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An Error Estimate for the
Truncation Method for the Solution of
Parabolic Obstacle Variational Inequalities

By Alan E. Berger* and Richard S. Falk**

Abstract. A rate of convergence is obtained for a truncation method for the numer-

ical solution of a class of parabolic variational inequalities.

1. Introduction. The truncation method was originally developed for the nu-
merical solution of a free boundary problem modeling simultaneous diffusion and
absorption of a chemical within a substrate [2]. This free boundary problem and a
related free interface problem describing the potential in certain semiconductors have
been shown to be equivalent to obstacle variational inequalities [1], [7], which may
be solved using the truncation method [1]. Problems in fluid dynamics and elasto-
plastic behavior of materials have been formulated in terms of more general variational
inequalities in [4].

The truncation method is a “fixed domain” method, in that it replaces geo-
metrical front tracking (which can become quite complicated in two or three space
dimensions) by simple algebraic operations. We will develop an error estimate for a
special case of the truncation method for the numerical solution of parabolic obstacle
variational inequalities (Theorem 1 below). The rate of convergence corresponds to
that found by numerical experiments in [1] and [2]. This will be done by consider-
ing the truncation method procedure as a perturbation (due to quadrature errors) of
an L? projection type scheme (as presented for example in [9]) for which an error
estimate has been obtained [8].

We first present the method under consideration, show how it can be considered
as a perturbation of a scheme involving L2 projection, and then state and prove the
convergence result.

2. The Parabolic Variational Inequality and the Truncation Method. Let  be
a smooth convex domain in R? (or R!) with boundary T'. We define (v, w) = [quwdz
for v, w € L2(Q), and a(v, w) = [ Vv + Vwdz for v, w € H}(Q). Let ¢ € C*(Q),
with ¥ <O on T, and let f, f, € C([0, T] x ). Define

K={ve Hé (Q)/v = ¢ a.e. (almost everywhere) in £},
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and let u° be given in K N W2(2). The variational inequality to be considered is to
find u(p, t) such that

(1a) u(p,) €K fort >0,
(Ib)  (u,v-uw)+a(u,v-u)>(f,v—u) foralv€EK,almost all >0,
(1¢) u(p, 0) = u®(p) forp € Q.

From [3], for any fixed T > 0, (1) has a unique solution, and u(-, ) — K is con-
tinuous, u, € L2(0, T, Hy(2)), and

Oiut%T(IIu(‘, t)llﬁz(m + (e, t)"L“(m) < oo,

The general truncation method for (1) is [1]: given approximate solution values
U™ at time t”, one uses any appropriate numerical method to obtain the solution
Untl gt pntl of

(2a) u,=V2u+f inQ,
(2b) u=0 onT,
(2¢) uC-, "y = Un,

Then U”*! at a mesh point P of the numerical scheme being used is defined to be
?3) Unt1(P) = max(y (P), U"*1(P)).

We will consider the situation when (2) is solved using the finite element method
with continuous piecewise linear basis functions, explicit time discretization, and
“lumping” of the mass matrix. We now give some notation. Let £, be a triangulated
polygonal region inscribed in £ (with maximum mesh length 4 which is assumed to be
bounded by some constant C,), and let P, ..., P, be the vertices lying inside 2.
The piecewise linear basis function o is 1 at node P]-, 0 at the other vertices, and ex-
tended by O outside £2,. We define S, = {E]'.”=1Vj<pj/Vj €R'} and

4) K,={VES,/V®)=YP),j=1,...,m}

Since £ has been assumed to be convex, §, C Hé (£2). We will use the convention
that if V' = Z/Z, V;i;, then V can refer to either the element of S, or the column
vector (V,, ..., V,,) as the context indicates. The mass matrix M is M,-]- = (¢; cpj),
the stiffness matrix S is S;; = a(y;, ¢;), and the load vector Fj" is (goj, f(, nAt)). The

lumped mass matrix L is obtained by computing [ q¥;¢;dz by the quadrature rules
b
[ gdx ~ 0 - D)@ +g@)/2 (in RY);

J;bcgdz ~ (g(a) + g(b) + g(c)) area (abc)/3 (in R?).

Then letting I be the m x m identity matrix, the specific truncation method for
which we will obtain a rate of convergence is
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(5a) U+l = (1 — AtL7YS)U™ + AtL™F™, and
(Sb) [Jjn+l = max((’jjn-f-l’ lI/(P]))

3. The Truncation Method as a Perturbation of an L? Projection Scheme. The
L? projection type method that we will consider (5) to be a perturbation of is (de-
noting its approximate solution vector by W)

(6a) Wntl = (I = AtMTIS)W" + AtMTLF™,

(6b) wntl = [2(Q) projection of W+ ! into K,.

