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On the Convergence of Difference Approximations
to Nonlinear Contraction Semigroups
in Hilbert Spaces

By Olavi Nevanlinna*

Abstract. Convergence properties of the difference schemes

k k

—1 —
) h ,-20“1"‘”1' + i__Z_ioﬁiAun+]- =0, n >0,
for evolution equations -
du(t A
® 9O | gupy=0, t>0; u(0) = uy€ DA)
dt

are studied. Here A is a nonlinear, maximally monotone operator in a real Hilbert
space. It is shown, in particular, that if the scheme (S) is consistent and stable for
the test equation x' = Ax for A € C — K, where K is a compact subset of the right
half-plane, then (S) is convergent as 2 | 0, with suitable initial values, for (E), on
compact intervals [0, T}. Moreover, the convergence is uniform on the half-axis

t > 0, if the solution u(f) tends strongly to a constant as t — «. We also show
that under weaker stability conditions one can construct conditionally convergent
methods.

Introduction. We study the approximation of nonlinear contraction semigroups
by means of linear multistep methods. In an earlier paper [12] we derived bounds
for the accumulated errors in terms of the local (truncation) errors. If the solutions
are continuously differentiable, then the local errors are small enough for the error
bounds to imply the convergence as the step length tends to zero, uniformly on com-
pact time intervals.

Here we study the convergence without assuming smoothness of the solutions.
In order to show the convergence on compact time intervals we replace the operator
by its Yosida approximation. Since the Yosida approximation is Lipschitz-continuous,
the solutions are in C! and our difference methods yield convergent approximations.
The main task then is to bound the difference between the solutions of the original
and approximated difference equations.

For one special method, namely the implicit Euler method, the convergence on
compact time intervals is well known, stating that the semigroup S(¢) is obtained from
the generator —A4 by the product formula

-n —
S(t)x = lim (I + %A) x for all x € D(A),
n—oo
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see [1], [2]. Difficulties in generalizing this result to other methods are hidden in
the fact that the contractiveness is generally not preserved under discretization. In
Hilbert spaces we still have enough contraction-like behavior to proceed (see Theorem
1 below), but in Banach spaces the only results we know are for the implicit Euler
method, see, e.g. [4], [9], [13].

Under some conditions S(f)x tends strongly to a limit as  — o, see [3]. We
show that our approximations then converge not only on compact time intervals but
uniformly on the half-axis ¢ = 0.

We also demonstrate that our class of methods cannot substantially be enlarged,
and give a convergence rate for problems with initial values inside the domain of the
operator A.

We finally show that all stable multistep methods which are not weakly stable
can be used to build conditionally convergent methods, where one approximates the
nonlinear operator by its Yosida approximation and relates the growth of the Lip-
schitz constant to the decrease of the step length.

2. Results. Let H be a real Hilbert space and A a generally nonlinear single-
valued operator D(A4) C H — H. The operator 4 is said to be monotone if

1) (u—v, Au —Av) >0 for all u, v € D(4),

and maximally monotone if additionally R(/ + 4) = H. By the solution of the ini-
tial value problem

@) dl;—(tt)+Au(t)=0, t>0, u(0)=u, €DA)

we shall mean the unique continuous function u: ¢t — S(f)u,, where S(¢) denotes the
contraction semigroup generated by —A4, see [1]. The initial value problem is ap-
proximated using linear multistep methods (p, 0):

() W lpEW! + oEYUE =0, n=0, ub, ..., ull_ €DA) given.

In (3) E denotes the translation operator Ey,, = y,,, ;, h > 0 is the step length and p
and o are polynomials

k . k .
@ p@) = 2 aff, o) =2 B¢
j=0 j=0

with real coefficients and with no common divisor.
We first give a result concerning the solutions of (3).
Consider

) W 'p(E), + o(E)Au, =r1,,,, n=0,

and
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(6) B p(EXu, —v,) + o EXAu, —Av,) =f,... n>0.

THEOREM 1. Suppose that the method (p, o) satisfies

) p(1)=0, p'Q) = a(1),

®) Re2()>0 forig1>1,

©) o) #0 on|¢ =1.

