional simplices m; and
take Sf(Q) to be the restriction to §2 of the continuous piecewise linear functions on
this partition. Here r = 2.

We note that A. 1 is trivially valid and A. 2 is well known for all of the above
examples.

The property A. 3 was introduced in [14]. In [15] it was verified for Example
1 (in the special case of Hermite splines) and Example 2. The proof for Example 3
follows in the same manner. The proof of A. 3 for the large class of spaces described
in Example 1 will be given in the appendix.

4. Interior Estimates. Let {2, be a bounded open set in RY and B(u, v) be a
bilinear form defined on H'(2,) x H'(2,) of the form,

1\ij=1 i=1

N N
4.1) B(u, v) = fn < 2 a;(x)DuDp + 3 b(x)Dup + c(x)uv> dx,

where for simplicity the coefficients a;j, b; and c are assumed to be of class C*(Q2,).
We note that in general B(u, v) may not be symmetric. We assume throughout that
B(u, v) is uniformly elliptic on £2,; i.e. there exists a constant ¢ > 0 such that for all
x € Q, and all real vectors £ = (£, ..., £y) #0,

N N
c zlgf < X a5k
i= i,j=1

We shall be interested in obtaining estimates in the maximum norm for u — u,,
where u, € Sf(Ql) anau €H 1(Ql) satisfy the “interior equations,”

4.2) B —u,,9) =0 forallp€ §(Q,).

Here 1, may be thought of as an approximation to u on {2, obtained by using some
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Ritz-Galerkin method on a larger set § (cf. [15]).

The following L, estimates were obtained in [15, Theorem 6.1].

LEMMA 4.1. Let 2, CC Q, and t and p be fixed but arbitrary nonnegative
integers. Let S*(Q) satisfy A. 1, A. 2 and A. 3. If 1 <j<r,u €H"*(Q,) and
u, € Sﬁ’(Q 1) satisfy (4.2), then there exists an hy > 0 such that for all h € (0, h]

43) lu =yl g n < CO NNy + lu=u,)_, 6 ),

where C is independent of u and h but in general depends on 2, 2, t and p.
COROLLARY. If u, € S*(Q,) satisfies

Bu,, ) =0 foral ¢ €8(Q,),

then

4.4 ey, ||t'90,h < Cllu, ||_p'91.

We shall use these estimates to obtain maximum-norm estimates for u —u,. In
order to do this, we shall first prove a Sobolev type inequality which is valid for the
general space S*( 1) and hence for the subspace Sf’. What is important here is that
we shall replace the L, norms of derivatives on the right-hand side of (2.1) with L,
norms of difference quotients.

LEMMA 4.2. Let Q, CC Q,. There exists an hy € (0, 1] such that for all h €
(0, hyl and all p € Sh(Ql)

4.5) elo,q y < Clioll s +1,2 00

where C is independent of h and .

Proof. Let Q, CC Q} CC Qf* CC Q] CC Q,, and let x, be an arbitrary but
fixed point such that x, € 11'1" for some j and 11';’ N Q, # Z. We note that 77]" need
not lie entirely within £, but for & sufficiently small, ﬂ;’ C Qa' . The set of points
X *+ vh, where v is an arbitrary multi-integer, form a discrete mesh, say Mfo, on RY
of size A. Let u be any mesh function defined on M”:o' Then the following discrete
Sobolev inequality (cf. [17]) holds:

%
(4.6) max Iup(y)|<ChN/2< > > Iaﬁw(f)P) ,

y=xg+vheQft IBISIN/21+1 ¢=xg+vheQ]

where C is independent of ¢ and & but may depend on 23+, QF and x,. Now let x
be any other point of nf' and consider the set of points of the form x + vh € 93' .
This set can be mapped, by a simple translation into a subset of the set of points

xo tVvhE Qg t Ifnowy€ Co"'(.Ql), we apply the inequality (4.6) to the trans-
lated ¢ and then translating back we obtain

y=x+vheQ IBIS[N/2]+1 §=x+vhEQ]

