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A Discrete Least Squares Method

By Peter H. Sammon*

Abstract. We consider a discrete least squares approximation to the solution of a
two-point boundary value problem for a 2mth order elliptic operator. We describe
the approximation space of piecewise polynomials and devise a Gaussian quadrature
rule that is suitable for replacing the integrals in the usual least squares method.
We then show that if the quadrature rule is of sufficient accuracy, the optimal or-
der of convergence is obtained.

1. Introduction. Let a <b. We shall consider a scheme for finding an approxi-
mate solution to the following uniformly strongly elliptic boundary value problem:
m
LuG) = 3 (1YD (@, ()D%u()) = f(x) on (g, b),
(1.1) it
D'u(@) = D°u(b)=0 forO<s<m-—1,

where we require that a,(x) = a,,(x) for 0 <7, s <m. For simplicity, we shall assume
that the coefficient functions belong to C” [, b]. We shall also assume that L has a
trivial null space so that unique solutions are guaranteed.

The approximate solution will be found by a discretized least squares method
that utilizes a Gaussian quadrature rule for integral evaluation. The Gaussian rule will
be studied because it provides a high degree of precision in general situations, at mini-
mal computational expense. We will describe the method and show which Gaussian
quadrature rules achieve the optimal order of accuracy when used with approximation
spaces of piecewise polynomials.

We refer the reader to Ciarlet and Raviart [2] for a thorough description of the
discretized Galerkin method in RY.

2. Preliminaries. We let W"(q, b), r a nonnegative integer, denote the usual L.
based Sobolev spaces on (g, b) and

W™ (a, b) = {g € W"(a, b): D’¢(a) = D’g(b) = 0 for 0 <s <m - 1}.

We also let V'(a, b) = W'(a, b) N W' (a, b) and note that W'(a, b) (or V'(a, b)) can
be normed by

1l op) = < > [P0 P dx>l/2
§=0

We shall suppress the (g, b) in the notation in what follows.
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We note that our assumptions on L give us the following regularity result. If r is
a nonnegative integer, then there is a constant C = C(r) > 0 so that

(2.1) QA/Cigll, s 5, < lILgll, < Cllgll 42, for allg € V727,

We now introduce some notation which will aid us in our description of the ap-
proximation space S”. If A is the partition on [g, b] given by

Ara=xy<x; < <xy<Xy,, =b
and n is a positive integer, we let P”(A) denote the set of functions on [a, b] whose

restriction to each open subinterval of A is a polynomial of degree (n —1). If ris a

nonnegative integer, we let
r /2
MNya = <Z > j '“ID‘( Yoo ? dx> .

We assume that S satisfies the following conditions:

(1) S" CP*(A) N C*[a, b] N W™ where n>2m, z >2m — 1 and A = {x;}\,

(2) We have that
(22) inf llg = Xllp,, < Ch" 72" lgl, forallg € V",

XES
where & = max{(x;,,; —x;): 0 <i <N} and C is independent of g and .

We note that C is allowed to depend on an upper bound o for the mesh ratio,
given by (h/min{(x;,, —x;): 0 <i < N}).

In the future, C will denote a generic positive constant that depends on L and all
of the parameters that have been mentioned, except h.

Later we will need the following fact. If 0 <r <s<n —1 and x € P"(Q), then

Ixllg, o < CR"lixlly, 4 -

Thus, we have inverse properties in S". We also have
PROPOSITION 2.1. Ifn —2m >2m, 0 <r<n—-2mand vE W', then

2.3) inf v — Lxlly < Ch"llvll,.
XES

Proof. Estimates of (2.3) can be obtained for r = 0 and r = n — 2m using (2.1)
and (2.2). The result then follows by interpolation. O

3. The Least Squares Method. For the sake of comparison, we include the fol-
lowing easily proven estimates. If 4: V2™ — S is defined as the projection orfto sh
in the ||L( - )ll, norm (see (2.1)), then Ag, where g € y2m s characterized by

b b
b(Ag, x) = L L(Ag) - Lx dx = L Lg - Lxdx = b(g, x) for all x € S"
and, with r = min(n, 2n — 4m), satisfies the following estimates:

lg — Agllyy < CH* ™ ligl,,,  llg — Aglly < CHllgll,,-
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4. Gaussian Quadrature. Let K > 0 and fix some interval (x;, x;, ) in A. Let
{zij}}il be the roots of the Kth Legendre polynomial on (x;, x;, ;). These are the
Gaussian quadrature nodes in (x;, x;, ). It is well known that there exist (unique)
weights w; > 0,1 <j <K, which give a quadrature sum on (x;, x;, ) that is precise
for polynomials of degree (2K — 1).