However, (as discussed in [9]) (6b) is equivalent to

(7) (wntl, pntl - pntly >(Wn+1, yntl —yntly forall Y7 €K,
and so W"*! € K, is given by

(8) (wn+l — Wn, Vn+1 _ Wn+1)/Al' + a(wn, Vn+1 _ Wn+l)
>(fr, yrtl —wntly forall V! €K,

For any V, W € S, we define the lumped L? inner product

) VW) = VILW, V2 =(V, V)

and note that

(10) V., W = (V, W)+ q(V, W) for V,WES,,

where g is the quadrature error. Analogous to (6)—(8), the truncation method (5) is
precisely: find U”*! in K, such that
(Un+1 i Vn+1 _ U"+1)*/At + a(Un, Vn+1 — Un+1)

(11)
> (7, yntl —untly forall VPt €K,

This follows using the definition of U1 to rewrite (11) as
(12) (U"+l, yn+l _ Un+1)* > (ﬁn+1’ yntl _ Un+l)* for all ynt! eKh'

Since L is a diagonal matrix whose diagonal entries are positive, (12) gives (5b). But (11)
has the form of (8) with the perturbation g"+1 = g(U"*1 — U™, y*+1 - yntly/Ar
added to the left side. Since an analysis of (8) is available [8], [6] (actually with
W™, £ replaced by W”t 1, f7*1 in (8)—but this is not a major change), we are led
to a line of attack on (11).

4. An Error Estimate for the Truncation Method. Before stating the result, we
need one more bit of technical notation, regarding how rapidly the interface between
where u = { and u > { shifts about. Fix T > 0, and let At = T/N for some positive
integer NV (we assume At < C)). Asin [8], we let Q7 () = {p € Q/u(p, 1) > ¥(p)}.
For t € (t", t"*1]; let A, (¢) be defined to be the symmetric difference of Q*(¢**1)
and Q7 (¢), and let §,() be the Lebesgue measure of A, (f). Let §(¢) = §,,(¢) when
te@", "], n=0,1,...,N—1. We will assume that §(t) < C,At ae. in [0, T]

- for some constant C,. This is generally more restrictive than the assumption in (81,
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thus permitting a more optimistic error estimate. Making the same assumption as [8]
gives the same rate of convergence as in [8]. We let a denote the size of the smallest
angle occurring in a triangular mesh and for any function g we let g% = (g, 2), llgll?
= a(g, g). For our proof we also need to assume that « is independent of 4 and that
the ratio of the smallest mesh length to the largest mesh length is bounded above by

some constant ¢ > 0, which gives the inverse property

(13) | VI? <Dh2|V> for VES, (D is a constant depending only on « and o).
h

This is easy to verify on any element of the mesh, and hence (13) follows by summing
over the elements. Similarly, one observes that there are positive numbers C;y and C,
(independent of £ and the mesh) such that

(14) CIVE S|V <CyIVE for VES,.

We have

THEOREM 1. In addition to the previous hypotheses, assume that the stability
condition At < h?/64D is satisfied, and pick U° in K, so that ||u® — U°|| = O(h).
Let € be a fixed number in (0, %]. Then for u the solution of (1), U the truncation
method approximate solution (5), and Z = u — U,

N-1 N
E= max |Z'?+ Y |12 -Z"* + Y |IZMP - At
(15) n=1,....N n=0 n=1
<C- €2 APT2 + Cn2.

We are using C to denote a generic constant independent of At, h, € but which may
depend on Q, u, f,T,a,0,C,C,. If 2 C R, the epsilons can be omitted; and so
the estimate becomes E < CAt? + Ch?.

We will outline the logic in a sequence of lemmas, and then give the proofs. The
€ terms in (15) come from the necessity of estimating the terms

(16) Pt =ultl — @t —umy/At.

It is here that smoothness additional to the general a priori estimates seems to be re-
quired, otherwise there may be a CA¢ term on the right side of (15) [8]. Following
the same kind of analysis and lengthy algebra as in [6], [8], and using results in [5],
one obtains

LEMMA 1.

N-1
(17) E<SC-e? A2+ 2 +C Y 1g" Ay
=0

n=

and if Q C R, the epsilons can be omitted.
Thus, we must estimate the g”. We need only consider the quadrature error on
elements V, W of S, and letting (V' W), be the piecewise linear interpolate of VW,

av,wy= [ (vw-wy,) dz

and so by approximation theory,



PARABOLIC OBSTACLE VARIATIONAL INEQUALITIES 623
LEMMA 2.
(18) lq(V, W) < D,R?\|VIIIWIl, where D, depends only on a.

Thus from (17), we must consider

19 E, =CA Nf ntll < CA Nz—lhl grtl - o
= < t -

We first deal with ||((U?*! — U™)/At|l. Using (5), (13), (14), the hypothesis that u°
€ H?(Q), the choice of U° to be such that [[u® — U°|| < Ch, and the stability con-
dition on At, one has

LEMMA 3.

