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A Class of Accelerated Conjugate Direction Methods
for Linearly Constrained Minimization Problems*

By Michael J. Best and Klaus Ritter

Abstract. A class of algorithms are described for the minimization of a function of

n variables subject to linear inequality constraints. Under weak conditions convergence
to a stationary point is demonstrated. The method uses a mixture of conjugate di-
rection constructing and accelerating steps. Any mixture, for example alternation,
may be used provided that the subsequence of conjugate direction cdnstructing steps
is infinite. The mixture of steps may be specified so that under appropriate assump-
tions the rate of convergence of the method is two-step superlinear or (n — p + 1)-
step cubic where p is the number of constraints active at a stationary point. The
accelerating step is always superlinearly convergent. A condition is given under which
the alternating policy is every step superlinear. Computational results are given for
several test problems.

1. Introduction. In [3] a conjugate direction method is described for minimiz-
ing a nonlinear function subject to linear inequality constraints. An accelerating step
is always performed after the construction of (n — p) conjugate directions, where » is
the number of variables and p is the number of constraints active at the limit point of
the sequence of points constructed by the method. Under appropriate assumptions
this results in an (n — p + 1)-step cubic rate of convergence.

The idea of accelerating the rate of convergence of methods of conjugate direc-
tions for unconstrained optimization has further been pursued in [2] and [9]. In [2]
the construction of conjugate directions is based on Zoutendijk’s projection method
[11], and the accelerating direction is obtained using an approximation to the solution
of certain linear equations involving differences of gradients at previous iterations. In
[9], conjugate directions are obtained by always choosing the descent direction orthog-
onal to n — 1 differences of gradients; and therefore, a set of n conjugate directions
is available at every iteration. This allows an accelerating direction to be used more
frequently than every n iterations.

It is the purpose of this paper to extend these methods to minimization problems
with linear inequality constraints. The algorithm allows considerable flexibility in the
mixture of accelerating and conjugate direction constructing steps. If the algorithm
does not terminate in a finite number of steps it is only required that the number of
conjugate direction constructing steps be infinite. Under appropriate assumptions then
each accelerating step is a superlinear step, and this results in an l-step superlinear rate
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of convergence where / and the rate of I-step superlinear convergence depend on the
policy used.

As a special case we obtain the rate of convergence characteristic of [3]. An-
other special case is obtained by alternating accelerating and conjugate direction con-
structing steps. In most cases this policy gives a one-step superlinear convergence rate
and in all cases the rate of convergence is at least two-step superlinear.

2. Notation, Formulation of the Problem. Let x € E” and assume that F(x) is
a given real.valued function. If F(x) is differentiable at a point x;, we denote its gra-
dient at x; by VF(x,-) or g;. If F(x) is twice differentiable at x;, we denote the Hessian
matrix of F(x) at X; by G(xj) or G;. For any column vector x and any matrix M the
transpose is denoted by x’ and M, respectively. For any vectors x and y, L[x, y] =
{w;w=0x + (1 —0)y, 0<06 <1} denotes the set of points on the line segment
joining x and y.

Let A be an m x n matrix with rows a}, a, . . ., a,, and let b be an m-di-

mensional column vector with components b, b,,...,b, . Define

R = {x € E"/Ax < b}.

We consider the problem of determining a point z € R such that F(z) < F(x) for all
x €ER.

A point x € R is said to be stationary if there exist numbers A2y, A,
satisfying

m
VF(x) = Z )\iai’
i=1

)xi(a;x—bi)=0, A<O fori=1,2,...,m.

The Kuhn-Tucker Theorem states that every local minimizer of F(x) over R is a
stationary point; and that if F(x) is a pseudo-convex function, then every stationary
point minimizes F(x) over R.

It is the purpose of this paper to describe a class of algorithms which either termi-
nate with a stationary point after a finite number of steps or produce a sequence of
points {xj} with the properties:

(1) under a differentiability assumption {F(xi)} is strictly decreasing; every
cluster point of {x].} is stationary; and if {xj} has an isolated cluster point, then {xj}
converges.

(2) if the sequence {xj} has a cluster point z and in a neighborhood of z, G(x)
exists and has certain other properties, then {xi} converges to z. The rate of conver-
gence will be /-step superlinear where / and the rate of superlinear convergence depend
on the algorithm specified.

For later reference we formulate:

Assumption 1. F(x) is twice continuously differentiable and there are constants
0 < u <7 such that plxI? < x'G()x < nliyl? for all x and y.

For ease of presentation the convergence and convergence rate results of Sections
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4 and 5, respectively, are obtained using the rather restrictive Assumption I. In Sec-

tion 6 a modified class of algorithms is presented for which the convergence and con-
vergence rate results apply under much weaker assumptions (Assumptions II and III).
Some computational results are presented in Section 7.

3. General Description of the Algorithm. At iteration j the point x; is known.
The next point in the sequence is obtained by constructing a descent direction 5j> @

stepsize o; and setting Xjp1 = X; — 0;8;.
Let D]f =[d,;, dyjp - - - » dy;] be an (n x n) nonsingular matrix and let D].‘1 =
[c, p» €ajp + - - » €yl . Suppose for simplicity that the first p constraints are active at

X If it is appropriate that these same p constraints be active at Xjt1> then §; must
be orthogonal to a}, @), . . ., al',.
fori=1,2,...,p and then to take $; parallel to any of the last # — p columns of
Dj_l. By definition of the inverse matrix the required orthogonality property will be
satisfied. Choosing s; in this manner also results in s; being orthogonal to n — p — 1
of the last n — p columns of le. If these columns are required to be normalized dif-
ferences of gradients at previous points, then s}(g]._,. +1 — &) = 0so that 5; will be

approximately conjugate to n — p — 1 previous search directions Si_i

A simple way to do this is to require that d;; = g;

, thus assuring a
rapid rate of convergence.

The columns of D]f will in general consist of gradients of active constraints a,f
and normalized differences of gradients i — &_i+1) I 05— . To record the
origin and type of each column we use the index a;; where

-k if di]. = (gk - &t 1)/|Ioksk I,
l ifd.=a'.
ij 1

An infinite subset of iteration indices J is assumed to have been specified at the
beginning of the algorithm. Forj € J we initially consider any column Cij of D].‘l to
be a potential search direction and compute the n directional derivatives (v].)i =
c,f]-g]./ llcil.ll. We compute (v;),, the largest derivative in a direction which will drop an
active constraint and I(vi)kl the largest derivative in a direction which will maintain the
active constraints. In the first few iterations any direction with a large directional
derivative can be used to reduce F. Eventually, however, the search direction should be
chosen in such a way as to guarantee convergence to a stationary point and to obtain
a rapid rate of convergence. If (v;), is considerably larger than ()i |, then it is clear
that an active constraint should be dropped. To ensure that zigzagging does not occur,
we require that if at iteration j — 1, a new constraint became active then no constraint
may be dropped at iteration j unless there is no other usable direction. The information
required to enforce this rule is contained in the indicator B; which was set equal to one
if a new constraint became active at the previous iteration.

If no active constraint is to be dropped, let » be the column number of le cor-
responding to the oldest difference of gradients. Since the rate of superlinear conver-
gence of the algorithm will be determined by the oldest gradient difference information,

the sharpest results will be obtained if we use $; = c,j(vi), and then replace dr]. by more
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recent information. In the first few iterations, if I(vj)rl is larger than some fixed posi-
tive constant f, it is quite reasonable to do this. On the other hand, if I(v].)rl < 8 but
I(vj)kl is larger than some other fixed positive number 7, it seems more appropriate to
search along ckj(vi)k to obtain a large local decrease in F.

