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Simultaneous Approximation
in Scales of Banach Spaces*

By James H. Bramble and Ridgway Scott

Abstract. The problem of verifying optimal approximation simultaneously in different
norms in a Banach scale is reduced to verification of optimal approximation in the highest
order norm. The basic tool used is the Banach space interpolation method developed by
Lions and Peetre. Applications are given to several problems arising in the theory of finite
element methods.

1. Introduction. In many papers concerning the mathematical analysis of finite
element methods, certain approximation properties are assumed. In particular, it is
often supposed that a given function may be approximated by a function in another
space and that this approximation is “optimal” simultaneously in different norms.
More precisely, let £ be a bounded domain in RY and H® = W5 (Q) the Sobolev
space of order s with norm [|+|| (cf. Lions and Magenes [9]). Let k and r be positive
integers with k <7, and let {S,: 0 </ <1} be a family of subspaces of H*. The
following hypothesis is often made (cf. Babuska [1], Baker [3], Bramble and Thomee
[6], Douglas and Dupont [8], Natterer [10], Nitsche and Schatz [11], Raviart [12],
and Schultz [13]):

A. There exists a constant C, such that, for u € H" and % € ]0, 1],

k.
inf ; 2 Wllu=xll; ¢ < Cyh"llull,.
Xesh j=s
Here, s is some integer (positive or negative) less than k. We show as a particular case
of our main result that, under mild restrictions on the boundary of 2, the above
statement is equivalent to the following:

B. There exists a constant Cp such that, foru €H" and h €]0, 1],

inf K¥|lu - xll, < Cghllull,.
xESh

More precisely, we show that assumption B implies A with s allowed to be arbitrary
(s < k) and C, depending only on Cp, r, and s; the implication A = B is obvious.

Another consequence of our theorem in the next section is a simultaneous
approximation version of the results of Babuska and Kellogg [2]: If B holds and if
u € H™ for some m satisfying k < m <r, then

k
inf Wlu—-xll: = o™
(1_1) el ]gs [ X”] ( )
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rather than just O(h™). These results have obvious generalizations to noninteger
Sobolev spaces as well, and the more general case is treated in Section 4. The integer
case was discussed here only for the purpose of exposition.

The following example indicates the nontriviality of the implication B = A. Let
u, denote the projection of u onto S, with respect to the H* inner product:

1.2 lu —uylly = inf |lu = xll;.
(1.2) e = &, k
Then u — u,, is orthogonal to S, and we have

llu = u,ll2 = @ —up, u—up), =~ uy,, wy,

where ( , ), denotes the inner product in H*¥. Now suppose that the support of u is
contained in a compact subset of Q. Integrating by parts and using the generalized
Schwarz inequality, we obtain

(1.3) llu — uh”l% < Ck”u - uh"s”u”2k—s’

where s is any real number not greater than k and ¢, depends on k. Thus

(1.4) N = uplly = llu = upll2/cillually g

and we conclude that the approximation rate for # — u,, in any Sobolev norm cannot
exceed double the original rate in H* for arbitrary u. Therefore, we see that the
element of S, for which the infimum is attained in B is in general not the same as

that in A. Note that this phenomena is not restricted to convergence in negative norms;
the above example shows in particular that the H? projection onto quadratic splines
does not have the optimal rate of approximation in L? = H°.

Using a duality argument, one can show that B = A provided that an inverse
assumption holds for the family S,. However, our proof below requires no inverse
assumption. Finally, we remark that Bramble and Schatz in [4] and [5] assume only
B in their treatment of the least squares approximation. Their proofs involve an in-
finite interation technique that is avoided here. Thus, the results of Baker [3] con-
cerning least squares, combined with the result here that B = A, lead to simplified
proofs for this method under the original assumption B.

2. Preliminaries: Banach Space Interpolation. Recall the real method of inter-
polation by Lions and Peetre (cf. Butzer and Berens [7]). Let B, and B, be Banach
spaces such that B, C B,, with the inclusion map continuous, and let |- |; denote the
norm in B;, i =0, 1. Letu € B and ¢ > 0, and define

2.1) K(u, t) = inf{lu —vly + tlvl:vEB}.

