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Projection Methods 
With Different Trial and Test Spaces* 

By M. S. Mock 

Abstract. We consider finite element projection methods for linear partial differential 

equations, in which the spaces of trial functions and test functions may be different. 

In addition to approximation and smoothness properties, conditions implying equality 

of dimensions and uniform coerciveness are required, the most important of which re- 

sembles a strong form of an inverse assumption. 

Our results provide a mechanism for the difference in the rate of convergence 

of Galerkin procedures with cubic splines and Hermite cubics, applied to first order sym- 

metric hyperbolic problems [131. 

1. Introduction. In this paper we discuss the approximate solution of linear well- 

posed partial differential equations, using finite element projection methods in which 
the trial space, in which an approximate solution is obtained, may be different from 

the space of test functions. Perhaps the best known of such methods are the colloca- 
tion schemes, which have been applied to two point boundary value problems in [4], 
[5], [23] and to parabolic problems in one space variable in [7]. Higher order meth- 
ods utilizing different spaces have also been applied to one-dimensional problems in [4], 

[18], [22]. 
The requirement that the trial and test spaces have equal dimension is an impor- 

tant restriction on such methods. Equality of dimension is implied by the coerciveness 
conditions of [2]. In one dimension, the coerciveness conditions can be satisfied by 
taking one of the spaces (usually the test space, but the trial space in [22] ) to be the 
image of the other under an ordinary differential operator of even order. This mapping 
is made elliptic by requiring the domain space to be conforming. This technique has 
recently been generalized to higher dimensions in [10], using an elliptic partial differen- 
tial operator as the mapping between spaces. 

In the following, we consider an abstract one-parameter family of elliptic pseudo- 

differential operators as the mapping between the two spaces. (A background reference 

for such operators is [29].) The coerciveness conditions are formulated as requirements 
on this family of operators; indeed, our basic results for elliptic and parabolic problems, 
Theorems 1 and 2 below, could be alternatively obtained by showing that for sufficiently 
small mesh size, our schemes are variational principles in the sense of [2]. Our results 

contain some examples of methods considered in [2], [10], [12], [18], [22], [27] as 

special cases. 
Application to nonlinear elliptic problems was the motivation for this work. 
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Nonlinear problems can require more smoothness of the trial functions than linear prob- 
lems of the same order, if for no other reason than for the discrete problem to be prop- 
erly defined. Such problems are typically formulated, however, as that of finding a 
fixed point of a compact (nonlinear) operator [15], [16]. A nonlinear elliptic equa- 
tion may assume the identity minus compact form on a relatively high Sobolev space, 

and this is the space from which an approximate solution is obtained. In [19], we 
show that for finite element methods, it suffices that the approximate solution satisfy 
the boundary conditions in the same sense as for linear problems; but we have not been 
able to relax the smoothness requirements. 

In order to simplify the discrete equations requiring solution in such problems, it 
seems desirable for the test functions to have their support in as small a region as pos- 
sible. Thus we are motivated to consider nonlocal operators between the trial and test 
space. Unfortunately, our analysis does not include collocation schemes, but does in- 
clude schemes intermediate between collocation and Galerkin methods. The machinery 
we develop has also been applied in some subsequent work on hyperbolic problems [20]. 

The best known examples of spaces for which our methods are applicable are the 
smooth splines; other possibilities are discussed in Section 6. For smooth spline spaces, 
stronger results than ours are obtained for the heat equation in [26] and for periodic 
initial value problems in [27]. Also for one-dimensional problems, better results are 

obtained in [9] and references there cited. 

2. Elliptic and Parabolic Problems. We first consider the problem 

(2.1) Lu=f, xER , 

in which L is a uniformly and strongly elliptic positive definite operator of order 2m 
with smooth coefficients, f is a specified function in Hk-2m(Rn) Hk-2 , k a posi- 
tive integer, and u is the desired solution in Hk. Our results can be readily extended to 

include the case of indefinite invertible L by the methods of [15], [24]. In the follow- 

ing, we use (,) for the real scalar product over R , C for a generic constant and 1 Ilj 

for the Hi norm, 

(2.2) IblI = fRn 1(t)1( + I 1)' dt, 

where s = (t, . . . X,) iS the Fourier transform variable, and (2.2) applies for all real j. 
In the following, X(k) and y(k-2s) are one-parameter families of Hilbert spaces; h h 

X(k) denotes the trial space, assumed of order k, and y(k-2s) denotes the test space, h h 
assumed of order k - 2s, where s is an integer or possibly half integer, and the param- 
eter h is the mesh size. For all j < k such that X(k) C H1, g C Hk, we assume 

Info II-~I Ch k-ijjj 
g 

E=X(k) lllll Sh |gllk; 

and for all j < k - 2s such that y(k-2s) C Hi, g E Hk-2s, 

Inf l|g -gy Ilf < Ch k2s i llglk-2s- 

We also assume that there exists a one-parameter (h) family of symmetric pseudo-differ- 
ential operators, denoted by Ah, with symbol a(h,), with the property that Ah maps 
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y(k-2s) into X(k). The Galerkin procedure is included as a special case, with A h-I hhh 
S = 0, X(k) = y(k) h h 

Our approximation to the solution of (2.1) is denoted by uh E Xhk) which satis- 
fies 

(2.3) (Lu -Luh, y)0 for all y E Yk2s). 