When x; is close to a stationary point, then both I(v) | and |(v )kl will be small.
If ¢,; tends to become orthogonal to g; so that I(v) | tends to zero and in addition
I(v])kl remains bounded away from zero, then it is clear that convergence to a station-
ary point cannot be guaranteed using cri("i)r as a search direction. To avoid this situ-
ation we introduce the test |(v),| > Bl(vi)kl2 and use ¢,/v;), only if it passes this test.
As j increases, |(v )kI becomes small and the test becomes weaker, making it increasingly
more likely that c, (v) can be used as the search direction. If the test is not satisfied,
then in order to mamtaln convergence, §; must have a component parallel to Cypj Fur-
thermore, it may occur infinitely often that the test has failed. In this case if s; is
constructed so that it converges to a direction parallel to Cpjs then the strongest con-
vergence rate results will still apply. Choosing s; = (sign(v)),c,; + ck].(vi)k)l(vi)kl when
the test fails ensures that both these properties are satisfied. J, is the set of iteration
indices for which s; is chosen by this rule.

For j & J a special search direction of the form s; = E"‘iﬁ ow;C;j is constructed
to accelerate the rate of convergence of {x;}. Assuming that x; is close to a stationary
point z, Taylor’s theorem gives F(x —-5)= F(x) - Ew,g]c + %Ewl c” Gc;; since it
will be shown in Theorem 2 that the Cij ’s are approxnnately conjugate dlrectlons. An
appropriate way to choose the coefﬁcients w; is to minimize this quadratic approxi-
mation to F. This gives w; = g U/chc In Theorem 2 it will be shown that Gey; =
diillciill. Thus it is appropriate to set w; = g; u/llc = (V)

In Step II of the algorithm the determination of the stepsize is based on the re-
sult (Lemma 6) that for j & J, the optimal stepsize converges to unity. If a unit step-
size gives a feasible point, then the Armijo test is applied; and the stepsize is repeatedly
reduced until an acceptable stepsize is obtained. It will be shown in Lemma 6 that
after a finite number of steps the Armijo test will always be satisfied with a unit step-
size. Forj € J,, the optimal stepsize converges to

O,
I;), e le, |
and the procedure is similar to the above.

In Step III of the algorithm Dy, is obtained from D; by replacing one of its
columns with a new vector. The column to be replaced is either one which contains
the gradient of a constraint which has just become inactive or the column correspond-
ing to the oldest gradient difference information. The new column is either the gradi-
ent of a newly active constraint or the normalized gradient difference di =
(& gIH)/IIo sl If s; = (sign(vy),c 7 + €V | and |cr;d1| < Ic;ldi(vj)kl, then
it is not poss1b1e to ensure that II Dy L || will remain bounded. In this case and when
j & J, the update is not performed; and we set D;.}y = D;"!. It will be shown, how-

jt+1
ever, in Lemma 5 that after a finite number of steps D; is always updated forj € J.
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Since D;, , differs from D; by exactly one column, it is straightforward to compute
D]‘+11 from D“ using a standard simplex transformation. Finally, it should be empha-
sized that only D ! is required for the computations of the algorithm; and that since
D; is not required, it need not be stored.

An important property of the algorithm is that under the assumption of strict
complementary slackness for all j sufficiently large the constraints active at Xx; are pre-
cisely those which are active at z. Suppose these constraints are p in number. The
algorithm is designed in such a way that the mixture of conjugate direction construct-
ing and accelerating steps is flexible. Performing #» — p consecutive regular steps and
using an appropriate approximation to the optimal stepsize gives an n — p-step super-
linear or quadratic convergence rate (Theorem 5). Following these steps with an ac-
celerating step always gives a superlinear rate (Theorem 3) and this rate depends on
the oldest gradient difference information in D]f. An important feature of the algo-
rithm is that regular and accelerating steps can be performed alternately. This policy
results in a two-step superlinear rate (Theorem 4); and in addition, if the accelerating
step does not converge faster than expected, then both regular and accelerating steps
are superlinear steps (Theorem 6).

4. Detailed Description of the Algorithm and Convergence. In the algorithm we
use constants « > 0, 3> 0,y >0, and 0 < § < %. Furthermore, we require an in-
finite subsequence J C {0, 1, 2, . .. }. For every j & J we choose a special search
direction 5; which is designed to accelerate the convergence of the sequence {x } gen-
erated by the algorithm.

Let x, € R be the initial point and suppose that

a;x0=bi, i=1,...,q; a;xo<bi, i=qg+1,...,m
Set
di0=a', i"l, aq!
and, if g <n, letd 1,00 - - dn0 be any set of vectors such that with Dy
dyos---,d,0) the matrix D‘ =(cy0 - - - » C,0) exists. Finally, set Bo = I,Jl =

{0} and,J(xo) {a19, - - -, 0,0} With a0 =14 i=1,...,q,and ;0 =0, i=
q+1,...,n.

A general cycle of the algorithm consists of three steps which are described below.
At the beginning of the jth cycle the following data are available: x; ER, g = VF(x ),
By JO) ={eyo .. e} and D7 =y ..., Cpj)-

Step I: Computation of the Dzrectzon of Descent s;. Let u]f = g]fDi‘ 1 uj=
(@p),, - . » (1;),) and set

(v].)i = (u].)i/Hci].II, i=1,...,n

Define | = l;and k = k; such that
(v].)l = (vj)', for all i with O >0,
I(vl.)kl > I(vl.)il for all i with o <0.
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If o < 0 for all 7, set (v].)l = 0; and if o > 0 for all i, set (vj)k =0.

(i) j & J,ie., a special direction §; is chosen.

Set
S'—jz Z cii(vf)i’
aﬁ<0
and
s_j if g;§j>0,
$; = clj(v].)l ifgs 0 and ( ) >0,
0 otherw1se

(i) j €J,1ie., a regular direction s; is chosen.
Set
$; = clj(v].)l if ((v )1 = al(v, )kI and [3 0) or

((vj)k =0 and (Uj)l = );

otherwise determine r such that

—a . < —a, foralliwitha, <O,
rj if ij

and set

¢, @), i 1), > Bor (Iv),1 > Al and I, | <),
s; = ckj(v].)k if l(v].)rl < f and I(vl.)kl > v,
(cr]. sign(vj)r + cki(vl.)k)l(vj)kl otherwise.

If s; = (sign(vy),c,; + ckj(vi)k)l(vj)kl, set J;, =J, U{j}. Go to Step II.
Step 11: Computation of the Stepsize a,. If gl'.sl. < 0, stop, otherwise let

J
ax. — b, ok
o*=min{ —L for all i with a’s. <0
j as; i’
and
F(x].) — F(xl. — osl.)
h(x.; 0)= 5 , 0>0.
! 08,5
Set
min{l,ol’."} ifj¢J,
0;= (v ), lle,, Il
. I G
min (”j) + (v )kl o ", a; if j €J,

** If, for i = 1,..., m, al'\9~ 2 0, set 0* = o, If the minimal vlaue o is attained for more than

one index, we apply a swmall perturbation to b in such a way that for the perturbed constraints,
0;" is attained for exactly one index.
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and let v; be the smallest nonnegative integer for which h(x]., 'Ej BYi) =6
Set 0; =0;(15)’7 and x;, | = x]. — 0;s;. Compute g;,; and go to Step IIL.
Step III Computatzon of 1+l' J(xjH), and ﬁi+1‘
Case 1. o; < o}", i.e., no new active constraint occurs at Xiyq-

Set Bj+1 =0 and if j €J, d; = (gj - gj+l)/llol-sill. Let

) l Tf $; i cl].(vl.)l,
v=1{k ff s; = ck].(vl.)k, . ’
r if $; = cr].(v].)k orjEJ . and lcn. d].I k] ](v )k

Ifj¢Jorj€J; and |c,;d;| < lek; 4, set j_+11 =Dy ! and J(x;;,) = J(x;);
otherwise, replace the vth column of D; by d;, denote the new matrix by Dj,, and
determine Dl.‘+l1 from Dy 1 Set

J(x].H) =y e @, i1}
whereozl+l = o i#v, andoz,,’]+1 =—]
Case 2. 0; = o]*, i.e., a new constraint becomes active at Xt
Set ﬁ] =1and

1 if 5; = cli(v].)l,

v=1{k if $; = ck].(v.)k or ;= aéocﬁ(vj)i,

]
r 1fs crl(v]) or jEJ,.