Using these nodes and weights on each subinterval, we can devise a composite
quadrature sum on [a, b] and thereby define approximations to the quantities || - ||, 5
and b( - , ). For r a nonnegative integer, let

N K r 2 1/2
Il a = <Z 2 2wl )@Ep) > :

i=0 j=1 s§=0

N K
bC- ) (}: > w,~,~L(~)(z;,-)~L(-)(z,~,-)>.

i=0 j=1
THEOREM 4.1. (1) If g, and g, are suitably smooth, then

(4.1) B — b')g 1, &)l < CH*Xlig x4 2m, all&2 N2k 4 2m, ¢
() If Xy, X, €S" and r = 2K = 2(n — 2m) + 2, then
(4.2) 1B = B)(Xy 5 X2)I < CHlIXq gy mlIX2 2 m -

Proof. To demonstrate part (1), we expand Lg, - Lg, in a 2K-term Taylor series
with integral remainder about the left endpoint of each subinterval in A. Then we use
the precision of the Gaussian rule for polynomials of degree (2K — 1) and an estimate
of the remainder to obtain (4.1). Part (2) follows from part (1) and inverse proper-
ties. O

This result will be used later to choose K.

5. The Discretized Least Squares Method. We will now use our quadrature sum
to define an operator related to the operator 4 mentioned above.

Let A': V™ — S" be defined for each g € V" as the function in $” that mini-
mizes || L( - —g)llé,, A over S". The next result will show that A" is well defined by
this procedure and that it is characterized by the equation b'(g — A'g, x) = 0, for all
x € S".

THEOREM S.1. If K = n — 2m and h is sufficiently small, then A' is well defined
and if g € V", we have that

(5.1 g —A'gllym < ch ™ gll, -
Proof. Fix x € S". Then if & is sufficiently small, (2.1) and (4.2) show that
b'(x x) = b(x, X) + @' = b)Y X) = ILXI3 = Ch2UIXI3,,, = CUXIG -

Similarly, b'(x, x) < Cllxllgm. Thus, 5'( - , - ) is an inner product on S”. Hence, 4’
is well defined and is characterized by the equation noted above.

We now choose the x € S at which the infimum in (2.2) is attained.

We will first show that
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(52) lix = A'gllym < Clix ~8lym a-
Since b'(g — A'g, X) = 0, Schwarz’s inequality (we recall that w;; > 0) and simple esti-
mates yield the following:
Clix - A'gll3,, <b'(x—~ A%, x~A%®) =b'(x ~A'’8, X~ 8)
<SPx-Agx-ADI' P -g x-I'"?

< Clix — A'%lly X — &l m,a-
This gives (5.2).
For each 0 <i <N, we let E;g be the unique polynomial of degree (n — 1) on
(;, x;4 1) that satisfies Dz"’E,.g(z,-j) = Dz’"g(z,-j) for 1 <j<K=n-2mand
D°Eg(z;,) = D’g(z;;) for 0 <s <2m — 1. If Eg € P"(A) is the piecewise polynomial
on [a, b] made up of the {Eig}?;o, then as in Ciarlet and Raviart [1], one can show

that
(5.3) lg — Egll, o < Ch""igll, for0<r<n.
By expanding |D(g — Eg)I* (0 <s<2m — 1) in a one-term T aylor series about
the left endpoint of each subinterval and using (5.3), we find that
(g = Egllym—y a)° ~ (lg = Eglly oy a)*1 < CRECT2M* g2,

But by our choice of Eg, Ilg = Eglly, o = 11§ = Eglly,y—y 5. Thus, by (5.3) and the
last estimate, we have

lg = E&lly .o < CUPP2M )2 +)ig — Egll},, ;A2

< CH" 2™ gll,,.

