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Some Analytic or Asymptotic Confluent Expansions
for Functions of Several Variables

By H. M. Srivastava and Rekha Panda®

Abstract. This paper aims at presenting multivariable extensions of the recent results
of J. L. Fields [5] and others (cf. [1]—[4]) on certain analytic or asymptotic con-
fluent expansions for functions of one and two variables. It is also demonstrated how
these extensions would apply, for instance, to derive an asymptotic confluent expan-
sion for a certain class of the generalized Lauricella function of several variables.

1. Introduction. In recent years several writers have contributed to the theory
of analytic or asymptotic confluent expansions for functions of one and two variables
(see, for instance, [1]1—[5]; see also [6, pp. 50—57]). The object of the present paper
is to discuss extensions of these results to certain functions of several variables. In
order to illustrate the usefulness of these extensions, an asymptotic confluent expan-
sion for a certain class of the generalized Lauricella function [7, p. 454 et seq.] is ob-
tained. It is also shown how this last expansion (4.7) below can be further specialized
to yield the corresponding asymptotic confluent expansion for the ordinary Lauricella
functions Fﬁ’ ) F 1(3’ ) and F g ) of r variables.

The following Tricomi-Erdélyi result (cf., e.g., [6, p. 33]) will be required in our
investigation:

M___ a8 N-1 (=1)/@ ), BB+ (@)z=T + 2260 N),
I'z+6) j=0 it !

@a.n

larg(z + o) <7 —€,e>0,

where o and § are bounded complex numbers, and B]@""‘H’ l)(oz) is the generalized
Bernoulli nolynomial.

2. Analytic confluent expansions. Our first result is the analytic confluent ex-
pansion (2.3) contained in
THEOREM 1. Let

@.1) S aley. .. k)l ezt <o, || <RLi=1,...,r
Kk =0
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Kk
Then

- r (oi)p,iki z;\Fi
2.2) Flz;5u;50;] = > atky, ..., k) H-—MT<—0_> < oo,
K15k, =0 i=1 (k;!) i

provided |z, /o] <ui_“iRi,ui >0,i=1,...,r;and F(z,, .. .,z,: 0) can be re-
arranged in the form,

oo

. , —jy=eemi
3) F(y,...,z,:0)= Z 8(iysesdpiZyy-n.,2,)0 1 r
j1reeeriy=0

where
lz;/ol <R;, i=1,...,r, F(zl,...,zr:a)=F[zi;1;0],
and g(jys .- sJ,5 2y, - - - 2,) are given explicitly by (2.9) below.

Further, for j,, . ..,j, 2 1, the coefficients, g(j,, . .. ,j,; 24, - - . ,2,), can be
expressed in terms of the derivatives of

(24) g(zl,...,Z,)=g(0,...,0;21,...,zr).

Proof. From (2.1) and the test for absolute convergence of multiple series given,
for instance, by Srivastava and Daoust [8, p. 157 et seq.], it is easily verified that the
series for F'[z;; y;; 0;] in (2.2) converges absolutely when |z;/0,| < u; “iRi,i =1,...,r

For 0 # 0, and integers k; = 0,i =1, ... ,r, we have
@, A W S A W ”
(25) T= 1+0— H 1+‘E = Z a,‘(ji’ ki)O la say,
o 1 '/i:O ll=o

where o;(j;, k) >0,i=1,...,r.
Substitution in (2.2) with y; = l and 0; = 1,i =1, ..., r, will show that

F(z,,...,z,: 0)is majorized by the convergent series,
Kk Kk
i latky, ..., k)Nlz, 1! ceelz T
Kook, =0 kleeok,! »
kq ky r —fy—eee—jf
(2.6) ) Z te Z {0y (7;» k) ol ! r
j1=0 jp=0 i=1
k
~ i laky, . .. ,k,)](lol)k1 oo (IOI)"r z 1 z, ky
kl"“’krzo kl’ oo kr! (02 o ’

where |z;/0| <R;,i=1,...,r.

Thus F(z,, ..., z,: 0) can be rearranged in descending powers of 0. Moreover,

** Throughout this paper we abbreviate, for convenience, functions like
F[zl, NN Y TR S X PPN or] by F[zi;u,-; °i]‘
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since o is arbitrary, the coefficients g(j,,...,j,;2,, ..., z,) will converge for arbi-

trary z,, ..., z,.

