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Some Interior Estimates for
Semidiscrete Galerkin Approximations
for Parabolic Equations

By Vidar Thomée
Abstract. Consider a solution u of the parabolic equation
us+ Au=f in Q X[0,T],

where A is a second order elliptic differential operator. Let {Sh; h small} denote a
family of finite element subspaces of HI(O.) which permits approximation of a smooth
function to order O(hr). Let 2, C £ and assume that uy: [0, T] — S, is an approxi-

mate solution which satisfies the semidiscrete interior equation

(up,p ) + AWy, 0 = (0 VX E SRR = {x €Sy, supp x C 2y},

where A( -, + ) denotes the bilinear form on HI(O.) associated with A. It is shown
that if the finite element spaces are based on uniform partitions in a specific sense
in QO, then difference quotients of uy may be used to approximate derivatives of u
in the interior of Qg to order O(n") provided certain weak global error estimates
for Uy — u to this order are available. This generalizes results proved for elliptic
problems by Nitsche and Schatz [9] and Bramble, Nitsche and Schatz [1].

1. Introduction. Let A be a second order elliptic differential operator in a
smooth domain  C R¥ and let u be a solution of

(1.1) Au=f in Q,

with some boundary condition on 9§2. Let {S,,; h small} denote a family of finite
element subspaces of H'(2) which permits approximation of a smooth function to

order O(h") in L, or L,,, say. Let £, C Q and assume that u, €S, is an approxi-
mate solution of (1.1) which satisfies the interior equation

Ay, x) =, X) VX ESH) = {x €Sy; supp x C Q1>

where A( - , - ) denotes the bilinear form on H*(£2) associated with the operator A.

It was then proved in Nitsche and Schatz [9], Bramble, Nitsche and Schatz [1] that
if the finite element spaces are based on uniform partitions in a specific sense in the
interior domain Q, then difference quotients of # may be used to approximate deriv-
atives of u in the interior of £, to order O(h"). More precisely, it was shown in [1]
that if Q, is a finite difference operator approximating D*(lal = m) with accuracy 7,
if Q, CC Q,; C Q, and if u is sufficiently smooth, then for each p,
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(2 10w = Doulg, S OVl yying 0, + Clu, ~ull_p g,

Ny = [N2] + 1.

Combined with known global error estimates for u,, this yields uniform interior esti-
mates for approximations to arbitrary derivatives. Here and below we denote for Q,
cQ,

by =1 lymeg y @d 1 gy =1 lgmeg ),

with m and £, suppressed when m = 0 or Q; = Q, respectively, and where for m >
0 with (-, ) the inner product in L, (),

ul 9
Ulg-meq,y = sup T———— -

The purpose of the present paper is to derive similar results for thesolution u
of a parabolic equation (u, = du/d¢)

(1.3) u,+Au=f in Qx[0,T],

and an approximate solution u,: [0, T] — S, satisfying the semidiscrete interior
equation

(Un,p X) + Ay, X) = (,X) VX € Sp(Qp).

These results are stated and proved in Section 4. Our first main result (Theorem 4.1
below) shows that similarly to (1.2) above, if the initial-values satisfy, with Ao( -, )
some elliptic bilinear form on H'(Q),

Ao(uh(O) -u(0),x) =0 Vxe S;?(Qo),

then for ¢ € [0, T], and with e, = u;, —u,
(14) |Qhuh(t) - Dau(t)|92 < C{NWBu) + R(eh) 1,

where B(u) depends on a number of derivatives of u in Q, x [0, #] and R(e,) con-
sists of weak norms on this set of the error; with p, ¢ arbitrary numbers,

1
R(e) = lley(Ol_p o, + ( L Clenli? + hque,,,,n?)dr) :

In our second main result (Theorem 4.2) we show that if we are content with an esti-
mate for time bounded away from zero, then an error estimate analogous to (1.4)
holds, with B(u) and R(e;,) now only depending on u and e, over a short interval
preceding ¢ and without any restriction on the initial-values. The first of these two
results may be thought of as interior in space only whereas the second is then interior
with respect to both space and time. In the same way as for the elliptic problem
quoted above, these estimates may be combined with known estimates for e, to

yield spatially interior uniform O(4") bounds for Q,u, — D*u. Several such error esti-
mates are available in the literature, cf. e.g. [3], [5], [6], [7], [10], [11], and further
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estimates, specially tailored to the present situation, are derived in Section 5 below.

An estimate for Q,u, — D*u of the type just described was obtained in Bramble,
Schatz, Thomée and Wahlbin [2] as a part of a rather general theory treating the
homogeneous case (f = 0) of the equation (1.3) under Dirichlet boundary conditions,
with A4 selfadjoint, nonnegative and time-independent.