Let £ = 55]. be the index for which the minimum o;" is attained. Suppose

lc'.aI 'yllc || xx®

Replace the vth column of D by g, denote the new matrix by D +1 and deter-
mine D ; from D 1
Set
JOg ) ={ey e, b

where O iy1 = Y i # v, and 0y irq = Ej.

ProrosiTiON 1. Let Assumption 1 be satisfied, x; € R and suppose $j» 0 and

Dj are determined by the algorithm. Then
(i) D; is nonsingular, i.e., Di"* exists.
(ii) g < 0 if and only if x; is a stationary point.

(i) If x; is not a Stationary point, then 0; is well defined, Xig1 =X — 0;5; € R
and F(x]._,_ < F(x].).

Proof. (i) By assumption D, is nonsingular. For every j, D]'. and D} 4+ are either
identical or differ in exactly the vth column,ie., d,; #d, ; a1 It suffices, therefore,
to show that d, ; j+16p 0. If 0; = of, this fo]lows immediately from the assumption
in Case 2 of Step III of the algorlthm If 0;<0 ¥, Assumption I and Lagrange’s for-

*¥** The case that this assumption is not satisfied is discussed in Remark 1.
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mula [10] imply that there is & € L[x;, x;, ;] such that

' —'d—'gi_gj+l—'GE) sj> " “>0
T A BT R A Y Ry e

It follows now from the definition of » in Step III of the algorithm that s; is parallel
to c,; and, therefore, d;,j+ 165 # 0.
(i) Writing g; in the form

we observe that x; is a stationary point if and only if )\ij < 0 for i with 0 >0 and

A; = 0 for i with a;; < 0. Since };; = c;jgj = lle;l(v;);, x; is a stationary point if and

only if (vj)k =0 and (vj), < 0. By Step I of the algorithm this is equivalent to $; = 0.
(iii) Since a;sj > 0 for all i with a;; > 0, it follows that of>0andx; —o5; €

Rfor0<o< o]f". By Taylor’s theorem there is Ei € L[xj, x; — osj] such that

F(xj) - F(x]. — osj) =0gs, — o(g]. - VF(Ej))s]..
This implies that
h(xl.; 0)=1- (gj - VF(EI.)) s]./gjsj,

where h(xi; 0) is defined in Step II of the algorithm. It follows that lim
1 so that v; is well defined and F(xj+ < F(xj).

Remark 1. In the convergence proof we need that the sequence {ID;” 1y is
bounded. This is shown in Lemma 1 provided lc:,jagl = 'yllcvjll for some ¥y > 0. If
this assumption is not satisfied in Case 2 of Step III of the algorithm, the matrix
le +1 is reset in the sense that all columns di'j 4+ such that O ir1 < 0 are replaced
by unit vectors orthogonal to all other columns of D,'. +1- The details of this procedure
are discussed in [7].

The proof that the sequence {xj} generated by the algorithm converges to the
global minimizer of F(x) over R is rather lengthy. Since the algorithm given in this
paper is a generalization of a method described in [8], we shall not give a new con-
vergence proof but show that the algorithm has the properties upon which the con-
vergence proof given in [8] depends. First, we need

LEMMA 1. Let Assumption 1 be satisfied. Then the sequences {Di}’ {Dl.‘ hy,
and {sj} are bounded.

Proof. Using the arguments given in the proof of Lemma 1 in [7], we see that
{Dj} is bounded and that it suffices to show that there is some w > 0 such that for
alljeJ

h(x;; 0) =

=0

!
1) ICvjdv,iHI = wllcw.ll,

where v is defined as in Step III of the algorithm.
If 0; = o;", it follows from Case 2 in Step III of the algorithm that (1) is satisfied
for every w < v. If 0; < o¥, we see as in the proof of part 1 of Proposition 1 that
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s,d,, i1 ullsjll, which in conjunction with the definition of v and s; implies (1) if
JET,-
For j €J, we have $; = (¢ s1gn(v) + ck](v )k)l(v )| and, therefore,
1
s].dw._H = . (d]c” 51gn(v) + d]ck](v )k)l(v Dl = ullsjll,

or
d]fc”. sign(v)), +d; k](v) > uldic,, sign(v)), + d]fckl.(vl.)h I

Since {Dj} is bounded, the right-hand side of this inequality is bounded away from
zero; i.e., there is a constant & > 0 such that

2 d c,i s1gn(v) +d ckl(v) =6 foralljeJ,

which implies (1).
The algorithm given in [8] always uses as search direction either Crj )y Or
c,j(vj),. The stepsize 0; is the optimal stepsize, i.e., the solution to

mm{F(x — oS, )IO o*}

where o}" is the maximal stepsize defined in Step II of the algorithm.
For s; * Cli(vi)l the property of 5; which is used in the convergence proof given
in [8] is the following: (Lemma 5 in [8]).
Let {xi, j € I} be a subsequence of {x]-} which converges to z such that for all
JAS A
a,fx =b, (€I ; al.xl.<b, i¢r,

where 1, is some subset of {1, , m}. If the orthogonal projection of VF(z) onto
{xlalfx 0,i€1,} is different from zero, then there is € > 0 such that g]s = e for
j € I sufficiently large.

The critical properties of the stepsize 0; are established in Proposition 1 and
Lemma 3 of [8]. The main property used is the following: For every € > 0 there is
8(¢) > 0 such that g;s; = € and o} > € imply F(xj+ )< F(xj) — &(e).

In the following two lemmas we shall show that the search direction s; and the
stepsize 0; generated by the new algorithm have these properties too.

LEMMA 2. Let Assumption 1 be satisfied and let {s } and {x } be determined by
the algorithm. Let IL,=@orl, C{1,...,m}. Suppose { , j €I} is a subsequence

of {x]} which converges to some z € E". If, for every j €1,
a,;x; = b, i€l and a,x; <b, €¢I,

and the orthogonal projection of VF(z) onto {xla,fx =0,i €1,} is different from
zero, then there is € > 0 such that for j € I sufficiently large

@ )k € and S; #* cll(v ), implies g $;

Proof. Let Px denote the orthogonal projection of x onto {xla x=0,i€I}.
It follows from Lemma 2 in [8] that, forj €I, p, IIPg]II < |(v)), |- Hence, PVF(z) # 0
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implies that there is € > 0 such that |(v;),| > € for j € I sufficiently large.

Since {D;} is bounded above, there is a constant w > 0 such that Ilcil.ll > w for
all i and j.

Thus, if 5; = ¢ j(v;), we have

5= 8@k = ley @), > TG,

If s; = (c,; sign(vy), + ¢4Vl ], we have
@ S = (lgic,.| + ||c ||((v )k)2)|(v) | > wl(vi)kls

jori
Finally, if 5; = Zq, <0Cij (v) then
gs; = aé . e I@))? > e, I(®,),)? > &(, D,
ij
which completes the proof of the lemma.

