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Some Analytic or Asymptotic Confluent Expansions 
for Functions of Several Variables 

By H. M. Srivastava and Rekha Panda* 

Abstract. This paper aims at presenting multivariable extensions of the recent results 
of J. L. Fields [5] and others (cf. [1]-[41) on certain analytic or asymptotic con- 
fluent expansions for functions of one and two variables. It is also demonstrated how 
these extensions would apply, for instance, to derive an asymptotic confluent expan- 
sion for a certain class of the generalized Lauricella function of several variables. 

l. Introduction. In recent years several writers have contributed to the theory 
of analytic or asymptotic confluent expansions for functions of one and two variables 
(see, for instance, [l] -[5]; see also [6, pp. 50-571). The object of the present paper 
is to discuss extensions of these results to certain functions of several variables. In 
order to illustrate the usefulness of these extensions, an asymptotic confluent expan- 
sion for a certain class of the generalized Lauricella function [7, p. 454 et seq.] is ob- 
tained. It is also shown how this last expansion (4.7) below can be further specialized 
to yield the corresponding asymptotic confluent expansion for the ordinary Lauricella 
functions F(r) F(r) and F(r) of r variables. A'IB D 

The following Tricomi-Erdelyi result (cf., e.g., [6, p. 33]) will be required in our 
investigation: 

r z + +>) N1- (- l)'q3 - B + 1)(a)Z?ZtOZ-N), (1.1)z? 3 z) B(ahO 

Iarg(z + ot) I < ir - c, e > 0, 

where ct and ,B are bounded complex numbers, and BM`0+ )(a) is the generalized 
Bernoulli polynomial. 

2. Analytic confluent expansions. Our first result is the analytic confluent ex- 
pansion (2.3) contained in 

THEOREM 1. Let 

(2.1) E a(kl, ..,kr)Z4 Z> rr<oo, lzil <R,i = 1,... ,r. 
kl....,krO? 
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Then* 
r (i)Miki \i 

(2.2) F [zi; ii;a] = k ckrO a(kl, . * kr) < )'1 i ) 

provided Izi/ail <g-MAiRi), ,ti > 0, i = 1, . . .,r; and F(zl, . . .,Zr: a) can be re- 
arranged in the form, 

(2.3) F(z1, . .. I Zr: ) = g g(l *r;Z ... Zr)a 
-/ -r 

ill .. ir= 

where 

lzi/l I< pi, i i1.,r, F(zl,*** Zr: )= F[zi; 1; a], 

and g(j*, . i.r. ; r zl, * * Zr) are given explicitly by (2.9) below. 
Further, for il, . . . ,i> 1, the coefficients, g(il, * * * I ir; Z I * Zr), can be 

expressed in terms of the derivatives of 

(2 .4) 9(Z 1, - * * I Zr) = g(?l 0 ; Z z...zZr ) 

Proof. From (2.1) and the test for absolute convergence of multiple series given, 
for instance, by Srivastava and Daoust [8, p. 157 et seq.], it is easily verified that the 
series for F[zi; pi; ai] in (2.2) converges absolutely when Izilail < p AiRi, i =1, ..., r. 

For a * O, and integers ki > , i 1, . . .,r, we have 

(2.5) ai?= ( J ib kc ( ) a () k say, 

where ai(ji, ki) > 0, i = 1, . . ., r. 
Substitution in (2.2) with pi = 1 and ai = 1, i = 1, . . .,r, will show that 

F(zl, . . , Zr: a) is majorized by the convergent series, 

00 Ia(kl, . k. . Izi I * IZrl kr 

. 9 , ,kr =O ki! kr ! 

ki kr r 

(2.6) j. . U: { (j(ii i, ki)} Ial 1 r 
l1=0 ir= i=l 

00 Ia(kl, . * . ,kr)I(IaI)k (Ia)k ki I+Ikr| 
.r~~~~~~~~~ 

where Iz1/aI<R1,i= 1,...I,r. 