@7 max ()l < GV < > )3 Iaﬁ<ﬁ(§)lz>%

where C = C(Q27, Q7) but in particular is independent of 4, ¢ and the choice of



RITZ-GALERKIN METHODS 683

x € n'," or its translates in Qg‘. Integrating ?(x) over 17]" and using (4.7),we obtain

J

™

(4.8) !

pl* e dx < Y < > <Z ) h'v|a§¢(y)|2>>
v 1!1'

IBIS[N/2]+1

N, l2
Ch "‘P"[N/2]+1,nl,h

<
where C = ((£2, §2,) and 11']"” denotes a translation of 11']" by vh.
If ¢ belongs to S"(Ql), then from (3.2) we have
4.9) lel, < chNI? ol

9"]’ )"i

where C is independent of j, 4 and u € S®. Hence from (4.8) and (4.9)

|‘P|0 11"’ < C“¢“[N/2]+l,ﬂl,h

holds for @ or in fact for any one of its translates m/” C Q. Since we need consider
only a fixed finite number of such domains 11:' G=1,...,1), the result (4.5) now
follows.

Remark. An examination of the proof of Lemma 4.2 reveals that the only
property of the subspaces S"(Ql) that was needed was (3.2). Hence Lemma 4.2 is
more generally valid for the set of functions u € C°®*(Q,) for which this property
holds. '

We are now in a position to prove a maximum-norm estimate.

THEOREM 1. Let 2, CC Q, CC RY and A. 1, A. 2 and A. 3 hold. Let 0 <
j <r, B an arbitrary but fixed multi-index, u € HY(2) with v =j + |8 + [N/2] + 1
and uy, € SH(Q,) satisfy

B —u,,¢) =0 forallp€ SQ,).

Let p be an arbitrary but fixed nonnegative integer. Then there exists an hy € (0, 1]
such that for all h € (0, h,)]

(4.10) |28 - o, SCWluly o +lu-u,l_, g D) 0<j<r,

where C is independent of u and h.

Remark 3. When |8| = 0, (4.10) gives a maximum-norm estimate for the error
U= u,.

Proof. Let Q, CC Q¢ CC Q[ CC Q,. The triangle inequality yields

4.11) 105 = uplo 0, < 13 = Ulo,aq + 105Uy — o,

where we first choose an S” as in Proposition 2 such that Sf’ C S"; and then take
U, € S satisfying (3.4) and (3.5) with , and Q, there replaced by QF and Q7.
Hence

By — < CcW <CW
(4.12) 10701 = Uplo 0, < CwlulHlﬂl,ﬂl‘ <Hlul, g .

Now Bf,(Uh —u,) € Sh(Qa') and it follows from (4.5), (4.3), (3.5) and (4.12) that
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8 - -
104(Uy, “n)|o,no<C"“h Unliwv 2141418104 1

(4.13) < C(“u - Uh IIIN/2]+1+|B|,93., h + ||u - uh“[N/2]+l+|B|,Q+’h)
<Ol g +lu=-w)_, o).

The inequality (4.10) now follows from (4.11), (4.12) and (4.13).
COROLLARY. If u, € S*(Q,) satisfies B(u,,, ) = 0 for all ¢ € .§:‘(Ql), then

4.14) luplo, 0, < Clu, "—p.ﬂl‘
We shall now consider estimates for the rate of convergence of difference quotients
of u,, to derivatives of u. Consider finite difference operators of order k of the form,

(4.15) Qu= 2 G, Tdu
. v,IBI<k

where v is an arbitrary multi-integer and all but a finite number of the constants Czﬂ

vanish. If j is a nonnegative integer and a a multi-index, we shall say that Q, = Q,
of order la| approximates D* with order of accuracy j on &, if for all u € ot I""(Ql)

(4.16) D% — Qﬁ“'o,no < Chi'“'i+ lel, 242

where Q, CC Q, and C = (R, 2,).