Set r = k - s - m; O(h2r) is the optimal rate of convergence that can be expected 
for the method (2.3) [2], [25]. We have the following result: 

THEOREM 1. Suppose 
(1) X(k) and y(k-2s) are subspaces of Hm (we will assume that this implies 

h h r > s); 

(2) Ah maps hk 2s) onto Myk). 

(3) IlAh 110 = suppEHo IIAh4IIo/ 1 4110 is bounded independently of h; 
(4) the symbol a( * ) is Holder continuous in h,, with exponent y E (0, 1]; 
(5) Ah is inverse bounded on y(k-2s), i. e. for all y E y(k-25ks) Ily I < 

C IIAhy lIm, with C independent of h; 
then for sufficiently small h, there exists a unique solution to (2.3), and for all real 
j < m, 

(2.4) ||u - Uh Il, < C(hk-i + h2r)IIu Ilk 

Before proving the theorem, we comment on some implications of the hypotheses. 
We need test functions in Hm , so that collocation schemes are not covered. In fact, we 
could not expect (2.4) for collocation schemes, because u E Hk does not imply Lu con- 
tinuous in sufficiently many dimensions. Hypotheses (2), (3), and (5) together imply 
the equality of dimension of the trial and test spaces. Hypothesis (5) may be viewed 
as a form of an inverse assumption on the space X(k) and for lack of a better name we 
shall refer to it as the "strong inverse assumption" below. 

The proof of Theorem 1 requires a lemma, which is also in [29]. 
LEMMA 1. Let M be a partial differential operator of order p with smooth coef- 

ficients, and let 0 E Hi and X E HP-}. Assume hypothesis (4) holds, then 

(2.5) I((MAh - AhM)b, 4) 1 < Chz lf l4II 11 Ilp4i1, 0 < j < p. 

Proof. A typical term of M is of the form bj(x)Da, I o I < p, with the usual 
multi-index notation. The contribution of such a term to the left side of (2.5) is given 
by 

ffdS d,'4( ,)ba(I ' - b ) (a(h,') - a(ht))(t')t f (tI) 

S< Chy |d) dt' I h Q) I I - 1' -Y [ 1 + I Ij I P - i + I' -IP-)] 1 q(0')1 

< Chy 11 ff11 | d, dS'l (A) 12 Oba(' - t) 1 1' - 1 

[1 + I 
lj2(p-j) + I' - 1j2(p-i)] 

+ Ch 
P I' dff dd'l ba(S' -,) 1' _ Iy[1 + I , 12i] I0t) i2 

iio i 
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6 Chz 11 z 11 i J |dt dt' l (0 2 [1 + I ' 12 (p -I) ] Ib ) l[1 + I t' 1] 2 (p -j) 

+ Chy 1 ' f dt d 'lK ')l2 [1 + l'j2i],lba(0)l 

< Ch" 11 0 Ilp _j11 0 li 
Proof of Theorem 1. Let uX be some optimum approximation in x(hk) to u, and 

choose y in (2.3) so that A2y = UX - uh, using hypothesis (2). Then (2.3) becomes 

0 = (Lu -Lu = (Lu - Lu, y) + (LA2y, y) 

(2 .6)= (L(u - ux), y) + ((LAh - AhL)Ahy, y) + (LAhy, Ahy), 

using the symmetric property of Ah. We use the positive definiteness of L and apply 
Lemma 1 with M = L, p = 2m, j = m, to obtain 

(2.7) llAhY llrA S Chz IlYllm IlAhYlim + CII U- Uxllm IlY lIm 
< Ch' fAI IA 112 + Cllu-Uxllm llAhYllm 

using the strong inverse assumption, hypothesis (5). For sufficiently small h, the exis- 
tence and uniqueness of y (and thus of uh) is apparent from (2.7), by an application of 
the Lax-Milgram theorem, and we have 

flu-Uhllm u f|U-Uxllm + IIA YIlm s IIu - Uxllm + IIAhYlIm 

< Cllu-UXlm S Chr+s llUllk 

using the boundedness of Ah, hypothesis (3), and the approximation property of X(k) 
A simplified form of the Nitsche trick [21], [25, p. 166] gives the result for 

lower norms, 

lu -uhllk-2r = (u-uh, (1 - A)k2r(u-uh)) 

= (L(u - Uh), L *(1 - A)k 2r(u - Uh)) 

= (L(u - Uh), (I - PO)L*(1 - A)k2r(u - Uh)) 

< Cllu - uh Ilm ||(I - PO)L*(1 - A)k-2r(u - Uh)llm 
S chr+s lull IIkh L-*(1 - A)k 2r(U - Uh)llk-2s 

S Ch2 flUl k flU Uh Ilk-2r, 

where L* is the formal adjoint of L- and PO is the projection into Yh(k-2s) with 
respect to the Hm inner product. 

COROLLARY. Suppose X,k) C Hm + 2s and Ah is elliptic of order - s, i. e. 

(2.8) IIAhbllj +S <Ch-s llIIj for all o E H1. 