This particular estimate was derived using the corresponding known estimates in
the elliptic case quoted above, by considering u,, as an approximate solution of a non-
homogeneous elliptic problem with u, as a right-hand side, first trading difference
quotients in space for time derivatives and then applying global error estimates for
time derivatives. These global estimates were obtained by a method using spectral
representations and allowing for considerable generality in treating the approximation
of the boundary conditions. We shall review the framework of these estimates in
Section 5 below. The constant in the resulting O(h") estimate for Q,u, — D*u here
behaves like a negative power of 7 and the estimate, therefore, is not valid uniformly
for small ¢ Also, since it uses global error estimates in space for the time derivatives,
restrictive regularity assumptions have to be imposed on the solution which are global
in space. The technique of estimating Q,u, — D*u in terms of time derivatives of
ey, generalizes to the nonhomogeneous equation as stated in Theorem 4.3.

Besides being valid for the nonhomogeneous equation the error estimates of the
present paper differ from the corresponding ones of [2] in that they require severe
regularity assumptions only in a neighborhood of the domain over which the error is
sought, and one of the estimates is uniform down to ¢t = 0. They will be derived by
the energy method, using the parabolic character directly rather than considering u,
as an inhomogeneity in an elliptic equation. This method of proof will allow us to
treat without complications operators which are nonselfadjoint and which depend on
time. The major step is to derive a spatially interior estimate for the semidiscrete
parabolic equation corresponding to the following estimate for the continuous problem,
namely

Y%
O, < O, + (S8, g, + s ) b

This result will be shown in Section 3 below. One of the tools in deriving it is a
super-approximation result for the approximating spaces which is based on the fol-
lowing super-approximation property assumed in [1] and [9]: for w € C°(2,),

(1.5) inf  llwU=xl; o, <ChlUIl g, YUES,.
xESg(ﬂl)
The result we shall need (Lemma 2.4 below) is essentially that if P H 1(Ql) -~ S,

denotes the elliptic projection over £, with respect to A( -, + ), without boundary
conditions, then

(16) inf ”.P(OJU) - X“l,ﬂl < Ch”U“Ql.
xESh(SZl)

Notice that the norm on the right in (1.6) is weaker than that in (1.5).
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As indicated above, Section 5 is devoted to deriving, within the framework of
the nonhomogeneous analogue of the theory developed in [2] the global O(h") esti-

mates needed for appraising to this order the terms in e, in the results of Section 4.
The first such result, Theorem 5.1, corresponding to the situation of Theorem 4.1,
estimates the term R(e,,) in (1.4) with u,,(0) chosen as the elliptic projection of #(0)
and under certain regularity assumptions on « in £, x [0, ¢]. In Theorem 5.2 we
then show, using the results of [2] that if, as in Theorem 4.2, we are content with
error estimates for ¢ bounded away from zero, then those regularity assumptions only
have to be made for the time immediately preceding ¢£. We shall also see that in this
case we have considerable freedom in the choice of the discrete initial-values. For
completeness we finally deduce in Theorem 5.3 the global estimates for the time
derivatives of the error needed to generalize the argument of [2] to the nonhomogene-
ous equation for time bounded away from zero. Again, this method uses more than
necessary regularity, globally in space.

Throughout this paper C will denote different positive constants, independent of
h, t and the functions involved.

2. Interior Approximation Properties and Elliptic Estimates. In this section we
shall first briefly recall the local regularity assumptions on the finite element spaces
S, employed in Nitsche and Schatz [9] and Bramble, Nitsche and Schatz [1], and re-
view some of the interior estimates of these papers which will be needed below. We
shall then introduce a local elliptic projection which when applied to the exact solu-
tion of the parabolic problem will be shown in Section 4, as a major step towards
our final results, to yield a function in S, close to the semidiscrete solution. We shall
finally show a super-approximation result for the local elliptic projection of a localiza-
tion of a function in S,,.