In order to identify the a;(j;, k;) in (2.5), we compare (2.5) and the Tricomi-
Erdelyi formula (1.1) with z = 0, & = k; and 8 = 0; we thus obtain
. k; .
o)) ai(]i,ki)=(1—kl) ( )/11 , i=1,...,r,
where Bf,") = Bfl“)(O) are the generalized Bernoulli numbers. Notice that

1, ifj,=0,k >0,
28) & (ji ) =
0, ifji>1,ki=00rki= 1,

fori=1,...,r
From (2.3), (2.5) and (2.7) it follows that

F{ G2V Sy SIS ) |

o CE

1 -k, .z, 1
itk 1 i
For k;,j; > 1, ki_lB]gik") is a polynomial of degree (j; — 1) in k;. Thus, if A,

denotes the forward difference operator with respect to x, ie., A {f(x)} = f(x + 1) —
f(x), we have forj, > 1,i=1,...,r,

_q—uta+h—k)

(2.10) #“_w b - 90, 7,),
m; =0 mi!
where, for convenience,
. c o (s .
(2.11) o(m,, ;) = [A”:’it {B}i t)/ ki}]ki=]'i+l i=1,...,r).

In view of (2.4), (2.9) and (2.10), it follows fairly easily that forj, > 1,i=1,...,r,
gliys - siizys.-.52,)

j1—1 Ir—1 ar+I+m
= Z LN Z (—I)J - —
(2.12) m =0 m,=0 azl+11+m1 N az:+’r my
. 1+Il+ml¢(ml’])
Gy -z 1 it
1=

where the ¢(m;, j;) are given by (2.11), and
(2.13) J=jp+cti, M=m +---+m

This evidently completes the proof of Theorem 1.
Remark 1. A markedly different form of Theorem 1 may be given, for instance,

by replacing the product,
r i) iki [2; k;
I—_:I Ui ’

re
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in (2.2) by
r (o)
(0)“ ki+eeetu k T, IJ.>0
1%1 By K; !
i=1 (ki!) i
Remark 2. 1If we put
m m m1+---+mr
(2.19) Ay m @15 eenz) =2y ez, r {8(zy, - -

m m
1 ... r
9z, 0z,

where
gz, ... ,2,)=g@, ... »0524,...,2,)
(2.15) T
= a s e e ey L) 5
Kpmky=0 " k! k,!

then the first few coefficients g(/,, . . .
are as follows:

,jr;zly LI ]

z,), given by (2.9) and (

1
g(1,0,...,05z4,...,2z,)= 5 Az 0,0 52,),
1
g0,...,0,1;z,,...,z2,)= jAo,...,o,z(zl’ ceZ)s
1
g(1,1,0,...,0;z,,...,2,)= ZA2,2,0,...,0(21’ cesZ),
1
80,...,0,1,L,zy,...,2)= ¢ Ao.....02,2@15 -5 2,),

. _1 .
gl,...,Lz,...,2)= ;Az,..,z(zp c s Z,);
&(2,0,...,0;z,,...,2,)

=1y (z z)+ 14 (z z,)
343,0,...,0%1> »Z) T g Aa,.. 0815 -5 2 )
g(09 ,0, 2; Zl, . 9zr)
1 1
=340,.,03C0 - 2) ¥ gdo 04C1 -0 2);
g(I, 29 0, ,O;ZIa . ’zr)
1 1
=g 42,3,0,.,0@1 - > 2) ¥ e Az.40,..,000 - - -
g(z, 1, Oa ’O;Zla ’Zr)

1

6—A3,2,o,...,o(21’ cee

1
,2,) T 16 A4,2,o,...,0(zl’ s

,zr

b

2.12),

b

,z)

B Zr);
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g(3, 0’ cees 0',21, < 3Zr) = A4’0’“.’0(21, R ,Zr)

1

AS,O,...,O(ZI’ Szt 4_8A6,0,...,0(Zl’ ce 2,

1
6
et cetera.

