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Tabulation of Constants for
Full Grade [, Approximants

By V. Zakian and M. J. Edwards

Abstract. For f: [0, ®) — R the Iy, approximant of f(?) is

o0 N —(y .
Iynth 1) = fo a0 S Ke Fax,

i=1

where @y, Ki are defined constants. Under appropriate conditions on f, IMN approxi-
mants of full grade are capable of giving good approximation both for small and large
t. These and other properties of full grade ;5 approximants make them particularly
useful in a wide range of practical applications. The constants a, Ki of full grade IMN
approximants are generated by partial fraction decompositions of certain Padé approxi-
mants to e 2. The purpose of this paper is firstly to tabulate the constants aj, Ki for
all full grade IMN approximants for 1 < N < 10; secondly, to give accurate estimates
of their precision; and thirdly, to describe the methods of tabulation and estimation in
sufficient detail to allow the results of this paper to be extended readily.

1. Introduction and Review. Let F' denote the linear space of functions f:
[0, ) — R such that f is continuous on [0,%) and such that, for some real o, f()\)
= 0(e°M), A —> . Let Iy n(f, t) denote the improper integral

) N
(1.1 Iun(f, ) =Jo GO S K ¥ d, (€T,

=1
where T is the set of all # € [0,°°) such that the improper integral converges to a
finite limit. I, (f, ?) is said to be the /,,, approximant of f evaluated at .

Let Iy, f denote the function ¢ +> I, ,(f, ) which maps T into R and let I,
denote the operator [+ I, nf which maps F into some set of functions. Ideally, it
is required that 7,;, be equal to the identity operator /: F —> F in which case
Iy, ) = f(t) for all f € F and all £ > 0. Since this is not possible, it is instead
required to choose the constants a;, K; so that I, is, in some sense, the best approx-
imant to I. Several criteria of best approximation have been defined [14], [19] and
to each criterion there corresponds one set of constants a;, K;. One particular cri-
terion defines the class of full grade /,;, approximants [18], [19] which have remark
able properties in certain applications.

Let

(1.2) Q= min { Re(a;)}.
1
For the purpose of this paper it is convenient to define [19], [22] the class
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of full grade approximants as all those / M such that the constants a;, K; satisfy the
relations

N oK Ayn(2)
(13) Z7ta By’

N
k=0

M+N N-k K
and &y, > 0.

The existence of numbers a;, K; that satisfy (1.3) has been established [19].
Notice that the rational function 4 ,;(2)/By,p(2) is the (M/N) Padé approximant of
e *. Clearly, given that the a;, K; satisfy (1.3), the I, approximant has full grade
if, and only if, &MN > 0. This condition is known to hold for all (M, N) such that
N-4<M<N-1[8]. For other values of (M, N) it is easy to test whether gy >
0. A table of such results is given in [19] for all (M, N) such that 0 S M < N < 20;
moreover, for all (M, N) such that 0 S M <N < 10, oy > 0 if, and only if, the
corresponding entry in Tables 1—3 of this paper lies above the “staircase”.

An extensive study of the properties of Iy, approximants in general, and of
full grade approximants in particular, has been made [18], [19]. The main results
relating to full grade approximants are summarized in the following theorem; it should
be noted that many of these results hold only if oy > 0.

Let T, = {t: &y, > 0,,t, t > 0} where 0, = inf{o: fFFIN) = O(e), A — o,
k=0,1,...,n}

THEOREM 1.1 [18], [19].(a) Let fEF. Then Iyn(f, ) exists for all t € T,
In particular, if f is such that f(\) = O(e°), A —> o, for all 0 > 0, then I\ (f, 1)
exists for all t > 0.

(b) Let f € F. Then I \f is analytic in T, o — 10}

(c) Let f € F be bounded on [0, «). Then I unS is bounded and continuous on
[0, °°). This means that the operator I MmN maps the space of bounded and continuous
functions into itself.