If A is maximally monotone, then for any given {r,} C H and {ug, ..., u,_,} C

D(A) there exists a unique {u,} C D(A) satisfying (5). Moreover, there exists a con-
stant C, depending only on the method (p, 0) such that for {u,, —v,} satisfying (6)
we have, for all n = k,

n
(10)  |u, —v,I<C omax, [l = vl + hldu; — Ay]] + h];k Iy O
This result is included in Theorems 2.1 and 3.1 of [12]. We first observe that
if we can show convergence for some special initial values uf)’, ey “2-1 in the ab-

sence of round-off errors (r,, = 0), then the general case can be obtained from (10).

THEOREM 2. Assume that (7), (8) and (9) hold. Let A be maximally mono-
tone and u the solution of (2). Set u} = (I + hA) 'uy forj=0,...,k -1, and
let {uﬁ} satisfy (3). Then, for all T < oo,

(11) sup  |u(nh) —ufl‘l—>0 ash—0. O
0<n<Th~1

The proof of Theorem 2 will give us the following additional result.

COROLLARY 1. If, in addition to the assumptions of Theorem 2, u, € D(4),
then for all T < oo, h < o0

(12) sup  |u(nh) — ult] < ClAugl{h + TV2RY/2 + [T + TV/2| 113y,
o<sn<T/h

with C depending only on the method (p, ¢). O

For the implicit Euler method (“Rothe method”), applied to a class of nonlin-
ear initial boundary value problems Kacur [8] has obtained a convergence order
O(h'/?). Recall that if the solutions are in C! , then Theorem 1 implies the conver-
gence order O(h).

The next example shows that the assumption uy € D(A) in Corollary 1 is es-
sential for getting the convergence order O(h'/3). Let H = R and put Au = —u'~S
for u>0and s > 1. Then u(f) = s'/5t/S is the solution of u' + Au = 0 with u(0)
= 0. But the implicit Euler method,

h_l(un+1 —u,) (un+1)l_s =0,
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with the exact initial value u, = 0 yields u, = h'/s. Hence |u(h) — ul = (CRAE ) /A
for the exact initjal value, and for the one of Theorem 2, ug =+ hA) 1o = nlls,
we have |u(0) — ul| = h'/S.

THEOREM 3. If in addition to the assumptions of Theorem 2

(13) u(t) —c ast—> oo,

then

(14) suplu(nh)—uﬁl —0 ash—0. O
n=0

It is shown in [3] that if 4 = 9y and ¢(—u) = ¢(u) for all u then (13) holds.
Another sufficient condition is that 0 € R(dy) and the set {u € H| |u| < M, o(u) < M}
is compact for all M < oo [1, p. 90]. Finally, note that if 4 — o/ is monotone for
some « > 0, then u(¢) tends exponentially to the unique solution of 0 = Aec.

Consider the assumptions on (p, 0). The (algebraic) consistency conditions (7)
are certainly necessary for the convergence (11). We shall now demonstrate that also
the assumption (8) is necessary. Methods satisfying (8) are called A-stable [5]. If
(8) does not hold, then there exists a ¢ € C with Re ¢ < 0 such that the equation

p) —qo(¥) =0

has at least one solution ¢ = § satisfying || > 1. Hence, the difference equation
p(E)m, = Nho(E)n,,

has, for Ai = g and for initial values n; = gx,j=0,...,k— 1, the solution Ny =

g"x. Let I? be the (complex) Hilbert space of sequences x = ("), 0, With x* € C
and (x, y) = 2,5 (»*x", and let A be the operator mapping (x*) to (A,x"). Then
the solutions of

W p(E)x, = o(E)Ax,,

satisfy
p(E)xh, = kX, 0o(E)xh.

Put x, = (™) with & > 2 and choose A, = qu. Then Ax, € 1 and hence X €
D(A). Now choose a sequence h,, tending to zero by setting h, = w1, Then, for
all n

e,y = lx, loo > £ X4,
—1

Th —
But,as b, — 0, £ # Ixk] = (1&1T)*u™ — o and therefore,

IIXTh L —x(Mlly = ashy, {0.



THE CONVERGENCE OF DIFFERENCE APPROXIMATIONS 325

The assumption (9), on the contrary, seems to be a technical one. A practical
method excluded by (9) is the trapezoidal rule

(15) Rl —uy Fs@ul +Au)=0, n>o0.

