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The Uniqueness of the Markoff Numbers
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Abstract. A Markoff triple is a set of three positive integers satisfying the diophantine

equation x2 + y2 +z2= 3xyz. The maximum of the three numbers is called a Mar-

koff number. We show: If there are Markoff triples (xy, ¥1, 2) and (x,, y,, z) with the
same Markoff number z, then Xy = X9 OF X1 = Yy

A. A Markoff triple is a set of three positive integers satisfying the diophantine
equation x2 + »2 + z? = 3xyz. The maximum of the three numbers is called a
Markoff number. Here we will prove: If there are Markoff triples (x,, y,, z) and
(x5, ¥,, z) with the Markoff number z, then x;, = x, or x, = y,. Some numerical
evidence concerning the uniqueness of the Markoff numbers is given in [1] and [4].

Definitions.

{4, B} is the group generated by 4 and B.
[4, B] = ABA™'B™! is the commutator of 4, B € K (K a group).
tr U is the trace of U € SL(2, C).

B. LEmMa 1 (NIELSEN [3]). Let K = {4, B} be a free group of rank two.
Two elements U, V of K generate K if and only if [U, V] is conjugate over K to
[A, B]¢, € = %1.

We need the following facts about elements of SL(2, C): For all A, B € SL(2, C)
andn > 1

(@ trdB=trAd -trB—tr AB!.

() tr[d, B] = (tr A)> + (tr B)> + (tr AB)> —tr A - tr B - tr AB — 2.

(c) A" =S5,4-8, I, whereS_; =-1,8,=0,8, =1,8,,, =(trd)"
S, =S,

Now we fix the following notation:

0 1 [0 —
() w7
-1 0 11
s 1 -1 . 11
A. = RTRT = , B =TRTR = )
-1 2 1 2

It is known that
(*) A™'=TRBR'T™!' = R"\4B)R
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and tr[4, B] = —2. Because of tr A = 3, we have tr 4" = tr B” = tr(4B)" > tr 4™
forn>m> 0.
The modular group G is generated by T and R, and it is

G={T,RIT>=R3=1} (G =PSLQ, Z)).

The commutator group G' = [G, G] of G is generated by 4 and B; and G' is a free
group of rank two. By Lemma 1 we have (tr U)? + (tr V)2 + (t UV)2 =tr U - tr V -
tr UV for any pair (U, V) of generators of G’ (see (b)).

LEMMA 2. For n, m, r, s € N the following facts are true:

(1) tr AB™ > tr AB™ forn > m.

() trAB" > tr AB'AB* forn>=4,n>r+s.

(3) tr AB™ <tr AB"AB® forr + s > n.

(4) tr AB"AB™ > tr AB'AB® forn + m>r +s.

Proof. (1) tt AB" = tr A(S,B —S,,_,I) = t«(S,AB—S,_,A)=3(S, —S,_;)
>3(S,, =S,_1)=tr AB™ forn>m.

(2) It is sufficient to prove this forn =r+sands= l,ie.n=r+ 1,0ors=2.
Let s = 1. Then, tr AB'AB = tr((S,AB — S,_; A)AB) = t1(S (4B)* - Sr—1A2B) =
78, —6S,_; <3S, —3S,_, =tr AB"; because of n > 4. The proof for s = 2 is analo-
gous.

(3) This is trivial for # > n or s > n. Let us consider now r <nand s<n. It
is sufficient to prove this forr + s=n+ lands=1,ie.n=r. tr AB"AB =
78, —68,_; > 3(S, —S,_,) = tr AB".

(4) This is trivial for n >r + s orm >r + 5. Let us consider now n <r + s
and m < r + s. It is sufficient to prove this form +n=r+ s+ 1. Thenm >r,
m>s, n>rorn>s;say m>s. Now we may assume s = l,ie.m +n=r+2.

(a) n>=r. Then it is sufficient to prove this for r = 1;ie. m + n = 3.
Then m = 2 because of m >s. tr ABAB? = 15> 7 = tr ABAB.

(b) r>=n. Then it is sufficient to prove this for n = 1,ie. m =r + 1; and
therefore, we may assume 7 = 1, too, i.e. m = 2. tr ABAB* > tr ABAB. QE.D.

Remark. Some of our main arguments in this proof were, for instance, the
following:

Let n, m, r, s € N.

(1) If tr AB"AB™ < tr AB"AB® for n + m <r + s, then tr AB"AB™*1 <
tr AB"ABS*!.

(2) If tr AB™ < tr AB"AB®, then tr AB"™! < tr AB"AB*!.

(3) If tr AB" > tr AB"AB, n > 4, then tr AB" ™! > tr AB"AB**!.

With these and similar arguments, in connection with some suitable conjugations,
we can construct the following lemma:

LEMMA 3. Let C; = AB®! - - - AB*",2 < ¢;,and C, = AB®! - - - AB*m 2 <
o. Letk; =n+ e =n+s,k,=m+ 2]’."=1a]- =m+s,. Let s, =s, for
n < m, respectively, s, > s, form < n. Then tr C; > tr C,.

Proof. We prove this lemma inductively over the possible quadruples (s, s,,

n, m), where the quadruples (s,, s,, n, m) are ordered by:
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ss<s., n<n, m<m

(s 55 n', m)<(s;, 8, m,m)=s, <s,, 5,<5,,

and
! ’ 1 !
sl+s2+n +m <s1+s2+n+m.

For suitable small quadruples (s,, s,, n, m) the statement is true by Lemma 2.

Let (s, s,, n, m) be a possible quadruple. We assume the statement is true for
all possible quadruples (s}, s, n', m") with (s}, s, n', m") < (s, s,, n, m).