(d) Let f be a polynomial of degree not greater than M + N. Then

Iyn( O =f(t) forallt>o0.
(e) Let fEFand 6, <0. Then

Ly ) =0 N2yt — o

(1.5)
FO —Lyp(, D=0 VM) oo

(f) Let fEF. Assume f is bounded on [0, ) and lim,_, . f(¢) exists. Then
lim Iy, (f, £) = lim £(2).
t—> o0 t—> o0
(g) Let fEF. Then
lim Iy, (f, 1) = I\ (f; 0) = £(0).
0+
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(h) Let fEF. Assume that there is a T > 0 such that FMHN) s continuous on
[0, 7], fMAN+D) oxists everywhere in (0, 7) and is bounded on (0, 7). Then

(1.6) [ —Iyn( =0T+, t— 0+
G) Let f®O €Ffork=0,1,...,M+ N, and let fM+N*1) pe continuous
on [0,). Lett € Ty, . Then
MEN gk
Iyn( 0 = kgo PRALOREING)
- N KMANEL
RMN(t)=f0 f(M+N+1)(xt) i e U dx

=1 aM+N+1
- ]
G) Let f€F k=0,1,... M+N+1. Then

Ryn@® = OVt — 0+

These properties are important in the approximation of a function on the entire
halfline [0, «). In particular, (1.5) ensures good accuracy for large ¢ while (1.6) en-
sures good accuracy for small ¢#. By changing M, a tradeoff is effected between accu-
racy at large ¢ and accuracy at small ¢.

Let L(f, s) denote the Laplace transform of f evaluated at s, that is

LG s =, o fVe M an,

From (1.1) it follows readily that

(1.7) Iy O = t“éV:KiL(f, a/t), t€T-{0}
i=1

Equation (1.7) provides a useful quadrature formula for the numerical inversion
of Laplace transforms.

A brief review of applications of full grade I;;,; approximants communicated up
to the year 1973 is included in [19]. It is sufficient to mention here that the approx-
imants give rise to efficient recursive techniques for the solution of initial value prob-
lems in first-order linear constant ordinary differential equations [15], [16], [19] and
the numerical inversion of rational Laplace transforms [17]. More recently, the re-
cursions have been extended to cover first-order linear differential-algebraic systems
[20] and high-order linear differential and differential-algebraic systems [23]. With
the recursive methods, small values of N may be used; in practice, the values N = 4
and NV = 6 are found to give sufficient accuracy. This is significant because, with
single-precision arithmetic (10 figures), values of N not greater than 10 generally must
be used in order to avoid excessive roundoff errors due to cancellation. For an impor-
tant class of problems, including, for example, diffusion problems, the function fis
sufficiently smooth on [0, =) for the formula (1.7) to be applied in a global fashion tc
invert the Laplace transform L(f, s) at a number of values of ¢ [19]. It is found in
this case that sufficient accuracy is attained with N = 10. Further practical applicatior
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of both recursive and global techniques have been reported recently [1], [2], [13].
The inversion formula (1.7) has also been obtained as an approximation to the
Bromwich integral

1@y = 5= Jo LAE, ade da,
where C is any line Re(a) = 04t + €, € > 0. Two approaches have been used:

(i) Gaussian quadrature [9], [10], [12], [4], [5], [6]. The formula (1.7)
is a Gaussian quadrature of the Bromwich integral for all (M, N) such that M =N — 1.
The o; are obtained as the reciprocal of the zeros of orthogonal Bessel polynomials,
while the K; can be expressed in terms of the Christoffel numbers. It has been shown
[19] that the inversion formula so obtained corresponds to the full grade Iyy_; y
approximant.

(ii) Approximation of the term e® in the Bromwich integral by its Padé approx-
imant expressed in partial fractions [11]. The connection with I, approximants is
easy to show.

These alternative approaches have yet to reveal properties of I, approximants
such as those listed in Theorem 1.1.