Then in (2.4), j may be taken up to m + 2s. 
Proof. Combining (2.7), (2.8) we obtain 

1l U - Uh lm + 2s ? 11 u - 
UX lm + 2s + IlAh(AhY) llm + 2s 

Chr-sflu Ilk + Ch-2s IAY YIm 
S Chr-s 11 u Ilk + Ch-2s I*Ahy Ilm 

SChr-s 11 Ullk . 
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If uh has any finite higher norms, estimates in these may be obtained by an in- 
verse assumption in the usual way. 

Estimates are also obtained for parabolic problems, using the above results and 
the general technique of Douglas and Dupont [6], [14]. We consider the problem 

(2.9) 3v/ t + Lv = f, (x, t) E Rn x (0, T), v(x, 0) = g(x), 

where L is as above. For simplicity, we consider the continuous time approximation 
and assume that the coefficients in L do not depend on t. At each t, our approxima- 
tion vh(t) E Xjk) and satisfies 

(2.10) (avhlat+LVh -f,y)=0 for ally E y(k-2s) 
hlat + LVh -fl YX(=)0 d 

We choose vh(0) = P1g, where P1 is a projection into yhk) induced by L, i. e. 

(2.11) (L4,y) = (LP10,y) for ally E y(k-2s) 

THEOREM 2. Suppose hypotheses (1)-(5) hold and h is sufficiently small; then 
for all T > 0, 

< 2r)~~ 1i')1 T iiav(t) 12 \1/21 
(2.12) 1Iv(T) - vh(1)o ? C(hk + h2r) [IV(Ia + ( at dt 

Proof. In (2.10), choose y such that A2y = vh - P v. Subtracting (2.9) and 
using (2.1 1), we obtain 

(A t Y+LAhyay) = (it (v-PiV),y) 

and since Ah commutes with time differentiation, we have 

(Ah ha Ahy) - ((AhL - LAh)Ahy, Y) - (LAhy, Ahy) + ((I P) aV 

< Chy IlAhy Ilm IIy IlIm -C IIAy 112 + || (-P1 ) at |Lm IlIY l, 

(2.13) h1k 2 rII a3V 
(< Ch' lAhyiIm - CJIAhyI12 + C(hk + h)||:t IlAhy Ilm 

< C(h2 
k + h4r) IaV 2IKm 

using Lemma 1 for the commutator term, the regularity theory of [14] and Theorem 1 
to estimate the last term. Thus 

d IIA 112 < Qh2k + h4r) aV 2 

and the initial condition was selected so that lAhy(O) II- = 0. The proof is completed 
by a second application of Theorem 1, to obtain 

|| v(t) -P1i (t)II0 C(hk + h2r) |Iv(t)Ik 

and using the boundedness of Ah, the triangle inequality, and the definition of y. 
In Theorems 1, 2, the requirement of Hm test functions can be relaxed if a 

stronger assumption is made about the smoothing properties of Ah. 
The following theorem is given for the case m = 1 for simplicity; a generalization 

to larger m is not difficult. 
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THEOREM 3. Suppose m = 1, hypotheses (2), (3), (5) hold, and hypothesis (4) 
is replaced by the stronger requirement 

(4') For each positive integer j < n, a Lipschitz condition of the form 

Itja(h-) - (;a(ht') I < C It - #' I 

holds for all E, #' E R , with C independent of h. 
Then the conclusions of Theorems 1, 2 remain valid if hypothesis (1) is replaced 

by the weaker requirement 

(1')A y(k-2s) CH0 h ~s CH 1 
(l ) Hh~~~k2s C Ho , h YhH 

Proof It suffices to obtain a sharper estimate for the commutator term in (2.6), 
(2.13), specifically to show that 

(2.14) I((LAh -AhL)Ahy, Y)I S CAhyll IIYIIO 

for all y E y(k-2s). A typical term in L is of the form b(x) (a/axi)2, and the contribu- 
tion of such a term to the left side of (2.14) is of the form 

(2.15) f d| d d'y(') (a(ht) - a (h')) b(' - t)a(h y 

in (2.15), we use the estimate 

(2.16) 1ti(a(ht) - a(ht )) I < 1tia(ht) - tia(ht ) I + 1tj - tiI la(ht ) I < C 1t 

using hypotheses (3), (4'). Inserting (2.16) and estimating the expression (2.15) as in the 
proof of Lemma 1, (2.14) follows. 

3. Tensor Products of Smooth Splines. Let SO) denote the space of smooth 
n-dimensional (tensor product) splines of order j, i. e. piecewise polynomials of degree 
j-1, elements of Ci-2, on a uniform mesh of size h. 

THEOREM 4. Suppose hk) -S(k), y(k2s) S,k2s), S iS a nonnegative inte- 
ger, and k > m + 2s + 1, then hypotheses (1)-(5), (4') are satisfied and Theorems 1-3 
hold. 

Proof. The approximation properties of these spaces are well known [1], and 
will not be discussed. Hypothesis (1) is immediate from the conditions on s and k. We 
can choose Ah to map B-splines in Shk-2s) into B-splines in S(k), in which case hypoth- 
esis (2) is apparent and the symbol a( . ) is given by 

n sins(htj / 2) 

(3.1) a I- 1 (htj 12)s 

Hypotheses (3), (4), (4'), and the ellipticity condition (2.8) are apparent from 
(3.1). Thus, it is only the strong inverse assumption which requires proof; and each 
dimension can be treated independently, as Ah is a product of one-dimensional map- 
pings. 