H ”Vn+l _ Un+l||.

N-1
(20) Ar Y (U™ —un/An? < C
n=0

Returning to (19) and using the arithmetic-geometric mean inequality ab < a*/2p
+ pb?%/2, and (a + b)? <24* +2b% fora, b, p = 0:

N-1 AtN—l )
Ey SCAt 3 WA UM —UMIP + 70 3 I - Un R,
n=0 n=0

which by (13) and Lemma 3 gives
2 AN _ynte
E <Ch +77 ZOIIV I

n=

2n
AVl AN
2 2l n+1 _ , n+12 2t n+1y2
< Ch* + > E % u 1< + ) n§=0||Z 1.

n=0

Now (17) and (21) show that

N—-1
EC- 6—2 . A[2—2€ + C7’l2 + At E “Vn+l _un+l”2

n=0
and so Theorem 1 follows by choosing (as will be done in demonstrating Lemma 1)
yn+1 guch that ||V — 1| < Ch.

Proof of Lemma 1. We henceforth take u, to be 9%u/dt (the right-hand deriv-
ative). Then by [3], Eq. (1b) is valid for every ¢t > 0. From (1b), (16), and (11) we
have

(un+1 —u" + At - p", vn+l _ u"+l)/At

+a(un+l,vn+l _un+1) + (Un+l -yn Vn+1 _ Un+1)/Al'
(22)

+a(U"+1, Vn+l — Un+l) +qn+1 +pn+1

>(f"+l,v"+l _un+1) + (fn+l, Vn+1 _ Un+l)

for allv"*! €K, V"*! €K, where
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pn+1 — a(Un_ Un+1 Vn+1 _ Un+1)
(23)

+ (fn+l _fn’ Vn+1 _ U"+l).

Now (22) (with ¢"*1 + p"*! omitted) is (formally) the situation analyzed in [6] and
[8], so we will follow the analysis there as closely as possible. By direct algebraic
verification (noting that a(v, w) is symmetric), one has that (22) is equivalent to

{Izn+1|2 _ (Zn+l’ Zn)}/At + ”Zn+1”2
ga(un+1’ vn+l — Un+l)_(fn+l vn+l _ Un+1)

+a(Un+1, Vn+l _un+!)
(24)
_(fn+l Vn+1 _un+1)+(pn vn+1 _un+1)

+ (lln+1 _un,vn+l _ Un+1)/At+ (Un+l _ Un, Vn+1 —u’”’l)/At

+qn+1 +pn+l‘

We let A denote the bounded linear operator from H?(§2) into L2(£2) satisfying the
integration by parts relation

25) aw, g) = (Aw,g) forw € HX(Q),g € Hl(Q).
Then operating separately on each side, (24) is equivalent to

(IZn+l|2 _ |Zn|2 + |Zn+1 _Zn|2)/2Al+ ||2n+l”2

<(un+l +Aun+1 _fn+1 vn+1_Un+1 +Vn+1_un+1)
t b
(26)

+ ll(Zn+1 un+l _ Vn+1)_(pn Z"+1)—(p", Vn+l _un+l)

+ (Zn+1 _Zn’un+l _ Vn+1)/A[+qn+l +pn+l‘

We now choose ¥"*! € K, to be the approximation to »"*! used in [8] (in the
notation of [8], V"1 = [S,@"*! = ¥)]; + ¥, where S, is a smoothing function
which keeps nonnegative functions nonnegative), so

|V"+l—u"+1|<Ch2 and ||V"+l—u"+1||<Ch.

By Lemma 4 of [5], we may take v"*1(p) = max(U"1(p), ¥(p)) for p € Q, and

have v"*! € K with [v"*! — U"*1| <D,h? (D, depending only on ¢ and a). We

also recall (e.g. [10]) that for some constant D5 depending only on £, lw? <D3||w||2

for w € H(Q). " N N
Multiplying (26) by 2A¢ and summing fromn =0, ..., N foreach 0 <N

< N — 1, we easily establish that
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E—-2|2°2
N-1
< 4A¢ Z {l(u;z+l +Aun+1 _fn+1, vn+l _ Un+1 + Vn+l _ un+l)|

n=0

(27) + |ll(Zn+1, un+l —_ Vn+1)| + |(pn,Zn+l)|

+ I(Pn, Vn+l _un+1)| + |(Zn+1 _Zn, un+1 _ Vn+l)/At|

g

Applying the approximation results and the arithmetic-geometric mean inequality, the
first two terms on the right side of (27) can be bounded by Ch? and Ch? +
AtENZL1Z7 1216, respectively.