Thus F(zl, ... , Zr a) can be rearranged in descending powers of a. Moreover, 

**Throughout this paper we abbreviate, for convenience, functions like 
F[z1, ... 9 Zr; Ali ... 9 Mr.; r1 O * * gar] by F[zi; i; ail. 
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since a is arbitrary, the coefficients g(i1, j'; Z1, . . . Zr) will converge for arbi- 
trary z 1, *.*. Zr 

In order to identify the ai (ji, ki) in (2.5), we compare (2.5) and the Tricomi- 
Erdelyi formula (1.1) with z = , a = ki and = 0; we thus obtain 

(2.7) c1(ji , ki) = (1 - k) B(k i)/r 

where B(a) - B(a)(0) are the generalized Bernoulli numbers. Notice that 

(2.8) c1(jk~)= 1, if ii = 0, ki > 0, 

(. 
( 
ji0 

ki) 
, if ji > 1, ki = 0 or ki = 1, 

fori= l,...,r. 
From (2.3), (2.5) and (2.7) it follows that 

g(j* jr; Z *I* Zr ) 

(2.9) = x a(k1k, * , kr) T B 
Z akl, krO _ i ii 

For ki, ji > 1, ki B( i) is a polynomial of degree (ji - 1) in ki. Thus, if A/, 

denotes the forward difference operator with respect to x, i.e., A,X {f(x)} = f(x + 1)- 

f(x), we have for ji > 1, i = 1, . . ., r, 

j(ki (1)m i( + ji -ki)m 
(2.10) B(ki) - k 

where, for convenience, 

(2.11) ~ ?(mi, ji) =[Am i fB,' ki }I k=+ (i=1 .. ) 

In view of (2.4), (2.9) and (2.10), it follows fairly easily that for ji > 1, i = 1, . . . , 

g( ji jr; Zl 1 Zr) 

jl - 1 jr - 1 ar+J+m 

= Z ZE (- 1/ (2.12) m 10 mr-0 1Ojl t ... azl+jr+mr 

1+ji+mi 

{g(z1, . . . ,Zr)} 17 m 

where the 0(mi, ji) are given by (2.11), and 

(2.13) J jl + + jr, M=ml + - +?mr 
This evidently completes the proof of Theorem 1. 

Remark 1. A markedly different form of Theorem 1 may be given, for instance, 
by replacing the product, 

r (Uz)giki /\Zi ki 

i= 1 (k !)i 
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in (2.2) by 

r (Zi la) ki 

zi1 (k!)Mi 

Remark 2. If we put 

A m ~~~~~~~~~~~~~~~ 1 + ...+ m 
(2.14) 

A 
1 Mr(Z1.. 

., 
Zr) 

= Z . .. Zr r {g(z . Z)} 

azl... a5Zmr 1r 

where 

g(zl z** Zr) = (0? 0 ; Zi Zr) 

(2.15) zk 1 kr 
- E a(kl, . kr) 1 

kl,.,kr= O k1! kr! 

then the first few coefficients g(i1, . . ., ir; Zl. Zr), given by (2.9) and (2.12), 
are as follows: 

g(1, ?, . . ; Z1 .* Zr) A 2 2,0,'..., 0(Z 1 ... * Zr)' 

g(O, . . . 0 1; Z1, . . Z)= 2Ao,...,0,2(Z1, ,Zr); 

g(1, 1, 0, . . . , 0;z1, . . . Zr) = - 
A2,2,0,...,o(Z1, . . . Zr) 

1 

g(0, . .. , 0, 1, 1; Z1, . . . ) Zr) = 
1 

Ao,...,0,2,2(Z1 * Zr). 

g(1, . . , 1;Z1 . Zr) =-A2,...,2(Z1 . * * , Zr); 

g(2, O, ,0; Z1, ***Zr) 

1 ~~~~~~~~~~1 

=3A3,0, ....,0(zi1 Zr) +g 
A4,0, .............,0(z1l. . Zr), 

g(0,. , 0, 2; Z1z***z Zr) 

=3Ao,...,0,3(Zl o** Zr) + 8 Ao,...,0,4(Zl o** Zr); 

g(l, 2, ?, * * * , ; Z1zl ** Zr) 

= 
6 A2,3,0,.0(ZI * 

z Zr) + 
16 2,4,0,...0(Z1, 

9(2, 1, ?, * * *,.?; zI .... * Zr) 

=; 3,2,0,...,0(Z ' r) + 16 A4,2,0,...,0(Z ' r); 
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g(3, O, ... , 0; z1, I ., z) . 
I 

A4,0,...,0(Z1, * Zr) 

+ I 
A5 ,? ..., 0(Z 1 * Zd) + I8 A6, ,0,..., 0 (Z 1 *** Zr), 6 ,0r 48 60 

et cetera. 