THEOREM 4. Let A be maximally monotone and u the solution of (2). Set
up = (I + hA/2) uy, then for all h > 0 a unique {ul} C D(A) exists satisfying (15),
and for all T < oo (11) holds. Moreover, we have (14) whenever (13) holds. O

It is natural to ask whether we could relax (9) by approximating the unbounded
operator A by a Lipschitz-continuous operator and obtain conditionally convergent
methods. In order to state a result of this type we introduce some notation. If 4 is
maximally monotone, then the operator

L=+, a>o0,
is a contraction defined for all x € H; and therefore, the operator
A4, = )\_I(I—J}\)

referred to as the Yosida approximation of A, is Lipschitz-continuous. We shall also
need the concept of stability region of a method (p, 0) which is defined to be the set
S of complex numbers g for which the characteristic polynomial p(¢) — qo(¢) satisfies
the root condition, i.e. its roots satisfy [{,| < 1 and those of modulus one are simple.
Our stability assumption on the method (p, o) is

(16) there exists ¥ > 0 such that {z €C||z +r| <r} CS.

It can be shown that (16) holds for all stable methods (p, o) which are not “weakly
stable” (defined in terms of the growth parameters; G. Dahlquist, personal communi-
cation).

We shall approximate the solution of (2) by the scheme

(17 K p(EWY , + o(E)A\uh , =0, n>0.

Note that since 4, is Lipschitz-continuous with the constant 1/A, (17) has a unique
solution {u’{’n} C H, whenever h/\ is small enough, for all given {u’{ 0> ...,uﬁ k1)
CH.

THEOREM 5. Suppose that the method (p, o) satisfies (7) and (16). Let A be
maximally monotone and u the solution of (2), with u, € D(A). Set uf’f = u, for
j=0,...,k—1,and suppose {uﬁ'n} satisfies (17). Assume that for a given ¢ > 0,
we have N2 = ch. Then there exist constants Ao = Ao(p,0,¢)>0and C=
Ap, 0, T, ¢) such that if X € (0, No), then

(18) sup |u(nh) — uf | < ClAugl {(A) + X172}, O
0sn<T/h

We finally point out that (16) cannot be replaced by just assuming that p is
stable, that is 0 € S. Consider the “leap-frog” method (p, 6) = (¢ — 1, 2¢) for which
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S is the open interval (=i, 7). This method can be used as a basis for conditionally
stable schemes for some linear hyperbolic equations. Let H be the real Hilbert space
1% of square summable sequences (x"‘),J>0 and let A be the linear operator (x*) —
(ax*) with o > 1. Hence A, is the operator (x*) — (a*(1 + At TIxM). Tt s
easily seen that there exist initial values x,, x,, depending on A and % but uniformly
bounded, such that IIxT/hII2 —> o gs A, h — 0.

3. Proof of Theorem 2. We first show that if the Theorem 2 is true for all
u, € D(A), the general case will follow. Assume, therefore, that u, € D(A) and fix
€ > 0. Pick a vy € D(A) so that |uy —vy| <e. Then due to the contraction prop-
erty of the solutions, we have

(19) lu(®) —v(@®)| < luy — vyl <e fort>0.

For qu’, - vﬁl we get from Theorem 1

(20) luft — oI < C{lul — V81 + hlAul — 481} forn>0,h>0.

(C will denote a constant which is independent on n, A, X, T but not necessarily the
same at each occurrence.)

We recall some well-known properties of the resolvent J, = (/ + A\A4) ™! and the
Yosida approximation 4, = (1/\)(J —J,), of a maximally monotone operator 4:

(i) l4,x| * |4x| and A,x — Ax for x €D(A) as A | 0,

(i) |A,x| 1 o for x € D(A) as X\ | 0,

(iii) A,x = AJ,x for allx € H, X\ > 0.
Since J,, is a contraction for A > 0, 4, is (maximally monotone, and) Lipschitz-con-
tinuous with constant 1/A.

Using (iii), we get

hIAu'(’) —Avgl = hIAJhu0 —A.Ihvol =hlAdyuy — Auvel < lug — vyl <e.
Substituting this into (20) yields
1) luf — | <2Ce foralln>0,h>0.
Suppose now that Theorem 2 holds for all vy, € D(4) so that
sup  |v(nh) — vﬁl —0 ash!O.
0<n<T/h
Fix h so that

lu(nh) — | <e for0<h <hy0<n<T/h

Then, for 0 < h < Ay,
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sup  |u(nh) — ul|
0<n<T/h

< |u(nh) — v(nh)| + lv(nk) — B+ [ —ul| <e+ e+ 2Ce,

which completes the reduction.