Another analytic confluent expansion for functions of several variables is given by
THEOREM 2. Let

oo

(2.16) > b(kl,...,kr)zllcl -°°zf’<°°, Izl <R;,i=1,...,r
Kqenrk,=
Then
G[Zl3 ly“i;vi;pi] = Z b(kl""’kr)
Kk, =0

.17 . I,I (—vl.ﬂiki(viw\i)piki [— z, K; 3
i=1 u;tp; v.(v, + )\1) ’
Y (kt') i i i\

provided |z;| < |v;(v; + 7\,-)|ﬂ,-—ﬂip,-piR,~, u;>0,0,>0,i=1,...,r;and
G(zy,...,z,: v, \) can be rearranged in descending powers of v(v + \) to yield
G(zy,...,z,:v, N

(2.18) o

= X Myt 2y ez N [—uw )] T T
Jqreeesiyp=0

where |z;| < |lv(v + DIR;,i=1,...,r,
(2.19) Gzyyoonhz, i, ) =Glz;3 N 1w 1],

and h(jy, -+ . 5J,324, - . ., 2,3 \) are given explicitly by (2.21) below.
Further, forj,, . ..,J, = 1, the coefficients, h(jy, .. .,j,; 24, . ..
be expressed in terms of the derivatives of

\), can

,r’

z,)=h0,...,05z,,...,2,;N.

(2.20) hzy, ...,

The proof of this theorem would run parallel to that of Theorem 1, and we omit
details. Indeed, it is easily verified that

k;
oo Zl
220 h(ys e dys 2y s 2,30 = bky, ... k ,
(2.21) h(j, ! kl’gr:o (k, %E &, 1 0 >(k|)2
where
k-1
G 1, M) = > mm; N m (V)
mi=0
(2.22)

coymi()\)= 1, m; =20,

Ga1oM)=0, i=1,...,r
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If we write
- m aml+---+mr
(2.23) Bml,...,mr(zl’ cte ’Zr) = Zl o Zr r {h(zl’ ce ’zr)}’
az'lnl oo az:"r
where
hzy,...,2,)=h0,...,0;z,...,2,;))
(2.24) > rooZ
= 2 by, ..., k) —,
K sk, =0 i=1 (k;1)?

then we have the first few coefficients given by

H(1,0,.. ., 032y, . 23N = TByg oGy -52,)

1
t5A+ DBy, 0y 2),

BO, .. .,0, 1520, 2N =By o3G5 7))

1
+ 3+ DBy 02C1s - -2,

1
h(2,0,...,0;z,,...,2,;A) = T§B6,0,...,0(21’ ey Z,)

+ 3—15 BN+ 17)Bs . ozys---52,)
+ é_(R2 + 8)\ + 11)34,0’.“’0(21, e ey Zl‘)

FIOH DO+ DBy, oGy 2,),

1
h@©,...,0,2;z;,...,2,; )= —1§Bo,...,0,6(21’ cesZ,)

F N IDBy oG s2) g (N + 8N 1DBy o415 -2,)

IO DA+ DBy 0302,
et cetera.
Remark 3. A substantial variation of Theorem 2 would follow if, for instance, we
replace the product,
r

i=1 (ki!)""”i

o, O N [ 5 Tk
Vi(”i+>‘i)] ’
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in (2.17) by
o[-z + W]

(_V) ceetu k (V+)\) kK.+s+24+p_ k ’
Mikyt Bk, P1ky Prir iy (ki!)"‘"“’i

where, as before, u;, p; > 0,i=1,...,r
Remark 4. If we let

(225)  bky, ... k)=k!!---k'aky, ..., k) k=0i=1,...,r,
then the following relationship holds between Theorems 1 and 2:

(2.26) )}_1{1 Gizyyooohz,: 0V, \)=F(z,,...,z,: — V),

which is easy to verify.

3. Asymptotic confluent expansions. Our first result on asymptotic confluent
expansions for functions of several variables is contained in
THEOREM 3. Let

oo

(3.1) Tl kDI <o, [z <Ry i=1,.. .,
ks kyp=0
Then the series .
had r (6,'21‘) i
(3.2) Hizgi Bsw) = 2 cley, .. k) [ ———
Kyrk, =0 i=1 k! By,

converges forall z;,8; #0, -1, =2, ..., 4, >0,i =1, ...,r;and the function,
(3'3) H(ZI,...,Zr:ﬁ)zH[Zi;B',I],
possesses the asymptotic confluent expansion,

HGp 2B~ % fGyeeoadyizy o o0z) (— 67077770,

Jirendy=0

[Bl — oo, larg(BI <7 —€,0< e<7/2,
(3.4) . .
[zl <R, i=1,...,rif larg(B)l < m/2;
lz;l <lsin arg(B)IR;, i =1,...,r,if n/2<|arg(B)I <7 —,

where the coefficients f(j,, ... ,J,; 2y, . - ., 2,) are given explicitly by (3.6) below.
Further, forj,, ... ,j, 2 1, these coefficients can be expressed in terms of the
derivatives of

3.5) fey,...,2,)=f0,...,0;z,,...,2,).