We begin with the assumptions on {S,} and postulate first that for some interior
subdomain Q,, of £, the functions in S, are piecewise polynomials on a uniform

partition. In order to make this more precise, let Q,, . . . , 0, be disjoint bounded
domains in RY such that their translates Q]’.’ = Qj +vj=1,...,1,v€ZVN,are dis-
joint and their closures cover RYN. Let r be an integer = 2 and let Uis oo Py be

continuous functions with compact supports which reduce to polynomials on the sets
Q7 and which are such that for each Q7 the set of restrictions to Q7 of {Ys(+—a)
s=1,...,k a€ZN} contains all polynomials of degree less than . We shall assume
then that S,(2,), the set of restrictions to £, of the functions in S),, is spanned
by the translates of the 11/]., scaled to mesh-size &, or x € S,(£2,) if and only if it can
be written in the form

x(x) = Za]-a Y (h~'x —a) for x€Q,.
j,a

We note that as a consequence of this assumption, if Q, CC §,, then for small
h any finite difference quotient with step-size / of a function in S, (£,) is in S,(£2,).
Further, for any Q, C Q, which is a mesh-domain (the interior of the closure of a
union of some sets hQ]’.’) we have the inverse estimate (clearly S,(22,) C H Qo))
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(a) IXll; o, <Ch llxllg, Vx€S,(Qp).
Wep h

We shall make the following two local approximability assumptions, where for
Q, CQ,,

S22 = {XESy,;supp x C ,; },

and where , CC Q, C Q. The first assumption concerns the possibility of approx-
imating functions with compact support in £, by functions in Sg(Ql):
(b) If 1 <I<randif w€H'S,) and vanishes outside Q,, then

inf Jw=xlly o, < Ch'=Hiwll, g |-
XESp(21)
The second assumption is essential in order to be able to localize functions in S),:
(©) If w € C™(Q,) with supp Vw C £,, then for U € §,(R,),

inf U =xll; o, < CliUlg,.
XES,(21)
X = wUin Q1\8,
For a more detailed discussion of these properties we refer to [9] and [1]. Itisin
fact only the properties (a) and (c¢) which will be used explicitly below; the others
are made in order to permit application of the elliptic interior estimates of [9] and [1]
In these papers, the latter property was stated only for w € C;"(£2;) and in the form

2.1) inf  JlwU = xlly g, <ChlUI, o,
XESH(R 1)
which then implies the estimate in (c) in view of (a). In the examples discussed in
[9] and [1] one finds easily that (2.1) is valid for the more general w used in (¢). In
many cases, an interpolant of wU may be used to show (c).
Let now A be the elliptic operator

N
0 ou N ou
Au=— Y — (0. 2% )+ a— + ayu,
jk=1 0%; <]kaxk> ;;1 ox;
where we assume that the coefficients are in C (£ x [0, T]) and (a;x) is uniformly
positive definite in Q x [0, T]. We introduce the corresponding bilinear form

N o Iw Yo
A, w) = A(t;v, w) = fn <j'k2=1 @ bx_k a + 1§1 a; é;jw + aovw> dx.

We shall quote some interior estimates for discrete elliptic equations which we
shall need. We shall always assume that our above assumptions on S, hold in £, CC
Q, although the full force of these are not required in each instance. Notice in partic-
ular that the constants below are independent of £.

LEMMA 2.1. Let §; C Q and assume that w), € S, satisfies

At wy, X) =0 VX € S2(Q)).
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Then for any Q, CC Q,,
||Wh||1,g2 < C“wh“ﬂl'

Proof.  See [9, Lemma 5.2].
In the next lemma we denote by a;: the forward difference quotient

B=0nh N with 9, iw(x) = hT (w(x + he;) = w(x))

>

where e, is the jth unit vector in RY.
LEMMA 22. Let Q, C Q and assume that w,, € S,, satisfies
At wy —w, ) =0 Vx €S52LQ,).
Then for any Q, CC Q, and p >0, |a| = m,

@2 g, = Wi, < CUF MWl g, + lwy =Wl )
and with Ny = [N[2] + 1,

@3) B = Wla, < CUMWlsminga, + Wy =wi_p o ).

Further, for the time derivative of the error,

2.4) 105wh = Wllg, < C{H Wyt 0, + Wy, 0,)

+lwy = wl_pq + W, =Whll_p o, }.
p,{lq p,3tq

Proof.  The estimates (2.2) and (2.3) are contained in [9, Theorem 6.1] and
[1, Theorem 1], respectively, and (2.4) follows in the same way as (2.2) using [9,
Theorem 5.2] and the fact that

At Wy =W, ) =—A'(tw, —w, X) VX ESAQ,)),

with 4’ the bilinear form obtained from A by time-differentiation of the coefficients.
When 4 is independent of ¢, (2.4) is of course an immediate consequence of (2.2)
and the first and third terms on the right may then be omitted.

We shall have reason to work below with a local elliptic projection corresponding
to a Neumann problem on a subdomain 2, of Q, which we may assume to be smooth.
For this purpose we denote

~ N v ow
Ag, (t 0, w) =fQ1 <]_kz=lajk ax, ox, + vw> dx.

