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The Szekeres Multidimensional Continued Fraction

By T. W. Cusick

Abstract. In his paper “Multidimensional continued fractions” (4nn. Univ. Sci. Buda-
pest. Ebtvds Sect. Math.,v. 13,1970, pp. 113—140), G. Szekeres introduced a new
higher dimensional analogue of the ordinary continued fraction expansion of a single

real number. The Szekeres algorithm associates with each k-tuple (¢, ..., k) of real
numbers (satisfying 0 < o; < 1) a sequence by, b,, . . . of positive integers; this sequence is
called a continued k-fraction, and for k¥ = 1 it is just the sequence of partial quotients of
the ordinary continued fraction for ajy. A simple recursive procedure applied tq bys

by, . .. produces a sequence a(n) = (Asll)/Bn, ey Af,k)/Bn) n=1,2,... ;AS:) > 0and
B,, > v are integers) of simultaneous rational approximations to (a;, ..., o) and a

sequence c(n) = (¢ 0, Cpys> + - - » Cp) (n =1, 2,...) of integer (k + 1)-tuples such
that the linear combination ¢, + ¢, &y + * * * + ¢, @, approximates zero. Szekeres
conjectured, on the basis of extensive computations, that the sequence a(1), a(2), . . .
contains all of the “best” simultaneous rational approximations to (aq, . . ., o) and
that the sequence ¢(1), ¢(2), . . . contains all of the ‘“best’’ approximations to zero

by the linear form xg + xj0q + - - - + x,a,. For the special case kK = 2 and ay =
02 — 1, a9 =6 — 1 (where § = 2 cos(2n/7) is the positive root of x3 +x2 —2x -

1 = 0), Szekeres further conjectured that the 2-fraction b, by, ... is “almost periodic”
in a precisely defined sense. In this paper the Szekeres conjectures concerning best
approximations to zero by the linear form xq + xl(@2 - 1) + x2(0 — 1) and concern-
ing almost periodicity for the 2-fraction of (62 — 1,60 — 1) are proved. The method
used can be applied to other pairs of cubic irrationals oy, a,.

1. Introduction. The ordinary continued fraction expansion of a real irrational
number « gives a very satisfactory solution to the problem of finding closest rational
approximations to «. In particular, if we suppose 0 < a < 1, so that we can write the
continued fraction for o as

(1.1) a=la,a,,...1,

where the a,’s are positive integers; and if we say P/Q is a “best” rational approximation
to a when |Qa — P| < |ga — p| for all rationals p/q with 0 < g < Q, then the sequence
of convergents p,/q, = [a,, . . ., a,] for the expansion (1.1) is precisely the sequence
of best approximations to a. Furthermore, if we say P/Q is a “good” rational approxi-
mation to a when |Qa — P| < 1/Q, then the sequence (rp,,,, + p,)/(rq, .1 + q,)
(1<r<a,,,;n=0,1,2,...) of intermediate convergents contains the sequence

of good approximations to a. (Proofs of these well-known facts can be found, for
instance, in Lang [6, Chapter I].)
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These ideas have two natural extensions to higher dimensions, where we consider
k > 1 different irrational numbers ap, ...,a.. First, we have the notion of simulta-
neous rational approximations P,/Q, . . ., P /Qtoay,..., a;. In this situation we
say that we have a “best” approximation if

max |Qa; — P < max lge; = p;l

1<i<k 1<i<k

for all rational k-tuples P1/4, . . ., pi/q with 0 < g < Q, and we say that we have a
“good” approximation if
max Q'/¥|Qa—-P| < 1.
1<i<k
Second, we have the notion of approximations to zero by the linear form ¢y tcyay +
©rt ey, where ¢, ¢y, . .., ¢ are integers. In this situation we say that we have
a “best” approximation if

leg +cyoy + -+ cpog | <ldy +dyoy + -0+ dyayl

for all integer (k + 1)-tuples dy, d, . . . , d; with max; ;< ld;| < max, c;;le;l, and
we say that we have a “good” approximation if

leg +cyay +---+c,a,] max |e,f <1.
0 1% Kl TAX G

It is natural to ask whether there exists any algorithm by which the best and
good approximations in these higher dimensional situations could be computed in a
reasonably simple way. Such an algorithm would be a very satisfactory “multidimen-
sional continued fraction™.

Many attempts have been made to find such a multidimensional continued frac-
tion. References to relevant papers before 1936 are given in the book of Koksma [5
pp. 50-51], and later work is covered in the compilation of reviews by LeVeque [7,
pp. 193—201]. None of these proposed algorithms is very successful. For many of
them, there is not even a proof that the algorithm will supply infinitely many good
approximations; this is so even if we do not require such a proof in general, but only
for given nontrivial examples. There is an algorithm of Minkowski [8] which does
supply infinitely many good approximations to zero for any linear form x, + x,a, +
X, in which 1, &, &, form a basis for a real cubic field. However, even for these
special linear forms the Minkowski algorithm is quite cumbersome to use.

This paper is concerned with a multidimensional continued fraction algorithm
introduced in a 1970 paper of Szekeres [9]. The Szekeres algorithm associates with
each k-tuple (@, . . ., o) of real numbers, normalized so that 0 < o; <1 and
Qp >0y > >0y, asequence by, by, ... of positive integers; this sequence is
called a continued k-fraction (or, for short, k-fraction), and for k = 1 it turns out that
the 1-fraction is just the sequence of partial quotients of the ordinary continued frac-
tion for a; .

A complete description of the Szekeres algorithm is given in Section 2 of this
paper. Here we only remark that a simple recursive procedure applied to the integers
in the k-fraction b,, b,, . . . produces a sequence a(n) = (AS,1 )/Bn, ey Af,k)/Bn)

b
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n=1,2,... ;Af,i) = 0 and B, > 0 are integers) of simultaneous rational approxima-
tions to (@, . . ., o) and a sequence c(n) = (C,.0, Cpys - - - » Cp) (M =1,2,...) 0f
integer (k + 1)-tuples such that the linear combination ¢, + ¢, a; + - + ¢,

approximates zero.

Szekeres conjectured, on the basis of extensive computation of the results obtained
when his algorithm was applied to various specific examples, that the sequence a(1),
a(2), . . . contains all of the best simultaneous rational approximations to (¢, . . . , &)
and that the sequence ¢(1), ¢(2), . . . contains all of the best approximations to zero of
the linear form x4 + x;a; + - - - + x,0,. He did not prove this conjecture for any -
fraction with k > 1.

Let 6 = 2 cos(2n/7) denote the positive root of x3 + x2 —2x — 1 = 0. Szekeres
conjectured that the digits b,, b,, . . . of the 2-fraction for the pair 6% -1,0-1)are
all equal to either 1 or 2, and that the digits of this 2-fraction are “almost periodic” in
a precisely defined sense (which is explained in Section 2 of this paper). According to
computations carried out by Sved, a student of Szekeres, these conjectures are valid for
the first 100,000 digits of the 2-fraction for (62 — 1,8 — 1) [9, p. 138].

In this paper the above conjectures about the 2-fraction for (§2 — 1,6 — 1) are
proved. We also prove that the Szekeres algorithm does provide all of the best approxi-
mations to zero by the linear form x, + x1(02 —1) + x,(0 — 1). The proofs depend
on some earlier work of mine [2], [3] which applies to any basis 1, a,, a, of a real
cubic field (in fact, this work was later extended to apply to bases of any real algebraic
number field [4]). This naturally raises the question whether results analogous to those
proved here (for the basis 1, 82 — 1, 8 — 1 of the cubic field generated by 6) are valid
for any basis 1, a;, a, of a real cubic field. We do not go into this question in this
paper.

2. The Szekeres Algorithm. For the convenience of the reader, I give a brief
explanation of the Szekeres algorithm in this section. Proofs are not given, but instead
reference is made to the original paper of Szekeres [9] when necessary. The notation
is mostly taken from [9].

The continued k-fraction, which we denote by [b,, b,, . . . ], is a sequence (finite
or infinite) of positive integers b; which we associate with a k-tuple (o, . . . , o) of
real numbers via a certain algorithm. For simplicity in defining the algorithm, we re-
quire that

2.1) 1>0; >0, > >0, >0

and that 1, oy, ..., oy are linearly independent over the rationals.
We define integers s,, by

2.2) Sy =by + - +b, m=1,2,...),
and we define e(n) for each integer n > 1 by
2.3) em)=1 ifn=s, forsomem, €n)=0 otherwise.

Thus, the sequence by, b,, . . . is determined if we know the sequence (1), €(2), . . . .
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In particular, if b, b,, . . ., by is a finite sequence, then e(n) = O for all n > s,,. We
shall define the k-fraction [b,, b,, . .. ] for the given k-tuple (o, . . . , o) by giving
a procedure for determining the sequence €(1), €(2), . . . .

First, we define a sequence of sets {A(n, /): 0<j<k} (n=0,1,2,...)of
k + 1 integer k-tuples

A D =UD@ ), ..., AP0 ) 0<j<k
and a sequence of positive integer (k + 1)-tuples
B(n, 0), B(n,1),...,Bn, k) (=0,1,2,...)

as follows. We define

24 A9, j) = os=isk

’ , 0<i<j<k,
and
(2.5) BO,)=4@0,H)=1 (0<j<k).

Now we suppose that for some n > 0, we have already defined e(n + 1), A(n, ) and
B(n, j) for each j, 0 <j < k. We also suppose that we have been given an integer u(n),
1 < u(n) < k (the rule by which the integer u(r) is chosen is another part of the al-
gorithm, and is given below). Then we define

(2.6) AD(m +1,0) = (1 — e(n + 1)AD(n, 0) + e(n + DAD(n, p(n)),
(262)  ADm+ 1, pm) = AD @, 0) + 4D, un)),

(2.6b) AP+ 1,))=ADn, j) for 1 <j<k, j#un),0<i<k,
(2.6¢) Bn+1,)=A®@n+1,j) for0<j<k

Proceeding in this way, we define A(#n, j) and B(n, j) (0 <j < k) inductively for
n=0,1,2,... .
We call the k-tuple a(n) defined by

a(n) = AV, un — 1))/Bm, u(n — 1)), . .., AX@, p(n ~ 1))/B(n, p@n - 1))

n=12,...)
the nth approximation fraction for the k-fraction of (a, . . . , @;); we use the abbrevi-
ated notation
@7 a(n) = A(n, pu(n = 1))/B(n, p(n - 1))
in this and other similar situations. For example, we define
(2.8) P, =AG,,0, 0,=B(,0 ®=1,2,...)

and we say that P,/Q, is the nth principal approximation fraction for the k-fraction
[y, by, ... 1 of (@, ..., a;). We define the finite k-fraction [by, ..., b,] by

(29) [by,...,b,1=P /O, =a(s, — 1)
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(the second equality follows from (2.6), (2.7), (2.8) and the fact that e(s,) = 1 (from
(2.3))), so the definition of the principal approximation fractions is analogous to that of
the (principal) convergents p,/q, = [a,, . . ., a,] for the ordinary continued fraction
expansion (1.1).

Szekeres [9, Theorem 4, p. 127 and Theorem 8, p. 130] proved that
(2.10) lim A®¥(s,,, 0)/B(s,, 0) = ; for each i, 1 <i<k.

n—oo
This, of course, is the desired analogue of the fact that lim,_, , p,/a, = a for the ordi-
nary continued fraction (1.1).