Proof. The first part of this theorem stems from (3.1) and the test for conver-
gence of multiple series [8, p. 157 et seq.]. The demonstration of the rest would make
use of the Tricomi-Erdélyi formula (1.1) in a straightforward manner. Thus it is easily
seen that
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LIV S MR )|
(3.6) w r (k)2
(1-k;)
= clky, H B i
Kqsenk,=0 i=1
and forj,,...,j, =1, we have
2j; -2 2j,-2 , Fitm;
. .. m,
f(]]:--~!]r,21,"';zr)= Z e Z n_'—"_‘lLl)_.
(3 7) m;=0 m,=0 i=1 I;+ m,.!
a2r+m1+ +”’r
22t ™1 L. g2ty ez

where, for convenience,

(38) Vo) = (A0, B PV lkk; — DYgma G=1,...,1).

Remark 5. A slightly different form of Theorem 3 may be given by replacing
the product,

r 5121) i
Lo
in (3.2) by
. (82)' .
{(ﬁ)“1k1+"'+“rk} I;Il s Hi>0,l= r.

Remark 6. In terms of the derivatives,

aml+-..+m

B9 Cppm @1rnz) =2 L {fGy, -2},
r azml e azmr
1 r
where
fey...,2)=f0,...,0,z4,...,2,)
3.10 ol
3.10) = > c(kl,...,k,)z’fl---zf’,
Kk, =0

the first few f(7,,...,7,52;,...,2,) are given as follows:

1
f@,0,...,0,z4,...,z,)= fcz’o"__’o(zl, ceesZ)

.
.

£O,...,0,1;z, ... ;—Co,...,o,z(zl, oz
@, ..., 5z, ... ,zr)=—;; Cy,..2Eys -2,

s4yr)s
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F@,0,. ., 052y, 2) =2 Cog oGy r2,)

N

2 1
+ 3 Co,..,0¢0 - -52,) +§C4,0,...,0(Zl’ CeesZ,),

fQ©,...,0,2;z,,...,2,) =% Co,..02C - -52,)

> “r

2 1 .
+3G,..00,3C15 - 2) § Co,..,0,4C1> - - -5 %)

et cetera.

For a nonnegative integer n, the multiple series defining the functions
F(zy,...,z,: —n)and G(z,, . .., z,: n, \) in Theorems 1 and 2 would terminate
and so these functions are well defined everywhere. Thus, under considerably weaker
conditions than those stated earlier, Theorems 1 and 2 yield the asymptotic confluent
expansions of F(z,, ...,z,: —n)and G(z,, . . ., z,: n, \), respectively, as n —> oo
These immediate consequences of Theorems 1 and 2 are contained in

THEOREM 4. Let

K K
od z. 1 zr
3.11) Z a(kl,..,,kr)_l_.., r < oo, Iz,.|<Si',i=1,...,r;
Kyseenrk,=0 ky! k!
= al g ,
G12) X bk, ...,k) cee T — <o, zI<T,i=1,...,r
Kok, =0 (k,1)? (k,1)?

Then, for an integer n = 0,

n r (=n), )
Fey,...,z,: —n)= > a(kl’---,k,)n k; (_ﬁ)kz

k]y ykr=o i=1 k" n
(3.13) N
~ Z &8(iys - siizyy o ,2,) (- n)_Jl"""—lr‘,
jls'-"ir=0
n— oo,z <8, i=1,...,r,
and
G@zys v -52z,i0,0)
n r (= n)k.(n + Ny, 2 ]k'
i i
= X by, ..., k) d i [_
(3.14) kl,...,kr=0 i=1 (kl!)2 n(n +X)J
~ Z h(fla'-~,f,;21,...,Z,;7\)[—n(n+7\)]’]l"""1r’
JiseesJ, =0
n-_>°°’izi|<7},i=l,...,r,

where the coefficients g(j,, ... ,j,;2¢, ...,z )and h(j, ... ,],;2{,...,2,; )
are given explicitly by (2.9) and (2.21), respectively.
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The following theorem provides yet another interesting asymptotic confluent ex-
pansion for a function of several variables.
THEOREM 5. Let