Note that this modified symmetric bilinear form is H*(£2, )-elliptic, uniformly in ¢,
so that

i o, <CAg, (v, v) YvEH'(Q),0<t<T
We then define Fnl(t): H'(2)) = $,(2,) by

2.5) Ag (5w=Pg (W, ) =0 VxES5,(Q,).
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It is well known that
26) IU=Pg Wl o, <Ch' Il o, -(¢-2)<j<I1<I<r,
and similarly for the time derivative, in particular (cf. e.g. Douglas and Dupont [4]),
2.7 ||((1—-AT;QI(t))w),IIQ1 < Ch’(llwll,,Ql + ||Wt”1,nl)> 1<I<vr

Combining these estimates with Lemma 2.2, we have

LEMMA 23. Let Q, C Qg and let P = Pg, (7) be defined by (2.5). Then for
Q, CC Q, and la| =m,

IIB;‘,‘(I - F)W“Qz < Chr”W”r+m,Q 1’

03U = Pywlg, < CH' Wl s+ ng.0p0
and
15 = Pow)llg, < CH AWl s 0y + Wil )

We conclude this section by establishing our super-approximation estimate for
the elliptic projection defined above of a localization of a function in the subspace.
We emphasize that this estimate shows one degree better approximation than the
corresponding estimates (c) and (2.1).

LEMMA 24. Let Q, C Qg and w € C5 (). Then for U € S,,(2;),

inf (1P, (¢ - + llwU - < Ch :
@8) b, (e, @0 xha, +lel=xa,) < OlUl,

Proof.  Set for brevity U= IA’JQl(t) (wU) and Z( )= an(t; “, ). We
shall prove below that

inf  NT-xll, o, <ChllUlg .
29) xesd@y) ! !
Let us first show that this implies (2.8). In fact,

inf (=Xl 0, +loU-xlg,)
xGSh(SZl)

Sllwl-Ulg, +C igf 1=xly q,
XESh(Ql)

so that with (2.9) proven it suffices to show
(2.10) lwU="Tllg, <ChllUlg,.

In order to prove (2.10) we note that duality yields

lwU = Ullg, < ChllwU = Tll, o. < Ch A(wU ~ U, wU - V)%,
1 1,829
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and hence by the definition of T as the best approximation of wU with respect to
A(-, )", and by (o),

loU=Tllg, <Ch_inf  lwU=Xl o, <ChlUlg,.
XESH(Q1)

In order to show (2.9) we shall only need to show that

2.11) B 10X, < CMT g o

For by (2.10) we have
(2.12) 100 \supp w < 1T = wUllg, < ChllUIg |,

and together (2.11) and (2.12) prove (2.9).
For the purpose of showing (2.11), let 2, and £ be such that supp w C 93E
CC Q, CC Q,. We shall then first prove that

inf 1T =xll, 0. <CIT, o \5 .
(2.13) YES9(2 1) 1,92, 1,21\2,

Since U is the elliptic projection of a function vanishing on Ql\ﬁz, we shall be able
to estimate its norm in H‘(QI\Q2) by a norm in L,. In order, however, to be able
to apply the interior estimate of Lemma 2.1 we shall first shift the problem into the
interior of ; by showing below that

(2.14) ”[]”1,{21\52 < C||U]|1,92\53-
We now note that by the definition of U we have
AT ) =AU, x) =0 vyxe SP(2)\supp w),

so that Lemma 2.1 yields
(2.15) o, Q2,\03 S CliUlg 1\supp w*

Together, (2.13), (2.14) and (2.15) imply (2.11) and thus complete the proof of (2.9)
and hence of the lemma.

It remains to show (2.13) and (2.14). In order to show (2.13), let w; € C5(2;)
with w; =1 in a neighborhood of ©,. Then

inf “U_X”LQI < ”(1 - wl)Ulll,Ql + lgf ”(.OIU_' X“l’nl.
XESH( 1) xGSh(.Ql)

Since supp(l — w,) C Ql\f_l2 we have for the first term,

lna - wl)mll,ﬂl < ClUly o g, -

For the second term, letting €2, be such that supp Vw, C Q, CC Q,\Q,:we obtain,
using in the last step (c) applied to Q,\Q2,,
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inf lw;U=xly o, < inf lw,U=xlli 0,
XESH (1) XESp(21)

X=wiq Tin Q 1\

= inf lw, U=xlly o n\a, < ClUg g,
XGSh(Ql\QE) _
x =w U in (21\22)\24

Together these estimates show (2.13).