54

We now use another Taylor series expansion, as in the proof of (4.1), to show that
. 5)|(||>< ~Eglly a) = (1X ~ Egllypm, 4)°|
S CPFNx ~ Eglik yam,a = CW*FlIx — Eglli_; o < CR*IIx — Egl3,, A-

Note that inverse properties and the low polynomial degrees proved useful.
We now can complete the proof. We use (5.2)—(5.5) to find that

lg — A'glly,, <18 =Xy + Clx —glly o
<" gll, + CllX = Egliym, o + CIEE = gllym o
SO gl + CllX — Eglly o < CH"2™|gll,. ©

We will now prove an L? error estimate for g — A'g. Note that the hypotheses
given below demand more continuity than those of the last result.
THEOREM 52. Ifg € W™ 2™ K =pn —2mand h is sufficiently small, then

(5.6) lg —A'gly < CH™InCR2n=84m))g)) -

Proof. Letv € V?™ satisfy Lv = (g — A'g)/llg — A'glly. Then for any x € §",
we have that
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llg —A'glly = Lb(g - A'g)(x) - Lu(x) dx

(5.7) = [*(Lle ~ ADENE - LX) dx + &~ )g = 4’8 X)

< Clig — A'gllyllv = Lxllg + 1(0 — ") — A'g, X)I.

Also, if w € V4™ solves Lw = v, then | wll,,, < C.
Using (2.2), (5.1) and inverse properties, one can obtain the following estimate:

(5.8) g = A'gllyk +2m,a < Clglzn_2m-

We will need this result later.
Say 2m > n —2m. Since VM C V" we can use (2.2) to find a x € S" that
satisfies [|w — xll,,, < Ch""*™. Then (2.1) shows that

(59) lv—Lxlly < Ch"™ 2™,

Since w € V", we can proceed as in the last proof and define a piecewise polynomial
Ew € P"(A) which satisfies an estimate like (5.3). Then using inverse properties and
this polynomial, one can easily show that

(5.10) "X”2K+2m AC "X"n—l aSC

Taking this x in (5.7) and using (4.1), (5.1) and (5.8)—(5.10) we obtain the result for
2m >n —2m.

Say 2m < n —2m. We can use (2.3) to choose a x € 8" that satisfies |lv — Lxlly
< Ch?™ . We then can construct a piecewise polynomial Ew, of degree (4m — 1) on
each subinterval of A, so that the 2mth order derivatives of w and Ew match at 2m
Gaussian points. We have, via the techniques of [1], that

(5.11) lw—Ewll, , <Ch¥"™" for 0 <r<4m.

Then using (5.11) and inverse properties, we see that
(5.12) IXlgm, o S<IX—EWlgp,a + EW = Wllgp, o + IWllgp, a <C

If we take this X in (5.7), we can estimate the first term using (2.3) and (5.1). We can
use (4.1) and inverse properties to estimate the second term as follows:

(b —b')eg —A'g, )l < CRA 414 — gy g sam, allXllam, 4

Then (5.8) and (5.12) complete the proof. ©

Using the techniques of this section, it is possible to estimate |ID*(g — A'g)ll, » for
0<s<n. ’

We note that to use these methods on (1.1) in practice, one must find the solu-
tion of the following linear system:

d /| N N K
3 < 3 Z W,,LXr(Z,,)LXs(Z,,> <Z > S ,,)Lxs(z,,)> for 1 <s<d,

r=1\i=0 j=1 =0 j=1
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where {X,}7_, is a basis for " and A'u = ¢ | C x_is the discrete least squares ap-
proximation to the solution of Lu = f. If f€ Ww2n—A4m  A'y satisfies the estimates
given by (5.1) and (5.6). Thus, upon examination of Section 3, we see that if K = n
— 2m Gaussian nodes are used in each subinterval of A, the discretized least squares
method obtains the optimal order of accuracy. We refer the reader to Russell and
Varah [3] for a discussion of the computational merits of the discretized least squares
method.
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