The theorem follows from the following lemma and the ordinary inverse assump- 
tion for splines. 

LEMMA 2. Suppose j, p are nonnegative integers with 0 S j < p - 2, 0 is a (one- 
dimensional) spline of order p, and A is a pseudo-differential operator with symbol 
sin(hW/2)/(ht/2). Then A-10 is defined and 
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(3.2) IA lo Ii < 10 Ii + Ch 10 1j+ 1, 

where 1j.denotes the H1-seminorm. 
Proof. We set z = ht; noting that sin2(z/2) = 4(1 - cos z), we have 

(3.3) 1 I = 4Ph 2j-1 C q(z)z-2(P-j) sin2 Z dz 

(3.4) IA-11= -h-2?-1 J q(z)z--2(p 1) dz 

in which q(z) is a nonnegative definite trigonometric polynomial in z, with a sufficiently 
high order zero at z = 0 that the integrands are defined there. We may take q(z) to be 
a finite polynomial, in which case both integrands are entire functions of z, and the in- 
tegrals may be evaluated by the standard method of residues. Let D d/dz and N be 
a linear operator on trigonometric polynomials such that 

Neiaz={e X az0, 
c <0, 

then we have from (3.3) 

(3.5) 27ri 10 13 = [2I) -1]! [ -)- N q sin2)) z=O 

Because q is a trigonometric polynomial in z and 2(p - - 1 > 3, one factor of 
sin(z/2) can be placed to the left of N; then at least one of the derivatives must go on 
this factor, so that 

27rilfl = 4 h FD2(P-i)-csin - N (qsin() l 

2 [4h-)2(p--)-22)z 

+ h-2i- 1~~2 ,, CDa sin( z)N q sin(2z))] | 

where the second term arises from the fact that any odd number of derivatives may be 
placed on the factor sin(z/2) outside N. Since 2(p - f) - 2 is still strictly positive, we 
can put the cosine factor back inside N and take the other sine factor out, obtaining 

27ik~-1 4Ph 2'' [Dpj21 (~o"-\ 
2 [2(pj)-2]! 2(p-)-2Nq sinz2 cos2/, |0 

+ h-2- l Ca [DaN(q sin2())] 
Z 

z 

= 1 4Ph 2' [D2(Pij) 2sin(l-)N(qc5(2-Y)] + 
2 [2(p -j) -2]! 2 2~2 " z0 a 

As before, one or any odd number of the remaining derivatives has to go on the 
sine factor, so this becomes 
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4P-1 h-21 [ Z\ IZ\ 

27riI10I? = [2p(p -j--3]!SD csjN(q Cos )J + I 
[2(p -1) I a1 

= 

+ h 21 C[DICos(z)N(q cos(o))] 
z 

0+ 
= ,3,...2(p-j)-S 

2 2 

where the , term is understood to be simply dropped if p - j = 2. Since 2(p - l) - 3 

> 1 and , > 1 if the last sum is present, we can put the cosine factors back inside N, 
obtaining finally 

27ril II -= [2(p -j) - 31! L - -sin2( )))] z0 

(3.6) 
h +c,3,..2(p-j a[D N(QSin2(2))] 

a+=1,3.(p -j)- z0~2 = 

p-1,3..__5 
[D (( sn( ))] 

Using (3.3), (3.4), each term on the right side of (3.6) admits an interpretation 
as a seminorm of p or A1P, in the same manner as (3.5) was obtained. We have 

p-j-1 

1 12 - IA 1 ?I - Ch2 1Ij2 + ? E Ca h2a 10 Ij+ 

(3.7) p-j- 2 

+ Y p h2(IA -10I4+P - 10 12 ) 
P11 

in which cx, ,B, Ca, C, have been redefined; but the last sum is still omitted for p = 

j + 2. Since p - j > 2, each of the terms in (3.7) is well defined. We set j = p - 2 
initially, and let j descend to its desired value in steps of one. Applying the usual in- 
verse assumption at each step, the result (3.2) follows. 

4. A Superconvergence Mechanism. Suppose Zk-s) = Ay y(k-2s) is also a 
space, of order k - s, as is the case for splines and some other spaces discussed in Sec- 
tion 6. We assume hereafter that s is positive, which is for our purposes the more in- 
teresting case. The results of Section 2 then suggest that for elliptic and parabolic 
problems, the accuracy of Galerkin's method in Z(k-s) can be improved by interpreting 
the approximate solution as an element of X4k) = A Z(k-s) rather than as an element 
of Z(k-s). In this section we obtain conditions under which this is so. An alternative 
procedure for improving the order of accuracy by local averaging is described in [3]. 

We consider the elliptic case first. Let uz E Z(k-s) be the Galerkin approxima- h 
tion to the solution of (2.1), 

(4.1) (Lu-Luz,i) =O for all; E z(ks), 

then it is well known [24] that 

(4.2) IIu -uz I l C(hk-s-i + h2r)IlUllk-s' 

THEOREM 5. Let uz be as above, suppose hypotheses (1)-(3) hold, hypothesis 
(4) holds with y = 1 (a(* ) Lipschitz), and hypothesis (5) holds in the stronger form 
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Suppose Ah is elliptic of order - s, i. e. (2.8) holds, and in addition 

(6) a(h?) < -1 + O((h 1 j)P), p = maximum (2r, r + 2s - m - 2); 

(7) L = LI + L2, where L1 has constant coefficients and L2 is of order 
2m + 1 - s; then 

(4.5) llu -A,uz Il S C(hk-f + h2r)IU11I, U I m + 2s. 