We finally turn to (2.14). Let ¢ € C*(£2,;) with ¢ = 1 in a neighborhood of
Q\Q, in Q,; and ¢ = 0 in a neighborhood of Q5. Let also Q¢ be such that
supp Vo C Q4 CC 92\53. We have

1012 0 \a, <I6TI2 o < CA(eT, oD
= clAT, Ty + 46T, oT) - AT, F0)} .
Here, for x € S,(R,) with x = ¢*U outside Q5 we have
AU, P 0) =AW, U= < AU (o 1?0 =Xl 0\ 50
so that by (c),

(2.16)

~ ~

AU, ¢*U) < QU 0 \a4 inf _ l*U = xll, 25\ 03
XESL(22\023)
x=¢2U in (2,\03)\25

<AUE 0,07,

(2.17)

Further, by an easy calculation,

el o) - AT 2T = | [, S o 20 3912 4

Xj 0X

(2.18)

= C“U"suw(W) < CIUR \Q3°

Together, (2.16), (2.17) and (2.18) yield (2.14).
The proof of Lemma 2.4 is now complete.

3. Interior Estimates for the Semidiscrete Problem. In this section we shall
first derive, in Lemma 3.1, a discrete interior version of the energy type inequality

3.1) ol + J Nl dr <C{|Iu(0)||2 +f ;Ilfllz_ldr},

valid for a solution u of the continuous equation (1.1), vanishing on 9§2. We shall
then apply this inequality to difference quotients to obtain our basic a priori interior
estimate, which is given in Lemma 3.3 below. The proof of the discrete interior
counterpart of (3.1) will depend on the super-approximation property, described in
Lemma 2.4, of the projection ﬁn '1(t) defined by (2.5), with Q) a subdomain of .
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We define for U: [0, T] — S,(2,),
Lr0)0) = U, x) + A U, x) for  x €5,(Q),

and set for Q; C Q,,

o _ o W00l
nUln,—ja, = , Jj=0,1
e XESS(Ql) IX”]"QI I

We have then

LemMA 3.1, Let Q, CC Q, C Q, and let q be an arbitrary number. We then
have for U: [0, T] — S,(2,),

oz, + e g, d

t 2
c{nU(O)lﬁ21 L 000, + AN, 4 1L,02 )] dr}.

Proof.  We shall first show this result for ¢ = 2. We shall then derive in
Lemma 3.2 an estimate for U, which will allow us to improve the result to the case
of a general q.

Let Q, CC Q) CC Q,, take w € Cy° (Q )w1thw— 1 on 92 and let P =
PQ (#) be the projection defined above with respect to A( =4 a0
Then using the definition of L, U we have for any x € S, (Q ),

@, W) + A(U, wW?0)
= (U,, w*U = %) + AU, P(?U) = x) + (L,,U) (x) + AU, x) = At U, x)
or

1 ~
= 2 4
T IIwU]I A(wU, wl)

< (wU, wb) = AU, W2U)| + 1l 11*U = Xlg

+ 10, g IP(@20) = Xlly 0y + (LU, _y g, + ClUIG DXy q;-

Here we find easily

~ _~ 2 —
lA(wU, wl) = AU, w*U)| jx ax a

0w 0w 2
Joy Z )2 U dx| < ClIUIE,,

and choosing x as in Lemma 2.4, we have

IUllg ,?U = Xllgy + Ul o4 IP@?U) =Xl o

< ChllUllg (Wil + 11Uy q1)-

Further,
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S ain ~
Ixlly, 0y < IP@20) =Xy oy + IR DI, o

< UG, + 11Ul g,) < ClUIG, + A(wU, wU)%).

Together, these estimates yield
d 2 ~
EzT”"’U" + 24(wU, wl)
< C'{llUll"}zl + hllU g 0lg , + AU o UG,

LU, 1 g, + UG ) AU, wU)* + nunnl)}.
Using the inverse estimate (a) on the third term on the right, we obtain easily
d ~
WU + (U, wU) < I, + 20, + W0, -1}

Integration over (0, ¢) now completes the proof for g = 2.
For the purpose of further estimating the term in U, above we shall now prove
LEMMA 32. Let Q, CC Q, C Q, and let q be an arbitrary number. We then
have for U: [0, T] — §,(82),

1
WU o, + [ U, dr
t
< WO o, + [0 5, + HIUIG,, + 140 0,0,)dr}.

Proof.  With the notation of the proof of Lemma 3.1, we have now for x €
Sp(€)),

(U,, wU)) + AU, w?U,)

= (U, WU, = x) + AU, P(2U,) = x) + (L,U) () + AU, x) = A(t; U, ).