Uy, .52)= 3 dky, ..., k)z1 eee 27 <oo,
(3.15) Kqnk,=0
lzl <R, i=1,...,r
Then
k.
0 r (°i+ai)“‘k.z,"
G16) Viz;u;05a56] = Y dky, ..., k) ]I <o,
Kyseok,=0 i=1 (0 by,

provided |z;| <R;,p;>0,0; + b, #0,—-1,-2,...,i=1,...,r;and for
My =<+ =, = 1,it can be rearranged when |z;| <R;[2,i =1, ...,r, to yield the
expansion,

Viz;; 150,545 b,]

(3.17) e )
= Z W(jl""’]r;zl""’zr)[(01+b1)j1”’(0r+br)]-]—l,
il ,-~-,I'r=0 r
where the coefficients w(j,, .. .,J,; 2, - - . ,Z,) are given explicitly by (3.21) below.

However, if the a; and b; are bounded, then (3.17) with g, = ++* =0, =0 re-
sults in the asymptotic expansion,

Vzy,...,z,:0)=V]z;;150;5a;;b;]

oo

(318) ~ 2 Wiy ---dpzneez) [@+b) ccr @+ b)Y 17
]1’--~,]'r=0

lol—> oo, Jarg(0 + b))l <7 —8;,8,>0,|z;i<R;,i=1,...,r

Moreover, if [(o + b1)j1 cee(0+ br)j,] —1 js expanded in powers of 1/a, (3.18) can
be written as an asymptotic confluent expansion in 1/o.

Proof. The first assertion (3.16) would follow fairly readily as in Theorems 1—4.
Also, since 0; + b; #0,—1,-2,...,i=1,...,r, from the familiar Vandermonde
Theorem we obtain

ki (= ki)ji ®; - ai)jl. (0; + 4;)y,

(3.19) : - k> 0i=1,...,n
jigo it (0; + by, (0; + by, '

Making use of (3.15), we have

al'l+...+ir
]_ p Uy, - - 52,0}
(3.20) azll coe azrr

r y Koei:
= X dy, k) T D R ET
i=1



CONFLUENT EXPANSIONS 1125

which, in conjunction with (3.17) and (3.19), yields

W(igs e oo sdps 2y - 052,)
r (bi —a,‘)i (—Zi)ji Jpteee+j
. 0’1 r
(3.21) =II ." l - —{UG,, . - .,2,)}
i=1 Iyt j 3zl « - 3zlr

If we assume that |z;] <X, <R,,i=1,...,r, then the hypothesis (3.15) would
evidently imply that

(3:22) dey, ... k)=0X 1 x "

"), kyy...,k, >,
From (3.17), (3.20) and (3.21) we thus observe that, for some constant M > 0,
r (bl — ai)l-i

i=1 (0; + b")fi

oo

Jism X

jl y-~-’jr=0

[ VIz;51; 0,505 b

r (b, —a; j,

i=1(oi +Abi)ji

X, o X, T
— 1 e -1 ,
lz,| Iz,|

X /lzl =)~ P <1, i=1,...,r

Jqseedy=0

which obviously converges when

that is, when

Izl <X, 2<R;f2, i=1,...,r

and the final assertion would follow from the fact that the w(j,,...,j,;z;,...,2,)
in (3.18) are identifiable as the Poincar€ coefficients of V(z,,...,z,: 0) as [g| —> oo,

Remark 7. Another version of Theorem 5 can be given by further multiplying
the product,

k;
(0; + a,.)”iki z;!

©; + by x,

11

i=1

>

in (3.16) by such quotients as

(0 +a)plk1+-°°+prkr/(o + b)plkl+°-°+prkr

times z,K, where K = Z7_ | k; —

ki,1<j<r,o+b#0,-1,-2,...,and p; >0,
i=1,...,r
In particular, for y; = p;, = 1,0, =0,i=1,...,r,andj = 1, we may state
THEOREM 6. Let the hypothesis (3.15) of Theorem 5 be replaced by
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- k k K
(3.23) W(zl)"',zr)=k Zk od(kl"",kr)zll(zlz2)2...(zlzr)r<°°)
1200 r=

where |z,| <R, and |212j| <Ri,]' =2,...,rL
Then the series

Yiz,,...,2,:0)
(o + al)kl+---+k, M, (0 + ai)ki

G249 = 3 d@,.....k) ,
Kk k K
“zMz2) P (5y2)
converges for |1z, | <R, [zlz].I <R;,j=2,...,r,0+b,#0,-1,-2,...,i=

j
1,...,r;and it can be rearranged when |z,| < €,R,, Izlzjl <e]-R.,]' =2,...,0

j
for some €;,0 <¢; <1,i=1,...,r, to yield the expansion,

Yz, ...,2,:0)