Previous tabulations of the constants a;, K; include the following: Salzer gives
the o; and K; for M = N — 1, N = 1(1)8 to between 4 and 8 significant figures [9]
and for M =N — 1, N = 1(1)16 to between 12 and 15 significant figures [10].
Stroud and Secrest [12] give the o; and K;/a; for M = N — 1, N = 2(1)24 to 30 sig-
nificant figures (computations performed using 39-decimal arithmetic). Krylov and
Skoblya [4] give the o; and K;/a; for M = N — 1, N = 1(1)15 to 20 significant fig-
ures (computations performed in triple-precision arithmetic on a MINSK2 computer).
Rodrigues [7] gives the ; and K; to between 6 and 10 significant figures for (M, N)
= (5, 10) and (3, 10). Notice that for (M, N) = (3, 10) the I, approximant does
not have full grade since a,,, <O0.

The purpose of this paper is threefold.

(i) To tabulate the constants oy, K; for all full grade /,,,, approximants such
that N = 1(1)10.

(ii) To give accurate estimates of their precision. These estimates are based on
tests applied separately to each constant, in contrast with methods used by other
authors involving the evaluation of a function, whose value is known, of all the con-
stants in each set.

(iii) To describe the methods of tabulation and estimation in sufficient detail
to allow the results of this paper to be extended readily.

A more detailed account of the methods of computation and estimation, to-
gether with the results of a comparison of several methods of computation, are given
in [21].

2. Method of Computation. The constants tabulated were computed on a
DEC PDP-10 computer using 15-decimal floating arithmetic.
Let
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M N
Ayn@ = X a 2%, By = 3 bz*
k=0 k=0

The coefficients a;, b, are determined readily from the recurrence relations

Qey1 —-(M - k) _ N
o ~MIN-BE+D 0L ML
brir N-k r— o1 No1

b, M+N-kNk+1)°

witha, = by = 1.

Clearly, the —a; are the zeros of the polynomial By;p(z). These are determined
using successive quadratic factorization performed by Bairstow iteration. The round-
off error generated by this process may be reduced by a transformation of the form
z = ¢s, where ¢ is a positive constant. Numerical tests show that the best accuracy is
obtained when c is chosen so as to minimize the coefficient spread of the transformed
polynomial, that is ¢ = by N,
The K; are given by

A (-
2.1 K =—72 ) .
DTG iy — ;)

Alternative expressions for K; follow readily from (2.1) and the relations

N (_1)N+1IaM|bN(YM+N
by I (-¢) =B () and Ayy(-a)= D —,
j=1;j#i Byn(Ga)

where the superscript (1) denotes the first derivative.

Of four formulae thus obtained, (2.1) is found generally to give rise to the
least error in K; due both to errors in the @; and to roundoff in the evaluation of
the formula (see [21]).

3. Assessment of Accuracy. The number of significant figures of agreement
between two floating point numbers a, b is defined as follows:
Let
10P71 <) < 10°, 10971 < bl <109, ol < |bl.

Then a and b are said to agree to k significant figures if, and only if, .5 x
1077571 < |p—a| < .5 x 1097%,

3.1. Accuracy of the o;. Let o +6a,i=1,2,...,N, denote the computed
values of the a;. Then there exists a polynomial Z¥_ (b, + €,)z* such that
Ao D¥(by + e +8a)f =0,i=1,2,...,N. The coefficients b, + €

are readily computed from the o; + 6a;; 8q; is given by

(.1) Sa; = ZizotkC 0"

;= TtE =12, N,
=N kb (— )
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TABLE 1

Accuracy of oy mini{n,-} where n; is an estimate of the number of
significant figures of agreement between computed and exact values of loyl.

N \ o 1 2 3 4 5 6 7 8 9
1|15
2115 15
3115 15 15

4114 15 15 15

5 15 15 14 14

6 15 14 14 14 14

7 14 14 12 14 13

8 -14 13 13 13 13

9 13 13 12 13 13

13
10 12 12 12 13 12 12

where E denotes an expression in the second and higher powers of €, , 8a; which may

be neglected when the €, are sufficiently small. Using computed values of the «;, an
estimate of 8q;, and therefore an estimate of number #; of significant figures of agree-
ment between the exact and computed values of |a;|, is obtained by means of (3.1).
The least value of n;, for each (M, N) such that 0 <M < N < 10, is shown in Table 1.