Then K(u, t) is a continuous, increasing function of ¢ for fixed u. (Here and below,
the words increasing and decreasing are used in the nonstrict sense, i.e., one means not
the other.) For real numbers 6 and p in the ranges 0 <9 <1 and 1 < p < oo, define

22) uly., =(Jo Kau 1)Pr?7=1ar)'?.
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With 6 as before (and p = o), define
(2.3) luly . =sup{K(u, t)r%: t>03}.
Then |+ Ia,p is a norm, and the associated Banach space is denoted by either B, p Of
[B,, Bi],, p- If A and g are other indices such that 0 < )\ < | and 1 < g < o, then
we say
<\ or
(2.4) 0. <Q 9=
=X and p>gq
If (8, p) < (A, q), the inclusions

(2.5) B, CB ,C B, , CB,

are valid together with the corresponding norm inequalities (continuous inclusions).
In particular,

(2.6) lulo,p <2 Iulo,q’
for all € ]0, 1] and all p, q € [1, =] (this is not the optimal constant, but it will

suffice). Further, interpolation inequalities hold: If (9, p) < (A, q), there is a con-
stant ¢ depending only on 6 and A such that

“EBe,q,

1~6 /N |, 16/A
2.7 Iule,p<"|“|o /Iul}\,q

for all u € Bx, e Finally, we make the convention that Ba, p = B, for all p when § =
0 or 1, and we extend the relation (2.4) by defining (0, p) < (8, q) < (1, r) for any
P, g, r €1, ] and any 4 € ]0, 1[. The above standard results can be found, e.g.,
in Butzer and Berens [7]. We now prove a result to be used to derive our main
theorem.

LEMMA. Letu € By and t > 0, and suppose v € B, is such that

lu—vl, + thl, <2K(u, 1).
Then, for any (0, p) such that u € By ,» we have

(2.8) lu —vl, , <3 luly .
If6€]0,1[and 1 <p <o (A, q) < (6, p), and u € B, , then

t 1
29  lu- vl}\'q <c [te_h (fo K(u, s)"s"ap“lds) /e + t"‘K(u, t)] ,
where ¢ depends only on 6 and \.
Proof. Our first claim is that, for all s > 0,
(2.10) K(u - v, s) < 3K(u, min{s, ¢ .
We have
Ku-vs)<lu- vl < 2K(u, 1)

by the definition of X and our choice of v, 50 (2.10) is proved for s > 7. For s <t,
we argue as follows: For all w € B,
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Ku-vs)<lu-v-w-v)l, +slw-vl,

< lu—wly +slwly + sl
Taking the infimum over w € B, and recalling the assumption on v, we have
K@u —v, s) < K(u, s) + 2sK(u, t)/t.
Because ' K(u, t) is a decreasing function of ¢ and s < ¢, we find
K@u — v, s) < 3K(u, s),
completing the proof of (2.10). We now prove the lemma.
First, since K(u, t) is an increasing function of ¢, (2.10) implies that K(u — v, 5) <
3K(u, s) for all s > 0, and hence (2.8) is immediate for 8§ € ]0, 1[. For the remaining
cases, simply observe that, for 8 = 0 or 1, K(u, £) <% lul, for all #> 0 and use the

assumption on v.
To prove (2.9), first assume that A < 6. Then
1

~lu — vl

1 1 oo
p g S -3—Iu —vlyy =3 fo K@ — v, s)s ™ 1ds

3
t )
< [, K@ s as + K@ o) [ s as

1/p ) , 1/p' 1
(fo s(@—Mp—1 ds> + XK(u, NN

N

<fot K(u, s)Ps0P1 ds)

t l/p , 1
<fo K(u, syPs~0pr~! ds) 0 - Np') VPP 4 S K@, )™,

where we used (2.6), (2.10), and Holder’s inequality. This proves (2.9) in this case.
When A = 6, the argument is similar:
1

=lu — vl

6 0.4

1
< - -
< 3|u v|0,p

t o 1/p
< (fo K(u, 5)Ps %P1 ds + K(u, 1)P fr §7op—1 ds)

. 1/p
< (fo K(u, s)Ps—0pP1 ds) + (0p) P t 70 K(u, o).