Another analytic confluent expansion for functions of several variables is given by 
THEOREM 2. Let 

00 

(2.16) b(kl * k 
k 

* kr < 00, IzIl <R., i = 1, 2: r)z 1 ~~~~~r ' 1 

kl ,...,kr=O 

Then 
00 

G [zi; Xi; /-ti; vi; pj E b(kl,j-kr) 

Ir~~~~~~~ 

(2.17) r ( Vi)Aiki(Vi Xi)piki r zi ki 

wher Iz K (+(k! )IRA i+P1..( , + Xr, 

provided I zi I < I ?vi( + i)1'Ai ip- iRi, /-t > ?, pi > O, i =1, * r* *,nr 

G(z,... Zr: 1, X) can be rearranged in descending powers of 1v(vw + X) to yield 

G(z(1 ,Zr ),[) 

(2. 18) 0 
= E h(jl, * ir; Zi * Zr; ) [- V(V +\ r 
il ' sijr=? 

where Izil < 11v(vw + X)1 Ri, i =1, ... ., r, 

(2.19) G(z 1 ... ., Zr , >X))= G[zj; X; 1; I); 1] , 

and h(j 1 ,ir;i, ,z; X) are given explicitly by (2.21) below. 
Further, for 1,. . .Ir > 1, the coefficients, h(i1, jr; Z.* Zr; .). can 

be expressed in terms of the derivatives of 

(2.20) h(z1, . . . , Zr)=h(0, * . *, 0Z1 .**Zr;X) 

The proof of this theorem would run parallel to that of Theorem 1, and we omit 
details. Indeed, it is easily verified that 

k. 

(2.21) h(/l, jr; Zi * , Zr;X)= Z b(kl, k* * rkr) rI CIkk) 
I 

where 
ki - 1 

cji+l,ki(Q) E= mi(mi + 
X)Cji,miM) 

m .=O 

(2.22) CO,m( 1, m ?0, 

cj + lO ,(X) = 0, i = 1, . . . , r. 



1120 H. M. SRIVASTAVA AND REKHA PANDA 

If we write 

(2.23) 1m. m-(Z1 Zr) Z1 Zr r {h(zl, z r)} 

azi - azmr 

where 

h(z1,. . .,Zr)=h(O .*O;z1,.*., Zr; X) 

(2.24) r z i 
- Z b(kl,...,kr)JJ 

kl s*...kr=0 i= 1(ki)2 

then we have the first few coefficients given by 

h(l,0, .. ., O;zl ,**,zr;X)-3 B3o.0(Z, * *Zr) 

h(O, ..O, 1zi,..,r;X3)= 01B..0O(Z1,. ,Zr) 
+ + 10B2(,0 ..., 0(Z* Zr) 

h(2, O. . . I,O ; * z1r BO..., 0,3(Zi, **Zr) 

+ 2- (X + 1)BO,...,0, 2 (Zl I I ... Zdr; 

h(2, 0 . .. I 0; Z1 * * * Zr; )-L B690,...,0(z1)* Zr) 

18 

+ To (5 + +7)B ,O),... .0(Z 1 * Zr) 

+ 1 (X2 + 8\ + 
ll)~1B4,0, ............,(ZI,. .r 

+ 3 (X + 1)(X + 2)B33,0 .,O(zi, Zr). 
.~~~~~~~~~ 

h(O,. . .O, 2; zl, . * zr;) =?Bo...06(z1, . * * Zr) 

(5 X+17)BO( ... , Zr) + 8X2+ 8 x + 1 l)BOs...0O,4(Z1, Zr) 