Here we interrupt our discussion of the k-fraction briefly in order to point out
how the case k = 1 essentially reduces to the ordinary continued fraction for a,. Since
k =1, the integer u(n) must always be 1. Hence, (2.6) and (2.6a) give (putting
AN, ) = A, 1))

A(n+1,0) = (1 —e(n + 1))4(n, 0) + e(n + DA(n, 1),

An+1,1)= A, 0) + A(n, 1),

and (2.5) and (2.6¢) give similar recursions for B(n, j). Using these recursions and (2.3),
we successively deduce (putting P, = P, , since here P, is a 1-tuple)

AG, - 1,1)=P,,

A, +i,00=P, (0<i<b,, ),
(2.11) AG, +i, )=+ DP, +P,_;, (0<i<b,,,)
It follows at once that P,
recursion for Q,. Hence we see that the approximation fractions P,/Q,, are simply the
convergents p,/q, of the ordinary continued fraction [b,, b,, . . . ]; in view of (2.9)
and (2.10), this shows that the digits b, b,, . . . of the 1-fraction for a, are simply
the partial quotients of the ordinary continued fraction for «, . Furthermore, the
approximation fractions A(s,, +i - 1)/B(s,, + i — 1) (1 <i <b,,, ) are simply the
intermediate convergents of the continued fraction for a, (this follows from (2.11)).

Now we continue the description of the k-fraction algorithm. We define a se-

quence of sets {y,;: 0 <j<k} (n=0,1,2,...) of k + 1 positive real numbers as
follows. We define

+1 =bp 1P, +P,_,,and asimilar argument gives the same

(2.12) Y0 =17y, 7=~ 04y (I<j<k-1),  7or =%

Note it follows from (2.1) that Yoj > 0 for each j. Now we suppose that for some
n 2 0 we have already defined Ynj for each j, 0 <j < k, and that we know the integer
u(n) (1 < u(n) < k) mentioned above. Then we define

0 ify,,>7 ,
(2.13) en+1)= no = In,uln)

1 if ")’no <7n,ﬂ(’l)’
and we put

(2'14) 7n+1’0 = (1 - 2e(n + l))(yno - 'yn’u(n))’
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(2.14a) Yot 1,um) = €+ Do + (1 =€+ D)y, yiny
(2.14b) Tni1,j = Yo for1<j<k j+# pmn).
Since we have assumed that 1, ;, . . ., oy are linearly independent over the rationals,

it follows from (2.12) to (2.14b) that for each n > 0 and each j, 0 <j < k,
(2.15) Ynj = Cnjo T Cuj1® t 0 F 00y

for some unique integers Cnjor Cnj1sr - -+ » Cpjkc-
Szekeres [9, p. 128] proved that

(2.16) limy,; =0 for0<j<k

n—oo
(the case j = 0 of (2.16) is valid only if the k-fraction [b,, b,, . . .] is not finite, but
this is true here because we have assumed 1, @y, ..., 0, are linearly independent).
Thus, the linear combinations of e, . . ., o, given in (2.15) provide some solutions to
the problem of finding approximations to zero by the linear form X tx + -+
X0

In order to complete the description of the k-fraction, we need only describe how
the integer u(n) is determined. We first define a partial ordering of -tuples as follows:
Let x = (xy,..., %),y =y, ..., ) and suppose that bejcryl = Ix,.(z)l =2
lx,-(k)l and |y;(qyl > | Yiyl == yj(k)l for suitable permutations of the indices
1,2,...,k Wewrite x =y if Ixi(r)l = ij(r)l for 1 <r<kand x <y if thefe exists
an:s', 1 <s <k, such that Ix,.(s)l < ij(s)l and in(r)l = Iyi(,)l for 1 <r<s. Next we

efine

(2.17) V(n,1)=2((nL:g—2EZ:g; (1<j<k;n=0,1,2,...).

The integer u(n) (1 < w(n) < k) is defined to be the largest integer 4 such that for
every j, 1 <j< k, we have

(2.18) V(n, ) <V(n, h) or V(n,j)=V(n, h).
In particular, it follows from (2.4) that always

(2.19) u0) = k.

This completes the description of the k-fraction algorithm. To find the k-fraction
[by, by, ... ] for (o, . . ., &) we begin at stage n = O with A(0, /) and B(0, j)
(given by (2.4) and (2.5)), Yo; (8iven by (2.12)), €(1) (given by (2.13)) and u(0) (given
by (2.19)). At stage n = m we have determined A(m, j) and B(m, j), Ymj» €M + 1)
and p(m). This enables us to determine A(m + 1, j) and B(m + 1, j) from (2.6)
through (2.6¢), v,), +1,; from (2.14) through (2.14b), e(m + 2) from (2.13) and
u(m + 1) from the definition, using (2.17) and (2.18) with n =m + 1. In this way
we successively determine the digits b; by using (2.3) and the definition (2.2) of 5;.

The above method for determining the integer u(n) is an important feature of the
Szekeres algorithm. The choice of u(n) is motivated by geometric considerations (see
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Szekeres [9, pp. 129—130]), the idea being that the selection of u(n) in the way indicated
should ensure that the algorithm does not stray away from good solutions to the prob-
lems of simultaneous rational approximations and of linear form approximations to zero.
In this respect the Szekeres algorithm is specifically designed to try to overcome the
known defects of various earlier multidimensional continued fractions (see the discus-
sion in Szekeres [9, pp. 113—117]).

We give a further discussion here of the geometrical content of the Szekeres al-
gorithm in the case k = 2. The facts summarized here will be important for the work
of Section 4 below.

Define the straight lines T, ;(x;, x,) = 0 in the x; —x, plane by

(220) T, j(xy, x3) = Cpjo T CpjyXy HCpjpx, =0 (n=0,1,2,...;0</<2),

where the coefficients are given in (2.15). Define the approximation triangle A, (n =
0,1,2,...) to be the region in the x, — x, plane determined by the inequalities

(2:21) T,(x, x)>0, 0<;j<2.

It is clear that A, contains the point with coordinates (a, , &), by (2.15) and the fact
that Tnj > 0 always. Szekeres [9, p. 126] showed that the vertices of the triangle A,
are just the points with coordinates A(n, j)/B(n, j), 0 <j < 2. It follows from (2.6)
to (2.6¢c) that A, , , has two vertices in common with A,. Further [9, p. 126], the
new vertex A(n + 1, u(n))/B(n + 1, u(n)) of A, , ; is on the side of A, which is the
line segment from A(n, 0)/B(n, 0) to A(n, u(n))/B(n, u(n)).

Two typical consecutive approximation triangles A, and A, , ; are shown in
Figure 1. Note that the line T',;(x,, x,) = O contains the vertices A(n, j)/B(n, j) for
0<;j<2,j#i[9, formula (3.12), p. 122], and the common vertices are A(n, 1)/B(n, 1)
and A(n, 2)/B(n, 2) (by (2.6) and (2.6b), since e¢(n + 1) = 1 and u(n) = 1 in
Figure 1).

The rule for determining the integer u(n) can be explained geometrically as
follows [9, pp. 129—130]: Define the span of the line segment from a point (x,, x,)
to a point (y,, y,) to be max(lx, —y, |, c, —»,[). The integer u(n) is chosen so that
the new vertex A(n + 1, u(n))/B(n + 1, u(n)) of A, lies on whichever of the two
sides of A, containing A(n, 0)/B(n, 0) has the larger span. (If the spans are equal, we
compare the size of the remaining projections of the two sides on the coordinate axes,
as explained in discussing (2.18) above.) The precise definition of the new vertex of
A, is (see [9, formula (5.3), p. 126] or (2.6a) and (2.6¢))

(222) A(n + 1, u(n)) _ A(n, 0) + A(n, u(n))
B(n + 1, u(n))  B(n, 0) + B(n, u(n)) °

This is a two-dimensional generalization of the process whereby two consecutive Farey
fractions p/q and r/s are “added” to form a new Farey fraction (p + r)/(g + s).
Szekeres pursues this analogy in [9, Section 5, pp. 126—129], but we require only
(2.22).
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+1 =Qn

en+D=1umn)=1
An = APnQan’ An+1 = APn+1Qn+an+1
P, = A(i, 0)/B(i, 0), Q; = A(i, 1)/B(, 1), R, = A(i, 2)/B(i, 2) for i =n, n + 1

FIGURE 1. Typical approximation triangles A,and A,
We shall also need the following lemma for the work of Section 4:
LEMMA 1. The matrix
B(n,0) AM®n, 0) A®@n, 0)
B(n,1) AMm, 1) 4@, 1)
B(n,2) AM®m,2) A®P®n,2)
has determinant t1. Its inverse matrix is
%100 Cn10 Cn20
€no1 Cn11 21|,

Cno2 Cn12 Cn22
Where the c, ;. are defined by (2.15).
Proof. The lemma is contained in results of [9, pp. 121-122].
Now we turn to the particular 2-fraction for (a,, ay) = 6% -1, 6 — 1), where

6 = 2 cos(2n/7) is the positive root of x> + x2 —2x — 1 = 0. In the remainder of
the paper, we give a detailed discussion of this 2-fraction. The notations

a=0%-1, Bg=0-1
and
[d,, d,, ...] = 2-fraction for (a, B)

will be used from now on.
The 2-fraction for (, B) is discussed in detail by Szekeres [9, pp. 138—140].
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He reports that his student M. Sved used a computer to calculate more than 100,000

of the digits d;, d,, ... . All of these digits were either 1 or 2; and it was found that,
apart from some irregularities at the beginning, the sequence d,, d,, . . . followed an
almost periodic pattern made up of repetitions of the digit blocks @ = 2121 and b =
1121. To be precise, the pattern of the digits d; can be described as follows: Let s,
denote the digit pattern = 2121 and let s; denote the digit pattern b = 1121. Let

s,'.' denote n repetitions of the block of digits s; and define

s, = 8,850 = 11212121, s5 = sgsl, S4 = S38,,

S =s s, s, =88, S, =88, Sq =85, S§5=S58
(2.23) 5 =54 %3, 8¢ T 35%, 57 = 5655, Sg = 37 S9 T Ig%7s

S10 = %988, S11 = 5105 S12 = S115100 S13 T S12511-
Then, apart from the initial irregularities, the first 100,000 digits d; are a suitable
section of s, , (which, by a little calculation, has 146,896 digits).
The “exponents” f(7) in the equations s;, ; = s?(i)si_ 1 @=1,2,...)0f (2.23)

are

(2.24) 1,8,1,14,1,1,3,5,1, 1,1, 1.

Szekeres [9, pp. 138—139] points out that the digits (2.24) are just the first dozen
partial quotients in the ordinary continued fraction expansion of the number n given

by

_ 3log @
M= Tog@ +2) - 21log 0

(2.25) = .89935351 ... .
He gives a geometric argument which shows heuristically why a connection between
the partial quotients of n and the pattern of the blocks s; might be expected.

In Section 5 of the present paper we give a proof that the 2-fraction digits d;
are indeed almost periodic, as suggested by (2.23). The relevance of the number 7 in
connection with the pattern of the s,’s is also proved.

3. Good Approximations to Zero by x + ay + fz. One of our goals (which we
will attain in Section 4, after the preliminaries of this section) is to show that for
k=20, =a= 02 -1, a, = f =0 —1 (as defined in Section 2), the linear forms
Yo (n=0,1,2,...) defined by (2.15) include all of the best approximations to
zero by the linear form x, + x & + x,8. Since we shall mainly be concerned with
Tnj for j = 0, we modify the notation (2.15) so that the middle subscript in c,, ji 18
omitted when j = 0. Thus, we define

3.1 Tno = Cno T Cu1@ + Cp3f-
We further define the coefficient 3-tuples c(n) of 7v,,o by
(3.2) e(n) = (Cpo» Cn1» Cn2)-

In my papers [2] and [4] I gave a general algorithm for finding all of the solu-
tions in integers x, x, . . ., x,, not all zero of
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o .. n
g +x,0, + +x,a,| max Ix|" <c,
1<i<n
where 1, o, . .., @, are a basis for a real algebraic number field of degree n and c is

any fixed positive real number. Paper [4] discusses this algorithm in general terms,
but [2] and especially its sequel [3] give a detailed study of the inequality

(3.3) b + 6y + 02z max(y?, )< 1.