This completes the proof of the lemma.

3. Main Results.

THEOREM. Let 0 and p be fixed, 0 <0 <1lagnd 1 <p <o Let € > 0and let
S, be a subspace of By, P such that

3.1) inf{lu = x 1y, X €S} <e'lul, foralu€B,.
Then for any (A, q@) = (6, p) (with \ = 1 being allowed),
3.2) E(@) = inf{lu — xlg + € lu - Xlg,p' X €S} < cexlulk’q

forallu € B, ,» where ¢ depends only on 6 and \. Furthermore, if A <1 and q <
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e, and (3.1) holds for a family of subspaces {S,: 0 < e < €y}, then

. A _
(3.3) elllrg(E(u)/e ) =0.

Proof. Define a parameter § = sup{E(u): lul, = 1}. We will show that § <
ce, and this then proves (3.2) in the case A = 1. To begin with, note that § < = in
view of the containment relations (2.5). For any v € B,,

(3.9 Ew) < E(u —v) + E(v)
because of the triangle inequality. Thus
(3.5) Ew) < (lu—-vly + € lu—-vly ) +8lvl,

where we have used the fact that 0 = x € S, and the definition of §. Choose v € B,
such that

(3.6) lu —vly + 8l <2K(y, 8).
Then the lemma from the previous section implies that
3.7) E(u) < 2K(u, 8) + 3¢° lul, .

Recalling the definition of the interpolation norm for p = e and the norm inequality
(2.6), we have

(3.8) E() < 28°%luly o, +3€% luly , < 4% + ) luly .
This holds for any u € Bo, P’ and hence

E@) = inf E(u —x)
XES

€

<48 +€%) inf lu—xl
xESe

o)p.
Finally, invoking the assumption (3.1), we have
E(u) < 4% + %) lul,.
This implies that 8§ < 4(8° + €%)e'™9; and thus, the arithmetic-geometric mean in-
equality implies that § < ce as claimed (here ¢ depends only on 8).

As stated above, the fact that § < c e proves (3.2) in the case X = 1, and using
this estimate for § in (3.8) yields the case (A, q¢) = (8, p) as well. The general case
when A = @ then follows from the norm inequality (2.6). For the case § <A < 1,
we use (3.4) and the cases already derived: For any v € B,

3.9) E@) <E@ - v) +E@) <c(ellu - vle,p + elvl)).

Using the norm interpolation inequality (2.7) and the arithmetic-geometric mean in-
equality, we have

Ew) < (€0 lu — vll=0/ |y — p10/A + ¢lyl
(3.10) ) <l ° Aa 2

<c(lu-vly + etu - vly,q +ehl),

where ¢’ is a constant depending only on 6 and \. Now choose v € B, such that
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lu—vly + elvl, <2K(u, €). As above, we have

E(u) < c'(2K(u, €) + 36 luly )
< c'(2¢ luly . + 36 luly ) < 7c’ et lul, -

This completes the proof of (3.2).

We now prove (3.3). Note that (3.10) holds also in the case A = 0, since in this
case it follows directly from (3.9). Then with v chosen in (3.10) as in the lemma,
(2.9) implies that

Ew)<c" [(f; K(u, t)t a1 dt) Vagn 4 K(u, e)] ,
where ¢” depends only on 6 and A. Since £ 'K(u, t) is a decreasing function of ¢, it

follows that

- — 1 € AN 1/q
€ K(u, €) = € 'K(u, e)<(—lT)q fo +(1-N)a ldt>

1 € 1/q
< K, £)9t29 1 g¢ .
<(1 — Jo kw0
Therefore, for some constant ¢ depending only on 6 and A,
Ew) <cet (f; K(u, 3291 dt> 1a,

Thus (3.3) follows from the fact that this integral tends to zero as € 4 0.
COROLLARY. Suppose 6; € [0, 1[ and p; € [1, =] are such that (6;, p;) <
0,p)fori=1,...,I—-1. Define (6, p;) = (6, p). Then, under the conditions of

the theorem, the conclusions remain valid for E(u) defined by

2

1
E(u) = inf 3 Zee’lu ~xlg,p;t XES,

i=1

except that the constant ¢ depends on all the 9,’s as well.
Proof. From the norm interpolation inequality (2.7) and the arithmetic-geometric
mean inequality, it follows that

I
0i — 0 |y —
.Zle = xlp, p, Scllu=xlo + €% lu—xly ),

i=

where ¢ depends only on 6, ..., 6,. Hence the result is a direct consequence of
our estimate for the original E(u).