From now on we assume that u, € D(4). We intend to use the known con-
vergence for Lipschitz-continuous problems. The latter is well known; it also follows
easily from (10), with u,, = uﬁ, v, = u(nh), and with {q,} = {T’,’l} representing the
local discretization errors which are sufficiently small because solutions to Lipschitz-
continuous problems are continuously differentiable. In fact, replace 4 by 4, and
denote the solutions of the differential and the difference equation by u, (¢) and uﬁ,n,
respectively. Then {T’i' o7 is defined by

(22) Wt p(Euy (nh) + o(E)Ayuy(nh) = 7%, forn=>0,h, X >0.

Using the mean-value theorem and the fact that |4,u, (¢)| < |4,u,(0)| (see Theorem
3.1 in [1]), we have

23) 7 | < CNMA,u, O)),

with C depending only on (p, 0). We shall put u,(0) = u, and u',t,j = ug forj =
0, ...,k — 1. Then (10) gives us

n
Q9 Juy(h) - ul 1 < Cllug —ubl + hldyug — Ayugl + hj};klr'{,,.l .
But |ug — ugl = lug —Jyuol = hlAu,yl and hlA,u, —Akugl < 2h|Augl, so that (23)
and (24) yield
(25) luy (k) = uf | < C{1 + (TN} Auglh, 0<n<T/h
For |u(t) — u,(#)| the following bound is given in [1, p. 56]:

(26) lu(?) = u, (O < AN 2DIAugINV (D), >0,

In order to obtain the convergence of uﬁ we also need a bound for Iu’,’, - u’;\ ol We
start with the equation

@7 W p(EYul — ulf ) + o(E)Aup — A\uf ) =0, n>0.

Define u’{,n = uﬁ = ug for n < 0, and denote —Auﬁ + Ax“};\,n =z . Then we have

n
foralln e Z
(28) K p(E)ady — Uy ) = P,

with p,, = 0 for n <0 and p,, = o(E)z,, for n > 0.
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By assumption (9), o(¢) ~!p(¢) is analytic in some neighborhood of the unit cir-
cle and has an expansion o({) *p({) ~ vy + ¥, ¢ ! + 1,8 7F + - withy = {7,} €
I'. Hence, (28) implies

n
(29) W2 Y @l —ult ) =w, forn>0,
j=0

where w,, is obtained by solving

o(E)w, = o(E)z, forn=0,
w,=0 for n <0,
o(Eyw, =0 for n < 0.

Hence, w,, = z,, + r,, where
— _ 4,k K
z, = —Au, +A>\u>\’n
and
Ir,| < Cr" max |z].| with some r < 1,
0<j<k

so that

3 17l < ClAuf — Ayug| < 2C1 Augl.
0

Multiplying (29) by h(uﬁ - u’}’\’n) and summing yields
Xf(n_n < h_ . h
2 |t~ 2 Yny ] — 3 )
n=0 j=0
N oon_on h h S
=—p Zo(un Uy Aty — AUy )+ h Zo(un - u';\,n, r,).
n= n=

It is shown in the proof of Theorem 3.1 in [12], that the left-hand side of (30) can
be bounded from below by Squ‘v - uﬁ’ N|2, with § > 0 depending only on the method
(p, 0). We shall consider the right-hand side of (30). Putv, = u’(’) and use (10). For
n<Th™! we then get .

n
luf |, ~ ull < Ch 3° |14,upl < CT|Aul,
=k

where we also used (i) and (iii). Similarly, we get the uniform boundedness for {uﬁ}.
Hence,
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3D h Z @k —uk . r,) < CTlAugl®n, N<Th'.
To bound the first term in the right-hand side of (30) write J,x = x — N4, x. Since

A is monotone, we have (4J,x — Ay, J,x — y) = 0; and using also A,x = AJ,x, we
get

(32) (,x — Ay, x =) > NAxI* - Ndy, 4,x) > —%‘ |Ay|2.
Hence,

& h o n h ?\ X h
(33) hzo:(un —u ., Auy = Ayl ) > 5k Z |Ault|?.