Of course,

x+0y+0%2z=x+y+z+oz+py,

so the solutions of (3.3) provide all of the good approximations to zero by the linear
formxy + x;0 + x,z.

We shall need to relate the solutions of (3.3) to the coefficients c(n) of v,
given in (3.2). Some results from [2] and [3] which we require are given without
proof in this section. Our notation mostly follows that of those papers.

Let F denote the cubic field defined by 6, and let 8’ = 2 cos(4n/7), 0" =
2 cos(6m/7) be the conjugates of 8. Then (note that many decimals in this paper are
truncated, not rounded off)

=1.24697960 ..., 0’ =-.44504186..., 0" =-1.80193773... .

Since F is a cyclic or Abelian field, 6’ and 8" belong to F. Also, 1, 8, 62 is an integral
basis for F and 6, 6’ is a pair of fundamental units for 7. We let ¢ = 1/’ for later
convenience, so 8, ¢ is also a pair of fundamental units for F.

Given any unit w of norm 1 in F, w™! = ™" for some unique integers m
and n. Define

(3.4 R(m, n) = w™1 = 0my"
and define integers b(m, n), g(m, n), k(m, n) by

(3.5 IR(m, n)l = b(m, n) + k(m, n)ax + g(m, n)B

(IR(m, n)| is uniquely expressible in this form since 1, 6, 82 is an integral basis for F).
We note that the notations (3.4) and (3.5) are not the same as in papers [2] and [3].
In those papers (see [2, p. 169] and [3, p. 980]) R(m, n) was defined as 6+ 1",
and integers b,(,','), gf,’,‘), kf,’:) were defined by R(m, n) = bf,’:) + gf,:')e + k,(;')ﬁ2 (this
linear form can vary in sign, whereas the form defined in (3.5) is always positive). In
particular, the following relations hold between the two notations:

b | = (=1)"(b(m, n) — g(m, n) — k(m, n)), g% | = (-1)"g(m, n),
KW = (-1)"k(m, n).

Of course, the definitions (3.4) and (3.5) are more convenient in this paper, and we
use (3.6) to translate results from [2] and [3] into the notation used here.
Next we define

(3.6)

(3.7 S(m, n) = IR(m, n)|max(k(m, n)?, gm, n)*).
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Notice that S(m, n) here is the same as S(m — 1, n) in the notation of [2] and [3],
because of (3.6). For each integer n, let v(n) denote the value of m with the property
that S(v(n), n) < S(m, n) for all integers m # v(n). If, as in [2, Section 4], the values
of S(m, n) are tabulated in a rectangular array with the integers m arranged on a verti-
cal axis and the integers n arranged on a horizontal axis, then S(v(n), n) is the smallest
entry in one of the columns of the array. We are only interested in good approxima-
tions, and for these S(m, n) < 1; thus by (3.4) we are only interested in values of m
and n such that [6”¢"?| < 1. It turns out [2, formula (19), p. 171] that, apart from a
finite number of exceptions, S(m, n) < 1 occurs only in the second quadrant (m = 0,

n < 0). In fact, even more is true: apart from finitely many exceptions, every solution
of

Peo + X0 + x,Blmax(x?, x2) < 1.3

corresponds to some S(m, n) with m = 0, n <0 [3, p. 980]. For the convenience of
the reader, Table 1 of [2], which gives part of the S(m, n) array form > 1,-1 >n
is reproduced in this paper.

Using the work of [2] and [3], we are able to determine the locations in the
S(m, n) array of the good approximations, that is of the values of S(m, n) which are
less than 1. We can also deduce the locations of the best approximations as a subset
of the good ones. In order to do these things, we require some more notation and
results from [2] and [3].

If « is any function of 6, 6’ and 6", let &’ and «” denote the numbers obtained
by replacing 6, 6', 6" by 6, 0", 0 and 0", 9, 6, respectively, in the expression for a.
Thus, if w™! = 0™ y", then w'~! = 0"y and "~ ! = §"M"". Now let n be any

fixed integer and put (o;,l = 0™y"; define u(n) to be the value of m with the property
that

160y @iyl = 1< e/l | = 11

for all integers m # u(n). The function u(n) is easy to calculate, as the following
lemma [2, Lemma 5, p. 170] shows:

LEMMA 2. Define E, =00 and E, = lg'2|. The integer u(n) is equal to the
unique integer m which satisfies

log2(1 +E))~ 1) nlog E, log(2(1 + E))™Y)
log E, T Tog E, log E,
Let E(n) denote wz(n)/w;(n) = (00'2)*(M(py'?Y"; this function will be very

important later on. Note that it follows simply from the definition of u(n) that [2,
formula (17), p. 170)

(3.8) 20" < |E(n)| < 261

for every n. So we define

E_=120" ~ 39612452, E, =20"! ~1.60387548.
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It is proved in [3, pp. 982—983] that S(u(n) + m, n) < S(u(n) + m + 1, n) holds
for all sufficiently large m > 0 and is false for all sufficiently large |m|, m < 0. In fact,

S(u(n) +m, n) — o asm—> + or m —> —oo;

this follows at once from a generalization of formulas (13) and (14) of [3, p. 985]. A
more detailed but straightforward examination of the same generalized formulas gives
the following:

THEOREM 1. For n < 0 and |n| sufficiently large, the inequality Su(n) + m, n)
< 1 is possible only form =-1,0,1 or 2.

Theorem 1 provides the desired localization of the good approximations S(m, n).
Since it follows from Lemma 2 that

lim u(n)/n = —log E,[log E| ~ —.263,

n—>—oo

Theorem 1 says that the good approximations all lie along a cer}ain line in the second
quadrant of the S(m, n) array. The pattern is clear in Table 1, where the numbers
S(u(n), n) are indicated by asterisks. Notice that because of (3.6), these numbers are
one line lower than the numbers marked similarly in [2, Table 1, p. 178] or [3, Table
1, p. 981].

The localization of the best approximations is more complicated, and is described
in Theorem 2 below. We say that S(m, n) is a best approximation if the coefficients
b(m, n), g(m, n), k(m, n) (defined by (3.5)) give a best linear form approximation to
zero, as defined in Section 1.

Define

T,, n = max(lgu(n) + m, n)l, lk(u(n) + m, n))).

Notice that T, , here is the same as T, _, ,, in the notation of [3], because of (3.6).
We require the following lemma about T, , later on.
LeMMA 3. If n <0 and |n| is sufficiently large, then

3.9 for n even, T, , >Ton foralm#0,1,
and
(3.10) fornodd, T, , > To,n forall m+#0,1,2.

Proof. Assertion (3.9) is [3, Lemma 7, Corollary 1, p. 989] and assertion (3.10)
is [3, Lemma 9, Corollary 1, p. 990].
Of course, we must replace the notation T,, ,, of [3] by T, 4, , in order to
state Lemma 3 in the notation of the present paper.
THEOREM 2. For n < 0 and |n| sufficiently large, S(u(n) + m, n) can be a best
approximation only in the following cases:
(i) neven,m=-1or0,
(ii) n even, m = 1 and E(n) > 1630'|7' ~ 1.1588,
(iii) n odd, m =—1or 0,
(iv) nodd, m = 1and —E(n) > 0~! ~ 8019,
(V) nodd, m =2 and —E(n) > 6% ~ 1.5550.
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Note. We later show (in the proof of Theorem 6 in Section 4) that Theorem 2
remains true if case (v) is deleted.

Proof. Since the best approximations are a subset of the good approximations,
it follows from Theorem 1 that we need only prove the inequalities on E(n) in cases
(i), (iv), (v) of Theorem 2. Recall that by the definition of E(n), E(n) > 0 if and only
if n is even.

For m = 1, [R(u(n), n)l = 0*Mg" < |Ru(n) + 1, n)l = 64 +1 " 5o by
definition S(u(n) + 1, n) cannot be a best approximation unless T n <Ty,- Butby
[3, Lemma 7, Corollary 2, p. 989], this inequality holds for #n even only if E(n) >
1630’1~ 1; and by [3, Lemma 9, Corollary 2, p. 990], the inequality holds for n odd
only if ~E(n) > 0~!. This does cases (ii) and (iv).

For m = 2, reasoning as above shows that S(u(n) + 2, n) cannot be a best
approximation unless 7, , <T, ,. But by [3, Lemma 9, Corollary 2, p. 990], this
inequality holds for n odd only if —E(n) > 62; and by Lemma 3, (3.9), we always
have T, , > T, , for n even. Thus case (v) is the only remaining possibility for a best
approximation, and the proof of Theorem 2 is complete.

It is natural to expect that for each n, any best approximations S(m, n) will be
close to the entry S(v(n), n) in the nth column of the S(m, n) array. This is so, and
a quantitative expression of this fact is contained in the next theorem [3, Theorem 1,
p. 983] (we must replace u(n) in [3] by u(r) + 1, because of (3.6)).

THEOREM 3. For each even integer n < 0, v(n) equals either u(n) or u(n) — 1.
For each odd integer n < 0, v(n) equals either u(n) or u(n) + 1.

Thus Theorems 2 and 3 show that, at least for |n| sufficiently large, whenever
S(m, n) is a best approximation, the inequality |[m — v(n)| < 2 holds.

We will need the following lemmas concerning the function u(n) for the work of
the next section.

LEMMA 4. Suppose n < 0; then u(n) increases as n decreases. There are no
more than four consecutive values of n for which u(n) has the same value. Whenever
u(n) takes on a given value, it has that value for at least three consecutive values of n.
For n <0, u(n) takes on every nonnegative integer value.

Proof. This is [3, Lemma 2, p. 984].

LEMMA 5. We have

| u(n — 1) = u(n) if and only if E_ < |E(n)| < 210"|7! ~ 1.1099,
310 u(n — 1) =u(n) + 1 if and only if 216" < |[E(m)| < E, .
In the former case, E(n — 1) = E(n)/020' ~ —1.4450 E(n); in the latter case, E(n — 1)
= E(n)/6%0" ~ —.3569 E(n).
We also have
i1 u(n — 2) = u(n) if and only if E_ < |E(n)| < 2030'% ~ 7681,
G2 un —2) =u(n) + 1 if and only if 2630" < |E(n)| <E, .
In the former case, E(n — 2) = E(n)/0*0'? ~ 2.0881 E(n); in the latter case, E(n — 2)
= E(n)/03 ~ .5157 E(n).



294 T. W. CUSICK

Proof. The assertions in (3.11) are given in [3, formula (39), p. 990] and the
assertions in (3.12) are given in [3, formula (23), p. 986]. The statements about E(n)
are based on the fact that E(n) = 9¥(")+2ng'2u(m)+n which is an immediate conse-
quence of the definitions E(n) = (80'2)* ™ (pp'?)", o = 1/6".

Next we define

G=0"-0=~-304891734, K =10"-0"~-1.35689587,
so that
G' ~ 1.69202147, G" ~ 135689587, K'=~ 3.04891734, K" ~—1.69202147.

The following lemma will be used in the calculations of Section 4.
LEMMA 6. For every integer m,

(3.13) gm, n) = % GOMG + G'O'™m" + G"0"m ")
and
(3.14) K(m, n) = % (KOG + K'6'mg™ + K"9"m "),

Proof. This is just part of [2, Lemma 4, pp. 169—170]; D in that lemma is 7 in
the situation we have here.