LEMMA 3. Let Assumption 1 be satisfied, and let {sl.} and {0]-} be determined
by the algorithm. For every € > 0 there is §(€) > 0 such that for all j,
g s; > € and a* € imply F(xl.+ A F(x].) —&8(¢),
lel. 41 - xl.ll >e€ implies g]fsl. > §(e),
' . .
g5 > € and 9; < alf" imply Hxi+1 - xl.ll = 5(e).

Proof. By Taylor’s theorem there is E S L[x-, xX;— os-] such that for ¢ > 0,

W F(x) - F(lxl. — 08)) s (VF(E) - g)s
agjs]. g 5

Because VF(x) is uniformly continuous and {s]-} is bounded, there is 7 > 0 such
that for all j,

9 IVEE) —glls<e2 forO<o<r.
2 T

If g] = ¢, it follows, therefore, from (1) and (2) that for 0 < 0 <

F(x) F(x - as) IIVF(E) g I Ils I S 1
3 1
>1- > 6.
ag 5; g 5; 2
By inequality (1) in the proof of Lemma 2 we have
@) I(vj.)kl >¢€, >0 foralljeJ with &5 = 0.

Hence, gj ; = € and 0} > € imply that ¢ 0; > €, > 0 for some €,. By (3) and
the definition of v; we have therefore,

) 0; = ¥imin{7, €,} >0

and
F()‘CI.) - F(x].+ D= oijgI.sj > Y¥de min{r, €,} > 0.



488 MICHAEL J. BEST AND KLAUS RITTER

If g]'.s]. > eand 0; < o;.", it follows from '6']. < o;“, (3), and the definition of Y
and o; that of > 7. Thus, (5) holds in this case too. Furthermore, g]'.si > € implies
Is;l > €3 for some €5 > 0, which proves the last part of the lemma.

Since {0;} is bounded, it suffices now to show that ||s].|| > € implies g]'.s]. = 8(e).

By the definition of 5; and the boundedness of {DJ.‘ 1} we have, for some €, >0,
I(vl.)kl >e, if 5; # c”.(vi)l and Ilsl.ll > €,

and
i = > €.
(vi)l = 6‘ if SI. cl]'(vi)l and ||SI|| 2 €

As in the proof of Lemma 2, it follows then that g]'.s]- > we? where w is a lower bound
for { Ilc,ill}.

Based on the results of Lemmas 1—-3 we can now use the convergence proof given
in [8] to derive the following.

THEOREM 1. Suppose Assumption 1 is satisfied. Then, there is a unique z € R
such that F(z) < F(x) for every x € R, x ¥ z. The algorithm either terminates after
a finite number of iterations with z or generates an infinite sequence {x,.} which con-
verges to z.

Assume thatg;z = b, i=1,...,p,anda;z<b, i=p+1,...,m By the
Kuhn-Tucker Theorem there are A, . . ., )\p such that

p
VFEZ) =2 Na, N<O, i=1,...,p
i=1

If\, <0, i=1,...,p, the strict complementary slackness condition is said
to be satisfied at z. In this case, it can be shown that after a finite number of itera-
tions, the set of constraints active at the elements of {x,.} does not change.

PROPOSITION 2. Suppose Assumption 1 and the strict complementary slackness
condition is satisfied. Then, there is j, such that, forj =>j,,

' _ . ' .
al.xl.—bi, i=1,...,p and aixl.<bi, i=p+1,...,m

The proof of this proposition is identical with the proof of Proposition 2 in [8]
and, therefore, omitted.

5. Superlinear Rate of Convergence. In this section we demonstrate the rate of
convergence associated with several important specifications of the index set J of reg-
ular or conjugate direction constructing steps. To obtain these results it is reasonable
to require that for all j sufficiently large the set of constraints which are active at x;
are precisely those which are active at z. Therefore, we assume throughout this section
that Assumption I and the strict complementary slackness assumption are satisfied so
that Proposition 2 applies.

For notational convenience we assume without loss of generality that for all
J 2 Jy the columns of D} have been ordered so that the last p columns contain the
gradients 4}, a,, . . ., a;, of active constraints and the first ¢ = n — p columns contain
normalized differences of gradients.

The convergence rate results will be based on upper bounds on errors associated
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with various approximations. The following lemma demonstrates the relationship
among several of these error estimates. The matrix E i of part (c) occurs when Taylor’s
theorem is used to express g, in terms of g; and G = G(2).

LEMMA 4. (a) For any integer | = 0, IIxiH =zl = O(lx; - zl).

(®) Ix; -zl = O(lg; — vF(2)N), lg; — VF(z)l = O(llx; - zll).

(c) Define E; = P G(xj + t(x;yy — x;))dt — G; then IlEl.II —~—0asj—> oo If
G(x) satisfies a Lipschitz condition in a neighborhood of z, then IIE,-II = 0( lei - zl).

Proof. (a) Letj=>j,. Since by Proposition 2, (x; - z) is orthogonal to VF(z),
it follows from Taylor’s theorem that

F(xj) —Fz) = %(x]. - z)'G(si)(xj —z) where £, € L[xi, z].

Thus, from Assumption I,
—J — 2 < — < —-] — 2
2||x,. zII* < F(x,.) Fiz) < 2llxl. zlI%,

Since I = 0, by Proposition 1, F(xi o < F(xi). Therefore,

Shx;,, — 2P S Flx;, ) = F@) < Jlx, - 2P
and
Il Xip = zl < \/r—zﬁfllx -zl
(b) From the Lagrange formula [10] and Assumption I,
lg; — VF@)llx; ~ 2l > (g, - VF(z))'(xI. -2)=(x; - z)'G(SI.)(xI. -2)

> ullxi - zI?,
where §; € L[x;, z]. Therefore, lx; — zlIl < (1/u)lg; — VF(z)ll. Again from the La-
grange formula and Assumption I,

Ig, - VFEIP = g, - TF@) €, — TF@) = (x; ~ 2YGE)Ng; ~ VFE))

< nllx —zI Ilg. — VFQ),

where £ € L[x;, z], so that llg; — VF(2)I < nllx; - zIl.

(c) Smce F(x) has continuous second derlvatlves and since by Theorem 1 x; —
z as j — oo it follows that lIEI.II — 0 as j — oo, If G(x) satisfies a Lipschitz condition
in a neighborhood of z, then there is a number L > 0 such that for all j sufficiently
large

lIE,.ll < O?tp“ IIG(xI. + t(xl.+l - i)) - G

<L sup le(x,, , ~2)+ (1 —1)x; — 2)l
0<t<1 / !

<L, -zl + Ix, - 2l}.

It now follows from part (a) that IEl = O(lix; — zll).
LEMMAS. (@) Fori=1,2,...,q, )| = O(llx; — zl).
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(b) For any integer 1 > 0,
“xi+l — zIl = O(max{lg, 1€ ” =1,2,...,q}).

(c) For dll j € J sufficiently large, D;}", + D" *.
Proof. (a) Forj>j,andi=1,2,...,q,by definition of the inverse matrix
¢;j is orthogonal to @}, @;, . . ., @, and is thus also orthogonal to VF(z). Therefore,

'
8.C..

R
©h =i 1= 6 e,
u ]
and by Lemma 4(b), I(v),| < llg; — vF2)ll = O(IIxj - zl.
(b) Let T={t €E", t = ZP_, §,a;}. First, we show that
0] forany t € T, llx]. —zl = O(IIg]. — ).

