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A Modified Galerkin Procedure
with Hermite Cubics for Hyperbolic Problems

By Lars Wahlbin*

Abstract. The Galerkin method, modified to include a term of artificial viscosity type,
is applied to model problems for linear and quasilinear hyperbolic systems. Asymptotic
error estimates are derived.

1. Introduction. When solving hyperbolic problems numerically by finite-difference
methods, one sometimes introduces, for various reasons, artificial viscosity. In this note
we consider examples of the artificial viscosity technique applied to the numerical solu-
tion of hyperbolic problems by the Galerkin method.

Consider the 1-periodic initial-value problem for the real vector function u =
u(x, t) with components u)(x, r), i =1, ..., N, given by

u, +Axu, =0, x€R,0<t<T,
.1
u(x, 0) = ug(x), x €ER.

Here the real N x N matrix A(x) is 1-periodic and symmetric, and furthermore satisfies
(1.2) A*(x)>C, >0, x€R

Let S, be a space of periodic piecewise polynomial functions on a uniform mesh
of sizeh(h=1/n,n=1,2,..),and let S, = (Sh)N. Define a continuous-in-time
Galerkin approximation to the solution of (1.1) as a differentiable map U: [0, T] — S,
such that
13 (U, + AX)U,, x) + Ch°@'Ujdx’, d’xJdx7) =0, x€ S,

U@©) € Ss,.

Here (v, w) = [E(ZX, v )w@(x))dx, C denotes a positive constant which is inde-
pendent of k, and it is assumed that S, C C/~!(R).

In this note we shall for brevity treat only a special case of (1.3); in order to
handle other cases, the appropriate modifications in the proof are reasonably straightfor-
ward. To motivate this special case, consider for a moment the ordinary Galerkin
method, i.e., (1.3) with C = 0, from the point of view of asymptotic error estimates in
L2. For B-splines the ordinary Galerkin method gives optimal (best possible for the
space in which the approximation is sought) asymptotic rate of convergence. In con-
trast, using the space of Hermite cubics, Dupont [2] has shown that the ordinary
Galerkin method gives asymptotic rate of convergence #3 and not better, in general,
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whereas the best possible rate is, a priori, h*. We ask then whether for Hermite cubics,
the method (1.3) with C >0 and j = 1 or 2 can give higher asymptotic rate of conver-
gence for suitable 0. The method of proof below gives the best asymptotic rate, h35,
forj =2 and 0 = 3.5, and some simple numerical experiments by the author indicate
that this is the best one can obtain asymptotically, although for smooth solutions and
“reasonable” & the ordinary Galerkin method may give smaller error. Hence,only the
case mentjoned above for the equation (1.1) will be treated. In Section 4 a similar
example in a simple quasilinear situation will be considered. For related material see
Dendy [1] and Wahlbin [4] where computationally more complicated Galerkin methods
with optimal asymptotic rate of convergence for any space. S, are discussed.

In the rest of this note, S, shall denote the space of periodic Hermite piecewise
cubic functions, i.e.,

S, = {x(x), x € [0, 1): the periodic extension of x lies in C!(R)
and X|.n,(i+1)n) i @ polynomial of degree <3 for i=0,...,n ~ 1}.

We shall prove the following asymptotic error estimate.

THEOREM 1.1. Consider the problem (1.1) and its semidiscrete analogue (1.3)
with j = 2 and 0 = 3.5, where A(x) is periodic, symmetric, belongs to C2(R) and satis-
fies (1.2). Assume that initial data for the Galerkin process are chosen such that with
C, a constant,

(14) lug — UO)I, 5 < Coh3%
Then there exists a constant Cy = C3(a C.,C,, "A"c2) such that

< K35 +
L=, 12y ShTG "u"L‘”(O,T:H“)

lle — Ul + llee, Il }

L2(0,T:Hy)

As an example of generalizations of this result to other spaces of piecewise poly-
nomials, consider such of degree 2u — 1 which are in C¥~! (u = 2 gives the Hermite
cubics). Withj = p and 0 = 2u — 1/2, one then obtains, under appropriate assumptions,
an asymptotic rate of convergence h24~1/2,

After introducing notation and some preliminaries in Section 2, Theorem 1.1 will
be proved in Section 3. In Section 4 the quasilinear example will be treated. This in-
cludes the problem (1.1) when (1.2) is not fulfilled.

2. Preliminaries. Throughout this note, C will denote a positive constant not
necessarily the same at each occurrence unless subindexed.

We first define some function spaces. For D C R and r a nonnegative integer,
let C"(D) be the space of functions with 7 continuous derivatives on D, and with norm
=, 5 taken as the maximum over D of derivatives of orders up to r. For vector-
valued functions let the norm be the maximum of the norms of the components. The
symbol C” will denote the space C"(R!) with each component 1-periodic.