4. The 2-Fraction for (c, §). It turns out (we prove it below) that in the 2-
fraction for (o, B) all of the positive real numbers Ynj n=0,1,2,...;0<j<?2)
are units of the cubic field F defined by 0. Thus each Tnj 1S of the form
-nm (2)gm (1) yn (2) for some integers m(1) and m(2) (recall ¢ = 1/8' < 0, so the
factor (—1)’”(2) ensures that vy, ;>0 has the correct sign). Table 2 gives the values of
each Vnj and of the numbers e(n + 1), u(n) for 0 < n < 38.

The main result which we prove in this section is that the triples (v, Y15 Yn2)
(n=0,1,2,...) can be divided into a finite number of classes in the following way:
For each n we have

@ Twe = CUTOEmDmE, Tay = (1@ et

Vpz = (_l)m (2)+u0m(l)+t¢m(2)+u
for some integers m(1), m(2),r, s, t and u. We put two triples in the same class if
the integers r, s, ¢, u, €(n + 1) and u(n) are the same for both triples. It turns out
that for n > 4 each of the triples (v,,4, 7,1, 7,2) belongs to one of ten classes;
further, for n > 15 eight classes are sufficient (and necessary) to contain every triple.
The ten classes are listed in Table 3. The last column in Table 2 gives the class to
which the corresponding triple belongs. The sequence of class labels in Table 2 appears
to become periodic for n > 15, We shall eventually show (in Section 5) that in fact
this sequence is almost periodic.

Let us now indicate the dependence on n of the integers m(1), m(2),r, s, t, u
in (4.1) by putting m(1) = m(1, n), mQ2) = m(2, n), r = r(n), etc.
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TABLE 2. Values of Tnj in the 2-fraction for (a, B)
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TABLE 3.  Labels for classes of triples v,,, = (—l)m(z)Gm(l)cp’”(z),
Vo1 = (_l)m(2)+s0m(l)+r¢)n(2)+s’ Vpz = (_l)m(2)+u0m(l)+t¢m(2)+u

Class r s t u € (n+l) pn)
1 2 -1 1 -1 0 1
2 1 -1 2 -1 0 2
3 -1 1 0 1 1 1
4 1 1 1 0 1 1
5 G 1 -1 1 1 1
6 1 0 1 1 1 2
7 0 1 -1 1 1 2
8 -1 0 -2 1 1 2
9 -1 1 0 1 1 2

10 -2 1 -1 0 1 1

TABLE 4. Determination of the class to which the triple
Tnrt = V1,00 Tns 1,1> Yn+1,2) belongs from the class of the triple T,

Class Allowable values Class

of T of p(ntl) of T |7n+1,o/7’n,0|

1

O 0 N O B »~Ww
W H = 0O O O W N W
©

N = H o= o= NN NN BN
—
=}
o

10

~
5

We also define the triple 7, by
“4.2) Tw = ('7”0, Yn1» 7,,2) n=0,1,2,... ).

It is clear from (2.14) to (2.14b) that if we are given the integers m(1, n), m(2, n),
r(n), s(n), t(n), u(n), e(n + 1) and u(n), then the real numbers Tn+1,00 Ynt1,1 and
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Yn+1,2 are determined. For the particular 2-fraction which we are considering, an easy
calculation using (2.13) shows that the integer e(n + 2) is also determined, except pos-
sibly when the triple 7,, defined by (4.2) belongs to class 5 of Table 3. Since the num-
bers v, 44, i (0 <j < 2) are known and are units in the cubic field F, it follows that
(4.1) is valid with n + 1 in place of n, and so the integers m(1, n + 1), m(2, n + 1),
r(n+1),s(n + 1), ((n + 1) and u(n + 1) are all determined. Only u(n + 1) (which
determines e(n + 2) via (2.13) if e(n + 2) is not already known) remains to be specified.
A much more detailed study of the 2-fraction for (e, 8) shows (see below for the proofs)
that in fact u(n + 1) has only one allowable value unless the triple 7, is in class 1 or 2,
in which case both values of u(n + 1) can occur. It is also the case that the allowable
values of u(n + 1) always give triples 7, , ; which are in one of the ten classes listed in
Table 3. This accounts for the fact that only finitely many different classes occur.

Table 4 gives the allowable values of u(n + 1) for each of the ten classes, and the
thereby determined classes to which the triples 7,, 4+ belong. Table 4 also gives

Mnt1.0/nol = 0'"(1’”"’1)‘”'(1»”)|¢|m(2,n+l)—m(2,n)

which depends only on the class of the triple 7,,.

The following theorem summarizes the results we have stated so far in this
section.

THEOREM 4. The numbers Tnj (n=0,1,2,...;0<j<2)are all cubic units.
The triples 7, = (Y,0> Yn1> Yn2) (1 = 4,5, 6, ...) are each in one of the ten classes
listed in Table 3. The class to which the triple 7, +1 (n = 4) belongs is determined
either by the class of 1, alone (if 1, is in any of the classes except 1 and 2) or by the
class of 1, and the value of u(n + 1) (if T, IS in class 1 or 2); these determinations are
listed in Table 4.

Proof. We can verify directly that the numbers Ynj (0 <j < 2) are units for
0 <7 <4 and that the triple T4 is in class 7 (see Table 2). Given these facts, the first
sentence of the theorem follows from the second, and the second sentence follows
from the third. Thus, to prove the theorem we need only prove the last sentence. A
complete proof involves ten cases, one for each class of triples. We give details of only
two of the ten cases here. The calculations for the two cases which we fully work out
are completely typical, so that the work in the eight omitted cases follows the same
pattern.

Calculations for Class 1. We first assume that each number in the triple 7,, is a
unit, so that in particular we have from (3.4) that

(4.3) Tno = [RU(@®m*) + i, n*)| = gu(r*)+ijyn*

for some integers n* and i. From now on we always use the notation n* to denote
the integer (depending on n) such that (4.3) is valid. For example, v, 4 is in class 1
forn =9, 20, 25, 31, 36, . . . and the corresponding values for n* (from Table 2) are
n* =-4,-8,-10, -12, —14, respectively.

We call the integer i which appears in (4.3) the index of Yno- It will turn out
that for each class, the set of different indices of the numbers Y,0 in the class is finite.
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TABLE 5. Description of subclasses by index and inequalities on E(n)*

298
Subclass Parity
of T of n*
la even
1b even
lc even
2a odd
2b odd
3a odd
3b odd
4a even
4b even
5 even
6a odd
6b odd
7a even
7b even
8 even
9 odd
10 odd

Index

*
Restrictions on E(n )

6*10"| ~ 1.0761 < E(n")
0le'| ~ .5550 < E(n")
E_~ .3961 < E(n’)

-1

o'l ~ 8019 < -E(n’)

0% ~ 1.5550 < -E(m’)

*
E_~ .39l < -E(n)
1

e "~

.8019 < -E(n)
E_~ .391 < E(m")
036" |t ~ 1.1588 < E@™)
0le'| ~ .5550 < E(m)
E_~ .3961 < -E(n")

o'l ~ 8019 < -Em™)

E ~ .3961 < E(n")

036" " ~ 1.1588 < E@”)

0le'| ~ .5550 < E@™)

o'l ~ .8019 < -E)

o'l ~ .8019 < -E@™)

< 1.6039 % E_
< 1.0761 =~ e“\e'l

< .5550 ~ 6le'|

< 1.5550 ~ 62

< 1.6039 = E,

< .8019 ~ ¢!

< 1.6039 ~ E,
< .5550 ~ @|e'|

< 1.6039 = E,

<1.1588 ~ 0 30|}

< .8019 ~ ¢}

< 1.6039 ~ E,

< .5550 ~ 0|0 |
< 1.6039 ~ E,

< 1.1588~073]0" |}

< .8272 ~ 207%

< .8272 ~ 2074

of

Class

T+l

10

Table 5 contains a complete list of the different possible indices (the proof that the list
is complete is given later on, in Theorem 5). In particular, for class 1 the only possible

indices are —1 and —2.

The parity of the integer n* is determined by the class to which 7, belongs (see
Table S). Furthermore, for 7, in a given class, the index of v,,, has a given value if
and only if E(n*) satisfies certain inequalities (see Table 5; here E(n) = (86'?)* ) .
(<p<p'2)" is the function defined in Section 3). It is convenient to divide each class into

subclasses according to the index of v, 4 and the class of 7, |;

this is done in Table 5.

Since ¢ < 0, the definition of E(r) implies that E(n*) is > 0 if and only if n* is
even. This is reflected in the inequalities for E(n*) in Table 5.
Since 7, is in class 1, we have e(n + 1) = 0 and u(n) = 1 from Table 3. Hence,
by (2.14) to (2.14b) and the rest of the data for class 1 in Table 3, we have

Yn+1,0

— Gm(l)|¢|m(2) _ 6m(1)+2|‘plm(2)—1

s 7n+l,l =7nl’

with m(1) and m(2) determined by (4.3). Thus using the identity 1 — 2|~ ! =

0202, we get

Tn+1,0
(4.4) "

— 0m(l)+2|‘plm(2)—2,

Tn+1,2

Tn+1,1
— em(l)+l|¢|m(2)—l.

— 0m(1)+2|‘plm(2)—l,

It follows from (2.13) and (4.4) that e(n + 2) = 1, so the Egs. (4.4) and Table 3

7n+1,2 = Tn2>
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imply that 7, is either in class 5 or in class 7, depending on whether u(n + 1)
equals 1 or 2, respectively. This already gives all of the statements in Theorem 4
which apply to 7, in class 1. However, we shall prove more (namely, some of the
inequalities for E(n*) in Table 5 which apply in the various subclasses of class 1 for
indices —1 and —2); we do this because the results are needed below, and the necessary
calculations are representative of those needed to establish Theorem 4 for 7, in any
class other than 1 or 2.

We first assume that 7, is in subclass 1a or 1b, so n* is even and the index of
Yno is —1. This means (using (4.3) with i = —1, (3.5) and the notation in (3.1))

(4.5) Ypo = Cpo F 1@+ ¢,5B = cyp + k(u(n*) — 1, n¥)a + glu(n*) — 1, n*)gB.
Also, by the definition of class 1 in Table 3 we have (using (4.5) and the notation in
(2.15))

(4.6) Tn1 = Cpro T A@E*) + 1, 1% - Do + gu(n*) + 1, n* - 1)8

and

4.7 Yn2 = Cpzo T k@), n* — Da + glu(n*), n* — 1)B.

Now we consider the approximation triangle A, defined by (2.21). We let T
(=0, 1, 2) denote the sides of this triangle which are contained in the straight lines
I‘n]-(xl, Xx,) =0 (j =0, 1, 2, respectively) defined by (2.20). (See Figure 2, in which
the vertices A(n, j)/B(n, j) (j = 0, 1, 2) are simply labelled by the respective values
of j.) We shall show that, at least for large n, the slopes of the lines l“nj(xl, x,)=0
depend on the value of E(n*) in a simple way. Since |E(n*)| is bounded by E + and
E_ (see (3.8)), this will show that the shape of the triangle A, depends only on the
value of E(n*). Since the shape of A, is what determines u(n + 1) (see the discussion
in Section 2), we will be led to inequalities for E(n*) like those in Table 5.

We define

s(l"j) = slope of the line segment Fi 0<;<2).

Thus it follows from (4.5), (4.6), (4.7) and the definition (2.20) of the lines
l"n].(xl, x,) = 0 that

8(Ty) = —k(u(n*) — 1, n®)gu(n*) — 1, n*),
(4.8) S(Ty) = —k@(n*) + 1, n* — 1)/g(u(n*) + 1, n* — 1),
S(Ty) = —k(u(n*), n* — D/gu(n*), n* - 1).

If we take m = u(n*) — 1 and n = n* in (3.13) and divide both sides by
0" *)p""* then we get

gomm)  _ 1(00“‘"*“«:"*
- Gnu (n *)(plln *

gru(n*) n* 7 + G’E(n*)e'—l + G"O"_l);
4

a similar result follows from dividing both sides in (3.14) by 8"#(**)y""*  Since it
follows easily from the definition of u(n*) that (/""" )(g/p"y"* —> 0 as n* —



300 T. W. CUSICK

—oo we deduce from (4.8) that

K'E(m*0'~! + K"9"!