To verify (1) choose any ¢ € T and let j > j,. By Proposition 2, (xj — z) is orthogonal
to both ¢ and VF(z). Thus from the Lagrange formula and Assumption I,

IIgj —tl llx]. —zl> & - t)'(x]. —2)=(@ - vF(z))'(x]. —-2)
=(x; - 2)GEx; — 2) > pllx; - zI?,

where & € L[x;, z]. Therefore, llx; — zIl < llg; — #ll/u which proves (1).
Now let / be any fixed nonnegative integer, j = j,, and define wl'- = g]'. D7 1t
follows that
— ! Lg—
(wl.)i =815 fori=1,2,...,q, and
= D w; = Z (w ; ”
where by Proposition 2, ¢; € T. From Lemma 1, D; is bounded so that by (1),

le].H —zl = O(max{l(w.).l, i=1,2,...,q})
= O(max{lg] _chl, =1,2,...,4}).

(c) From part (a) and Lemma 1 it follows that Id,'.ckj(vj)kl —> Qasj—> o,
Therefore, from Eq. (2) of Lemma 1 and for all j € J, sufficiently large ld,'.cril =>682>
0 so that from Step III of the algorithm for all j € J sufficiently large, Dj"+ll #D; 1

The following theorem relates column i of D}~ ! to the search direction used when
column 7 of D} was last replaced. In addition, it shows that the first g columns of D 1
are conjugate directions.

THEOREM 2. (a) Foreveryj=>j,andi=1,2,...,4q,

= 1
ci]./ llcijll = s_aij/ "s_“ij“ + Wi

= 2

= Ilcijlldi/ +wp, and

leyiGeyl = 00wzl fori <k <

where Ilw,.‘l.ll, ||w,.2i|| —> 0asj—> oo,
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(b) In addition, if G(x) satisfies a Lipschitz condition in a neighborhood of z,

then
1 21 _
Ile.].II, IIw,.I.II = O(le_aii - zl.

Proof. Letj=>j, and 1 <i< q be arbitrary but fixed. Let v = - 0y, €, =
€,(i) = sign((v,),), and let k be such that |(v,), | = I(v,),l forI=1,2,...,q. We
first show that when column i of D! is updated it is true that Civir/lle; i 1=
s,/lls,Il and that the following updates do not substantially change this ith column.

From Step I of the algorithm, Lemma 5(a), and Proposition 2,

¢;,,); ifve&J,,
s =
v €,€,I0,) | + 0(©,),1») ifvel,.

w

1

Column i of D}, is obtained from the update formula

c. g —g
w v v+1
. = where d =
iLv+1 ! v
¢4, ||oys vII
Therefore,
s, < ||sy|| > Vel
[ bl 1 b
s, I\@,),c;,4,

@) Civi1 =

s, /s,
ity B , ‘
s, I <evl(vv)klc d o), veJ,

vy
For v & J, it follows from (1), the Lagrange formula and Assumption I that

(3) (vv)ict,‘ udv _ s;G(Ev)sv

- 2
I s, I IIsuII

>u>0

Similarly, for v €J,

@ €,l,), lc;,d ~ s G(E,)s,

w v
- 2
I s, I I s, I

+0(Iw,), ) = u>0.

From (2), (3), (4) and Lemma 5(a) it follows that

c. s
Lv+1 v
3) —t—— =— 4 O(lx - zI).
"ci,v sl v
In general D ! may not be updated for several iterations so that

D;! =Dy}, =---=D;' #D}

v+1 vk2 E+1°
where £ is the iteration at which the next update occurs. It follows that § = — 0,
where
-, = mm{—al].; - >, 1=1,2,...,q},

491
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and Dy, , is obtained from Dy by replacing column 7 by d; = (g, — g, ,)/lo,s,l.

Column i of Dg+11 is obtained from the update formula
¢, d
_ itk
(©) Cog+1 = % T, g “n
rEvE

We next show that Ic;tdtl is appropriately small so that column i is left approximately
unchanged after one update.
From Taylor’s theorem,

S S
@) cigde = ¢; <G E“ + £ H;n)

where E; is defined in Lemma 4(c). By definition. of &, Cig = €;p4 SO that from (5),

N
v
GCiE = “ci,v+l“G Tl—s-:" + O(Iva - zlh.

Since d; ., = d; ;4 = d,, we have from Taylor’s theorem,

¢t =g E, -2
s I LE+1 Vs, I
Thus,
! s,

€)) cxG=le, ,  Md; yy — P " + O(lx, — zI).
Furthermore, from (5),

s c

£ rEtl

9 — = —=—— 4 O(llx, — zl).
®) Is 0~ lc, ., 1 :

Substituting (8) and (9) into (7), applying Lemma 1 and Lemma 4(a) and observing
that since i # r, d;,£+lcr,£+l = 0 gives

(10) ‘ Ic;£d£| = O(max{lx, - zIl, 1E I, 1E,1}).

From (1), (3) and (4) it follows that lcr£d£| = . Finally, since ¢;z = ¢; 4 it follows
from Lemma 1, (5), (6) and (10) that

Cie+1
(11) — = + O(max{llx, — zI, 1E I, IE ll})

le, E+1" Is I Il

From iteration v = — o;; to iteration j each column of D,, will have been replaced
at most once. These updates will occur at iterations j; <j, <j, <---< 7 <
where j, = — 0; =V, j, =~ 0 = £, ..., etc. Repeating the arguments which yielded
Egs. (6) to (11) at most ¢ — 1 times, it follows that
s

(12) S %

L
be b " Us_ 1 Vi
iy
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where
l = —
||wl.].|| = O(max{ IIxI.1 zll, ||E].l||, ||E].2||, e, ||Eji||}).

Since J is infinite, —0y; > asj > oo Therefore, from Lemma 4(c), fori =1, 2,
.4, ||w1II——>0aSJ—>°°
Furthermore from (12) and Taylor’s theorem,

(13) Ge..= le. d., + w2,
ij ij ij ij

where

s,
2—Ilc ||w +E =
i "IIsII

and thus, ||wi2jll — 0 asj—> oo
Finally, from (13), since for k > i, ¢} ;d;; =
o(ll wizjll), which completes the proof of part (a).

The proof of part (b) is immediate from (12), (13) and Lemma 4 parts (a) and

0, it follows that Ic,ch | =

(c).

In Step II of the algorithm if j € J, the stepsize procedure first attempts to use
a unit stepsize. If necessary, this stepsize is reduced by a factor of % until an Armijo-
Goldstein test is satisfied. The importance of beginning with a unit step is that the
optimal stepsize converges to unity for j ¢ J,, and that as a consequence after a cer-
tain number of iterations the unit stepsize will always be accepted. For j € J, similar
remarks apply but with the unit stepsize replaced by

®), e,
®),

1wl

The precise results are contained in the following lemma.
LEMMA 6. There is a j, such that foradlj=j,, v = 0 and 3]. < o]?". In parti-
cular, this means that forj =j,, 0; = 1 forj € J, and

(v) ||ck]|| .
(v) + | )k forjell.

g, =
/ e,

Furthermore, if 6]. is such that F(x]. — stj) < F(x os ) forall 0 <o < o* then
G—lasj— oo, j&J, andg}/ajﬂlasj——)w ]EJ

Proof. From Lemma 5(a), the definition of s; and Proposition 2 it follows that
o;“ — o a5 j — oo, Thus, from the definition of 8']. in Step II of the algorithm it
follows that for all j sufficiently large, 3]. <.

We next show that

S; Gs

1) —,——1+e wherele}.l——>0asj——>°°,j¢]l.

.S,
g]!

Let j €J — J, and j >j,. Thens; = ¢, (v)), for some r, 1 <r<gq. Therefore, gs; =
Ilcrjll((vj)r)2. From Theorem 2,
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S;Gsi = ((vl.)r)zc;].Gcr]. = ((v].)r)z(llcrill + o(ll wfjll)).

