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An Analysis of the Finite Element Method
Using Lagrange Multipliers
for the Stationary Stokes Equations

By Richard S. Falk™

Abstract. An error analysis is presented for the approximation of the stationary
Stokes equations by a finite element method using Lagrange multipliers.

1. Introduction. The purpose of this note is to examine a finite element method
using Lagrange multipliers for the stationary Stokes equations. Such a method is men-
tioned in [4] although specific details of the analysis are not provided. In this paper
we shall present an analysis from a different viewpoint and then obtain error estimates
under different hypotheses than considered in [4]. A similar approach has been used
in [9] to analyze a finite element method using Lagrange multipliers for a second order
elliptic boundary value problem with Dirichlet type boundary conditions. Some other
finite element methods for the problem we consider here can be found in [5], [6], [7],
[8] and [13].

We will consider then the approximation of

Problem (P): Find U= (uy,...,uy) and p defined on £ such that

- -
—vAu + grad p = f in Q,
div u=0 inQ,
;=6 on 0%2,

=
where 7 is the fluid velocity, p is the pressure, f are the body forces per unit mass, and
v > 0 is the dynamic viscosity.
The approach we will take is to consider Problem (P) in the following form. Let
- > .
a(u, v) denote the bilinear form

f v 3 ___67 . —@de
20 A
and (, ©) the [L2(S2)] N inner product fq & + U dx. We then seek a function p €
L*() such that
(div u(p), q) = 0 for all ¢ € L2(),

—_
where 7( p) is the unique solution in [Hy ()] of a(l?(p), l—;) = (?— grad p, ) for
all v € [HL()]V. 1t s easy to show that (i (p), p) solves Problem (P).
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The approximation scheme is then
Problem (P,): Find p, € ThZ(Q) such that

1) (div 4, (Py). a,) = O for all g, € T, (),
_—

-> . . L N - >, _ 7
where u,(p,,) is the unique solution in [Thl(Q)] of a(u,(p,), v,) = (f — grad p,,,
v,) for all v, € [Thl(ﬂ)]N . [Thl(Q)]N and T, () are finite dimensional subspaces
of [HL(Q)]Y and L*(R), respectively, and will be defined later.

We note that these equations can also be obtained by applying the method of
Lagrange multipliers to the constraint div v=0.

In the next section we describe the notation and principal ideas to be used in the
derivation of the error estimates.

2. Notation. Let £ be a bounded domain in RV with smooth boundary 382.
For m a nonnegative integer, let H™(2) denote the Sobolev space of order m of func-
tions defined on £2 with norm

%
- 2 T
oll,,, = ( > I!D"‘vllo> , where [lvll, = IIUIILZ(Q)-

lal<m

Let H(;(Q) denote the Sobolev space of functions in H!(£2) which “vanish” on 982.
For vector-valued functions V= Wy, - - - Vy) let [H"(Q)] N be the space of v
with components v; € H™(2) and let

Y2
N
-
HM%=<ZIMM>.
i=1

Finally, for convenience, define IIE)IIIZE = a(ﬁt 3). We remark that ||5)|| g is a norm
on [HL()]V equivalent with the [|v]l, norm.

The following facts will be needed in the derivation of the error estimates.

LEMMA 1 (SEE TEMAN [13]). Let Q be an open set of class C°, s = 2, and let
fe [Hs— 2V and g € H*~1(Q) be given with [, g dx = 0. Then there exist
unique functions U and p (p is unique up to a constant) which are solutions of the
generalized Stokes problem

vAT St gadp=f inQ,
divu=g inSQ,
17=6 on 382,
and satisfy u € [HS(Q)]Y, p € H~1(Q), and the estimates
IIuII Hlpl_y g < G flls , Hllglg_y}, 521,
where C,, is a constant depending only on v, s, and S).

(1701 = infl + el )
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LEMMA 2 (E.G. SEE [12]). Let T«’z(p) be the weak solution of the equation
- — T i 2 N
—vAw(p) = — grad p with boundary condition w = 0. Then if grad p € [L*()]",
- 2 N - e . .
w(p) € [H*()] " and ||lw(p)ll, < Cllgrad pll,, where C is a constant independent of p.
LeEmMMA 3. Let ;v)( p) be the weak solution of the equation — VA@)( p)=
—_— —
— grad p with boundary condition w(p) = 0. If p € L*(Q)/R, then w(p) € [HL ()N
and IIpIIO/R < ( IIVV’(p)IIE < C2||p||0/R for some constants C,, C, independent of p.
Proof.
| =inflp + <lp-¢
liplly,r CIERHP clg <llp -c<ll,

(where ¢ = (u(Q)~ s oP(x)ydx and u(S2) denotes the measure of ). Let (z, ¥) be
the solution of the generalized Stokes problem

>, T, _ -
—vAZ +grad y =0 in £,
div ?=p—E in £,
Z=0 on 392.