Furthermore, H, will denote the space of N-vector functions u(x) where each com-
ponent v()(x) is 1-periodic and has 7 derivatives in L2(R) locally, and with norm lIwll,
= (Z]=o@v/dx’, d'vfdx7))'/? where
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@.1) (v, w) =fol<§ v(i)(x)w(’)(x)>dx.
i=1

In particular, [* = H, with norm ||+ || = || - [l,.
For negative integers r define the norm ||« ||, by duality over the L? inner
product (2.1) so that for veE L? say,

lwll, = sup{i(v, wI/IWll_,: w € H_,, Iwll_, # 0}.

For a function v(x, ) with v(+, ¢) in H, for each ¢, let

lvll = Nl (-, DI for 1 <p <ee.

LP(0,T:H,) LP(o,1)
We next collect two well-known approximation results for the Hermite spaces S,,.
LemMA 2.1. Let 0 <r < 4. There exists a constant C, independent of h, such

that for v € H, there exists x € S, such that for — 2 <1< min(2,7),
v = xll; < Cch™ll,.

LEMMA 2.2. Let G(x) be a periodic matrix function in C3. There exists a con-
stant C, independent of h, such that for x € S, there exists Y € S, such that for
0<r<2,

IGC)x — ¢ll, < Chlixll,.

Finally, we note the following elementary result.
LemMMA 2.3 (INVERSE PROPERTY). There exists a constant C, independent of h,
such that for x € S,,

2.2 ld™x/dx"|| < Ch™"+S\ld*x/dxS]| for0<s<r<2,
and
(223) lla"x/ax"ll o < h=12\\d"x/ax"| forr=0,1.

3. Proof of Theorem 1.1. We shall compare the Galerkin solution U(¢) to a pro-
jection W(?) of the solution of (1.1) into S, defined with p = u — W by

(3.1) K(p, ) + (AG)P,, %) + Ch33(p, X)) =0,  XE S,

Here K is a sufficiently large constant which can be estimated from the proof of
Lemma 3.1 below. For the error in this projection we have

LeMMA 3.1. Let the hypotheses of Theorem 1.1 hold, and let K be a sufficiently
large constant. Then there exists a constant C = C(C, C,, 4l C2) such that for each
fixed t € [0, T],

(B2) loll < Ch33llully, ol < Ch>Sliu,l,.

Proof. Let C = C, =1 for simplicity. It suffices to prove the first inequality of
(3.2) since the second will follow by the same method of proof upon differentiating
(3.1) with respect to time.

By the symmetry of A(x) we have for X large and x € S,,,
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Noll? + a35]p, 117
<K(p,u — )+ (AP, u — X) + 125 (0yss (= X))
<Kllplllu = xll + Clipliyllu — xll_; + #35lp, lllu = xl,
< Hlpl? + %35 lp, |17

+ Clllu — xI? + 235w — X%, + Sl - X3}

Choosing x by Lemma 2.1, we obtain
(33) lloll < Ch>23|lully, llpll, < Ch'Slull,.

Next use duality. Let fbe the solution of the 1-periodic problem Kf — (Af), +

n33f, = p. Using (1.2),it follows that

XxXxx

(34) IFl, < Clipll, A3S1£Nl, < Clipll.
For x € S;, we have

"P"2 = K(p’ f"~ X) + (Apx’f'— X) + h35(pxx’ (f" X)xx)

<Kllpllllf = xll + Clipli 1f = xl_y + B>Slpll, I1f = xll,,
and by Lemma 2.1 and (3.3) this gives

ol < C325H £lly + RIS *20 £l + h3SHES*2) £ Hiull, .

Then (3.4) implies that ||plI> < Ch33|lpllllull, which proves the lemma.
We now prove Theorem 1.1. Let C = C, = C, = 1 for simplicity and put § =
U- W. Then

0, + A0, X) + 125015 Xex) = (020 + K (0, X) — 135 Uy X)-
Let x = 0. By Lemma 3.1 we obtain
L lo12 < CUIol? + 7 Qlul + ).
Since by (1.4) and Lemma 3.1
160(0)II < llug — UO)Il + o)l < CA3S(1 + lluglly),

Gronwall’s lemma implies that

161l o < CHS{1 + lluglly + llull

L7@0,T:L ) +llul

}.

L2(0,T:H ) L2(0,T:H 5)

By Lemma 3.1 and the triangle inequality, this proves Theorem 1.1.

4. Symmetrizable Quasilinear Systems. Consider the 1-periodic problem for the
N-vector function u(x, t) given by

u, + Aw)u, =0, x€R,0<t<T,
“4.1)
u(x, 0) = uy(x), x €R.

Assume that this problem has a unique solution such that
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42 u€L”0,T: H,), u, €L*0,T:H,).

Note that this implies by Sobolev’s theorem that u( -, t) € c3.

Let [y$D, y{¥] = w®(x, £), x ER,0 <t <T} and let for § >0, My =
ny, [y -8, y{ + 8] ‘C RM. The matrix function A( +) is assumed to satisfy the
following:

(i) There exists 8 > 0 such that A4(+) € C3(M;).