We show that

(34) |[A4uf| < ClAugyl, n>0,nh>0.
Apply (10) with u, = u” and v, = uﬁﬂ. Then

(35) bt —ull < C{ult — ul| + hlAuf — Aufl}  for all n >0,
Suppose we normalize: o, = 1 and put 8, = . Then uz is given by

def
(36) up + hp, Ault = ulh — h(o(1) - Bk)Auﬁ = h

From A-stability (8) it follows that § > 0. Hence,

up = Jp 0"
Thus, using (i)—(iii), and writing J,x —x = A\, x,
luf = ull <1, 0" =+ W —ugl

< hBlA " + hlo(1) — Bl 1Auj]
< hBlA, " = Ay gugl + hBlA, gl + hlo(1) = Bl1A,u,]
< P —ugl + R[28 + 1o(1)]] [ Aug
< |ulh = ugl + hlo(1) = Bl1Aug| + R[28 + [o(1)I]1Au,]
< h{l + 38 + 2la(1)[} |[Auy| = ClAugylh.

From (36) we then also obtain hg, |Auft| < ClAuglh. Substituting these into (35)
gives

|“n+1 -u" < < ClAuglh
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and, hence,
lp(EYus| < ClAuglh  for all n > 0.
This give us
37 lo(E)Aul| < ClAu,| for alln > 0.

But (8) and (9) imply that the roots of o({) lie strictly inside the unit circle and,
therefore, (37) implies (34). Summarizing (30), (31), (33) and (34) we have

N
Blulty — ut 12 < CTlAugl?h + 33 14ut 2
’ 0
< CT\Augl*(h + N, N <T/h;

and since § > 0,
(38) lult —uf | < ClAuglV/ [T(h + V],  0<n<T/h;h, \>0.
Combining (25), (26) and (38) we thus have

lu(nh) — uli| < lu(nh) — uy(nh)| + |uy(nh) = uf | + 1uf , — ul]

% < ClAu VTN + b+ Th\ + /[T + N},

which then implies (11) and completes the proof. Corollary 1 follows if in (39) we
substitute #2/3 for A = A(h).

4. Proof of Theorem 3. We shall assume that u, € D(A). The general case
follows as in the proof of Theorem 2, since the bounds (19) and (21) are independent
of T.

Let ¢ €4 710 be such that u(f) — ¢ (strongly) as  — . Put v, = ¢ for all
n=0andu, = uﬁ +n- Then Theorem 1 gives us

ho_ noo_ h
(40) lup —cl <C omax, lup ;= cl + hlAuy 11y forn =N

Together with (34) this gives
41 Iuﬁ -l <C021?§kluf’v+]-—c| + ChlAuyl for n > N.
Fix € > 0 and take T < o 50 that

42) lu@t) —cl<e fort=T.

Choose hy < 1/k such that, by Theorem 2,

(43) lu(nh) — ul| < e for nh < T+ 2 for h < hy.
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Put N = [T/h] + 1. For mh > T we then have
lu(mh) — ul,| < |u(mh) — c| + lc —ul |

<e+ C max |uf. ;- cl+ ChlAu,|.
0<j<klN+] ! o]

But using (42) and (43), we get

lufy 4 ;= el <y ;= u(@ + D)+ u(@ + Hh) = cl < 2¢;
and hence,
(44) lu(mh) — u” | < (2C + 1)e + ChlAu,l, mh>T;

and the conclusion follows.

5. Proof of Theorem 4. For the trapezoidal rule we do not have a bound of
the form (10); but we shall overcome this difficulty by considering a closely related
method, the implicit midpoint rule

at, . + ot

—1,A N u
(45) L A ﬁ)+A<£L2—”>=0 for n > 0.

Existence and uniqueness of a solution {ii"} is obtained as follows: Write (45) in the
form

46) v, + 2y, =,

with @ given and v, (= %(ﬁﬁﬂ + ﬁﬁ)) unknown. But then v, =J}, , ﬁﬁ € D(A)
and the process may be continued. Further,

~h ~h
—Unta " U h
Unt1 " Vn "—n‘—2——n'= —E(Avn+l + Avy,)

so that {v,} satisfies (15) with the initial value v, = J, /2 ﬁg € D(A). On the other
hand, (15) has a unique solution {¢"} C D(4) for all ug € D(A) since

i, = h/2<“ﬁ +’2-'Au';>eD(A) for all n > 0.