Hence

lwUI1? + AU, wU,) < [A(wU, wU,) = AU, w?U,)|
+ 10 llg, 102U, = Xlg; + Ul o IF@?U) = xly g

+ (IIL;,UH;,,O,QI + CllUlll,Ql)llxllg'l.
We find here

A(wU, wU,) - AU, w? Uyl

fgl%:wat[ajk%—ﬂ+ 9 <a. 9w U)] dx

. 7k
Xj 0xy  dx; \ 7" oxy

S ClwU U g, < %IwU 2 + CIUIE o .
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Further, choosing x by Lemma 2.4,
U llg 102U, = xlig; + Ul g IH@?U,) = Xl; o
S ChllUllg (WUl + 11Ul )
and
Ixllg; <lw?U; =Xl + 12Ul < C@lU g, + lwUD-

Hence, since
d
P(MU OJUt) f d— (WU, wl)| < C”U"%,QI,
we obtain

1 ~
Immm+—fﬁmawm
—IIwU % + C{HUHl o, HAIUNG, + Rl o U g,

+ Ly V0,0, + 1005 0,) BT, + KUy},

or by obvious estimates
d ~
I6U? + AU, wU) < C{IUR g, + HIUIE, + 1,01 0.0}
By integration over (0, t) we obtain

t
[oiwgz, ar + 1012 g,

{nU(O)n1 ay H IR o+ HIUAR |+ 1L, 0P, 0 0] dr},

that is, the desired estimate with ¢ = 1. Repeated application of this estimate, using
a sequence of intermediate domains, allows us to increase the power of 4 to any order,
and thus completes the proof of the lemma.

We may now complete the proof of Lemma 3.1. Let , CC Q] CC Q) CC Q,
and note that by the inverse estimate (a),

AUl o < CliUNg

and

HIL, Ul 0,05 < CILy Ul 0,
We may, therefore, conclude from Lemma 3.2 that

t
12 [ U, dr
t
C{hZHU(O)n%,Q:1 + [ 2100 o) + MU + R, U1 o o4 dr}

t
<C*W@W§l+J;Ww%1+hWUm§l+meﬁrlﬂlhh}
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The desired result is now a consequence of the case ¢ = 2 of Lemma 3.1 which we
have already established.

We can now state and prove our main a priori interior estimate for the semidis-
crete problem.

LemMMA 3.3. Let Q, CC Q, C Q, and let q be arbitrary. Assume that U: [0, T]
— 5,(8) satisfies

L) )= U X) +AG U ) = F %) VX ESQQ), UO) = V.

Then for any m = 0,

2 133U,

lal<m

lal<m lal<m

<C3 z i, +f, [lUu2 +HNUNE, + X uaaFu_lnl] ar!.
)

Proof.  For m = 0 this is contained in Lemma 3.1. In order to apply Lemma
3.1 to 33U for |a] = m >0, let 2, CC Q| CC ©, and notice that for x € $(22})
and small A,

L,RLUNX) = ,X) + A(t; 32U, x) = (3%F, X) + R,

where (with v = v( * + ah))

(¢
R == Ju B§<<a—£931

+

Baﬁ oU aX

3%~ Fq, o ax .
k

Mz FMZ

aa B, ECY ﬁaﬁaa X+aa ﬁthOl ﬁaﬁUX
1 ]

J

We find immediately

(@) 8 ,
RS < cmgalnahwl,nlnxul,gl,

so that
M@0l 1.0y < C(ISAI_, g, + T 10hq,).

Noticing that

hq+2|al||azUt||§i < ChqllU,”?}l
and

2 UG, < X I0UIS o,

la|<m lal<m—1

we now obtain by application of Lemma 3.1 to 93U for |a| < m, with ¢ replaced by
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q +2lal and Q, by Q'

T [uazuua + [0t o |

la|<m

<C§ Y vy, + [ 10SUI2 o, + AU,

lal<m lal<m—1

+ 2 nazmlil,gl] drg.

lal<m

By iteration of this inequality we may further reduce the first term of the
integrand on the right (using intermediate sets Q' with Q, CC Q) CC Q,) to obtain

> IRguI

lal<m

<C§ 2 gV, +f [IIUlllgl+hqllU,||2 + 2 19,FI% 19] g

lal<m lal<m

The result now follows by a final application of Lemma 3.1 (again using an intermedi-
ate set between Q, and Q,).

We shall complete this section by deriving a version of the above inequality
valid for ¢ bounded away from zero, and with the bound on the right using only func-
tion values over a short interval preceding ¢.