(ii) There exists a symmetric matrix function D(*) € C3(M;) with

(4.3) D) >C, >0, qEM;,

(44) D(@)A(q) = S(q),  q EM;,
where S(g) is symmetric. ,

Pose the Galerkin problem of finding U: [0, T] — S,, such that

(U, + AU, ) + Ch'®P (U, x4) =0, X € Sy

@5 '
{U(O) €S,.
We have the following asymptotic error estimate.

THEOREM 4.1. Consider the problem (4.1) and its semidiscrete analogue (4.5).
Assume that (4.2) and (i), (ii) are satisfied, and that there exists a constant Cg such
that

(4.6) lug — UO)Il, < Csh'3.

Then there exist positive constants hy and Cg, depending on c , 6, 1141l 4 M)’ Cy,Cs,s

”u”L”(o TiHay and Ilutlle(o T:Ha) such that for h < h, the Galerkin solution exists
IiHa s T:Hg

for 0 <t <Tand

“4.7) llu — Ul < C h'0B3.

L>(0,T:L2)

The method (4.5) generalizes to spaces of piecewise polynomials of degree 2u — 1
which are in C*~! with the viscosity term taken as Ch?*~2/3(@*U/dx"*, d*x Jdx*) to
give an asymptotic rate of convergence h?#=2/3_ For an example of the ordinary
Galerkin method in a similar situation, see Dupont [3].

Proof of Theorem 4.1. We shall compare the Galerkin solution to the projection
W(¢) of the solution of (4.1) into S, given, with p = u — W, by the requirement
(p,x) =0 for x €S,. As is well known,the following estimates hold:

4.8) loll, <Ch*~"llully,, r=-1,0,1,2,
49) ol < Ch*llu,ll, .
Let C = C, = C5 = 1 for simplicity, and set 6 = U — W.

We shall assume a priori that U exists for 0 < ¢ < ¢, that
(4.10) UgXx) EMs, 0<t<t,,
and that
4.11) ||ox||co<1, 0<t<t,.
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Note that IIleCo + "px"co <Clpll, < Ch?, and hence W EM6/4 for h small. The
assumption (4.11) implies then that

(4.12) 1Uil,o <G 0<1<t,

Also note that U(0)(x) € M, /2 for /1 small, and hence we may assume that ¢y =>t4,(h) >0
by well-known local existence theorems for ordinary differential equations.
We have for x € S, that

0, + A@0,. X) + 13O0 y» Xsx)
(4.13) = ((A@W) ~AW) + AW) -~ AU, x) + (01> X)
+ (AW 0y 1) + 1P (D Xx) =B Wz -
Let first x = D(u)0 + R, where by Lemma 2.2 we may assume that
(4.19) IRII < ChII6ll, |IRll, < ChI|Oll,.

To handle various terms in (4.13) we note in particular (4.15)—(4.19) below. By (4.4)
we have
6, + Ao, D(u)d)

(4.15) = % %llpmou’ - (D)9, 6) + (S, 0)
=1 .i"Dl/zGll2 - D)0, 0) - 1'(S(“) 0,0)
2 dr A
Further, by (2.2),
(4.16) H1OP Oz, DOy) SHP(Ox, (D)) + CID 201

From the a priori assumption (4.10) and from (4.12) we see that

4.17)  1((A) = AW) + AW) = AUDU,, 0l < C(llpll + 11D 281D lIxII.
By (4.8) we have

(4.18) 1A, 0 < Clipll_, lixll, < Cr3lIxXl,.
Also,
(4.19) 111730, 15 Xe)l < CHSlixl, .

The results (4.13)—(4.19) imply, after some further simplification and using also

49),
1

420) 3 L1 gI + WD 20, P < CIDMAOIR + KO3 + 512161,

Next let x = 6, in (4.13). We have then
1
2
Inserting this into (4.20) and using (2.2),it follows that

Lo + Tn1o o, 1P < CQU6, I + HOI? + k).

@21) 2 LD 2012 + W10, I?) < CUD' PO + 2OR),
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By (4.6), (4.8) and (2.2) we see that ID!/20(0)II> + K'6/3]19, (0)II> < CH?°/3, and
(4.21) then gives via Gronwall’s lemma and using (4.3),

(4.22) ol <c,n'®3, 0<t<t,.

By (2.2) and (2.3) this implies IIGIICo < cn!'7/8. Since W€ M; 4 we have for
h <h, with hg sufficiently small the following sharpenings of the a priori assumptions
(4.10) and (4.11), viz, that for 0 <t < t,, U()(x) € My, and 1181l .o < Cgh''/e.
Tracing the dependence of the constants above, it is seen that 4, does not depend on
ty for ty < T and the constants C, and Cg do not depend on & nor ¢, for 2 < h, and
to < T. Taking h, such that Cshtl,‘/ 6 < 1/2,it follows from local existence theorems
for ordinary differential equations that existence of U(¢) and (4.10), (4.11) can be asserted
for 0 <t <t, + e(h), where e(k) > 0 does not depend on ¢, for ¢, < T. Hence, by
iteration, the Galerkin solution exists on [0, T] and satisfies (4.22).

The desired result (4.7) now follows from (4.22) and (4.8) via the triangle inequality.
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