Several comments are made before proving this theorem. 
The form (4.3) of the strong inverse assumption is implied by Lemma 2. Hypoth- 

esis (6) can presumably be achieved by a change of basis in X(hk), for smooth splines 
this is done in [28]; such a change of basis must be stable, however, so that (4.3) is 
preserved. The hypothesis (6) is viewed simply as a practical requirement for the con- 
struction of a suitable A,. 

The hypothesis (7) is no restriction for s = 1; for larger s, it requires that some 
leading terms in L have constant coefficients. In this respect and in the sense that Ah 
defines a local mapping, our hypotheses resemble those of [8]. (Stronger results have 
been obtained for one-dimensional problems, however, in [9].) Our results are valid in 
an arbitrary number of dimensions, which is not the case for many superconvergence 
theorems; we note [11], however, as an interesting two-dimensional result, and [26], 
[27]. 

For j > m + 2s in (4.5), the usual comments about inverse assumptions apply. 
Proof of Theorem 5. As in Section 2, let uX E X( k) be an optimal approxima- 

tion to u, let y E Y-2s), and set 4 = A,y in (4.1); we obtain 

(4.6) (Lu - LAhuz, y) = (L(I - Ah)u, y) + ((LA, - AhL) (u - ut), y). 

This is almost the same discrete equation as satisfied by uh, Eq. (2.3); we may 
identify the first right-hand term of (4.8) as due to the different treatment of the in- 
homogeneous term, and the second term as due to variable coefficients in L. In the 
special case where L has constant coefficients, this second term vanishes, and we ob- 
serve the equivalence of the discrete equations. 

Proceeding in the same way as to obtain (2.6), we choose y in (4.6) such that 
2 

Ahy = UX - Ahuz, then 

(LAhy, Ahy) = - (L(u - ux), y) + (L(I - Ah)u, Y) 

(4.7) + ((LA, - AhL) (u - uz), y) - ((LAh - AhL)Ahy, Y) 

-=-(L(u-ux),y) +(L(I-Ah)u, y) +((LAh -A,L)(u-An-ux),y); 

in the last term we note that L1 commutes with A h, and we apply Lemma 1 with 
M = L2, p = 2m + 1 - s, = p - m, obtaining 

IIAyIIm S CIu- uxIIm YIIjym + CII(I -Ah)Ullm ILYIlm+ C7 llu -Ah1uxIIm+_sIljIIm 

(4.8) 6 C IlyIIm[hk mIIk + hIIu -Ahu 

< CIIAhYlIm [hk-m 11 Ilk + hIIu -Ah1uxIIm+1-S]. 

Now let Oz E 4ks) be some optimal approximation to u, and y1 e y(kk-2s) be 
such that 
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(4.9) Ahyl = Oz -A-lUX; 

then for j 6 m, 

IIu-Ah 1ux [ -((1 -A)i(u-A A ux), u-A Aux) 

(4.10) =( -)UAh Ux,U f hyl) 

S IIu - A ux lIj I1u - /z Ili + ((1 - A)A(U - uX), Yi) 

- ((1 - A)'(I - Ah)u, Y01) 

since Ah commutes with 1 - A. First suppose j > 0, then we estimate (4.10) using 

(4.3), 
(4.11) llu-AKlu IIi?Chk sIIuIIks[IIu-A-luxIIi + 11y1ll]; 
from (4.3) and (4.9), 

(4.12) IIY1 || j CIIAhyl Il CIIU - 11 j + CIIu 1 IAl1i U1 

< Chks sI S + CIIu -Ah luxIII; 

combining (4.1 1) and (4.12) gives 

(4.13) IIu -A lu1 U ChksiIiks 

For negative j in (4.10), we proceed differently, obtaining 

||U -Ah luxij chk-s-illu-Ah lux llillUllk-s (4.14) II hA' Ih?C" I AKuIIIIk 
+ CIIY1 l1 [llU - Uxll21 + I(I -Ah)U112jI; 

in (4.14) we use (4.12) and (4.13) with j = 0 to estimate Il1y l0, and (4.4) to estimate 
the last term, obtaining 

Ilu -AhuluXII S Chk s-i IIu -AA- luxllIl IIUllks 

+ C(h2(ksj) + h2(k-m-l))llUll2 

from which it follows that we may set j = m + 1 - s in (4.13), regardless of the sign of 
j. Comparing this result with (4.8) then establishes (4.5) for j = m. As before, 

u - Ahuz lm + 2s < 11 - Ux lim + 2s + 11ux - AhUz Ilm + 2s 

S Chr-s,llull + Ch-2slIA-2u A U -A-lum S Chr-sblbUbk Ch-2sllUx -Auzllm 

< Chr-slluII, + Ch-2s(IIu -Uxbm + U lu-AhUzlIm) ? ChrSIIUIIk. 