3.2. Accuracy of the K;. The error in the computed value of K; arises from two
sources:

(i) Inherited error §K; caused by errors 8a; in the computed values of the a.
From (2.1), the inherited error 8K; is given by

M~ 1)*ka af Sa, N Sa, - Sa,
11D 2 Ee B Z —_\+E i=1,2,...,N,

5K, = K,
S DFg el Y% = 4T

where E' denotes an expression in the second and higher powers of the §a; which is
neglected when the 8a; are sufficiently small. An estimate of 8K is obtained using
computed values of the ; and 8¢;.

(ii) Roundoff error R; generated in the evaluation of K; + 8K, from the com-
puted values of the a;. Using the method of forward error analysis (see, for example,
[3, pp. 15-25]), and regarding each complex operation as a pair of real operations,
an upper bound Ri on |R,| may be estimated.

An estimated upper bound on the total error in K; is then given by R, + 16K].
Using this quantity, an estimate may be made of a lower bound n; on the number of
significant figures of agreement between the exact and computed values of |K;|. The
least value of n; for each (M, N) such that 0 <M <N < 10 is shown in Table 2.
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Accuracy of K;: mini{ni},

TABLE 2

where n; is an estimated lower bound on the number

of significant figures of agreement between computed and exact values of |K;l.

NM ¢ 1 2 3 4 5 6 7 8 9

1) 15

2| 14 14

3113 13 13

41 13 13 13 13

5 13 13 12 13

6 12 13 12 12 12

7 12 13 11 12 12

8 12 12 12 12 12

9 12 12 12 12 11 11

10 '_—_1 11 12 11 11 11 11
TABLE 3

Error in c: max po=q (A — no), where ng is the number of significant figures
of agreement between ¢ and cO(A) and Q = {7, 8, 10, 12, 14, 15}.

NM0123456789
10

211 1

3j0 1 1

411 1 1 2

5 2 2 3 3

6 21 2 2 3

7 2 3 3 4 4

8 2 3 3 3 4

9 3 4 4 4 5 5
10 3 4 4 4 4 5

3.3. Estimate of Error in Computing I;n(f, 1). Tt is known [19] that an esti-
mate of the error generated by the quadrature inversion formula (1.7) is given by
computing the number ¢, where ¢, = Zf-vlei/ai and has the value 1 for all (M, N)
such that 0 <M < N. If ¢,(A) denotes the value of ¢, computed with A-decimal
floating arithmetic, then an estimate of the error is given by 1 —cy(4). Let n, de-
note the number of significant figures of agreement between 1 and ¢ (A).
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Let Q ={7, 8, 10, 12, 14, 15}. Table 3 gives the number

max (A —ng) for each (M, N) such that 0 <M <N < 10.
AEQ

For each of the values of A cited, and for almost all these (M, N) the number
A = n, is either equal to, or one less than, the maximum tabulated.

4. Conclusions. Using the tests of Section 3, it is found that the accuracy of
the constants attainable using 15-decimal floating arithmetic is sufficient for practical
use whenever N < 10. The constants tabulated are therefore applicable to a wide
range of problems. If arithmetic of higher precision is available, the method given
may be used readily to extend the tables so as to give constants of higher precision
and constants for N > 10. Moreover, the tests of Section 3 may again be applied to
assess the accuracy of the constants.

Acknowledgement. M. J. Edwards acknowledges receipt of a Science Research
Council Research Studentship during the period of the work reported in this paper.

Control Systems Centre
University of Manchester Institute of Science and Technology
Manchester M60 IQD, England

1. E. B. DALE & I. A. FURZER, ‘““An application of Zakian’s method to solve the dynamics
of a periodically cycled plate column,” Chem. Eng. Sci., v. 29, 1974, pp. 2378—2380.

2. M. J. EDWARDS, “Applications of Zakian’s ]MN and JMN approximants to the unsteady
state solution of the differential equations of a periodically-cycled plate column,” Chem. Eng. J.,
v. 15, 1977, pp. 119—125.