(4.9) o) ™~ = GTEhe T+ ¢ T

for n* < 0, |n*| large (that is, for n large).
We define the function g (E) by

K'EQ'~"' + K"9"!
qO(E) == G'EG’—-I + G"e"—l ’

so s(I'y) = qo(E(n*)) by (4.9). Thus, s(I'y) depends on E(n*) in a simple way, as we
asserted above (notice since n* is even in class 1, we have E(n*) > 0 so by (3.8) we
need only consider gy(E) in the range 20?% =FE_<E< E, = 20— 1.
If we further define
K'EB'«p'_l + K'IGH(p”—l . K'E(p'—l + K"(p”_l
ql(E) == GIEGI¢I_] T G"G"<p”—l s qz(E) = G’E«p'_l T G"cp"—l )

then after proceeding as in the derivation of (4.9) we have
(4.10) s(I'y) =~ q{E(n*))  (j=0, 1, 2) for all large n.

Calculation of the maxima and minima of the functions qj(E) in the range £_ < E <
E, gives

(4.11) —147 <s(Ty) <-78, 1.9 <s(T';) <886, —8.86<s(I,)<—341.

Figure 2 is drawn so that the slopes s(I';) lie within the ranges given in (4.11); thus

the triangle in Figure 2 has a shape which is typical of the shapes of approximation

triangles for class 1 (notice that the inequalities (4.11) are restrictive enough to ensure

that these approximation triangles are all roughly similar in shape). We are only inter-

ested in the ratios of certain lengths determined by the approximation triangles, so

only the shape of the triangle in Figure 2 (and not the lengths of its sides) is relevant.
In particular, if we define

(4.12) ITll =span of I; (0<j<?2)

(the definition of span is in Section 2), then u(n + 1) has the value 2 if and only if

(4.13) ||p2||<B(n’ 0";2(_’;’;2”, 1))|IF1 - <1.

We derive (4.13) as follows: In obtaining the approximation triangle A, , ; from the
triangle A, of Figure 2, we insert a new vertex A(n + 1, 1)/B(n + 1, 1) on the side
I, of A,. Then 4, ,, is the triangle with vertices A(n, 0)/B(n, 0), A(n, 2)/B(n, 2)
(labelled O and 2, respectively, in Figure 2), and A(n + 1, 1)/B(r + 1, 1). (See the
discussion in Section 2 concerning (2.22).) Also, A(n + 1, j)/B(n + 1, j) =
A(n, j)/B(n, j) for j = 0 and 2 (by (2.6), (2.6b) and (2.6c)). Hence, u(n + 1) is deter-
mined (see the discussion in Section 2) by whichever of the two line segments from
A(n, 0)/B(n, 0) to A(n, 2)/B(n, 2) and A(n + 1, 1)/B(n + 1, 1), respectively, has the
longer span; in fact, u(n + 1) = 2 if the former segment is the one with the longer
span, and u(n + 1) = 1 if the latter segment is the one with the longer span. Now
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0

a=258, =6,
B=280-8,
Yy=86,—6o+m

FIGURE 2. Typical approximation triangle, subclass 1a or 1b

the span of the former segment is simply [IT'; |, and it follows from (2.22) with u(n) =
1 that the span of the latter segment is ||T';|I1B(n, 1)/(B(n, 0) + B(n, 1)). Thus (4.13)
is precisely the condition needed for u(n + 1) = 2.

Next we define

IT;| = length of T; (0 <j<2).
Of course, |I';| is related to the span [[I'j|| defined in (4.12) by
(4.14) IT,l = max(IT; cos &1, ITylsin &),

where 61. < §; <m)is the angle between the x, -axis and the line l"ni(xl, x,)=0
(see Figure 2).

Since by (4.11) we have [s(T";)| > 1 and |s(I",)| > 1, it follows from Figure 2 and
(4.14) that III"I.II = Il"].I sin 6i for j = 1, 2. Using Figure 2 and some trigonometry, we
have

IT,| IT, 17! = sin 'y/sinﬁ_sm 8o cos b, —sin 8, cos §y
2 1 = =

. . E
sin §, cos &, —sin §, cos §

and therefore,
tan §,(tan §, — tan §,)
" tan §,(tan §, —tan §,) °

T, 0 Ty =1

Since tan §; = s(I';) (0 <j <2), (4.10) gives
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N ‘12(‘10 - Q1)

IT, || IT, 1~ =~
(4.15) Il T~ o e = 42)

(q]' = ql'(E(n ).

Also, it follows from Lemma 1, (2.15) and (4.5) to (4.7) that

B(n,0) _ |€n11€n22 ~ Cn21Cn12
B(n, 1) |cn2lcn02 ~ Crh01n22
(4.16)

k(u(n*) + 1, n* — Dg(u(n®), n* — 1) — k(u(n*), n* — Dgu@*) + 1,n* — 1)
k(u(n*), n* — Dg(u(n*) — 1, n*) — k@(n*) — 1, n*)g(n*), n* - 1) ’

If the method of deriving (4.9) is applied to the right-hand side of (4.16), we find that
B(n, 0)/B(n, 1) is approximately equal to a certain function of E(n*) for n* <0, |n*|

large. Calculation of this function shows that it is in fact a constant, namely, —0" — 1.

Thus, we have proved that

4.17) lim B(n, 0)/B(n, 1) = —0" — 1 ~ .8019.

n—r oo

Now let D(E(n*)) denote the function on the right-hand side of (4.15). Calcula-
tion shows that for E_ < E(n*) < E_, the function I'(E(n*)) is monotone increasing
and

(4.18) D(E(n*)) < -0" if and only if E(n*) < 0%10'|.

Combining (4.15), (4.17) and (4.18), we may conclude that (4.13) holds if and only if
E_ < E(n*) < 0%|0'|. This means that for 7, in subclass la or 1b, we have 7, in
class 7 only if E_ < E(n*) < 04|0'|, and otherwise 7, ; is in class 5. This proves part
of the restrictions on E(n*) stated in Table 5 for the subclasses of class 1. The remain-
der of the restrictions (in particular, the range of E(n*) in which subclass 1c occurs)
will follow from the proof of Theorem 5 below.

We pause for a digression at this point. To avoid needless complication of the
proof of Theorem 4, nothing has so far been said about the accuracy of the approximate
equalities in (4.10) and (4.15) (although it does of course follow from the work above
that the difference between the two sides of these equalities — 0 as n* — —oo). This
does not affect the proof, except for the following: the possibility that for E(n*) less
than but very near to 64|8'| ~ 1.0761 we could have (4.13) false despite the fact that
(4.18) is true (because the approximation (4.15) is used in deducing (4.13) from (4.18))
has not been ruled out. In fact, this possibility cannot occur, because the work of
Baker (for example, the theorem in [1]) provides a lower bound for |E(n*) — 0410 |
of the form c(1)/(n*)*® (c(1) and ¢(2) computable constants), and this lower bound
implies that E(n*) cannot approach 0410'| quickly enough for the unwanted possibility
to occur. The detailed justification of this is straightforward, so we omit it. Appeals
to the result of Baker [1] are needed at various other places in our proofs, but in every
case the application of the theorem of Baker is very similar to the one we have just
explained; thus, from now on we shall not explicitly point out the places where we
need to use this theorem.
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0

a=05, =0
B=138¢ 9,
Yy=8 —8

FIGURE 3. Typical approximation triangle, subclass 1c
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Now we finish the calculations for class 1; we assume that 7, is in subclass Ic,
so n* is even and the index of Yno is —2. Thus, we obtain the following analogues of

(4.5), (4.6) and (4.7):
Yno = Cpo + k(n®) — 2, n¥)a + g(u(n*) — 2, n*)B,
(4.19) Yn1 = Cp1o T ku(n*), n* — Do + g(u(n*), n* — 1)8,
Tn2 = Cpao + k(n*) — 1, n* — Da + gu(n*) — 1, n* — 1)p.

As before, we consider the approximation triangle 4, and we use (4.19) to

determine the slopes s(I';) (0 <j < 2) of the sides of the triangle (compare (4.8)).

Calculations like those used to derive (4.9) give
(4.20) s(T) ~ r(E(m*)) (i =0, 1,2) for all large n,
where

ro(E) = _K'E0'"2 +K"9"?
0 G'E0'_2 + Gnen_2 )

_ K'EG'I_icp'_l +K"0"l_jc,0"_l .
r](E) - _G'EG’I_J(P’_I + G"e"l—](p"~r (] - 1: 2)'

Calculation of the maxima and minima of the functions rj(E') in the range F_ < E <

E, gives
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(421) —172 <s(Ty) <—146, -8.86 <s(I;)<-3.41, —3.42<s(,)<-2.08.

The triangle in Figure 3 is drawn so that the slopes s(FI.) lie within the ranges given in
(4.21).

Just as in the subclasses l1a and 1b, we have u(rn + 1) = 2 if and only if (4.13)
holds. Since by (4.21) we have |s(I';)| > 1 and [s(T’y)| > 1, the same reasoning by
which we deduced (4.15) from Figure 2 and (4.10) leads us to deduce

ry(ro — 1)
ri(ro = 13)

from Figure 3 and (4.20). Following the derivation of (4.17) leads to

(422) 110 11 o T (r; = r{E(n*))

(4.23) lim B(n, 0)/B(n, 1) = —0" — 1 ~ .8019.

n—>co

Now let I'(E(n*)) denote the function on the right-hand side of (4.22). Calcula-
tion shows that for E_ < E(n*) < E_, the function I'(E(n*)) is monotone increasing
and I'(E(n*)) > 1.9 always. Combining this inequality with (4.23), we conclude that
(4.13) is always false. Hence u(n + 1) = 1 always holds for 7,, in subclass 1c, and
this means 7, , is always in class 5, as specified in Table 5. We shall see below (in
the proof of Theorem 5) that in fact subclass 1c only occurs for the restricted range
of E(n*) given in Table 5.

Calculations for Class 3. Since 7, is in class 3, we have e(n + 1) = un) =1
from Table 3. Hence by (2.14) to (2.14b) and the rest of the data for class 3 in Table
3, we have

Yn+1,0 = em(l)—1|¢|m(2)+1 - 0m(1)|¢|m(2)’ Yn+1,0 = Yno> Tn+1,2 = Tn2s
with m(1) and m(2) determined by (4.3). Thus, using the identity 0~ 'lp| — 1 = —0" -
1 =071, we get

= gm=1jgm @), = g Djp|m 2,

Tn+1,0 Tn+1,1

424
( ) — em(l)|¢|m(2)+l.

Yn+1,2
It follows from (2.13) and (4.24) that e(n + 2) = 1, so the Eqgs. (4.24) and Table 3
imply that 7, is in class 6 if and only if u(n + 1) = 2. We shall prove that u(n + 1)
= 2 always holds if 7, is in class 3.
We first assume that 7, is in subclass 3a so n* is odd and the index of v, 4 is 0.
Thus we obtain (using (4.3) with i = 0) the following analogues of (4.5), (4.6) and (4.7):

Tno = Cno T ku(n*), n*)a + glu(n*), n*)B,
(4.25) Y1 = Cp1o T Ku(@m*) — 1, n* + Da + gu(n*) — 1, n* + 1)B,
Ynz2 = Cpao T ku(@*), n* + Da + gu(n*), n* + 1)8.