For lower norms, we again use the Nitsche trick; let X = L-*(1 - A)k-2r(u -Ahuz), 
0 = L(I - Ah)u + (LAh - AhL)(u - uz) and P0 the projection operator into y(k-2s) h h ~~~~~~~~~~~~~h 
with respect to the Hm inner product as in Section 2. Then 

blu -Ahuz 1I_2r = (u -AhuZ, (1 - A)k-2r(u -AhuZ)) 

(4.16) = (Lu - LAhuz, (I - PO)X) + (Lu - LAhUz POX) 

= (Lu - LAhuz, (I - PO)) + (0, POX) 

using (4.6) with y = POX. Since (1 - A)mPo is symmetric, 

(0, POX) = ((1 - A)m0, (1 - A)mPOX) = ((1 - A)mP0(1 - A)-m0, X); 

and (4.16) may be estimated 
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Ilu4 -A AuZ 11k2r Cllu - AhZrn1(-P)XI || U-n |k-2r h Uz 11 U A nZ, I (I PO)X I In 

(4.17) + 11(1 -A)MP0(1 - A)rMI2S-kIIXIIk-2S 

< Chk-m II Ilk . hk-2s-m IIXIIk-2s + 11P0(1- A) rO k2r"X"k2s 

From the definition of X, it follows that 

(4.18) IIXIIk-2s ? Cllu AhUzIlk-2r- 

Now we note that k - 2r = k - 2s - 2(k - 2s - m), and so P0 is stable in 

II Ilk-2r; thus, 

Ilp(1l - A)M Il0k-2r < 11(1 - AY O IlIk-2r + Chr sII(1 - Ay)rm 0 

(4.19) < C 110 112s-k + Chr-s 110 II_M < CII(I-Ah)UIIk 2r + Chr-sII(I-Ah)UIIm 
+ CII(LAh -AhL) (u -Uz)II2sk + Chr-s II(LAh -AhL) (u -uz)IIm 

< Ch2r11U Ilk + Ch IIU - UzIIm+ 1 -r + Chr+ 1 -sll U-Uz lIm + 1 _s, 

where we have used Lemma 1 twice in the last step, with M = L2, p = 2m + 1 - s, 
j = m + 1 - r and m + 1 - s, with 4, = (1 - A)2s-k(L2A -AhL2)(u - uz) and 

(1 - Af m(L2Ah - AhL2) (u - uz). Finally, we can estimate the right side of (4.19) 
by (4.2); combining the result obtained with (4.17) and (4.18) establishes (4.5) for 

= k - 2r, and so proves Theorem 5. 

As expected, Theorem 5 leads easily to a similar theorem for parabolic problems. 
Let vz C z(k-s) be the continuous time Galerkin approximation to the solution v of 

(2.9), i. e. 

(4.20) (avzl3t + Lvz -f, ) = 0 for all 4, in Zk-s) 

For simplicity, we again assume that the coefficients of L do not depend on t, 
and we let P2 denote the Galerkin projection operator into Z4k-s) induced by L, 

(4.21) (Lo -LP20, 4,) = 0 for all 4, Z(k-s), 0bE Hm. 

We choose as the initial condition 

(4.22) vz(O) = P2g, 

in which case the following holds: 
THEOREM 6. Suppose the hypotheses of Theorem 5 hold, and vz is determined 

as above. Then for all T > 0, 

(4.23) Iv (T) -AhvVz(T)o 6 C(h"k + h2r) FIV[7)ullk + fT av( dtl 
L 0 3~~~t k-rnm 

Proof 

42 v (T) - Ahvz(I) Io 6 I(I - AhP2)v( 7)Io + IIAh(P2v(7)- vz(1)) 10 
( C(hk + h2r)IIV(1)llk + CIIP2v(1) -vz()1o, 

using Theorem 5 and the boundedness of Ah. From (2.9), (4.20), (4.21) it follows 
that for any 4 e hks), t> 0, 

a 
(vz - P2v) + L(vz - P2v), ) = ((I - P2) 4 ) 
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choosing ip = vz - P2v, we obtain 

11iz - v dt 11zvI + A Pv A v ) 

<_CjjvZ -P2vjj2 + (IAh,,(I - P2) ?, A (vz - P2v) ) 

< Cl v P2v lm + |( Ah ) at ||_m +| A h2) a t |-m)IA h (z _P2011 Im 

* C(h 2k + h4r) aV 2 
a t k-rn 

again using Theorem 5. Since IIvz(O) - P2v(0)II0 = 0 by (4.22), (4.23) follows. 
Pointwise superconvergence results are also obtained from Theorems 5 and 6. 

For the elliptic case, let Q2h = {x E Rn I uz(x) = Ahuz(x)}. Q2h may depend on h, but 

it is not empty, as a(O) = 1. We apply the elementary estimates 

CII.IIl,/211.I11/2 n = 1, 
11*11Cl 10 

L oo (R ) CI 111I/411. 111/2 11 .11/4 n = 2, 

611 H112 + C-'1/21.111, n = 3, 

to the function u - Ahuz; in general, 

IIu - UzIlL (Rn) > 0(hks); 

but 

hk-1/2 n= 1, 

Sup |U(X)-UZ(X)I6CIllUIk hk-1, n =2, 

xeQZh h k-4/3 n - 3 

so that for s > 2, pointwise superconvergence occurs in up to three dimensions. Sim- 

ilar results hold for the parabolic case. 