Hence we have reduced our problem to showing that, with ﬁg =,

sup  u(nh) -] —0 ash i 0;
0<n<T/h
and that if (13) holds, then

sup lu(nh) =% — 0 ash 0.
n20
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Convergence for
= (4h ~h
U, = (“n+l + un)/2

will follow since u(z) is uniformly continuous on compact sets [0, T'] and, assuming
(13), on the half line ¢t = 0.
For notational simplicity, consider the solutions {x,}, {y,} of the equations

+
(47) W e,y —x,)+ A<%) =0,

_ Ynt1 Y Vn\
49) W Oy =) +A<—2—>- 0.

Forming the difference of (47) and (48), multiplying it by %(x,,,, ~ ¥+, — %, + ¥,),
and using the monotonicity of A yields

(49) |xn+1 _yn+l|<|xn _ynl, n>0.

Applying (49) with y, = x| gives

xn+l +xn

Denote by x, ,, the solution of (47) with A replaced by A, and Xyo0=X
plying

(50)

SHMxy = xgl = 14, %] < |Ax,.

o- Multi-

A<xn+ 12+ xn> _Ax<xx,n+12+ x}\,n> z =0

by Yoix, 1 = Xp 41 T X, —X, ), We get, using (32), and (50),

Xn+1 " Xan+1  Xn + Xan +h

%, = x5 »| < |4xglv/(Mh)  for n >0,
that is,

(51) ik — @} | < |Auglv/(Anh) for n=>0;\ h > 0.

Since the implicit midpoint rule is a convergent method (for Lipschitz-continuous
problems on compact intervals [0, T']) the proof of the reduced problem can now be
completed as in the earlier chapters, using (51), and (49) or

~h ~h ~h ~h
(52) Iun+1 - vn+1| < lun - vnl

in place of (38) and (10).

Remark. The implicit midpoint rule is the one-leg method associated with the
trapezoidal rule, [6]. A generalization of Theorem 4 to all G-stable [6] methods is
straightforward but since the trapezoidal rule is the only practically important method
which does not satisfy (9) we do not want to introduce the machinery needed.
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However, if the conjecture that A-stability implies G-stability (see [7]) is correct, then
some parts of the proof of Theorem 2 could be simplified. The analogue of Theorem
1 for G-stable one-leg methods has been given in [11], with a more direct proof than
in [10].

6. Proof of Theorem 5. Put @ = —1/r, where r is given by (16). Assume that
(I + ahA,) 7" is Lipschitz-continuous with constant L = L(X, h) < and that
A\ + ahA }\)—1 — o/ is maximally monotone with & = a(X, ) > —o. Then we ob-
tain, using line (3.23) in [12], that for C, b > 0 depending only on (p, 0),

luft , = uy(nh)] < CL(N, B)(1 = |a(X, h)|hb) (1 +T)/2k
(53) T/h
AR I+ max [lug — uy(h)| + hldyug — Ayu, ()]
=k " 0<j<k

From (23) we obtain |7} ,| < C(h/N\)|Au,| and, therefore,

T/h
h Zk 173 ol < CT1Aug| (k) N).
n=

Since |4 }\u}\(t)l is nonincreasing in ¢, we also have
- in)| + hlAsu, — A,u, ()|
021].3<Xk [|U0 u}\(] ) | AHo A )\(/ )]
< (k= DhrlAyugl + hlAdugl + hlAyugl < (k + DhlAugl.

Thus, (53) is of the form

hT

(54) lur@h) —u 1 < CLOL B) {1 = (), B)Ibh} = D20 g |3k + <=

Since 4, is Lipschitz-continuous with constant 1/X, we have L(X, h) < (1 - lalh/N) 7!
— 1 if h/A — 0. To estimate a(X, &) from below, put x = (I + ah4,) 'u and
y = (I +ah4,)"'v. Then

(A\(I + ah4,)'u— A,(I + ahA)) "o, u — v)
= (Ax — A\, x —y) + ah(A,x — A, A,x -4,)

> ahlA\x — 4,12 = @/N\?)|x — p|2 = ah(L(\, BN - vl?,

so that

la( N, B)I < |a|h<]1()>\\’—}l)>2 < lalfe

if X | 0 with A% > ch; and we conclude that {1 —|a(A, )bk} ~(1/2W+T) remaing
bounded for A small, A < A, say.
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Summarizing (54) and (26), we have for nh < T,
lu(nh) — uﬁ’n| < lu(nh) — u, (nh)| + |uy (nh) - u'{,n|

< C(\g, DlAugl {\* + h + r/2\},

which completes the proof.
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