3. L. FOX & D. F. MAYERS, Computing Methods for Scientists and Engineers, Clarendon
Press, Oxford, 1968.

4. V.I. KRYLOV & N. S. SKOBLYA, Handbook of Numerical Inversion of Laplace Trans-
forms, Israel Program for Scientific Translations, Jerusalem, 1969.

5. Y. LUKE, The Special Functions and Their Approximations, Vol. 2, Academic Press,
New York, 1969.

6. R. PIESSENS, “On a numerical method for the calculation of transient responses,” J.
Franklin Inst., v. 292, 1971, pp. 57—64.

7. A.J. RODRIGUES, “Properties of constants for a quadrature formula to evaluate Brom-
wich’s integral,” J. Inst. Math. Appl., v. 18, 1976, pp. 49—56.

8. E. B. SAFF & R. S. VARGA, “On the zeros and poles of Padé approximants to ez,”
Numer. Math., v. 25, 1975, pp. 1—14.

9. H. E. SALZER, ‘“Orthogonal polynomials arising in the numerical evaluation of inverse
Laplace transforms,”” MTAC, v. 9, 1955, pp. 164—177.

10. H. E. SALZER, ‘““Additional formulas and tables for orthogonal polynomials originating
from inversion integrals,” J. Mathematical Phys., v. 40, 1961, pp. 72—86.

11. K. SINGHAL & J. VLACH, “Computation of time domain response by numerical in-
version of the Laplace transform,” J. Franklin Inst., v. 299, 1975, pp. 109—126.

12. A. H. STROUD & D. SECREST, Gaussian Quadrature Formulae, Prentice-Hall, Zngle-
wood Cliffs, N. J., 1966.

13. Y. WU, V. ZAKIAN & D. J. GRAVES, “Diffusion and reversible reaction in a sphere:
a numerical study using IMN approximants,” Chem. Eng. Sci., v. 31, 1976, pp. 153—162.

14. V. ZAKIAN, “Numerical inversion of Laplace transform,” Electron. Lett., v. 5, 1969,
pp. 120—121.

15. V. ZAKIAN, Solution of Ordinary Linear Differential Systems by Numerical Inversion
of Laplace Transforms, Control Systems Centre Report No. 132, University of Manchester Insti-
tute of Science and Technology, 1971.

16. V. ZAKIAN, “Solution of homogeneous ordinary linear differential systems by numeri-
cal inversion of Laplace transforms,” Electron. Lett., v. 7, 1971, pp. 546—548.



FULL GRADE Ip/x APPROXIMANTS 531

17. V. ZAKIAN & R. COLEMAN, “Numerical inversion of rational Laplace transforms,”
Electron Lett., v. 7, 1971, pp. 777—-778.

18. V. ZAKIAN, “Properties of IMN approximants,” in Padé Approximants and Their Appli-
cations (P. R. Graves-Morris, Editor), Academic Press, London, 1973.

19. V. ZAKIAN, “Properties of Iy nr and Jp,nr approximants and applications to numerical
inversion of Laplace transforms and initial value problems,’ J. Math. Anal. Appl., v. 50, 1975, pp.
191-222.

20. V. ZAKIAN, “Application of Jy 5 approximants to numerical initial value problems
in differential-algebraic systems,” J. Inst. Math. Appl., v. 15, 1975, pp. 267—272.

21. V. ZAKIAN & M. J. EDWARDS, Tabulation of Constants for Full Grade ]MN Approx-
imants, Control Systems Centre Report No. 312, University of Manchester Institute of Science
and Technology, 1976.

22. V. ZAKIAN & M. J. EDWARDS, Comments on Iy, and Jygnr Approximants, Control
Systems Centre Report No. 317, University of Manchester Institute of Science and Technology,
1976.

23. V. ZAKIAN & M. J. EDWARDS, Application of Jy;n Approximants to Initial-Value
Problemns in High-Order Linear Constant Differential and Differential-Algebraic Systems, Control
Systems Centre Report No. 318, University of Manchester Institute of Science and Technology,
1976.