5. First Order Hyperbolic Equations. It suffices for the present discussion to 

consider the scalar equation in one space dimension, 

(5.1) at-+baw f, (x,t)R x(O,7), w(,0)=g; 

the generalization of our results to symmetric hyperbolic systems in n space dimen- 

sions and including a linear undifferentiated term is immediate. In (5.1), b and f are 

smooth functions of (x, t) and g is a smooth function of x. We obtain continuous 
time approximations to w in X(k), a finite element space of order k, as above; the test 

space Yh is not required to satisfy any approximation properties. We let Ah be a 

symmetric pseudo-differential operator as above, with symbol a(ht). As above, we 
have in mind the case where a(ht) is of the form (3.1) with positive integer s. The 
case s = 0, A = I can be included by replacing the ellipticity hypothesis (iv) below by 
an inverse assumption on the space X(h). 

THEOREM 7. Let w Ex (Ak) x [0, 71 be determined from the relations 
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(5.2) awh + b a y- f, y = for all y e Yh, t e (O, T), at ax 
(5.3) Wh( 0) = P3g, 

where P3 is the H' projection into Xhk). Suppose that 

(i) y( k) C Hl, Yh C HO; h~~~ 
(ii) A2 maps Yh onto A(k). 

(iii) Ah is bounded in HO; 
(iv) Ah is elliptic of order- 1 ((2.8) holds with s = 1); 
(v) a( . ) is Lipschitz continuous in ht; 

(vi) Ah is inverse bounded on Yh (1b1410 < CIIA hIIo for all k e Yh); 
then for t > 0, 

IIw( , t) -Wh( , I 0110 

< C(t)hk IIW( *, t)llk-I + 
0O[l(,tlk+lf )l- 

Proof Subtracting (5.2) from (5.1) in the usual way and choosing y such that 
Ahy = P3w - Wh, we obtain 

( aAA2+ 
(aAaty +- b ahY + 

a 
+ b a x(w -P3 W), y)) 0, at axy at a 

(AhY aAhy) = - (AhY, b aAh) -(w (b Ah -Ahb a)AhY) 

-Y ( a + b (w - P3w)) 

< (hy, (ab)Ahy) + ChlyYllo IIAhyIll 

+ CIIyIIO [v(I-IP3)WII1 + (I P3) aw 

using Lemma 1 with y = 1, M = ba/ax, p = 1, q = Ahy, 4' = y. From the ellipticity 
and inverse bound on A hI we have 

dt IIAhy l CIIAhyIll + CIIAhyIIo [ 11(I P3)w 111 + 11( -P 3)fI0I; 
since (5.3) implies IIAhy(, 0)II0 = 0, this implies 

IIP3w(, t) - Wh(, t)110 = IIA2y II < CIlAhy 10 

< Chk1 f| [IIW(, t)IlIk + IIf( *, t)IIlk- dt 

from which (5.4) easily follows. 
This is the same order of accuracy as obtained by Lesaint [17] for the Galerkin 

approximation. Theorem 6 shows that under suitable conditions, the same order of 
accuracy can be achieved with simple, e. g. piecewise constant test functions, and cor- 
respondingly simpler discrete equations. 

The Galerkin approximation, however, is special. The following theorem con- 
tains Dupont's result for splines [13] as a special case (also implied by [27] ). 
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THEOREM 8. Let WX be the Galerkin approximation in b X [0, T] to w, ob- 
tained from the relations 

lawx awx 
(5.5) -a + b f, - 'j 0 for all y E Yh, t C (0, T), 

(5.6) WX( 0) = A- 'P4g, 

where P4 is the projection into E(k+l) AXy(k) with respect to the H1 inner product. 

Suppose that 4k+1) is a space of order up to k + 1, i. e., for O < j < m < k + 1, 

Inf 110 - X111 < Chm-l 11011m. 
xEEh 

Let Fh = A-lX(k) and suppose that 
hi b 

(i) Fh C Ho, V/hk) C H1; 
(ii) A2h maps Fh onto Eh(+l). 
(iii) Ah is bounded in HO; 
(iv) a( - ) is Lipschitz continuous in ht; 

(v) Ia(h )I I 1 + O((h )k); 
(vi) Ah is inverse bounded on Fh and on Xh4k), i. e. 11q5110 < CIIAhb4lIo for all 

E E Fh and 11I4,II < C IlAh4IIl for all E Xh ; 
then for all t > 0, 

11 w( *, t) - wX( * , t) llo 

(5.7) 6 C(t)hk [Iw( t)IIk +J [IIW(, t)llk+1 + IIf(, t)I1k] dtJ. 

Remark. We have not assumed Ah to be inverse bounded on Fh U h(k), which 
is not true in general. For the case a(ht) given by (3.1) multiplied by a trigonometric 

polynomial, hypotheses (ii)(vi) are satisfied for s a nonnegative integer. The approxi- 

mation property required of Ehk+ 1) precludes the case s = 0. For 4(hk) the space of 

smooth splines of order k with s = 1, E(k +1 ) and Fh are the spaces of splines of order 
k + 1 and k - 1, respectively. 