+ (?+ 1)(X + 2)BO.0,3(z1,. ** 

et cetera. 
Remark 3. A substantial variation of Theorem 2 would follow if, for instance, we 

replace the product, 



CONFLUENT EXPANSIONS 1121 

in (2.17) by 
r [Zi/lV(V + X)] 

k 

(-V)MIlkl+-*+Mrkr(V X)plkl+ +Prrkri (k1!)M+ 

where, as before, pi, pi > 0, i = 1, . , r. 
Remark 4. If we let 

(2.25) b(kl , ., kr) = kl! .. kr! a(kl, * ., kr), ki > O, i 1,.. , 

then the following relationship holds between Theorems 1 and 2: 

(2.26) lim G(z1, . . . N v, A) = F(z, . .... Zr.. - V) 
X-+ oo 

which is easy to verify. 

3. Asymptotic confluent expansions. Our first result on asymptotic confluent 
expansions for functions of several variables is contained in 

THEOREM 3. Let 
00 

(3.1) c(kl, . * * * k kr) z *k *Zr < ?? lzil < Ri, i = 1,...,r 
k k r = ? 

Then the series 
00 r ~~~~~~~(g1zi) ki 

(3.2) H [zi; 3i; 1i] = c . = ( 1 kr) k , 
k krO 0 =k.(i ik 

converges for all zi' , , # O,-1,-2, . ..,i > O, i = 1, . . .,r; and the function, 

(3.3) Hr(z, I. . . 5 Zr: 0) =H[zi; 0; 1], 

possesses the asymptotic confluent expansion, 

Hr(z, *** Zr: 0) f t(il X *r; Zl, Zr) (_-I1r, 

I,BI??, arg(,B)I - e, 0 < e <7r/2, 
(3.4) 

1 ~~~~zi I < Ri, i = 1, * * r, if I arg (0) I <rr/2; 

1ziI < I sin arg(3)1 Ri, i = 1, .. ., r, if 1r/2 Iarg(,B)I < r-e, 

where the coefficients f(i1 . , , ir; Z , . . . I Zr) are given explicitly by (3.6) below. 
Further, for j, jr > 1, these coefficients can be expressed in terms of the 

derivatives of 

(3.5) f(z1,*. Zr) = f (O, * ,O; zi **Zr). 

Proof The first part of this theorem stems from (3.1) and the test for conver- 
gence of multiple series [8, p. 157 et seq.]. The demonstration of the rest would make 
use of the Tricomi-Erdelyi formula (1.1) in a straightforward manner. Thus it is easily 
seen that 
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f(fl, * Jr;zlx * Zr) 

(3.6) c0 r (k)j.z .k 
= ~~~ C(k1, *kr) 171 B(l; 

k . ,krZ0 i= 1 
! 

andfor j,.. .I ir> 1,wehave 

2j1i-2 2jr-2 r z 2+mi 

m1=O mr =0 i=1 ji! mj! 
(3.7) 

a2r+ml+* *+mr 

az fm {(z 1, 
. r. 

} 
aZ 2 +m l .. d z2+m r{ ( '*** Zr) 

where, for convenience, 

(3.8) (md) = [kik i [k(k)i - / 11 ki=2 (i = 1, . . . 

Remark 5. A slightly different form of Theorem 3 may be given by replacing 
the product, 

( g Zi) ki 

i= Iki! Udm k 

in (3.2) by 

r (I 3zi)ki 

tlkl + *+ mrkr} rI ! p > O, i- 1, ,r 

Remark 6. In terms of the derivatives, 

am 1 + {f(r..+m 
(3.9) CM.m (z1, Zr) =7 rr i r 

where 

f(zi,. .* zr) =f(O, * *O;Zi, Zr) 

(3.10) 00 k k 
-3 .1)? c(kl, . .,kr)zl1 Zrr 

k.kr O 

the first few f(j, . * ; z, . . * * * Zr) are given as follows: 

f(l,O, . . . , O; ?;, . . . , Zr) = C2 0..., Zr) 

f(0, . .. , 0, 1; Zl, . . . * Zr) = X C0,...,0,2(Z1' ' .... Zr); 
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f(2, O, .. ., ?; Z1.X. * Zr) = 
2f C2,0,...,0(Z1' Zr) 