Therefore,
’ ’ _ 2
) sI.Gs]./g].sI. =1+ 0(I|wr].||).

Next let j & Jandj>j,. From Step I of the algorlthm s;p= 2% c;(v); and g;s 5 =
L e l()); )2. Let k be such that |(v el = 1)l i=1,2,...,q. Then, g] ;>
||ckl-||((v].)k)2. Furthermore, from Theorem 2(a),

sGs = <Z(v)l u) <Z(u)llc Ild + (v)' u>

= i;il((uj)i)z !Icijll + 0(((u].)k)2max{ ||wi2,.l|, IIijll, R ||w‘21jll}).

Therefore,
s]st]. 2 2 2
3) —],—SI— =1 + O(max{ Ilwlill, Ilwzjll, e, I!wqill}).

Equation (1) now follows from (2), (3) and Theorem 2(a).
From Taylor’s theorem,

F(xl. - s].) = F(x].) -8 + ‘/és].G(Ej)sI.,

where £ € L[x;, x; — 5;]. Thus, forj & J,,
- F(x,) — F(x, - s,) 1 SG(&)s;
h(x, o) =hx, 1) = —t-"_1 =1 111
o J .S 2 gs.
g] 7 i)

We have from (1) and Assumption I,

SGE)s,  siGEs s(G(E) — G)s;
L1 = ”(1+e)-(l+e)l+——-
&S s].Gs]. s].GsI.

1+ O(max{le].l, IIG(EJ.) — GI}).

Since s; — 0, ‘g’f —zasj—>oo,j&J , and since F(x) has continuous second deriva-
tives it follows that h(x]-, 5}) =h(x;, 1) — thasj—> oo, & J,. Since § <%, we
have for all j ¢ J, sufficiently large that h(x;, 3'].) = h(x;, 1) > & and thus, v; = 0and
0;=1

Let 6,. be defined as in the statement of the lemma. It follows from the Lagrange
formula that for all j sufficiently large

g's.
~ 57 .
4) o= G( ). where £ € L[x, x; CEAR

777
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As in the previous argument,
6). =1+ O(max{lejl, ||G(£].) — GI}).

From (1) and Assumption I, g]'.sj <2 Ilsl.ll2 so that |5, < 4n/u for all j & J, sufficiently
large. Since s; — 0, it then follows that Ej —>z asj—> oo, j& J,. Therefore, 6j——> 1
asj—> oo jEJ,.

Now let j €J, and j > j,. Let k = k(j) and r = r(j) be such that |(v)),| =
)l and —a,; < —ay; fori=1,2,...,q. Wehaves; = (sign(k;),)c,; + (c,j0))
I(v,); | so that gis; = (1)), + (CAMBICHMN From Theorem 2,

Gs, = (sign((ul.)r)lbrjlldrj + ), e, Ndy; + O(max{ Ilwfjll, 1)), | IIWiJ.II}))I(v].)kI.

Therefore,
s]'.Gs]. = ((vj)k)z(llcrjll + O(max{| wfjll, }(vj)kl IIWijll, ((v].)k)2 )

and

s I ||

o =<'( )ln“()' i )( 1+e)
) 5;Gs; I(v),

= o].(l + e].), where by Lemma 5(a) and Theorem 2(a),

ej—>0asj——>°°,j€J1.

From Taylor’s theorem,

~p
Flx; - 0s) = Flx)) = Ggs; + %075 GEDs;
where Ej € L[xj, x; — B}Sj]. Therefore,
h(xp o) =1 = 1/20 5i G(El)sllglsl

It follows from (5) that

f ’ - - ]
gs; 5050 +e) 1+g 5;05;

=1+ O(max{lejl, I G(ZI.) — G,

where the last equality follows from Assumption I. Since 3; is bounded and $; — 0,
it follows that & — z; and thus, IIG(E) Gl—0asj— oo, jEJ,. Therefore

h(x;, o ) — 1; and since § < %, we have for all j € J; sufficiently large that h(x;, o])
>6 andthus Vi =0and o; =0,.

i
From (4) and (5), as in the above arguments

’5]./6]. =1 + O(max{le;, IG(E) - GlY),

where & € L[x — §;5;]. Since 16;5,1 — 0, it follows that §; —>zasj— ] €

J’I
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J,. Therefore '&'I./ﬁ — 1 asj — oo, j €J,, which completes the proof of the lemma.
The following theorem shows that the rate of convergence of the subsequence of

points constructed by the accelerating step is superlinear. The rate of superlinear con-

vergence depends on the oldest gradient difference information contained in le.
THEOREM 3.

jt1
Ix, — zI
]

lx., . -zl

(2) —0 asj— oo jEJ

(b) In addition, if G(x) satisfies a Lipschitz condition in a neighborhood of z,

then

IIxj_‘_1 —zI

ST ok, — 2l ¢,
PR

where r= min{— o 1<i<gq}.

Proof. (a) We first show that forallj € Jandi=1,2,...,q,

1) Ic gﬁ_1 O(IIx. —zIl max{llw.z.ll, IIE.II}),

where w and E; are as defined in the statements of Theorem 2(a) and Lemma 4(c),
respectlvely Let 1<i<qandj€J,j>j,. From Lemma 6, 0; =1s0 that Xipq —

xX; == From Taylor’s theorem,
' _ o o
@ 8416y = 8¢y — 506, — s;Eicy
From Theorem 2(a), Ge; = e, IId + w i and since 5; =ZL 1(c,]/ IICUII)c,]g] and further-

more since di]. is orthogonal to cl  Cop - - it follows that

c z—l,]' z+1,1’ T q]’
s'Ge,, = glc.. + siw?.
it/ S R M i
Substituting this expression into (2) gives
' 2

E.c..
81 = ~ Sy T S5i%iC
Since lx;,; — x;ll = sl < llx;, ; =zl + llx; — zl, it follows from Lemma 4(a) that

sl = O(llx; — zll). By Lemma 1, licll is bounded. Therefore,

g}y, ¢ = OUlx; — zl max{IE|, Iw?lp),

which verifies (1).
Finally, from (1) and Lemma 5(b),

Ix,, . -zl
3) i+ O(max{ ||Ej||, ||Wf]-||, "nglly ces "ngll})

||x]. —zl
and part (a) follows from Lemma 4(c) and Theorem 2(a).
(b) Part (b) follows immediately from (3), the definition of r;, Theorem 2(b) and
Lemma 4, parts (2) and (c).
A particular member of the class of algorithms described in this paper is obtained
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by specifying the index set J of regular steps. The convergence rate properties of any
particular algorithm will depend to a large extent on the choice of J. The following
theorems give specific convergence rate results for a number of important special cases.

One way of mixing regular and accelerating steps is by alternating them. This
results in a two-step superlinear convergence rate; and the rate of superlinear convergence
depends on the information of the previous 2q iterations, this being the number of
iterations to update all of the first g columns of Dj‘ 1

THEOREM 4. Let J ={j;j=2,i=0,1,2,...}. Then

llx zll

2j+2

——— — 0 asj—> oo
@) ||x21. —zI !

(b) if G(x) satisfies a Lipschitz condition in a neighborhood of z, then

Ix, ., = z||/||x2]. -zl = o(llx — zll).

2j 2j—2q+2

Proof. Part (a) follows from Theorem 3(a) and Lemma 4(a). To demonstrate
part (b) we observe that from Lemma 5(c) and the definition of J,

(=0 i=12 ., q} ={2%,2/-2,...,2] - 2q + 2},

so that in the statement of Theorem 3(b), Taj+1 = 2] — 2q + 2. The present theorem
now follows directly from Theorem 3(b).

