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Recurrence Formula of the
Taylor Series Expansion Coefficients
of the Jacobian Elliptic Functions

By Alois Schett

Abstract. A general recurrence formula permitting calculation of the Taylor series
expansion coefficients of the Jacobian elliptic functions and the number of permuta-
tions of n natural numbers with a given run up or peak is given and its application

is demonstrated.

In [1] we studied properties of the Taylor series expansion coefficients 4,
comprising those of the Jacobian elliptic functions and tabulated them up to n = 15.
Further tabulations of these coefficients for n = 16 to n = 50 are published in [2].
In the present paper we are giving a recurrence formula for the coefficients 4,,.

We recapitulate briefly for later use the properties of 4, studied in [1]:

1. A, are triangle matrices with (n,,,, + 2)/2 or (1,44 + 1)/2 columns and

even
TOWS.

2. 4, =A%

3. The sum of the elements of 4 is equal to n!.

4. The sum of the elements of a row i of 4, is the number of permutations of
n natural numbers with i — 1 runs up.

5. The sum of the elements iy of A4, with i +j constant > m (m maximal
rows) is the number of permutations of » natural numbers with k =n— (G +j)— 1
peaks.

6. Fornevenandi+j=(n+2)2+1,(q;), =(4;,;),4,- Fornodd
%, (n+1)/2 = %, (n+3)/2°

7. @piayja(ntay2 = 0 fOr meven. ag, .1y (niry2 = 27=1 for n odd.

8. The elements (a; ;),,, i +/ = (n+2)/2+1,and (ai,(n”)p)n (n even)
are the Taylor series expansion coefficients of the Jacobian elliptic functions sn(u, k)
and cn(u, k), dn(u, k), respectively.

The formal recurrence formula for 4, reads 4, , , = T,4,. We have to find
T, and to define its application on 4,. By means of mathematical induction we
obtained the following results.

T, are triangle matrices with the elements

(ti’].;l, L2 ti’j;3)n =n=-2G-1),3+2G-1)—-n+2i,n+2-2i),
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(tjs10 Lijsar i j33) =(0,0,0), fori+j<n/2+1,n evenand
i+j<@®m-1)2+1,no0dd,

iij=1,2,3,...,n/2 forneven and (n — 1)/2 for n odd.

The symmetry
(ti,i;l’ ti,i;2’ ti,i;3) = ([f,i;3’ tj,i;2’ t]',i;l)
and the relation

+t +t =n+5

lijin Tl T s
are valid.

Applying (#; .1, & s> ti'].;3)n on (a, ), according to the relation
@1 =@y G gy Y8 Y4 o153

and using the properties 2. and 6. of 4, mentioned above permits calculation of
the elements of 4, ;.
Examples. We illustrate these formulas on #n even and n odd.

Ay =TeAg,
0 0 0 1 0,0,0, 0,0,0 2
0 0 135 44 T T 3,6
A, = . T,=1000 43,4 2,54 )],
0 135328 16 6,3,2 4,572 2.7.2
1 44 16 0

(@y4)7 =(ay 3" 11 350 Tay 4 1130 T a1 41 3,36
=135-24+44-34+1-6 =408,

(@34)7=0(a33 13,0 Y034 " ly3 T4 153,36
=328-24+16-5+44-4=912,

(a4 4)7=(a53 " 133,10 Tas4 1335 T a34 1333)6
=16:-24+0-7+16-2 = 64,

(@33);=(a3, "ty 0, Ta33 1o Ty 3 1 53)6
=135-4 4+ 328 -3 + 135 - 4 = 2064.

According to property 6 we obtain a4y 4 = 1,4, 3 = 135,and since 4,, is symmetric
all elements of A, are known.

Ag =T,4,,
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0 0 o0 1
0 0 135 408 0,0,0 0,0,0 3,2,7
A7= T7= 0,0,0 5,2,5 3,4,5 ],
0 135 2064 912
7,2,3 5,4,3 3,6,3
1 408 912 64

(@, 4)g =@y 3"ty 3; Yaya ti 30041 330
=135-3+4+408-2+1-7=1228,

(@34) =(@33 13, Ya34 3 Y ay4 1533
=2064 -3+ 912 -4+ 408 - 5 = 11880,

(@4)s =(@43 133, Y34 133, T34 1333);
=912:-34+64-6+912 -3 = 5856,

(@33)s =35 "ty T 33 100 T35 1 5:3);

=135-5+2064 -2 + 135 - 5 = 5478.

Using the properties 6. and 2. of 4,,, we obtain the remaining elements of Ag.

0 0 0 0 1
0 0 0 1228 408
Ag=1 0 0 5478 11880 912
0 1228 11880 5856 64
1 408 912 64 0

In conclusion, the present recurrence formula permits calculation of the Taylor series
expansion coefficients of the Jacobian elliptic functions and the number of permuta-

tions of »n natural numbers with a given run up or peak.
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