THEOREM 2. Let Q, CC Q, CCRN, A. 1, A.2,and A. 3 hold. Let 1 <j<r,
a any fixed multi-index, vy = j + la| + [N/2] + 1,u € HY(Q,) and u,, € S' ()
satisfy

Bu—u,,9)=0 forallp€ So’r'(ﬂl).
Let Qf, be any finite difference operator of order |a| of the form (4.15) which approxi-

mates D* with order of accuracy j. Let p be an arbitrary but fixed nonnegative integer.
Then there exists an hy € (0, 1] such that for all h € (0, hy]

“.17) D% - Quuylo o, < CHluly o +lu=-ul_pq) 1<j<r,

where C is independent of h and u, but in general depends on p, d, Q,, and §2,.
Proof. Let Q, CC Q¢ CC Q,, then using the triangle inequality and the defini-
tion of @} we obtain for & sufficiently small that

Q QL
ID*u = Qguplo, @, < ID%u =~ QRulo o + 15 — U)o,

<ID% = Quly o, +C |B|Z| | 1% = uplo 0 3 -
<la

The inequality (4.17) is now obvious in view of (4.16) and (4.10).
Remark. Previously we required that the partition and the subspaces defined on

them have certain properties which are invariant with respect to translations of size s
in the directions of the coordinate axes. It can be easily seen that the results of Theorem
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1 (or Theorem 2) in the case @ = 0 remain valid for piecewise polynomial subspaces
defined on partitions which may be mapped onto such partitions by a nonsingular
affine mapping.

5. Examples. Here we shall exemplify the theory given in Section 4. We shall
restrict ourselves to discussing Dirichlet’s problem. Let £ be a bounded domain in R
with boundary 9€2. For simplicity consider

5.1 ~Au=f inf2, u=0 onadQ.

For the purposes of the applications given here, we shall make one further approxim-
ability assumption on the subspace Sf(Q). Namely there exists a constant C indepen-
dent of u and & such that for all u € H¥ (), 1 <t <r,
(5.2) inf  lu-xl, o <Cr'ul, .

XESP(Q) ’ '
We shall sometimes require that the elements of S”(£2) vanish on 3Q. In this case we
shall assume that (5.2) holds only for u € H'(Q) N H(S).

In what follows we shall suppose that the hypotheses of Theorem 2 are satisfied
where , CC Q, CC Q.

Example 1. Dirichlet’s Problem on a Smooth Domain. In this example we shall
assume for simplicity that 3Q € C*. In Babuska [2] and Nitsche [10], methods were
introduced for approximating solution of (5.1) in which the approximating subspaces
need not satisfy the boundary condition. These methods have the same interior equa-
tions; i.e. if u;, is the approximate solution determined by any one of these methods
then

N ~ N
(5.3) f ga—"gi’i = | fodx = fn .; ;’;‘ ;’;" dx Vg€ §hQ,).

What is important here is that we may choose S:’(Q) to satisfy the conditions of Theo-
rem 3 (cf. [15, Example 2], for more details).
Now it was shown in [4] that the estimate,

(54 lel, _, o <K ™'*lul, g,

is valid for 1 <# <r. Using the inequalities (5.4), (4.17) and the fact that lell,_, o .
< le |l2_,, q» We obtain the error estimate,

(5.5) D%u = Quuylo,0 ) < (Ml i (vy2y 41,0, + Nl o).

Here « is any multi-index, Qf is any finite difference operator of the form (4.16)
approximating D* with order of accuracy r. In terms of the data, (5.5) may be re-
written as

(5.6) lDau - Qﬁuhlo,no < azr(llfllr+|a|+[N/2]—l,Ql + "fllo,ﬂ)'

Example 2. Dirichlet’s Problem on the Square. Let S be the unit square in R2,
ie. Q= {x|0<x;<1,i=1,2}. For our subspace S:‘(Q), we may choose any one
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of the examples given in Section 3 requiring that the elements vanish on the boundary.
Let u,, be determined satisfying (5.3) for all ¢ € Sf(Q). Then (cf. [15, Example 3,
Section 7]) the estimate (5.4) holds, and applying Theorem 2, it follows that both the
error estimates (5.5) and (5.6) remain valid in this case.