Each regular step generates a new conjugate direction. Performing g such steps
consecutively in a space of dimension g leads us to expect a g-step superlinear or
quadratic rate of convergence. These steps may then be followed by a superlinearly
convergent accelerating step to achieve a cubic rate over the entire g + 1 iterations.
The precise result which is similar to that obtained in [2] and [9] for the unconstrained
case and [3] for the linearly constrained case is contained in the following theorem
and its corollary.

THEOREM 5. Let J, ={j;j — 1,j —2,...,j — q €J} and suppose Jy is in-
finite. In addition, if 61. denotes the optimal stepsize at iteration j and for j € J,,

O 1 =015 0;_3=0_5,...,0,_4=0;_, then
@ IIx]. - zll/llxl._q —zZl—=0 asj— o jE

(b) in addition, if G(x) satisfies a Lipschitz condition in a neighborhood of z,
then lx; — zIl = O(lx;_, — zI?).

Proof. Let jand I be such thatj € J,,, j 2j,and 1 <I<gq. To simplify nota-
tion we assume without loss of generality that the columns of D]'. have been ordered
so that

L =j—-2,...,—a.=]—q.

Bt AR 1, T qj

From the identity

-1
&=~ X; i S N L
l=
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and the definition of an inverse matrix, it follows that gic,; =g _,, ¢, Since 0=

61._,, we have g]'._ +15-1= 0. Also, from Proposition 2, both <y and $;_ are orthog-
onal to VF(z) so that

S
v _ ’ _ j—=1
8;¢; = &_14y — VFQ)) (c,]. le, I "Sj_1"> )

From Lemma 4 parts (a) and (b) and Theorem 2(a), Lg]'c,il = 0(lx;_, -zl ||W,1]-||); and
therefore, from Lemma 5(b),

")If" _z"Z" = Omax{llw} I, Iwl I, ..., w1} —0 asj—> o jET.
i-a
This completes the proof of part (a). Part (b) follows from Theorem 2(b) and Lem-
ma 4(a).
COROLLARY. Suppose for j € J, as defined above, j & J and for j € J, 0; = 6]..
In addition, suppose that G(x) satisfies a Lipschitz condition in a neighborhood of z.
Then forj €Jy, Ix;,; — 2zl = O(lx;_, — zIP).

Proof. From part (b) of Theorem 3 for j € J,,

llx.

i1 zll = O(le]. -zl IIx]._q — zIl)  where r=i-q

Remark. Theorem 5 and its corollary also apply if for j € J instead of using
0; = 0; the optimal stepsize, 0; is obtained using a quadratic interpolation procedure
described in [8]. Although 0; as computed in Step II of the algorithm converges to
unity, the rate of convergence is not sufficiently rapid to be compatible with the super-
linear, quadratic or cubic rates of Theorem 5. -

For the policy of alternating regular and accelerating steps if §; is an accelerating
direction, then Theorem 4(b) shows that Ix; .y — 2/ Ix; — zll = O(lx;_pq 4, — 2l
If the subsequence of points determined by the accelerating step does not converge
faster than this upper bound predicts, then the following theorem shows that {xl.} is
every step superlinearly convergent. The rate of superlinear convergence is sharper for
the accelerating step than for the regular step.

THEOREM 6. Let J be as in Theorem 4. Assume that G(x) satisfies a Lipschitz
condition in a neighborhood of z and there is an € > 0 such that

"xj+1 —zIl
> _ .
lx; — zI g e"xi—2q+1 zl forallj & J.
Then
||x].+1 —zIl
Ix, — 2z O(I|xi—2q+1 —zl) forallj¢J,
j
and
le].+l zll .
=0(Ix,_44, —2l) foraljel.
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Proof. Letj €& Jsuch that j =7, ; and thus by Lemma 6, 0; = 1. We assume
without loss of generality that the columns of D]'. have been ordered so that

-, —]—1 =]'—3,. s =0y —]—2q+1

Let 1 <v<gq. Sinces; = zL 1‘711(” );» it follows from Taylor’s theorem and Theorem 2
that

€81 = c, & -c G(Zc (v)>— cl'.EI.sI.

—c — lle, IId c 5 — " E.s.
i8j vj Z ll(vl) €y B
w2's
=— —c Es
v T St

Since lis;l = O(llx; — zl), it follows from Theorem 2 and Lemma 4 that
_ 2.
0 Ic! g]HI O(IIxj —zll IIwW.II),
and therefore,
max{lc g]+1| =1,2,...,q} = O(IIx]. —zIl IIxI._zq+1 - zI).

From Lemma 5(b), Ib‘j+1 - z||/|lxi -zl = O(II.x:j_zq_,_1 - zI.
From (1) and the assumption in the statement of the theorem,

' 2
@ Icngjﬂl S lw? II —0 lej avi1 — 2l
Ix,,, -zl Ix; 5g41 —zI X, 5q+1 -zl
Thus from Theorem 4, forv=1,2,...,q —1, Ic,',jgj_HI/lej+1 —zll— 0asj—> oo,

j € J. However, by Lemma 5(b),

le;i&41]
1=0<max§"——’il—",i= l,2,...,q§>
]+1_

so that there is a constant 8 > 0 which, for all j & J sufficiently large, satisfies
I &+ 1 1/, — 21 > 0. Since j €J, ¢;; = ¢; ;1. Therefore, 1;, 1)l = 1004 1))
i=1,2,...,q;and from Step I of the algorithm, Siy1 = qu(”j+1)q'

From Taylor’s theorem, Lemma 6 and Theorem 2,

! ! ! !
= —cC. . (v. —-c . E. s
Ci8i+2 = Cuii+1 T Cj 1S C )q

vj jt+17j+1
’ ’ ’
= = -c E. 5. ..
€& 41 Ilcvjlldjcqi(v]._,_l) lle Ilwws]_H o

Therefore, from (2), Lemma 4, parts (a) and (c),and Theorem 4(b)

’ _{O(IIxH —2llx,_ 4oy -2l v=1,2,...,4-1,
vPj+2' T _
O(le].Jr —zI le] 2g+1 —zI), wv=gq

Finally, from Lemma 5(b),
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IIxj_,_2 - zII/IIxI._‘_l -zl = O(Ile._4q+3 —zly;

and since j & J implies j + 1 € J, the theorem follows.

6. A Modified Algorithm. All convergence results in the previous sections are
based on Assumption I. Since it is in general difficult, if not impossible, to verify this
assumption it is desirable to try to obtain convergence results under weaker assump-
tions. It is the purpose of this section to show that for a simple modification of the
algorithm, convergence can be proven without assumptions on second order derivatives.
Furthermore, it will be shown that, if the sequence generated by the modified algo-
rithm has a cluster point in a neighborhood of which G(x) exists and has certain prop-
erties, the results of Section 5 on the rate of convergence are applicable.

We shall use the following

Assumption 1I. Let x, € R be the starting point of the algorithm. Then there
exists a compact convex S such that x € RIF(x) < F(x,)} C S, and F(x) is continu-
ously differentiable on some open set containing S.

It is clear that under this assumption an optimal solution z exists. By the Kuhn-
Tucker Theorem, z is a stationary point. We cannot expect that the sequence {xi} gen-
erated by the modified algorithm converges to z if we only have Assumption II. How-
ever, we would like to show that every cluster point of {xl.} is a stationary point, i.e.
satisfies the necessary conditions for an optimal solution.

The proof of this result requires that the sequences {D;} and {D].“l} be bounded.
This has been shown in Lemma 1. The proof is based on the inequalities

(1) dis; > plsl and ld]l >,

which follow from Assumption I. Without this assumption, (1) need not be true. There-
fore, we have to modify the algorithm in such a way that we test whether (1) is satis-
fied and update D;” ! only if the answer is affirmative.