+ 3 C3,0,...,0(Z1. *.. I Zr) + 8C4,0...0(Z1 * Zr)i 

f(O, ...,O, 2; Z1 . Zr) =2C0...0,2(Z1, . Zr) 

+ 
2 

CO.0,3(Z1 . . *Zr) + 
I 

Co,...,0,4(Z1, . * Z 

et cetera. 
For a nonnegative integer n, the multiple series defining the functions 

F(z 1 ... I Zr: - n) and G(z1, . . *, Zr: n, A) in Theorems 1 and 2 would terminate 
and so these functions are well defined everywhere. Thus, under considerably weaker 
conditions than those stated earlier, Theorems 1 and 2 yield the asymptotic confluent 
expansions of F(zl, . . . , Zr: - n) and G(z1, . Izr: n, A), respectively, as n oo. 
These immediate consequences of Theorems 1 and 2 are contained in 

THEOREM 4. Let 

z* ~~~~1 Z*'r 

()k,.... kr=O (1>rk!... r i* X, r 
0Zk 1 zkr 

(3.12) ?I b(kl, ,kr) . . . r < zi < T,i=1,.. .,r. 
.kr=0 (kk!)2 (kr!)2 

Then, for an integer n > 0, 

F(zl ** Zr: - n) = E a(kl,..., kr) 11 - 
k krO0 i= 1 k! n 

(3.13) 

~~ E g(ji, ir ; Zi, - Zr) (- n) r, 

n o ,Izi II< Si,i=1...,r 

and 

G(zj, * * *,Zr: n, X) 
r (-n)ki(n ? )i zi ki 

(3.14) k krO __ 1 (ki!)2 L n(n + X)J 
00 , . 

, h(j1,l ir; Z ,..-Zr; )[n(n + )]-- l 

n -oo, Izil < Ti,i 1, . ..,r, 

where the coefficients g(jl, . . . , jr; Zl, *,zr) and h( j1, . ., ir; Z *,*, Zr; X) 
are given explicitly by (2.9) and (2.21), respectively. 
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The following theorem provides yet another interesting asymptotic confluent ex- 
pansion for a function of several variables. 

THEOREM 5. Let 
00 

U(zl, * *'zr= d(k,..., k )ki 00 * * Zkr < 0O, 
(3.15) 

r) 
rkr=O 

lzil <Ri, i= 1,. . . , 

Then 

r r (a 
+ a 

)Mk 
ki 

(3.16) V[zj;1i;ai;ai;ba ] =k dkJ I ( u1 k + i 

provided Izil < Ri, pi > O, ai + bi 0 ?,-1, -2, . . ., i1, .., r; and for 

Al = * * * = Pr = 1, it can be rearranged when Izil < Ri/2, i = 1, ... , r, to yield the 
expansion, 

V[Zi; 1; 0,; ai; bi] 

(3.17) 
= E W(il, w(j * *jr;Zl-, Zr)[(u1?+bl)jl (Orr +br)111, 

il ' r0 1r 

where the coefficients w(j1, . .. , r; z1, . .. Zr) are given explicitly by (3.21) below. 

However, if the ai and bi are bounded, then (3.17) with a1 = Or= U = a re- 

sults in the asymptotic expansion, 

V(zi, , Zr a) = V[zi; 1; a; ai; bi] 

00 

(3.18) 2 w( j, * * * rZi1, ; . Zr) [(u + b1), * * * (a + b A 

IJIu oo, larg(u + bi)l < 7I - 51 ,i > O, IziI <Ri, i = 1,*.*, r. 

Moreover, if [(a + b1 )i1* (a + br)ij] 1 is expanded in powers of 1/a, (3.18) can 
be written as an asymptotic confluent expansion in 1/a. 

Proof. The first assertion (3.16) would follow fairly readily as in Theorems 1-4. 