As before, we consider the approximation triangle A,,, and we use (4.25) to de-
termine the slopes s(I';) (0 <j < 2) of the sides of the triangle. Calculations like those
used to derive (4.9) give

(4.26) S(T) ~ t(E(r*) (=0, 1,2) for all large n,
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where

EK' + Kn K'Ee'j_Z(P"‘I' K"G"i_Zgo" .
= - — o = - T T Mol — " =1,2'
) =~Fev¢ > WO G'EOT-24 + G"0" 2y Y )

Calculation of the maxima and minima of the functions ti(E) in the range ~F, < E <
—E_ (because n* is odd, E(n*) < 0) gives
—00 < §([y) <-4.85 if—E, <E(n*)<-6"1,

427
(427) 422 <s(Ty) <+eo  if -0~ <Em*)<-E_

(this follows since EG' + G" = 0 for E = -G"/G' = -~ ~ —.8019) and

(4.28) -135 <s(I') <-.52, -.53<s(T,) < 48.

The triangle in Figure 4 is drawn so that the slopes s(Fj) are about what they would
be for E(n*) ~ —E_; namely, s(T'y) ~ 4.22, s(T';) ~ —.52, s(T,) ~ .47. As E(n*) de-
creases from —E_, the shape of the triangle A, tends to an isosceles right triangle,
which is the shape of the triangle for E(n*) ~ —0~!. (For this value of E(n*) we have
s(Ty) = o, s(T';) =~ —1, s(I'y) ~ 0, so the hypotenuse of the right triangle would be the
line segment from O to 2 in Figure 4.) It is evident from their shapes that for any of
these triangles A, with -0~! <E(n*) <-E_, we have u(n) = 1, as we must have in
class 3. However, for —E, < E(n*) <—0~"! the shape of the triangle A, would be
such that p(n) = 2 (contradicting our assumption that 7, is in class 3a). Thus, our
assumption that 7, is in class 3a implies that E_ < —E(n*) < 8~ !, which is exactly
the restriction on E(n*) listed for class 3a in Table 5. Some (though not all) of the

2

FIGURE 4. Typical approximation triangle, subclass 3a

other restrictions on E(n*) listed in Table 5 can be deduced in a similar way. A full
derivation of all the restrictions on E(n*) listed in Table 5 must wait until the proof of
Theorem 5 below.



306 T. W. CUSICK

FIGURE 5. Typical approximation triangle, subclass 3b

Proceeding as in the derivation of (4.13) (except that now A, is the triangle
with vertices A(n, 1)/B(n, 1), A(n, 2)/B(n, 2) and A(n + 1, 1)/B(n + 1, 1), as in Figure
1; and we have e(n + 1) = u(n) = 1 in (2.6) to (2.6¢), since 7, is in class 3), we find
that u(n + 1) is determined by whichever of the two line segments from A(n, 1)/B(n, 1)
to A(n, 2)/B(n, 2) and A(n + 1, 1)/B(n + 1, 1), respectively, has the longer span.

Thus u(r + 1) = 2 if and only if

B(n, 0) -1
. > <lI.
(4.29) 0 (5 o155 3Ty "ol
We have s(Ty)l > 1 and Is(T',)| < 1 by (4.28). Thus |ITy|l = ITy|sin 4 and
IT, |l = IT, cos §,|. Using Figure 4 and some trigonometry, we have

sin §; cos §y —sin 8, cos §,

[,l Ty~ = sin y/sin a = = : ;
2] Tl g sin §; cos §, —sin §, cos §; ’

and therefore (||, |l = +IT',| cos 8, since 0 <8, < /2 in Figure 4)

1 tan §, —tan §,
"~ tan§, tand, —tan§,

T, ITlI~ 1

Since tan §; = s(T)) (0 <j < 2), (4.26) gives

t, — t
PR S _ *
(4.30) 1T, 1 IT I ——-—to(tl =1 (t; = t(E(n*))).
Following the derivation of (4.17) leads to
(4.31) lim B(n, 1)/B(n, 0) = —6" ~ 1.8019.
n—oo

Now let ['(E(n*)) denote the function on the right-hand side of (4.30). Calcula-
tion shows that for —F + < E(n*) <-E_, the function I(E(n*)) is monotone decreas-
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ing and I'(E(n*)) < 1.2 always. Combining this inequality with (4.31), we conclude
that (4.29) is always true. Hence u(n + 1) = 2 always holds for 7, in subclass 3a, and
this means 7, , is always in class 6, as specified in Table 5.

Now we assume that 7, is in subclass 3b, so n* is odd and the index of Ypo is 1.
Thus we obtain the following analogue of (4.25):

Yno = Cpo T k(n™®) + 1, %) + gu(n*®) + 1, n*)g,
(4.32) Yn1 = Cpio t ku®*), n* + Da + gu(n*), n* + 1)8,
Tnz = Cpao t ku(®m*) + 1, n* + Do + gu(n*) + 1, n* + 1)8.

As before, we consider the approximation triangle A, and we use (4.32) to
determine the slopes s(I';) (0 <j < 2) of the sides of the triangle. Calculations like
those used to derive (4.9) give

(4.33) s(Ty) = w(EMm*)) (=0, 1, 2) for all large n,
where

_ EK,G’ + K"G" _ _K'Eolj_ltﬁ’ +K"0"i_l¢" o
W ="k e O = gRT ey UL

Calculation of the maxima and minima of the functions wi(E) in the range ~E, <E <
—E_ gives

(434) 167 <s(Ty) <423, —53<s(,)< .48, 47<s(T,)<10l.

The triangle in Figure 5 is drawn so that the slopes s(l"l.) lie within the ranges given in
(4.34).

Just as in subclass 3a, we have u(n + 1) = 2 if and only if (4.29) holds. We have
Is(Tp)l > 1 by (4.34) and |s(I'y)| < 1 by (4.34) and the restriction E(n*) > —.8271
given for subclass 3b in Table 5 (since s(I';) ~ 1.01 when E(n*) ~ —E_, and this value
of E(n*) is excluded by Table 5; as a matter of fact, allowing E(n*) ~ —E_, so that
Is(T",)l > 1, would not change the results of our calculations, but would introduce a
superfluous computation). Hence the same reasoning by which we deduced (4.30)
from Figure 4 and (4.26) leads us to deduce

Wo ~ W,

4.35 T, T~ & ————
(439) 2 0 wo(w, —w,)

(W,‘ = W,'(E(" )]
from Figure 5 and (4.33). Following the derivation of (4.17) leads to
(4.36) lim B(n, 1)/B(n, 0) = —6" ~ 1.8019.

n—>oo

Now let T'(E(n*)) denote the function on the right-hand side of (4.35). Calcula-
tion shows that for —E, < E(n*) < —E_, the function I'(E(n*)) is monotone increasing
and T'(E(n*)) < 1.35 always. Combining this inequality with (4.31) we conclude that
(4.29) is always true. Hence u(n + 1) = 2 always holds for 7, in subclass 3b, and this
means 7, , , is always in class 6, as specified in Table 5. We shall see below (in the
proof of Theorem 5) that in fact subclass 3b only occurs for the restricted range of
E(n*) given in Table 5.
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Patterns A, B, C1

® #
L3 |8
T2 CREY CACEY ERUE B
Yol 67 | 5 | 3 | 7] 3
* o % o %
byg] e | ls | 62 | Yoy 64
Is | 9o
n%-5 n*-4 n*-3 n*-2 n¥-1 n%*

b

O O D AN A AN —-O

-

Class of
T+ J

B BEE T SN B0 (RN ) I e N I V)

~

€(n+j+1)

- =+ O = = =+ 24 O - - O

u(n+j3)

- N - N = N - - =N

The vosition of u(i) (n*+5 <1 < r¥) is indicated as follows: pattern A, % ;

pattern B, ®; pattern C1, #.
Patterns C2, D

714 311 810
Xe [xeo [xe o
L}is 612 3 36 85
% x 0 %o |x ©
'19 ats ‘13 é’v 54 31 7-2 3-5
% o
I, |6, |4, ]6.,
|3
-7 %<6 n*¥-5 n*-4 n*-3 n¥-2 n*-1 n*

The position of u(i) (n*-7 < i < n*) is indicated

as follows: pattern C2, ¥s pattern D, o,

h]

D NN AN -~ O

14
19

Class of
Tn+j

2

a3 2DV DN =D = v

€(n+i+1)

- 2 O = = 24O s w2 e O - -O

n(n+j)

_-— D =N =N = =) =N == =) - N

The position of the first compcnent Kn+j o Of each trivle tn+j in the S(m.n)
’

array is indicated bv the class label of T, vith a subscript j (e. 2., the

position of KnO is indicated by 2, since T  is in class 2). Subscripts § <O

indicate components ‘n‘*d
’

o (3 <0) of triples T

n+j

in the nrevious pattern.

Subserivts 1 > 10 for vatterns A, B, C1 or § > 15 ®or patterns C2, D indicate
components of trivples tn+j in the next pattern.

odd.

FIGURE 6. Arrangement of patterns of triples T

or 0 <j < 15) in the S(m, n) array

n+j

(0<j<10

The integer n* <0 is alvavs

The proof of Theorem 4 is complete once the calculations for all ten classes are
carried out. Of course, it is assumed in making these calculations that the finite list
of subclasses in Table 5 is complete, and that the indices, parity of #»* and restrictions
on E(n*) listed there are correct. Our next theorem justifies all of the entries in Table

5, and provides some information about the sequence of class labels for the triples 7,
(this sequence for 4 < n < 38 is given in Table 2).
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Before we can state Theorem 5, we need some more definitions. We define
patterns A, B, C, D of values of u(n), n < 0, as follows:

Pattern A—u(n) =u(n — 1), u(n —2) =u(n - 1)+ 1 =u(n —j) G =3, 4, 5).

Pattern B—u(n) =u(n — 1), u(n ~2)=un - 1)+ i=un —-j)) =3, 4),
un—S)=un—-4)+1.

Pattern C—u(n— 1) =um)+ 1 =u(n —j) (j=2,3,4),u(n - 5) =u(mn —4) + 1.

Pattern D—u(n — 1) =u(m)+ 1 =u(r-j)(j=2,3),un -4 =u@mr-3)+ 1=
u(n — 5).

By Lemma 4, these are the only possible patterns of values of u(n —j), 0 <j <5, if
u(n — 2) > u(n).

It turns out that whenever 7, is in class 2, we have u(n* — 2) > u(n*) for the
associated integer n*; thus for these values of n* the pattern of values of u(n*) is always
one of the patterns A, B, C, D given above. Furthermore, it turns out that for n > 17,
whenever 7, is in class 2 the sequence of class labels for 7, j is determined for 0 <
j <10 or for 0 <j < 15. In fact, we either have

(437) Tp>Tpit>--->Tpp10 areinclasses 2,3,6,1,5,8,3,6, 1,7, 4, respectively,
or

R R T
(4.38)

are in classes 2, 3,6,1,5,8,3,6,1,5,8,3,6,1,7,4, respectively.

Also, whenever 7, (n > 17) is in class 2, the index of v,,, is —1; hence (4.37) or (4.38),
in conjunction with the last column of Table 4, determines the indices of v, j,0 and
the associated integers (n + j)* for each j, 0 <j < 10 or 0 <j < 15, respectively (see
Figure 6). All the statements in this paragraph (plus more) are proved in Theorem 5.

THEOREM 5. Suppose n = 17. Then whenever 1, is in class 2, it follows that n*
is odd, u(n* — 2) > u(n*) and the index of v, o is —1. Also, either the classes of T;
and the values of j* and of the index of Yjo are determined for n <j<n + 10 by one
of the patterns A, B, C1 of Figure 6; or the classes of T and the values of j* and of
the index of Yjo are determined for n <j < n + 15 by one of the patterns C2, D of
Figure 6. This gives the correct values for the parity of n* in Table 5, and shows that
the finite list of indices there is complete. Further, each entry in one of the patterns
of Figure 6 only occurs when the restrictions given in Table 6 for the corresponding
value of E(n*) are satisfied. This gives the restrictions on E(n*) given in Table 5.
Finally, each triple T is in one of the patterns A, B, C1, C2 or D of Figure 6; that is,
the sequence 1,, n 2 17, can be divided into a sequence of blocks (with 11 or 16
members per block), each of which fits one of the patterns in Figure 6.