(3.25) .
= > u(iys iy s2,) [(o+b1)]-l---(0+b,)j]"l,

Jpsemry=0 r

where
u(i]) e ’jr;zl’ .. ,Zr)
by —a) (—z)1) aigteeeti
3.26 LA o't !
(3.26) -1 L : — Wiz, - - -, 2,)}
i=1 li 3zl - az)r

Moreover, for bounded d,. and b;, (3.26) holds asymptotically as
Yz,...,z,:0)

oo

(327 ~ 2 u(lyy g3z, 2,)[(0F by, **(@+b,) 171,
il,...,]'r=0 r

o] — oo, larg(o +b)l < m—-6;,8,>0,i=1,...,r, |z;| <Ry, lzlzil <R,-,

j=2,...,r, which leads to an asymptotic confluent expansion in 1o if

[(o + bl)jl st (0+b,) 171! is expanded in reciprocal powers of o.
r
Remark 8. For r = 2, this last theorem would evidently reduce to the main re-
sult (Theorem 1, p. 605) in Deshpande’s paper [4].

4. Applications. By assigning suitable values to the arbitrary coefficients
atky, ..., k), bky, ... k), ctky,...,k)anddk,,... k), k;=>0,i=1,
..., r, Theorems 1—6 can be applied to deduce analytic or asymptotic confluent ex-
pansions for various special functions of several variables; e.g., the Lauricella hyper-
geometric functions Fl(i’ ), Fé’ ) FC(,' ) and F lg’ ) of r variables and their generalizations
studied by Srivastava and Daoust ([7], [8]). As an illustration, we apply Theorems 1
and 4 to derive an asymptotic confluent expansion for a certain generalization of the
Lauricella functions, defined by (cf. [7, p. 454]; see also [8, p. 158])
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o ) Lo . (g (r)
Fp-ql”"’qr zl EFp.ql’...’qr (ap)'(ﬁql)’. (B ) Zys .52,
P:Qy5...50\z, POy 5 O\(rp) (6,Q1);' (S(r))

(.1) 7!

f}j{ Alky, .. k)H

b
o k!

Kok, =

I

where, and in what follows,
. e, (aj)kl+ “t+k, H 2 (ﬁ )kl nqu (5('))
4.2) Aky, ..., k)= . Z, ;
ey Oy 4ee etk ni=ll ), « = 5(r))k

and for convergence of the multiple series in (4.1),

“.3) 1+P+Q,-p-q;20, i=1,...,r;
the equality holds when, in addition,
(44) p>P and |z,MPF) 4o pyg (MR <
or
4.5) p<P and max{lz l,..., |z} <L
Thus, if we put
4.6)
Dml,...,mr(zl’ cooyz)=z2] ... 2 Amy, ..., m,)
GPHAv sy (@) Fmy e b (B ) +mys s (60 +my;
) Zy,ees2,
POy 0 \(p) Fmy e Am (5Q1)+m1;---;(5(Qr),)+mr;
and let n be a nonnegative integer, we obtain the desired asymptotic expansion,
PR O e N R R N K
Pr Qs G\ (5IQ1);...; (S(Q’Z); n’’ " on
Piqy;-- 54, /7
~F :
P:Q.;...50, z,
@.7)

1
37 P2,0,.,0@0 52 Dy 0,5 2,)]

+0(1/n*), n-— o,

provided that (4.3) and (4.4), or (4.3) and (4.5), hold.

For special values of the nonnegative integers p, q;, Pand Q;,i=1,...,r,
(4.7) reduces to the corresponding asymptotic expansions for the Lauricella functions
except possibly the function Fé’ ) of the third type. In particular, for the fourth
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Lauricella function Fg), we have from (4.7) withp =P=1,4;=Q; =0,i =1,
T
FOl, —n, ..., —nsv;—zyn, ..., —z,/n] ~ Filoa;y;z,+ - +2,]
a@+ 1) @2+ +22)

4.8) — . Sz e 4
( TR Filat+ 2,7+ 2524 z,]

+ O(n_z), n— oo

where | F [a; v; 2] is the familiar confluent hypergeometric function.
Evidently, this last asymptotic expansion (4.8) would hold forallz, ..., z,.
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