Then by Lemma 1, z exists and is unique, and satisfies |z |l < Cllp — ¢|l, for some

constant C independent of p. Hence
—

lp—Cl2<(p-7c,divz)=(-grad p, 7)
=aw (p), ) < IW (Pl 121l

< CIw)lglip - €ll,.
Hence,lIpllg,r < ClIW(p)lig. Also,

- —_ —_ -
||w(p)||125 = (grad p, w(p)) = (grad [p + c], w(p)) (for all constant c)

= (p + o, div W(p) < lIp + cliglldiv W(p)ly < /NP + clighw (Pl
Hence, (1w (p)lly < Clipllgg-

We now introduce the finite dimensional subspaces we will be using in our approx-
imation scheme. Following Babuska [4], we will define for all 0 <% <1 a one-param-
eter family of finite dimensional subspaces which we will denote S,i'k(ﬂ). We call
SEK(Q) a (¢, k)-system for ¢ > k >0 if

(A1) SER(Q) C HY Q).

(A2) If € H(Q) and 0 < s < k </, then there exists ¢, € Sf;"(ﬂ) such that
l¢ = ¢,y < Ch¥||¢ll,, where u = min(I — s, ¢ — s5) and C does not depend on s, &, or
¢. Note that the function ¢, may be different for different s.

If the function ¢, can be chosen independently of s, then the system will be
called regular. We say that the regular system S,f’k(ﬂ) is strongly regular if its mem-
bers satisfy

I gully < CH= =™, ll,, for 0<m <s<k

One final hypothesis that such systems may satisfy which we will require is
(A3) For ¢ € H'(Q) N Hy(R), (A2) is satisfied by a ¢, € SF*(Q) N HL(Q).
Systems satisfying these various hypotheses are constructed in [1] and [2].
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We now proceed with the derivation of the error estimates.

3. Error estimates. R

THEOREM 1. Suppose f€ [H'~2(D)]Y and U= 3( D) is the solution of Problem
(P). Let Zh(ph) be the solution of Problem (P,) with Thl(Q) a (t,, k,)system satis-
fring (A3) and Th2(9) a strongly (t,, k,)regular system with t, > 2,k, > 1, and

ky = 1. If hy = Kh, for K sufficiently large (K a constant independent of h,), then
there exists a constant C independent of h and u such that

— - -
lu(p) — uy (Pl + llp — Ph||L2/R <CRMIf N, _,,
where h = max(h,, h,) and p = min(r — 1, ¢, — 1, t,).
Proof.  Since Z(p) is the solution of Problem (P), (div Z(p), q) =0 for all
q € LX(Q). By (1), (div 4,(p,), q,) =0 for all q, € T, ,(@). Hence
(div [« (p) - Zh(ph)] ,q,) = 0forall g, € Thz(ﬂ). Now
l4(p) = U (PIE = a(i(P) = Up(Pp), U(P)~ U(gy))
+ a(d (p) — Uy (py), U(ay) — U(Py))
+ 0(17(1’) - Zh(ph), ;4)(17;1) - Zh(ph)).
We first observe that

a(@(P) - Ty (py), Way) — B (2y)) = (@ad (py, — ap) % (P) — Uy(Pp))

== (Py — dp> v [ (P) ~ Uy (P))) = 0
by the result obtained above. Applying the Schwarz inequality to the remaining two
terms and collecting terms, we obtain

BIlw(p) = Uy (P IE < NE(D) = U@ )Z + 17 (D) = Up(P)IE-
By Lemma 3, [lu(p) — 4 (g,)llz < Cllp — q,ll,- Hence, we obtain
17 (D) = Up (Pl < ClIp = gylly + 1 (py) = w4, (P)N5] -
Now by Lemma 3,
12 = Pyll/r < Clla(P) = & (Pl
<X (p) = ()l + Nliap(py) — 4 (P)lE].
Combining these results, we get
@) 114(p) = wy(Plg + 1P — Pylloyr < ClIP — aylly + 14 (py) = uy (Pl

Using the approximation assumption (A2), the first term on the right of (2) is
bounded by Chg 2 where u, = min(r — 1, t,). In order to estimate the second term
we need to make use of the strong hypotheses we have made in the theorem about the
approximation properties of the subspaces and their relationships. Now