Case 1. ¢, =2fori=1,...,n. ThenC, =AB*Y",n>2and n>m,ie.
s; > s, and k; > k,. If m > 2, then it follows by assumption that tr AB*2 > tr C,.
Therefore, the statement is true, if we can show tr C; > tr AB*2.

Obviously, the statement is true for s, > s,, if we can show it for 2n =5, =,
+ 1. And we get

tr(4B*)" = tr(4B?) - S, (tr AB?) — 25, _,(tr AB?)
= 68,(6) = 25,_,(6) > 3(S3,_1(3) = S,,,(3))
= 3(S,,—;(tt B) = S,,_,(tr B)) = tr AB*"~! by induction.

Case 2. a;=2forj=1,...,m. Then C, = (4B*)".

Obviously, the statement is true for m < n.

Let us consider now n < m. Then ¢; > 3 for some i. Obviously, the statement
is true for s; = s,, if we can show it for s; =5, = 2m.

Let us consider now s, =s,. For n = m — 1 the statement is true by direct
calculations. Let us consider now n < m — 1. It is tr(4B%)"24B* > tr(4B*)™;
and therefore, it follows by assumption that

tr C; > tr(4B*Y"24B* > tr C,.

Case 3. €; = 3 for some i and ? > 3 for some j. We may assume, perhaps after
suitable conjugations, €, = 3 and «,, = 3. Let

— €1, .. €p—1 '’ @] . ay—1
C, = 4B AB" ", C,=AB AB .
Then tr C"l > tr C"2 implies by a simple calculation
tr C'1 =tr CIB > tr CzB =tr Cz' Q.E.D.

C. THEOREM. Let (x,, y,, z) and (x,, y,, z) be Markoff triples with the same
Markoff number z. Then x; = x, or x, =y, (and therefore, y, =y, or y, = x,).

Proof. 1f a triple (x, y, z) of three positive integers is a solution of the diophan-
tine equation x% + 2 + 22 = xyz, then x, y, z =0 (mod 3), i.e.: With the integral
solutions of x2 + y? + z2 = xyz we have also the integral solutions of x'2 + y'2 +

z'? = 3x'y'z" and conversely. Therefore, the theorem is proved if we can show: If
(xl, Y1, 2) with x,, y; <z and (x,, y,, z) with xz, Vs < z are triples of positive
integers satisfying the diophantine equation x2 + y2 + z2 = xyz, then X, =X, or

1= V2

Let (x,, ¥y, z) with x, ¥, <z and (x,, y,, z) with x,, y, < z be triples of



364 GERHARD ROSENBERGER

positive integers satisfying the diophantine equation x2 + y2 + z2 = xyz. The theorem
is certainly true forx; =z, x, =z, 5, =zory, =z.

Let us consider now x,, ¥, X,, ¥, < z. Especially, z> 3. By [2] and [5]
there are generators. (4, B,) and (4,, B,) of the commutator group G of the modu-
lar group G with

(1) r4, =z,trB, =x,,tr 4B, =y, and

) trd,=z,t1B, =x,,tr4,B,=y,.

Moreover, tr[4,, B,] = tr[4,, B,] = —2. By [2, Theorem 2.1], we may
assume that 4; is conjugate over G’ to an element My, = H;;l AB%i*? or its inverse,
where (r;, s;) an integer pair with 7, >0, 5,20, (r; s;) =1 and a; = [js;/r;] —
[G—Ds;/r] (=1,2). By Lemma 3 we have ry =r,, s; =5, and a;; = a,; (here
tr 4, = tr A,); that means we may assume that 4, is conjugate over G' to A, or its
inverse. Now with regard to Lemma 1 and (*) we may assume, perhaps after a suitable
conjugation,

(@) A, =A%, a=%1,and

() [4,,B,] = [A], B3] or [4, B,] = [BS, A]]; 7,56 = *1.

Case 1. let [A,, B|] = [BS, A7]. Then we have necessarily v = — 1, because
otherwise

6 —5 _ -1p— — —
B,A B =ABA'B'A and z=trd =z t[d,B]-z=-3

We get A, = B{'A7'B3A4,B,°4 B ie. BT'A7'BS and A, commute. Therefore,
BT'AT'BS and A, have the same fixed points. Since the commutator subgroup G' of
the modular group is free, we have Bg = AIBIA‘f. Assume > 1. Then

- +1 _ - - - -
x, = tr B A8 =Y18541 XS5 =02 x5 =y,8_, > 2

and that is not true. Therefore, § < 0. Assume §<—2. Thenx, =tr BIAIIH'l =
x; tr AP —tr BJATP T = (xy2 = ¥1)S_p_1 >z, and that is not true. Therefore,
B=0o0rf=-1. We have x, =y, for g =0and x, = x; for § =—-1.

Case 2. Let [4,, B,] = [4], Bg]. Then we have necessarily y = 1, because
otherwise again z = —3z. We get 4, = B;"B5A4,B,°B,,ie.,B]'BS and A, commute.
Therefore B;lBg and A, have the same fixed points. Since G' is free, we have Bg =
B,A8. Assume §>2. Then

— g — — = - -
X, =tr BIA1 —ylSﬁ X Sﬁ_1 = (ylZ Xl)Sﬁ__l Y1 Sﬁ_z >z,

and that is not true. Therefore, § < 1. Assume § <— 1. Then x, = tr BIA[; =
xqtr AIB —tr BIAIB = (x,z —yl)S'__‘3 > z, and that is not true. Therefore, 8 = 0 or
f=1. We have x, =x, for §=0and x, =y, for § = 1. This completes the
proof. Q.E.D.
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