We describe now a general iteration of the modified algorithm. The quantities
D].‘ 1 J(x].) and B; are defined as before. In addition, we use two constants 0 <7y, <17,.

Step 1. Computation of the Direction of Descent s;. Same as in previous algo-
rithm.

Step 11: Computation of the Stepsize. Same as in previous algorithm.

Step 111: Computation of j_+ll’ J(xjyq), and By .

Case 1. 0; < o}", i.e., no new active constraint occurs at Xjy1-

Set B;pq =0,d; = (8 — 84+1)/ Ilojsjll if j €J and let v be defined as in the pre-
vious algorithm. If j & J or ( €J; and le,;d;| < lcj;d;(v;)y 1) or

Id].sl.l <7, Ils].II or IIdeI >,

set D]T+11 = Dj‘l and J(xi 1) = J(x].); otherwise, proceed as in the previous algorithm.
Case 2. 0; = o}"; i.e., a new constraint becomes active at Xiyq
Same as in previous algorithm.
It is easy to verify that Lemma 1 holds. Since the first two steps of the algo-

rithm are unchanged, Lemmas 2 and 3 remain valid. Therefore, we can again use the
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convergence results of [8] to prove the following.

THEOREM 7. Let Assumption 1l be satisfied. The modified algorithm either ter-
minates after a finite number of iterations with a stationary point or generates an infinite
sequence {xj} with the following properties.

@) IIx].Jrl - lel —> 0 gsj—> oo,

(ii) Every cluster point of {xl.} is a stationary point.

(iii) If {xi} has an isolated cluster point z, then {xi} converges 1o z.

Proof. Because of Lemmas 1—3 the second statement of the theorem follows
from Theorem 1 in [6]. If there is € > 0 and a subsequence {x]., j €J} of J such that
llxi 1 x].II = € for j € J, then it follows from Lemma 3 that

g]'.s]. > §(¢) forj €J and some §(¢) > 0.
By the definition of s;, this implies that any cluster point of this subsequence is not a
stationary point in contradiction to part (ii) of the theorem. The last statement of the
theorem follows from the fact that le]. I lel — Qasj—> oo,

In order to derive results concerning the rate of convergence we need the follow-
ing.

Assumption 1I1. Let z be a cluster point of the sequence {x].} and let al'.z =b;,
i=1,...,p,andaz<b,i=p+1,...,m. Then

(1) There are numbers A; such that

p
VF@)= Y Ng, and N, <0, i=1,...,p.
=1

(2) F(x) is twice continuously differentiable in some neighborhood of z.
(3) There are numbers 0 < u <7 such that

ulxl? < x'G@z)x < nlxI?

for all x EE" with g;x =0,i=1,...,p.

Since by Theorem 7 every cluster point of {xj} is a stationary point, the first part
of Assumption III states that the strict complementary slackness condition is satisfied
at z. Furthermore, it is easy to see that Assumption I implies Assumption II and the
last two parts of Assumption III.

As a first consequence of Assumption III we have

PrOPOSITION 3. Let Assumptions 11 and 111 be satisfied. Then X; >z and there
is jo such that for j > jg,

a;x].=bi, i=1,...,p and alfxl.<bi, i=p+1,...,m

Proof. 1t follows from Assumption III that z is an isolated stationary point. By
Theorem 7 this implies that z is an isolated cluster point of {xj}. Thus, again by The-
orem 7, x; — z. The last statement follows then from Proposition 2.

By Assumption III and Proposition 3, there is a convex neighborhood u(z) of z
with the following properties:

(1) x; € u(z) for j sufficiently large.

(2) pixl? < x'G(y)x < nlxI? for all y € u(z) and all x € E” with ax = 0,i =
1,...,p
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Because alfsl. =0, i=1,...,p,for sufficiently large, it follows then from
Taylor’s theorem that, for j sufficiently large,

's. <
Id].sjl > ullsjll and IId].II <n,

ie., the test in Step III of the modified algorithm is satisfied for j sufficiently large
provided v; < u and vy, > 1. But then the two algorithms are identical for j suffi-
ciently large and it follows from (1) and (2) that all the results of Section 5 are appli-
cable. We formulate the result as

THEOREM 8. Let Assumptions 11 and 111 be satisfied and suppose that Y
and v, 2 n. Then the convergence results of Section 5 also apply to the sequence
{x].} generated by the modified algorithm.

7. Computational Results. In this section we give the results of some computa-
tional tests in which the method presented in this paper was used to solve four test
problems. Two of the problems are taken from the Colville study [5] (Nos. 1 and 7)
and another two, the Chemical Equilibrium and Weapons Assignment problems, are
taken from [4]. Table 1 gives the timing results in standardized units (see [5]). For
the Colville problems, timing results are also given for the revised reduced gradient
method (RRG). This method was chosen for comparison because it gave the fastest
time among the methods considered by Colville. The times reported for RRG are
taken from [5].

The computations were performed on a Honeywell 6050 computer at the Uni-
versity of Waterloo. Colville’s standard timing programme executed in an average
time of 53.8466 seconds on this system, and the standard times in Table 1 were com-
puted using that figure.

The mixture of accelerating and conjugate direction constructing steps was de-
termined as follows. The first n iterates were obtained using only conjugate direction
constructing steps since the accelerating step is based on the availability of a complete
set of conjugate directions. After n iterations, an alternating policy was used since, by
Theorem 6, this gives the sharpest convergence rate.

Step II of the algorithm uses a unit stepsize provided that it is feasible and passes
certain tests required for convergence. Lemma 6 shows that after a certain number of
iterations the unit stepsize will always be used. Examination of the intermediate out-
put showed that the unit stepsize was used for 76% of the iterations for the four test
problems.

The Weapons Assignment problem is of particular interest because of its size of
n = 100 variables. Although this problem has considerable structure no account was
taken of this structure when solving it with the method described in this paper. It is
interesting to note that an accurate solution was obtained after approximately 1.7n
iterations.

Theorem 6 predicts that the rate of convergence of the accelerating steps will
be faster than the rate for the conjugate direction constructing steps. This prediction
is verified computationally in Table 2 which shows some of the intermediate results
for the Weapons Assignment problem.
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TABLE 1

Numerical Results for Four Test Problems

503

Intermediate Results for Weapons Assignment Problem

Colville Colville Chemical Weapons

No. 1 No. 7 Equilibrium Assignment
Variables 5 16 10 100
Constraints 15 40 13 112
Standardized {new method 0.0042 0.0220 0.0219 5.3828
Exc. Time RR.G. 0.0061 0.0290
Iterations 11 14 36 168
Function Evaluations 12 17 65 208
Gradient Evaluations 12 15 37 169
Final Objective Value -32.34867897 —244.8996975 —~47.706109086 ~1735.569579

TABLE 2

Iteration  Objective  Step Iteration Objective Step

0 — 624 — 140 —1735.5684 C
10 —1153. C 141 —1735.568519 A
20 —1306. C 142 —1735.568523 C
30 —1424. C 143 —1735.568572 A
40 —-1539. C 144 —1735.568590 C
50 -1610 C 145 —1735.568992 A
60 —1661 C 146 —1735.568992 C
70 —1693 C 147 —1735.569228 A
80 -1713 C 148 —1735.569230 C
90 -1719 C 149 —1735.569313 A
100 —-1726 C 150 —1735.569383 C
110 —-1734 C 151 —1735.569447 A
120 -1735.17 C 152 —1735.569450 C
130 -173556 C 168 —1735.56957933 A

“A” = accelerated step, “C”’ = conjugate direction constructing step
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