Proof. We begin the proof by considering any triple 7,, such that 7, is in class 2,
n* is odd, u(n* — 2) > u(n*), the index of v, is equal to —1 and 07! < —E@m*) <
260810'|3. (This is the restriction given in Table 6 for pattern A.) For example, 7, is
such a triple with n* = 7, u(n*) = 2 <u(n* - 2) = 3, 7,, o = 0lpl~” (see Tables 1
and 2) and E(n*) = E(~7) = 6~ 129'~3 ~ —8026.
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TABLE 6. Patterns of triples 1, | i 0<j<100r0<j<15)
. Associated triples Tn+j
Pattern Restrictions on E(n ) and subclass of Tn+j
A o7l ~ .8019 < -E(”) < 1.0306 ~ 26%|0" | T, 2a
Bler|™ ~ 1.1588 < E@” - 1) < 1.4893 ~ 2% T g la
074 ~ 4136 < ~E(@” - 2) < .5315~ 20°|6" | T s 385 T, 6a
-6 -1 * ~ 2a3q12 . .
076" ™! ~ L5976 < B - 3) < 7681 ~ 200" g 55 Topss 83 Toygs 1b
07%'"2 ~ .8636 < -E(n" - 4) < 1.1099 ~ 26|0"| T g 303 Toygs 6
“10( 40173 _ * A ;
071010 ~ 1.2480 < E(" - 5) < 1.6039 ~ E, = 20 T g TH5 T 05 4b
B 298|9'| ~ 1.0306 < -E(n ) < 1.1099 ~ 26|8"| T 2a
2969'2 ~ 1.4893 < E(n - 1) < 1.6039 ~ Ey = 207! Ty 18
26°10'|2 ~ .5315 < -E(” - 2) < .5724 ~ 2072|0"| T 335 T, 6a
-4
26%0'2 ~ .7681 < E( - 3) < .8272 % 20 R L 55 7o 83 T g, I
29Le | ~1.1099 < -E(n - 4) < 1.1953 =~ 2(_97 le'] Toags 303 T 495 6D
20'" = E_~ .3961 < E(n - 5) < .4266 ~ 206 1'n+9, 7a; Tot10° b4a
a 26]6'| ~ 1.1099 < -E(n’) < 1.4439 =~ 0°0"* T, 2
*
29'2 = E_®~ .39l < E(n - 1) < .5153 = 98|e'|3 T3 le
~ afg12 .
|9 |4 L5724 < E(n -2) < 7447~ 0 2' T 41 385 T, 68
6 2913 .8272 < E(n* - 3) < 1.0761 ~ ¢'|0'] Tt O3 Toygs 85 Toigs 1b
20 °|e"| -? 1.1953 < -E(n* - 4) < 1.5550 ~ @ Tosgr 3P Toygs 6D
207" ~ 4266 < E(m" - 5) < .5550 ~ 8{0'| Tatg? 733 Toi1o0 42
2 0%0'2 ~ 1.4439 < -E(n") < 1.4893 ~ 2969'2 T, 2
o>~ 513 < B’ - 1) < L5315~ 20°(00 1, le
0%'2 & 7447 < -E(" - 2) < .7681 ~ 20°0'2 T 35 T, 6a
*
e4|9'| ~ 1.0761 < E(n* - 3) < 1.1099 = 29[9'| 4 Tt O3 Toass 85 Toug la
0% ~ 1.5550 < -E(n" - 4) < 1.6039 ~ E, = 207" [7_ ., 3b5 1, 6b
*
e\e;l ~ .5550 < E(n* -5 < 5724 m |e I {Tores 55 Toy100 83 Toepsr 1P
0 "~ .8019 < -E(n - 6) < .8272 ~ 20~ Toa1r 3b5 Toiip0 6P
07316" |t ~ 1.1588 < E@* - 7) < 1.1953 ~ 207¢|0" |7} Toe1sr P35 Toaps 4D
D 2969'2 ~ 1.4893 < ~E(n) < 1.5550 ~ 92 T, 2
26°16" |3 ~ .5315 < E@” - 1) < .5550 ~ 6|0"| T g le
20%0'2 ~ ,7681 < -E(n” - 2) < .8019 ~ @ T 35 T, 6
20]0'| ~ 1.1099 < E(m” - 3) < 1.1588 ~ 0|0 |} Toagr 55 Topsy 85 Toyg 12
20'2 = E_~ .3961 < ~E(n" - 4) < .4136 ~ @7* T e 383 T g 6a
- * -6 -1 .
207%|0"| ~ 5724 < B -5 <5976 % 07010 |7 n g, S5m0 85 Ty 10
204 ~ 8272 < -E(" - 6) < .8636 ~ 8 ?:) , To4110 33 Toipgs 6D
2@)'f’|e'|'1 ~ 1,1953 < E(m - 7) < 1.2480 ~ 6" "|0'| Tos1sr TP5 Toprss 4P

It follows from Lemma 5 that u(n*) = u(n* — 1) and u(n* —j) = u(n* - 1) + 1
for 2 <j < 5; that is, u(n*) begins a pattern A, as defined above. This means
E(n* — 2) = 07 3E(n*) ~ .5157E(n*), so 7 »+1 meets all the requirements of Table 5
for class 3a; note that the fact that

Tnt1,0 = 02¢—27n,0 — 0u(n'—2)|‘pln"‘—

which shows that the parity of (n + 1)* is odd and that the index of v, 1,0 180,
follows from the last column of Table 4, and the relevant entry in that column is
determined solely by the fact that 7, is in class 2.
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Using Lemma 5 and the last column of Table 4 as we did above, we deduce that
Tu+2> Tn+3s - - - » Tpy1o ar€ in classes 6a, la, 5, 8, 3b, 6b, 1b, 7b, 4b, respectively.
We further deduce that the classes of 7, +j 0 <j <10, are arranged as in pattern A
of Figure 6, and that the corresponding values of i* and E(i*) (i = n + j for some j)
satisfy all the relevant conditions in Table 5.

Next we consider any triple 7, such that 7, is in class 2, n* is odd, u(n* — 2) >
u(n*), the index of v, is equal to —1 and 20%10'|3 < —E(n*) < 2016'|. (This is the
restriction given in Table 6 for pattern B.) Reasoning as above, we deduce that u(n*)
begins a pattern B and that 7,, Tp+1s -+ - » Tny1o are in classes 2a, 3a, 6a, 1a, 5, 8,
3b, 6b, 1b, 7a, 4a, respectively. Also as above, we find that the classes of Tntj> 0<
J < 10, are arranged as in pattern B of Figure 6, and that the corresponding values of
i* and E(i*) (i = n + j for some j) satisfy all the relevant conditions in Table 5.

The three remaining patterns C1, C2, D in Figure 6 are handled the same way:
We consider any triple 7, such that 7, is in class 2, n* is odd, u(n* — 2) > u(n*), the
index of v, is =1 and E(n*) satisfies the restriction given in Table 6 for pattern Cl,
C2 or D. We deduce that u(n*) begins a pattern C1, C2 or D and that 7, j(O0<j
< 10 for pattern C1, 0 <j < 15 for patterns C2 and D) are in the appropriate classes
as listed in Table 6. We also find that the classes of Tn4j are arranged as in the
relevant pattern C1, C2 or D of Figure 6, and that the corresponding values of i* and
E(@*) (i = n + j for some j) satisfy all the relevant conditions in Table 5.

We have now shown that whenever 7, is in class 2, n* is odd, u(n* — 2) > u(n*),
the index of v, , is equal to —1 and 0~ < —-E(n*) < 62, then 7, begins one of the
patterns A, B, C1, C2 or D of Table 6. However, we see from Table 6 that all of these
patterns end with a triple (7, , ,, for patterns A, B, C1 and 7, , 5 for patterns C2, D)
which is in class 4. By Theorem 4, the next triple, say T; (so j =n + 11 for patterns
A, B, Cl and j = n + 16 for patterns C2, D), is in class 2, and we see from Table 6
that j* is odd, u(j* — 2) > u(j*) (for this we also need Lemmas 4 and 5), the index of
7jo is equal to —1 and 0~! <—E(j*) < 62. It follows that each of the patterns A, B,
Cl1, C2, D leads into another one of these five patterns; the pattern which follows a
given pattern for 7, 7, {, ... Tntj (j = 10 or 15) is determined by the value of
E(n*), as indicated in Table 7.

Hence we have proved that as soon as the triples 7, fall into one of the five
patterns, the rest of the sequence of triples can be divided into a sequence of blocks,
each of which fits one of the patterns. We have already seen that the first pattern
(which turns out to be pattern A) begins with 7, .

We have now proved all of the assertions in Theorem 5, except for the deduction
of the restrictions on E(n*) in Table 5 from the restrictions on E(n*) given in Table 6.
This is, however, easily explained as follows: We observe that class 3a, for example,
occurs in position n* — 2 in patterns A, B, C1, C2 of Figure 6, and in both of the
positions n* — 2 and n* — 4 in pattern D of Figure 6. If we look at the corresponding
six inequalities for E(n* — j) (where j is 2 or 4, as appropriate) in Table 6, we find that
together these inequalities cover the interval E_ < —E(n*) < 0~1. This is exactly the
interval for class 3a given in Table 5. We prove all of the other restrictions on E(n*)
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718g.8 ~ 9€98° > (9 - Wi- > 228" =~ 67 v 20~ 056671 > (Wa- > €681 = 219992 a
;82 ~ 2L78” > (9 - WiE- > 6108° ~ ;6 \4 218582 ~ €687°T > (W3- > 6£97°T ~ /.60 4}
/0 ~ 086571 > ¥ - v.»&m- > €687°1 ~ ,,6,02 a L 6E7Y°T > f&m- > 678¢°T = ,,6..67 10
218487 ~ €687°1 > (v - W= > 6€77°T ~ ,,0,8 20 18c1BT ~ 678E°T > (WA~ > BOVE'T & 16,6 10
218,80 = 6EVY T > (7 - W3- > €G6T°T ~ T_.o_o-ww 10 18gr® = 80YE°T > (W3- > 660T°T ~ |.8l62 10
T_a_@-ounmmﬁg > (7 - W3- > 6601°1 = |,ele62 10 |.eloz ~ 6601°1 > (W3- > 9080°1 ~ m_a_%N g
lieloz ~ 6601°1 > (v - wa- > 90£0°T =~ m_.w_%w g m_.a_wmu ~ 90€0°T > ((WE- > 0L56° ~ m_.a_ﬂmu v
cli0l g8z = 908071 > (v - W3- > 9e98" ~ 606 v el 82 ~oL86° > (Wa- > 6108 ~ 6 v
uxa3jjed 3xsu 103 uxsjaed uxajjed usa1d 103 uxsjjed
(9 30 =0 (f - *cvm uo uoIIOTIISVY IXON A«cvm uo uoT3IOTIISVY UdATH

u42130d 1Xou 2y} SPUNUIIIP
Uy sapdLy fo wia1ind yova moy fo uonpdudsaq "L ATEV]
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of Table 5 in an analogous manner (except for classes 9 and 10, which do not occur in
any of the patterns of Figure 6; for these we can give an ad hoc proof very similar to
the proofs for the other classes). This completes the proof of Theorem 5.

We are now in a position to prove the following result, which, as mentioned in
Section 1, verifies a conjecture of Szekeres.