LEMMA 34. Let Q, CC Q, C Q, and let q be arbitrary. Assume that U:

[0, T] — S§,(2,) satisfies

Lr) () = Uy ) + AU, ) = (F, ) Y € S).
Then for 0 <6 <t <Tandany m >0,

) .
T Iegun, <cf ,_8[||U1|§zl HHUR, + 3 10, g, | ar
<

lal<m lai<m
Proof.  Let ¢ € C! be such that o() = 1 for 7 > 0, ¢(r) = 0 for 7 < — §/2
and set ¢y (1) = ¢(r — t). We have at time 7,
Lp(0o0) (00 = ¢o(LpnU) 0) + 06U, X) = (0oF + ¢oU, X) VX € S2AQp).
Application of Lemma 3.3 hence gives
2 UG,
lal<m
t
Cft 52 2 IIB%UI%l + hquU,II2 + 95 F1I% | QI:I T.
- la|l<max(m—1,0) lai<m

The desired result now follows by an easy induction over m.

4. The Basic Interior Error Estimates. In this section we shall show the basic
results of this paper, the interior maximum-norm estimates for the error in approxi-
mating a derivative of the exact solution of the parabolic equation by an appropriate
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finite difference quotient of the semidiscrete solution. The first such estimate below,
Theorem 4.1, is interior with respect to the space variables but uniform for ¢ in [0, T]
whereas the second result, Theorem 4.2, is interior in both space and time, thus valid
for ¢ bounded away from zero. Both error estimates contain one term which is O(h")
under the appropriate local regularity assumptions and one term containing weak norm
of the error in a larger domain. In our applications in Section 5 these latter terms
will be majorized by global error bounds. For comparison, we shall finally state in
Theorem 4.3 an interior in space estimate derived by a technique used in [2]. The
error bound now contains time derivatives of the error.

We shall assume throughout this section without explicit mention that {S},}
satisfies the regularity assumptions of Section 2 in the interior domain Q,. We shall
consider the interior equations

4.1) Lu=u, +Au=f in Q4 x [0,T],
and with u,: [0, T] — Sy,
(4.2) Lnup) 00 = (Up e ) + At 1, X) = (F, X)) VX € SAQ),

respectively.

We shall begin by deriving an interior L,-estimate for difference quotients of the
error.

LEMMA 4.1. Assume that u and u,, are solutions of (4.1) and (4.2), respectively,
and that v, = u,(0) and v = u(0) satisfy the interior equation
4.3) Aolvy —v, 0 =0  Vx€SAQ),

where Ay( - , - ) is a bilinear form corresponding to a second order elliptic differential
operator with smooth coefficients. Let 2, CC Q, C Q, and let p, q be arbitrary
and m positive. Then for e, = u, — u,

@9 T 15eln, < OB q, 650 + Ra (s e}

where

t %
. — 2
Bsa,(w) = sup lu(lsq, + (follutlls_l,gl dT>

and

(45)  Rq (t;e) = lle,O)l_p o, + ( J :,(ne,,nzl, + hle, 41, )d‘r> "

Proof. Let P= ;Q 1(z‘) denote the projection used in Section 2 with respect
toA(-, ), and set  =u, —Pu and p = ([—F)u. We then have

]
(Ly0) () = (m%é Do) Vxe sp@y),
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so that noticing that 6 € §,(2,) and letting 2, CC Q| CC Q, we may apply Lemma
3.3 to obtain

2 1050113,

lal<m

t
% 1000, + o [101y + wore 2,

lal<m

lal<m

+ X (el + 5ol )] dfs.

Consider first the term with 6(0) = v, — Pv. We have for la| <m, applying
Lemma 2.2 to e;,(0) and Lemma 2.3 to p(0),

19500l 5 < 1104e,(0)llg; + 119500l

< MO s 0, + leaOll_p, 0.}

which is bounded by the right side of (4.4).
Further, assuming as we may, that g > 2, we have

[ 161y + 1013y ) dr

! 2
<cf’ ey, + hliey % | + ol + H2lo I, ] dr.
Here, the terms containing e, are bounded by C - R, 1(z‘; e,)? and by (2.6) and (2.7)

we have

S otz + Hlogliy Yar < on [l g, + 2 o, )dr.

Finally, by Lemma 2.3,

I t0gelity, + 10502 oy dr

lal<m
< Cn* [“u”r+m o Fludlim_1,0,]dr

so that altogether

(4.6) > 1930l < {h’Br+m o, u) + Rg (5 eh)}
la|<m

Since by Lemma 2.3,
105 00, < Nl s 2, < CHByi g, (15 1),

lal<m

and since e; = 0 — p the desired result now follows by the triangle inequality.
We are now in a position to establish our first maximum-norm bound for the
error between an arbitrary derivative D*u (la| = m) and a corresponding finite difference
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approximation Quu,. Thus, let 0, be defined, with finitely many constants g4, by
O,w(x) = > qﬁyaﬁw(x = yh).
Bl=m,y

We say that 0, approximates D* with order of accuracy r if
4.7 10w —Dwlg, SCH' W, o, if Q,CCQ,.