Also, since ui + bi # 0, -1, -2, . . ., i = 1, . . ., r, from the familiar Vandermonde 

Theorem we obtain 

ki (- kd)i (bi - 
ai)1, (ui + ad)k 

(3.19) k +b). k> , i=1, r 
(3.19)~ i=? ii (ui + bi)j. (ai + bi)k X k ,i=1 ,r 

Making use of (3.15), we have 

ail + .+jr 

{U(z,. * Zr)} 

(3.20) rZ] k ..1 

= 

0 

d(kl, . k . kr) (1i_ ki)jizki Xi 

*19 rr? = 
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which, in conjunction with (3.17) and (3.19), yields 

W( j, * .. * ,ir; Z1 .. * zr) 

r (bi -ai)jl(- zi) i ) i + +r 
(3.21) - ai. I {U(zl, . * Zr)}- 

1 r 

If we assume that z1I < Xi < Ri, i = 1, . . ., r, then the hypothesis (3.15) would 
evidently imply that 

(3.22) d(kl, . . )O k *..X kr), kl, . . ., kr ?? 

From (3.17), (3.20) and (3.21) we thus observe that, for some constant M > 0, 

I V[zi; 1; a ; a ; biI I < M 
0 

= IIr (bI + aj) 

U.-1r= i (ui + 
b i 

kl.....kr=O i11 \Ii )Xi/ 

- (1 -1z11X/X)1 * (1 - lzrl/Xr)1M 

0 r (b1 - ad)1 x1 \1 (x~ 

jls Pr= U (a. +b)1 z1 / )IZr I 
1i--r=0 ' 1 dIzir 

which obviously converges when 

(Xi/lz1l - 1)-i < 1, i= 1, . .. r, 

that is, when 

lzil <,X/2 <Ri/25 i 15.r 

and the final assertion would follow from the fact that the w(j, * ir; Zl . .* I Zr) 

in (3.18) are identifiable as the Poincare' coefficients of V(z, . .- Zr: a) as I al 00. 

Remark 7. Another version of Theorem 5 can be given by further multiplying 
the product, 

r (ai)+ i ki i 

I'-1 (a1 + 
bi)Mdiki 

in (3.16) by such quotients as 

(a + a)plkl+--+Prkr(? b)plkl+ +Prkr 

times zf , where K-= r ki - kj, 1 < j < a + b #O,-],-2, .. ., and pi > O, 
=1 r 

In particular, for ,ui = pi = 1, ai = a, i = 1, . . ., r, and j = 1, we may state 
THEOREM 6. Let the hypothesis (3.15) of Theorem 5 be replaced by 
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00 

(3*2) WZ1, * X r) F, dk,.., r)Zl l(ZlZ2) 2***(Zl zrr) < 
kl. ....kr O 

where I1z 1 < R1 and Izlzjl < R1, j = 2, ..., r. 
Then the series 

Y(Zl,* * Zr. a) 

00 (a + al)k+...+kr H2 (a + aj)k 

(3.24) =k d(kl,. . .. kr) (+a) 1.kk r = ( l r (a+ bl)k +..*+k H2 ( J + )k 

Z41 (Zl1Z2) ... (Z 1 Z)kr 

converges for zl <R1, lzlzl <R,j = 2, ..., r, a + bi 0 ?,-1,-2, ... i 
1, . . ., r;and it can be rearranged when lzll < e1Rj, lzlzl < e ,R1j = 2, . ., r, 
for some ei, O < ei < 1, i = 1, . . ., r, to yield the expansion, 

Y(z, . Zr 0) 
(3.25) 

= , u(jl, * * p,ir; Z1) ... * Zr) [(a + b1)*, (a + br)irI 
?.--jr=? 

where 

U Gi, . . * xir;Z1, * *. *Zpr) 

(3.26) ~~r (bi aj)j (- Zi) 
1i 

il + 
{wz *** rZ) (3.26) b -aj(z1) a' +4.. 

i=1 11ji 1 z' 1 ..aZ'r {~1 '1 r 

Moreover, for bounded a, and bi, (3.26) holds asymptotically as 

Y(z, . Zr 0) 

00 

(3.27) -j 
2 u(11, -.ir; Zl, I Zr)[(? +bl) (a +br)j], 

Julo o, larg(a +bi)l S 1r - 5i 5i > 0 i 1, .. ,r, z Iz < Rl, lzlzii < Rj 

j = 2, . . ., r, which leads to an asymptotic confluent expansion in 1/a if 

[(a + bl)j, 
... (a + br)j] -1 is expanded in reciprocal powers of a. 