LAGRANGE MULTIPLIERS FOR STATIONARY STOKES EQUATIONS 245
17(Py) = (Pl < 1 [#(P,) = W(PN = [U(Py) = Un(PIllg + I (@)~ 4, @l
Since
a(;(q) - Zh(q), ?h) =0 for all ?h € [Thl(SZ)] N

we have for all ?h and Tfh € [Thl(ﬂ)]N that

1€ @) = Ul g < 11 (Py) = 4 (P) = Zyllg + 1 (P) = Ul
< Chy Il (py) — u (p)ll, + CHEVIE (DI,

where 4; = min(r — 1, ¢, — 1) (by using (A2)).
Now

—~ - —
lu (py) — u(pll, < Cligrad(p — py)ll, (by Lemma 2),
—_
< Cligrad (p — p;, — ©)ll, (for all constant c)
SClp —py —clly <C[llp — gl +llq, —p, —cll,]
<Cllp - qpll, + Chstlg, — Py —clly]  (by strong regularity)
< CllIIp - aplly + Ch3 g, — plly + Ch3Mip — p) —cllg]-

Applying the approximability assumption (A2), we obtain
& (pp) = Uy (Pl < Chy (K32 lipll,_y + Ch3 Mip — by, — cllg] + CHYMIE (p)I,

< Ch 527 Mipll,_y + CKip — py, — clly + CHYMIE (D), -

Hence,
- - -1 —
14 (Py) = up(Pllg < Chyky? " lipll,_y + CK™lip = pylly g + CHYMIL (P,

(since the previgus equation held for all constant ¢). Since || pll,_, and ||3(p)||r are
bounded by CIi fll,_, by Lemma 1, we have after collecting terms that for K suf-
ficiently large

17 (D)~ TPz + 11 — Pallo x < CTHE? +hyHa2 ™"+ HETIF, .
The theorem follows by setti_r)ng h =max(h,, h,).

THEOREM 2. Suppose f€ [H~2()]Y and u= Z(p) is the solution of Problem
(P). Let Zh(ph) be the solution of Problem (P,) with T, 1(SZ) a (t,, k,)system satis-
fying (A3) and Thz(Q) a (t,, ky)system with k, = 1, k, 2 0. (Note that Thz(Q)
need not be strongly regular.) If there exists ?fh € [Thl(g)]N with (div 1_)),1, q,)=0
foradll q, € Thz(Q) such that

- > Mq >
lu — v ll; < Chitlu(p)l,,

then
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—
I (p) = @y PN, < CRMIFL,_,,

where u = min(r — 1, uy, t,) and h = max(h,, h,).
Proof. Using the same argument as in Theorem 1, we have

1 () = (P IR = a(d (p) = Uy (py). %(P) — U (4,)
+a (@(p) ~ Uyp(Py): U(Py) ~ U (o).
Since a(z,., U(py) ~ Uy(Py)) = O for all Z, € [T,, (D], it follows that for all T, €
[T, (17,
a(u () = Uy (), U (Py) = Uy(Py)) = A (D) = Uy, 4 (Py) = U (D)

= a(u(p) = vy, 4(Py) ~ U(p)) +a(d(p) -y, U (p) — Up(pp))

= (@(p) - B, 1ad (p — p,)) + A (p) ~ By, % (D)~ Ty (Py)

= (div[u(p) =~ V,1, by, — P) + ai (p) — Uy, U(p) — Uy(p,)

= (div[u(p) = 9,1, Py — qy) + (i [Z(P) - By], 4 - P)

+a@ (p) = ¥y, 4 ()~ Up(py))-

Since div z(p) =0andp, — q, € Th (2), we have for all vh €T, (Q)]N with
(div vh, q,) =0 forallq, €T, (Q) that

() = Uy (I < a(d (p) - Uy(py), 4(P) -~ U (qy))
+ @v[a(p) = V.1, q, — p) +aGi(p) = Ty, WD) — it (0y))
<I1U(p) — (Pl @ (p) = U (ay)llp + lldiv[i(p) — v,,]llollq,, pll

+ 114 (p) = Yyl (p) = wy, (Pl 5 -

Applying the arithmetic-geometric mean inequality and Lemma 3, we obtain

14(P) = Uyl < CLIE(D) = Upll, + 1P — g, lo]
Chy2lpl,_, + CRE2Ilu(p)l,

(by (A2) and the hypothesis of the theorem), where My = min(r — 1, ¢,). Hence,
applying Lemma 1, we obtain

12(p) = (Pl < CHAIF, .,
where u = min(r — 1, u;, t,) and h = max (hy, h,).