6. Appendix.

Proof of Proposition 2. 1t is easily seen that we can restrict ourselves to the case
where supp(u) C ,. Let Pu be the L, projection of u onto S"(RY). This projection
is locally determined; i.e. the restriction of Pu to each ﬂ;”” is equal to the L, projection
of u on S"(ﬂl'.""). It follows from the Bramble-Hilbert Lemma [3] that

lu—Pul  ,, <CW'lul ,,, O0<I<r.
0,1’1' ’ 1, ;i ’
Now using (3.2) and the above inequality we have

\Pul  pp < Ch N2 lPul

my <CU N2yl L <Clul 4y
0,", 0,7} 0,n;

Wi
Therefore

u-—Pu < Clu
l |0,";1,v\ I Io,";:,v’

and it follows from [3] that

lu—Pul pp< Ch'|ul hvs
0,1ri l,1r]-

and the inequalities (3.4) and (3.5) follow easily in the case @ = 0. The case for
general a follows from the case & = 0 with the observation that P(0%u) = 0%*(Pu).

Verification of A. 3 in the Case of Tensor Products of One Dimensional Splines
(Example 1, Section 3). First consider the case N =1 and let I, = Qg and I, = Q,
be finite intervals with common midpoints. Then it follows from Douglas, Dupont and
Wahlbin [7] that for any u € 1?1"(10) N H"h(Io)

(6.1) lu=Puly, = inf  lu—oply, <CHMuOl, .
pesta))

We note that
(6.2) lu —PulloJl < IIulloJo.

Consider now N > 2, and let Q, be the N-fold product , =1, x - -+ x I,.
For u € L,(£2,), and each fixed value of the variables x; € I,, i # j, Pu is defined by

Nl — Pj“"o,ll = 1g}‘f Nl — ‘P(xi)"o,ll'
vES, (11)

That is, for each fixed value of x; € I,, i #j, Pu is the one dimensional L, projection

onto g'f(]l). Note that Pu is a function of (x, ..., x,). Now define Pu = P u---
Pyu. Set Qo =1, x - -+ x I, with I and I, as before (hence 2, and 2, are cubes

with common centers and Q, C Q,). Ifu € ﬁ"(ﬂo) N H" "‘(Qo), it follows using
(6.1) and (6.2) that
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lu — P“"o,szl < llu - Pl“"o,nl + 1P (u —qu)llo’Ql
(6.3) N

Fo AP Py Pyl g S CHY
j=1

!

o"u

r
0x f

B

0,2,

where we note that supp(Pu) C ;.
It is not hard to see that
64) lim Il — Pull = 0.
h—0 by
Consider the sequence h; = 27" for given h and refine the given partition into cubes

with side &,. For given h, let P! = P corresponding to the given h;. Then in view of
(6.4), (3.3) and (6.3) we have

oo

— I+1, _ pl
lu = Puly g <3 1P 1w~ Pl o
=0

-~

<CY hp Py - PI“"O,QI
=0

6.5) <CZ%M?AM—P%%ﬂI+Hu—ﬂ+W%ﬁ)

1
'
O,QO>

Now consider any two domains 2, CC ©, C RY with dist(Q,, ;) = 44 Cover Q,
with a finite number of cubes C? with side d and consider along with these the cubes
Ciz‘17 having the same center as C?. Let 6; € C:;(Cl-zd) and 2,0, = 1. Setu; =0,u,
where u € Io-Ik(QO) N H""(Q,). For each i we have

ou
ax]f

=1

> N
<C IZO hiy (B + by, 1)< 2
= i

0"u
ax;

N
<a''y
=1

0.2,

’

r
0"y,

r
ox i

lu; = Pull -, <Cn' !
1,C

1 l

0,c2d
L )

From this is easily follows that there exists an n € §f’(§2 1) such that

'
O,Q'O>

We are now in a position to prove (3.7) in this case. Let ¢ € Sf(Ql) and w €
Co (8,) then wy € 1?1"(90) N H"h(Qo). Applying (6.6) to wy = u, we obtain

ou
ax;

N
(6.6) e =l g < cw—l<uuu;_l,no + 3
j=1

e — "?"1,91 < Ch’"lll‘pll;_lyﬂo,

where we have used Leibniz’s rule, the property that w € C(£2,) and the fact that
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N br¢
> e = 0.
j=1 j lo,e,

The inequality (3.7) now follows from the inverse property (3.3).
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