Remark 8. For r = 2, this last theorem would evidently reduce to the main re- 

sult (Theorem 1, p. 605) in Deshpande's paper [4]. 

4. Applications. By assigning suitable values to the arbitrary coefficients 

a(kl, . * * * kr), b(kl, . . * , kr), c(k1, * . . , kr) and d(kl, . . . , kr), ki > 0, i = 1, 
. . . , r, Theorems 1-6 can be applied to deduce analytic or asymptotic confluent ex- 

pansions for various special functions of several variables; e.g., the Lauricella hyper- 
geometric functions F(r) F(r)I F(r) and F(r) of r variables and their generalizations 
studied by Snvastava and Daoust ([7], [8]). As an illustration, we apply Theorems 1 

and 4 to derive an asymptotic confluent expansion for a certain generalization of the 
Lauricella functions, defmed by (cf. [7, p. 454]; see also [8, p. 158]) 
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p: ql; ... p l; * . p . q () ( l ); * 
P:Q1; ...;Qr(zr ) P Q1 ; QrT(7p) (6); ; ); 

(4.1) 00 r ZAki 

= E ~~A.(ki,... kr) t 
k kr=? i=1 i- 

where, and in what follows, 

() k k H1 (aej)k + * * * + kr J 1 (0;)k 1 H7?1 (Y )kr 

(4)1- (7j)k1+..*+kr II (6;)k1 * **ny1 (6(r))k 

and for convergence of the multiple series in (4.1), 

(4.3) 1 +P + Qi - p - q > O, i = 1, . r; 

the equality holds when, in addition, 

(4.4) p >P and Iz111/(P-P) + * + Zr lI/(P-P) < 1, 

or 

(4.5) p ?P and max{lz, * *, IzI} < 1. 

Thus, if we put 

(4.6) 

.m r 1 Mr Arl Dm ' ...,m r(z 1S* Zr ) = zl ** Zr rA ***,Mr ) 

F ql; * *; r a(?p) + ml + * * * + Mr: (q'q ) + m; . (qr) + Mr; i 

P: Q1; ...* ;Qr \(yp) + ml + + m r (5Q1 + ml; *.*.* (6r)) + mr ;Z...r P: Q1 ~~~~~~~~~~~~Q1Qr r 

and let n be a nonnegative integer, we obtain the desired asymptotic expansion, 

p: 1+ ql; * * ; 1+ qr (ar) -n, (t3;); . n, (03(r)); 
_ _Z 

P:p:aq), n,Q1) 

P: Q1;* ; Qr TAYP (5Q1) ... (05r); n n/ 

P: ql; ... qr 1l 

P Q1; ... Qr 'r! 

(4.7) 
In [D2,0'..0(z 1 . zr) + + D0,..0,2 (Z 1.... ZA) 

+ 0(/n2), n oo, 

provided that (4.3) and (4.4), or (4.3) and (4.5), hold. 
For special values of the nonnegative integers p, qi, P and Qi, i = 1, . . . , 

(4.7) reduces to the corresponding asymptotic expansions for the Lauricella functions 
except possibly the function F(r) of the third type. In particular, for the fourth 
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Lauricella function F(r), we have from (4.7) with p = P 1, qi = Qi = O, i 1, 

F.(r [ - n. -n; y; - zZ+ + z D()o,n . .I,-; t-ln, .. *,-Zr/n] j Fj [CE; )'; 1 r] 

(4.8) _ 
r 

(L;;)FOi[a +2; y + 2; Z, + + Zr] 

+ O(n-2), n - oo, 

where 1F1 [a; y; z] is the familiar confluent hypergeometric function. 

Evidently, this last asymptotic expansion (4.8) would hold for all z, .... Zr 
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