Remark 1. One easy application of Theorem 2 occurs in the following case. Sup-
pose § is a convex polygon in R%. Although the regularity result of Lemma 1 | no
longer applies, we know by a recent result of Kellogg and Osborn [10] that if f €
[L2(2)]2, then u(p) € [HA()]? and IZ(p)ll, < Cl| fII0 Suppose we construct a
triangulation A of 2 and define T 1(Q) = {v: v is continuous on , quadratic on each
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triangle K of A, and zero on 082} and
Thz(Q) = {q: q is constant on each triangle K of A}.
By a result in [5], there exists an element T)’h € [Thl(Q)] 2 such that
3) (div v, 4,) =0 forall g, €T, (Q)
and [|#(p) — U, ll, < Chllu(p)ll,. Hence, by Theorem 2,

N
1€ (p) = d(pyIl; < Chllflly.
The key point is that not all the elements of [Thl(Q)] 2 have to satisfy (3). As long as

one element does, we get the error estimate.

Remark 2. In the case described in Theorem 2 (i.e. without the inverse assump-
tion and relation between the mesh sizes), it is no longer necessarily true that p, will
be unique in LZ(Q)/R However, it is easy to verify that if there is any solution p,, to
Problem (P ) then “n( p,,) exists. Furthermore, if ph, ph are two solutions of Problem
(P,), then uh(ph) = uh(ph) We have

—_
iy (p}) = (PN = (D)) = Uy (2), grad (pE — pL))

= (div[w,(p}) — Up(PP)), P} — PR =0
since (div uh(ph) q,) =0 forall q, € Th ), k=1,2.
The above result also gives us umqueness of uh( p,,) in the case of Theorem 1.

The existence and uniqueness of p,, (in L2(2)/R) are easily proved under the hypoth-
eses of Theorem 1. By Lemma 3,

oy = palle/r < Clid (1) — 4 (P2
= Cllu(ph) = 4 (p2) — [ (ph) — up(@2)]llg
< Clld(py) ~u(p) = Zylly  forall 2, € [T, (V)Y
(since a(i4 (q) — U,(q), v,) = O for all T, € [T, (@1
< Chylld(ph) - u(p)ll,  (by (A2)
1 2
< Chyllgrad(p, — py)lly  (by Lemma 2)
1 2
< Ch,llgrad (p,, — p;, — ©)ll,  (for all constant c)

<(Ch,y)lp; - p: —cll, (by strong regularity).

Hence,
by — Pallojr < CK™'lIp) — PRllg R »

which implies that for K sufficiently large | p, — P} llg/g = 0.
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By an extension of the duality argument we have the following estimates for the
error in [L2(S)]V.
THEOREM 3. Under the hypothesis of Theorem 1,

-

12 (p) = Up(Pyllg < CHEFUIFIL, .,
where u = min(r — 1, ¢, — 1, ¢,) and h = max(h,, h,).
Proof. let (@’, Q) be the solution of
— vAW + grad Q = u(p) - u,(p,) in <,
div w=0 inQ,
w=0 ondf.
Then,

() = U (P2 = (@ (P) — Uy (Py), — VAW + grad Q)
= a(u (p) = Uy(py), W) — (div[4(p) = u,(py)], Q).
Now by the definitions of 74)( D), 74),,( p,) we have
—_
a(i(p) — Uy(py), O) = (grad p, —p, V) = (p —py,, div B,)

for all v, € [T, (@)]", and (@iv [u(p) = Uy (p)] > 4,) = O for all g, € Ty, ().

Subtracting, we obtain
1Z(p) — Uy (P2 = a(@ (D) — Uy(Py), W — V)
— (div [€(p) — uy(Pp)), Q — a) + (P — Py div[v, — W])
<N&(p) = Uy (PIEIW = Dyll + I1div [&(P) = % (P g 12 — @yl
+llp = pylly g I1div [0, = W1l
- - N
< CHMIfIl,_, « Chyliwlly, + CR¥IfIl,_, Chyll Ol
-
+ ChM||fl,_,Ch,Iwll, (by Theorem 1 and (A2)).

Since IIWII2 +all, < Cllﬁ)(p) - Zt)h(ph)llo by Lemma 1, we have upon collecting
terms that

- - 12
lu (p) = up(pllg < CREHISIL_,,
where u = min(r — 1, ¢, — 1, ¢,) and & = max(h,, h,).
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