4. Applications. We now give the proof of the equivalence of 4 and B in the
introduction. To do so, we simply observe the well-known interpolation properties of
the Sobolev spaces (cf. Lions and Magenes [9, pp. 98—99]):

(4.1) [Hk, Hk+m] 0.2 ng-f-om'

Of course, (4.1) is not known for general £, so we make (possibly) a restriction on
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Q by assuming (4.1) to hold. It is valid for & = R¥ and any Q for which there
exists an extension map £ - RY preserving Sobolev classes, e.g., if 2 satisfies a cone
property. Given a family {S,: 0 <h <1} satisfying condition B with constant Cp,
let S, = S, with e = (Cg)"~/C"®n"=s. Define B, = H and B, = H', \ = 1,
and 0; =i/(r—s)and p; =2 fori=0,1,...,k —s Applying the corollary in the
last section, condition A follows (note that C; depends on the constants coming
from the isomorphisms (4.1) as well as Cp and the constant in the corollary). In
fact, we are not restricted to integer Sobolev spaces. The same arguments yield

I 3
(4.2) inf g 3 Killu—xl,, t < Ch™lull,
XE€Sy ( i=0 !
for any real numbers s, . . ., s; € [- oo, r[ provided B holds for r and & real num-

bers with r > k = max{s;: i =0,...,/}and m is any real number such that k¥ <
m <r. Further, if u € H™ for some such m that is less than r, then (cf. Babuska-
Kellogg [2])

4.3) lim ™™ inf % ZI; Bl - xll, % =0.
hio x€S8y, li=o !

In applying the corollary so far, we have always chosen the second interpolation
index equal to 2. It is frequently useful to have p = o in the corollary, with p; = 2
fori=0,...,I as before. In this case, the approximation result (4.3) is lost, but
an analog of (4.2) remains valid:

I .

(4.4) inf 3 Kllu = xlly, < CROTTOTO L ey

XESy i=0 ! 0,
For example, if u solves a second order elliptic boundary value problem with a right-
hand side that is discontinuous but piecewise smooth, then u € [H?, H3] 1/2,0 but
no better [14]. For such a function u, (4.4) implies

I r
inf 3 K"l - xll;, = 0(%/?);
XESy i=0 !

and this is the best possible approximation rate.

Since (4.2)—(4.4) hold for s; negative, we have a rather surprising result (cf.
Bramble and Schatz [4] and [5]), namely that an arbitrary order of approximation is
possible from S, in an appropriate negative norm. To see how this can be, consider
approximation by piecewise constant functions S, on a uniform mesh on (0, 1) of
size h = 1/(2M). Define x(u) € S,, by the requirement, for all @, b € R,

(j+2)h

Jm @ -w)@+bxydx =0, j=2i=0,...,M~1.

Note that x(u) has (possibly) different values in (ji, (F + 1)A) and (G + VA, (j + 2)h).
The existence and uniqueness of this projection follows from the invertibility of the

2 x 2 matrix whose (m, n)th entry is [ 813)_"1 Y x"1dx. We now show that x(u)

is simultaneously an optimal approximation in H® and H2. For any ¢ € H?, we
have
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o= x@odx = [ @-x@) - p)ax

Sllu=x@lliglle = llg < chllu = x@llyllell,,

where ¢ is a piecewise linear function approximating ¢ to second order on the coarser
mesh {0, 2/M, 4/M, . .., 1} of size 2h. Thus |lu — x@l_, < ch?|lu — x@)ll o, and
the simultaneous optimality of x(u) follows from its optimality in H®, which can be
proved by standard techniques. An optimal approximation in the — m norm can be
constructed by choosing

(+m)n m3l
ih K@) —w) 3 a;x'dx=0
i=0

for all a;.
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