THEOREM 6. The linear forms v,, (n =0, 1, 2, . . .) given by the 2-fraction
for (a, B) include all of the best approximations to zero by the linear form xq + x,@
+ x,8.

Proof. Theorem 2 gives necessary conditions for a best approximation. If Yno 18
a best approximation, then by (4.3) one of the five conditions of Theorem 2 must hold
with 7 replaced by n* and m replaced by the index i of Yno- Thus, in order to prove
Theorem 6 it suffices to show that for each of the five conditions of Theorem 2, if
there is a best approximation satisfying the condition, then there is always some Yo
for which the condition holds with n replaced by j* and m replaced by the index i of
Yjo-

If j* is even and i = —1 or O, then we see from Figure 6 that the 2-fraction al-
gorithm always provides a suitable 7jo- This covers condition (i) of Theorem 2. If j*
is even and i = 1, then we see from Figure 6 that the 2-fraction does not provide a
suitable Yio only in the following cases: pattern B, j* = n* — 5; pattern Cl, j* = n* —
1 or n* — §; pattern C2, j/* = n* — 1; and pattern D, j* = n* — 1. However, according
to Table 6, in none of these cases is the necessary condition E(j*) > [630'|~! ~1.1588
of Theorem 2, (ii) satisfied. Thus the 2-fraction covers condition (ii) of Theorem 2.

If j* is odd and i = 1, then it follows from Figure 6 that the 2-fraction does not
provide a suitable 7jo only in the following cases: patterns A, B, Cl and C2, j* = n* -
2; and pattern D, j* = n* — 2 or n* — 4. But by Table 6, in none of these cases is the
necessary condition —E(j*) >0~ ~ 8019 of Theorem 2, (iv) satisfied. Thus the 2-
fraction covers condition (iv) of Theorem 2.

If j* is odd and i = 2, then we see from Figure 6 that the 2-fraction never pro-
vides a suitable 7jo- However, in only one case does it happen that the necessary con-
dition —E(j*) > 02 ~ 1.5550 of Theorem 2, (v) is satisfied when j* is odd: namely, as
we see from Table 6, for pattern C2, j* = n* — 4. It turns out that in this case
[Ru(7*) + 2, j*)| is never a best approximation (that is, the necessary condition of
Theorem 2, (v) is not sufficient in this case). We see this as follows: We have

R@G*) + 2,7 = b(G*) + 2, *) + k() + 2, j*)a + gu(*) + 2, j*)B
by (3.5). We also have T, = [k@(7*) + 2, j*)| by [3, second line of formula (12),
p. 983] (recall from Section 3 that we must replace the notation T, . of [3] by
Ty 41,n)- We shall prove that [Ru(j*) + 2, j* — 1)| satisfies u(7* — 1) = u(j*) + 1
and Ty ju_y =T, ;». Since

R@(*) + 2, 7* = DI = lol ™ HR@(G*) + 2, /)] < IR@G*) + 2, %)

by (4.3), it will follow that |[R(u(j*) + 2, j*)| cannot be a best approximation (using
the definition of best approximation given in Section 2). The assertion u(j*-1)=
u(j*) + 1 follows from Figure 6, since j* = n* — 4 and we are in pattern C2. The
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assertion T -1 = Tz,,'* follows from the facts T Jt-1 = e(G* — 1)+ 1,/* = 1)
[3, third line of formula (12), p. 983] and

lguG* = 1) + 1, j* = DI = [k@G*) + 2, /).

(This is a special case of the general fact that |g(m, n — 1)| = |k(m, n)|; see the explana-
tion in [3, p. 980].) This completes the proof that no best approximation satisfying
condition (v) of Theorem 2 is not of the form Yo (of course, what we actually showed
is that there are no best approximations satisfying condition (v) of Theorem 2!).

If j* is odd and i = 0, then it follows from Figure 6 that the 2-fraction always
provides a suitable Yjo- If 7* is odd and i = —1, then it follows from Figure 6 that the
2-fraction does not provide a suitable Yo only in the case of pattern C2, j* = n* — 4.
We show that in this case |[R(u(j*) — 1, j*)| cannot provide a best approximation, be-
cause

IRu(*) + 2, 7* = DI = 072l 7 HR@(G*) — 1, )| < IR@(G*) — 1, j*)|,
u(j* — 1) = u(j*) + 1 (from Figure 6, since j* = n* — 4 and we are in pattern C2) and
Tyjeo1 = T e <Tojn <T_y s

(the equality here was proved in the preceding paragraph; the first inequality always
holds when [E(j*)| > 62 by [3, Lemma 9 and Corollary 2, p. 990], and [E(j*)| > 62
holds for pattern C2, j* = n* — 4, by Table 6; the second inequality holds by (3.9) of
Lemma 3). Thus we have proved that any best approximation satisfying condition (iii)
of Theorem 2 must be given by some Yjo- This completes the proof of Theorem 6,
except for the fact that we have so far tacitly assumed that |j*| is large (because |n| is
assumed large in Theorem 2, for example). However, calculation of the first few best
approximations to zero by x, + x;a + x,8 shows that all of them are of the form v,,.
This means Theorem 6 holds as stated.

5. Almost Periodicity. It follows from Figure 6 and the last sentence of Theorem
5 that for n = 17 we never have e(n) = e(n + 1) = 0. Table 2 shows that in fact for
n = 0, e(n) never has the value O for two consecutive values of n. By the definitions
(2.2) and (2.3), this means that the digits d; of the 2-fraction for (a, ) are all either 1
or 2. Furthermore, we find that after some initial irregularities (a close look at Table
2 shows that the irregularities end at d, ; = 1), the sequence d;, d,, . . . is made up of
repetitions of the digit blocks

5.1 a=2121 and b =1121.

Thus we have proved some of the characteristics of the sequence dy, d,, . ..which
were first mentioned at the end of Section 2.

Using the work of Section 4, we will also be able to prove that the sequence of
digits d; is almost periodic, in a suitable sense. The rest of this section is devoted to
exploring this almost periodicity.

The definition of almost periodicity that we shall use is the following: We say
the sequence of integers n, n,, . . . is almost periodic if there exists a subscript / such
that given any N > 1, there exists M > N for which n;,; = ny, 4. ;, 1 <i <N, holds.
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THEOREM 7. The sequence d,, d,, . . . of digits of the 2-fraction for (a, B) is
almost periodic.
Proof. Using Table 2, we see that the sequence d,, d,, . . . begins

(5:2) 2,1,1,1,1,2,1,2,1,2,1,1, 1,4, b, a, b.

(Here we use the abbreviations (5.1).) By Theorem 5, the sequence d;, i = 14, is a
sequence of digit blocks @ and b.

Using Theorem 5 and Table 7, we can easily prove that d,, d,, . . . satisfies the
definition of an almost periodic sequence with / = 13 (to dispose of the initial irregu-
larities shown in (5.2)). For it follows from Theorem 5 and Table 7 that if we have a
given pattern A, B, C1, C2 or Dmade up of 7,,, 7, ¢, .- - » n+j‘(j = 10 or 15), then
the value of E(n*) by itself determines what the next pattern (say it is made up of
Tm> Tma 10 - - - » €tc.) will be, and also determines (by repeated use of Lemma 5; recall
the proof of the inequalities in Table 6) the value of E(m*). Hence, if E(n*) has a
given value at the beginning of the first member of a sequence of patterns (for example
the sequence A, A, A, A, B, C1, C1, C1, C2), then there is an € > 0 such that when-
ever m* satisfies |[E(m*) — E(n*)| < € and 7, is in class 2, then 7, is the first triple
in the first member of an identical sequence of patterns. It follows easily from
Kronecker’s theorem on inhomogeneous Diophantine approximation (see Koksma [5,
p. 83]) that —E(n), n odd (n = -1, -3, -5, .. .) is dense in the interval [E_, E].
Hence given any value of E(n*), n* odd, we can find a value of E(m*), m odd, which
is as close to E(n*) as we wish. Now the almost periodicity of the sequence of d,’s
follows at once from our previous remarks.

Of course, Theorem 7 does not imply that the sequence of d;’s follows the very
special almost periodic pattern obtained by extending (2.23) via the partial quotients
of the number n defined in (2.25) (see the end of Section 2 for an explanation of this
special pattern). Indeed, the question of whether this special pattern is actually follow-
ed by the d;’s is too delicate to be decided here. All that we do here is to prove a
certain consequence of assuming that the special pattern is followed. To state this, we
need to define

N,(n) = number of digit blocks a contained in d, 4, d;s, . .., d,
and
N, (n) = number of digit blocks b contained in d, 4, d;s, ..., d,.
The fact we shall prove is the conclusion of the next lemma.

LEMMA 7. Suppose that, after the initial irregularities, for any n the sequence
dy, dy, . .., d, is contained in some s;, where the first few values of s; are defined by
(2.23) and in general 5;, | = s?(i)si_ 1» Where the (i) (i = 1, 2, . . . ) are the partial
quotients in the continued fraction for the number n defined by (2.25). Then 0 is a
limit point of the set {N,(n)[Ny(n): n =21,22,...}.

Proof. The lemma follows easily from the definition of the s; (see Szekeres [9,
p. 139]). Szekeres [9, pp. 138—139] gives a geometric argument for the plausibility
of the hypothesis of the lemma.
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Our next lemma shows that we can prove the conclusion of Lemma 7 without
deciding whether the hypothesis of Lemma 7 is true.

LEMMA 8. The number n defined by (2.25) is a limit point of the set
N,(m)INy(n): n=21,22,...}.

Proof. We know from Theorem 5 and Figure 6 that the sequence d,,4, ds, . . .
is made up of patterns A, B, C1 (each consisting of a digit block a followed by a digit
block b) and C2, D (each consisting of a digit block a followed by two digit blocks 5).
Let N(A, B, C1; n) and N(C2, D; n) denote the number of patterns A, B, C1 and C2, D,
respectively, contained in d,,, d;s, . . . , 1; then

(53) N N(A, B,C1;n) + M(C2, D; n)
N,(n) ~ N(A, B,Cl;n) + 2N(C2, D; n)

It follows from (5.3) that the lemma is proved if we can show that ¢ is a limit point of
{N(A, B, C1; n)/N(C2, D; n)}, where ¢ is defined by

1

(54) n :W .

We see from Figure 6 that if 7, is the first triple of one of the patterns A, B or
Cl1, with associated value E(n*), then 7, ,, is the first triple of the next pattern, with
associated value E(n* — 4). Similarly, if 7, is the first triple of one of the patterns C2
or D, then 7, ;¢ is the first triple of the next pattern, with associated value E(n* — 6).
Thus by Table 6 when we pass from a pattern A, B or Cl to_the next pattern, the num-
ber E(n*) is multiplied by (076'%)"! = Ql_l, say; and when we pass from a pattern
C2 or D to the next pattern, the number E(n*) is multiplied by (§1°9'2)~! = Q;I,
say.

We saw in the proof of Theorem 7 that if E(n*) is the value associated with the
first triple 7, in the first member of a sequence of patterns (each of which is A, B, C1,
C2 or D), then the sequence of patterns appears again as soon as we reach a triple 7,,
such that 7, is the first triple in a pattern and E(m*) is sufficiently close to E(n*).'
Now let p = p(n) = N(A, B, C1; n) and q = q(n) = N(C2, D; n). It follows from the
almost periodicity established in Theorem 7 that for infinitely many # we have

(5.5) Q117Q¢21 — 07p+10qe'2p+2q ~ 1.

Solving (5.5) for p/q gives

p.—10log 6 —21oglo"| _ ., _
7~ Tlog 6 2logle] S~ 793576549,

where ¢ is defined by (5.4). Thus ¢ is a limit point of {N(A, B, C1; n)/N(C2, D; n)},
and Lemma 8 is proved.
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