Proof We subtract (5.1) from (5.5) and proceed essentially as before. The idea 
is that Ahwx satisfies similar discrete equations, with Fh thought of as the test space, 
as obtained in Theorem 6 for uh. For any y E Fb, we obtain 

(Abw -AhWx) + b (Abw -AbwX) +(Abb i-b a-Ab) (w -wx)y) = 0; 

choosing A y = P4w - AbwX, this becomes 

((a a ia a\ 
at + b ax /hy, \at ax) (A W - P41 y 

+ ((Ahb 
a - b a 

Ah (W - wX) y) =0, 

(-~~-AbY,AbY)?( ax a 
58) (at Ahy, Ahy) + (b ax Ahy, Ahy) + ((at + b a 

)(AhW- P4w) y 

(5.8) at ax b (ab)( wPw)Y) 
+ (Abb i- b -Ab) (W - WX),y 
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The two commutator terms can be combined; this is the special property of the 
Galerkin approximation. Integrating by parts and using Lemma 1 as above, we obtain 
from (5.8), 

a AhY AhY =AhY a + b a (AhW P4 Y 

+ ((Ahb a- b ax Ah) (w - A P4w),y), 

(5 9) dt IIAn 112 < C II A 112 

+ CIIYlloL (I - Ah) a ? (I- P4) at + Il(I - Ah)Wlll 

+ I(I - P4)wlll + h I(I - Ah1P4)wllJ 

< C lAhy 112 + CliAhYllo [hk11wl1*+ + h Ilk +hll(I - AhlP4)w111]. 

Let wo be an optimal approximation in Xhk) to w, then 

11w -AhlP4wlll < 11w - w0111 + 11w0 -Ah P4wl 

(5.10) < Ch*k- 1Wlk + IlAhWO -P4WIl1 

Chk-IW 11lk + 11 W - P4wl11 + 11w - AhWOIl1 

S Ch"-1 lIWIlk + II(I - Ah)Wlll + IlAh(W - WO) 11 S Chk-l11WIlk; 

combining (5.9) and (5.10) and using (5.6) gives 

(5.11) IlAhYIIO S C(t)hk f [llW(., t)lIk+l + IIf(', t)OMk] dt. 

Finally, 

llW( , t) - wh(., t)110? 11 (I -An P4)w110 + IlA yl10; 

an argument similar to that used to obtain (5.10) gives 11(1-A-lP4)wllo < Ch kll 
and thus (5.7). 

6. Discussion. There are spaces other than smooth splines to which our form- 
alism applies. For example, we can take A2 to be the inverse of a partial differential 
operator (cf. [12], [27], e.g. a(ht) = (1 + h2 lt2l)-1/2; with such a choice for Ah, 
our hypothesis (5) is simply an inverse assumption on Xh;k). Analogous to [12], [27] 
we would then choose x(hk) a space of piecewise polynomials of order k, and y(k-2s)= h 

A-2X(k) h h- 

The results of [10], [22] correspond to Ah a family of partial differential opera- 
tors; many of our results can be directly extended to this case. 

The choice of a ( ) given by (3.1) is special if we wish to generate a hierarchy 
of spaces by successive application of Ah. This is the choice which minimizes the 
radius of support of the higher order basis elements in the following sense. 

THEOREM 9. Let XhO) be a space of order i, spanned by the uniform translates 
of tensor products of basis element(s) q5(x/h), the support of which is contained in 
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[- pi, pi] (pi is the smallest such number). Suppose that for all nonnegative integer 
p, 4i+P) = A XP') is a space of orderj + p. Let +P denote the radius of support h h Xh' 

of the basis elements of X(+P). Then for sufficiently large p, P;+p+1 > Pj+p +1/, 

and pj+p+ 1 = Pj+p + ?/ if and only if a( * ) is given by (3.1), with s set equal to 1. 
Proof. In the x-variables, Ah is simply a convolution operator with kernel a(x/h) 

(the inverse Fourier transform of a(ht)). In order that Ah successively generate spaces 
of all orders, a(ht) = 0 for all ht = 27rj, j any nonzero integer [25] . Thus, for any 
nonzero integer j, 

(6.1 ) fl~)a ( exp (27ri h)cd = o. 

If a(x/h) has its support within [- ?, 1h], then by comparison of its Fourier 
series with (6.1), it follows that a(x/h) is constant in (-?2, ?h), which corresponds to 
a(ht) given by (3.1) (with s = 1). 

However, this choice of Ah maps piecewise polynomials into piecewise polyno- 
mials, and can be applied to other spaces. For example, if we start with the Hermite 
cubics, we obtain successively the C2 piecewise quartics, the C3 piecewise quintics, etc. 
Our results hold for such spaces (the modification of Lemma 2 in such cases is straight- 
forward, but tedious). 

Finally we consider the rates of convergence of Galerkin methods for first order 
symmetric hyperbolic systems. In [13], Dupont showed that in L2, 0(h3) was ob- 
tained for Hermite cubics and 0(h4) for cubic splines. Our Theorem 8 holds for the 
cubic splines, but not for the Hermite cubics; for X(k) the space of Hermite cubics, h 
Fh =- A-lX(k) is not a subspace of Ho. A different choice of Ah will not help, be- h h hh 
cause the Fourier transforms of the two basis elements of the Hermite cubic space do 
not have a suitable common factor. Our results do imply the optimal order of accuracy 
for the higher spaces in the hierarchy beginning with the Hermite cubics, however, for 
example, 0(h6) for the Galerkin procedure with the C3 piecewise quintics. 
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