The next two expressions can be bounded by

N-—1 N-1 N-—-1
At 3 UIZ"HNP/16 + CAE Y sup |(p", w2 + CAr Y |p" IR

n=0 n=0 llwi=1 n=0
The expression
N-1
4 Z |(Zn+l —Zn, un+1 _ Vn+l)|
n=0
is shown in [8] to be bounded by
N
Ch* +1ZN12/8 + At 3 1Z71%/8.
n=1

From the definition of p”*! and the arithmetic-geometric mean inequality we obtain
Ip" 1 < 320 U" - UPFL2/9 + 9|yt — ynt12/)28

Ot — 2 g pntt U"+1|2/128D3

< 64D 2|U™ = Yn 4yt - yntlz g
+ OV = VP2 4 oyt — 2
+ 51120 2/32 + |t - g

<128Dh721Z7% Y — Z"2/9 + Ch™2 | - VP2
+ Ot — L2 4ot — )2
+ Cllu” —un T2 4 |yt - ynt 12

+ 5”2n+1“2/32 + len+l _fn|2.
Thus, using the stability condition on At¢,
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N-1 N-1 N
4At Y |p"tH <8 3 1Z7tY - Z71/9 + Ch* 4+ 5Ar 3 IZ71%/8

n=0 n=0 n=1

FCAP A, 2y "ut"zz(o,T,H(l) an’

The further estimation of the terms involving p” follows the method of analysis
in [8]. The only (small) difference involves the use of our hypothesis on & (¢) for
which the following lemma is convenient.

LEMMA 4. Let HE L®(Q), w € H; (), S a (Lebesgue) measurable subset of
Q, 0 = measure (S). Let € be in (0, %:]. Then for some constant D, depending only
on Q,

7= [ H@wWE) dz <D AN o 0wl

Proof. From [10], if ¢ = €71, then w € L9(Q) and llwIILq(m <D4e'"lllw||.
Let p=¢q/(q —1). ThenJ < ”H”LP(S)
the case  C R, the result holds with the epsilons omitted, since then H(} ©Q)C
o).

Using Lemma 4 with § = A, (¢) within the analysis in [8] results in

||W||L ) and the result quickly follows. In

R noa2 2 -2 (Te2 '
At Y sup I WIF < CAR + e [ 8272<(rydr.

n=0 lwl=1

Finally, we observe that |p"| < C since

tn+1
pt = ft @t - u@) (A ds

and u, € L=(0, T, L= (£2)). Combining all these results and recalling the hypothesis
8(r) < C,At ae. in [0, T] completes the proof of Lemma 1.

Proof of Lemma 2. From approximation theory (e.g. [11]) on each triangle (or
interval) e;,

By

)

Www-vw),ll . <D/h* max
TL=ep 7 pp,=2

L%(ep

where D_l is a constant depending only on « (and reference to y is to be omitted in 1
space dimension). Since V and W are linear functions on e;, this implies that

Li[(VW)I—(VW)] dz| < 2D,h? fei(lele + VWl + IV, W, + [V, W, [)dz

and so summing over the elements yields the result.
Proof of Lemma 3. Equation (5a) gives (U! — U°, V), /At + a(U°, V) =
fo V) forve S, from which, using (14), (25), and (13), there results



PARABOLIC OBSTACLE VARIATIONAL INEQUALITIES 627

(Tt - U%/Atl, < sup 1a(UC, V)| ++/Cy 10l
|V|L=1

<VC, WD E WO = UO + 14u] + 1 £O)).

By hypothesis, uf € H*(Q), and |lu® — U°|| < Ch, so by noting, from (5b), that
Ut = U°, <|U! - U°|,, one has [U' - U°|, < DAt for some sufficiently large
D,. Now using Egs. (26) and (27) of [1], along with (13) shows that when At <
2hn*/D,

(28) U - ALYV, <V, for VES,.

By (5b)

|Un+l _ UnIL < lﬁn+l _ ﬁnlL.
Thus by (52) and (28),
(29) |U"+1 — UnlL < IUn — Un—llL + AtlL—l(Fn _Fn——l)lL.

Now using the mean value theorem, and recalling that Fj'l = (¢ FC, nAt)), it follows
easily that IFI-'l —Fj"—ll <D5hkAt forj=1,...,m,where k =1in R,k =2 in
R?, and D depends only on f,. Also, m is bounded by three times the number of
elements which is bounded by D6h"k (where D¢ depends only on a, g, and the length
or area of ©). Since L™! is a diagonal matrix whose elements are bounded above by
D7h—k (D, depending only on « and 0), one then obtains

(30) ALY (F" — F" Y|, <DgAR,

where Dg = D¢+/D¢D,. Using (29) and (30), we have (by induction);
|Un*tY — Um|, <DyAt + nDgAP,

and then (14) completes the proof.
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