We then have

THEOREM 4.1. Assume that u, u,, v = u(0) and v, = u,(0) satisfy (4.1), (4.2)
and (4.3) and let Q) be a finite difference operator approximating D (la| = m) with
order of accuracy r. Let Q, CC Q, C Q, and let p, q be arbitrary. Then with the
notation of Lemma 4.1 we have for 0 <t < T (N, = [N/2] + 1),

1Qnttn(D) = Du(O) < C{H'By s iy 0, (6 4) + Ry (15 €}

Proof. Let Q) and Q] be such that Q, CC Q] CC ) CC Q,. We have by
the form of Q,, and since u,, —~u =0 — p,

104un() = D*u(D)lg, < C 3 (1950 + 18500 + 1@y — D*u@)lg, -
I

al=m

Here by (4.7),

I(Qn = D*WDlg, < CH' Dy 0, < CH'Byyming,0, (6 0)-
Using the discrete Sobolev inequality,

gy <C 2 lofxlg; VX € Su(,),
IB1<N¢

we have by (4.6),

2 p0lgy < C X 11g6(llg;

lal<m lal<m+Ng

< c{h'3,+m+No,Ql(t; u) + Rq (; eh)}-

Since finally by Lemma 2.3,

Z |a%p(t)|ﬂ'i < Chr”u(t)”r+m+N0,ﬂl < ChrBr+m +Ng,Q l(t; u),

lal<m

the proof is complete.

We shall now deduce an estimate which is interior also with respect to time.
The result is now independent of the choice of the initial data and the low order
norms of e, in the error bound are taken only over a short interval preceding the time
at which the estimate for Q,u, — D%u is given.

THEOREM 4.2. Assume that u and u,, satisfy (4.1) and (4.2), respectively, and
let Q,, be a finite difference operator approximating D* (la| = m) with order of ac-
curacy r. Let Q, CC Q, C Q, and let p, q be arbitrary. Then for 0 < 8§ <t <T,
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with e, = u, — u,

IQhuh(t) —Dau(t)[nz < C{hrBr-l-m-i-No,Ql(t —6, t, u) + Rn‘l(t "8, t, eh)} N

where

Bt=8 ;)= sup _[u@lq, + (e . dT)%
and
(4.8) Ro (t=38, tie,) = <f:_6(lleh||§21 + hqlleh',llﬁl)d7>%-

Proof.  First, we prove in exactly the same way as in Lemma 4.1, using only
Lemma 3.4 instead of Lemma 3.3, that for m > 0,

2 195 en(llg, < C{h’BHm,Ql(t =8, u)tRq (-5, 1 e,,)}.

lal<m

The proof is then completed as in Theorem 4.1.

We shall now state, for comparison, the result obtained by the technique used
for the homogeneous equation in [2], consisting essentially in considering the time
derivative in the parabolic equation as a forcing term in an elliptic equation. The re-
sult thus derived is weaker than the ones just proved in that the error bound now con-
tains derivatives of e, with respect to time. In our applications in Section § this will
require stronger regularity properties of u than our previous results. In order to make
the reference to the proof in [2] simple we shall therefore content ourselves with
formulating the result in the generality concerning the operator 4 employed in [2],
and in Section S below.

THEOREM 4.3. Assume that A is time-independent, selfadjoint and nonnegative
(ag = 0) and let u and u,, be solutions of (4.1) and (4.2), respectively. Let 0, bea
finite difference operator approximating D* (la| = m) with order of accuracy r. Then
if Q) CC Q) CQy we have for 0<t<T, withe, =u, —u

’

1Qpup(t) = D°u(D)lg,

<c{hr T D i mingorin, T 2 uD,’e,,(r)an}.
21<m+N0 21<m+Ng+2

Proof.  This is proved step by step as [2, Theorem 6.1] with the obvious
modifications due to the fact that the equation may now be nonhomogeneous.

5. Some Global Error Estimates for a Class of Time-Independent Problems. In
this section we shall supply the global error estimates needed for bounding the terms
in eh in Theorems 4.1 through 4.3 in the special case of the generalization to non-
homogeneous equations of the theory developed in [2] for homogeneous parabolic
equations. These estimates will all be of order O(k") for sufficiently smooth data, and
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application of the results of Section 4 will thus show this order of interior convergence
of difference quotients of the approximate solution to derivatives of the exact solution
We shall leave to the reader to combine the regularity requirements of the global esti-
mates below with those of our previous interior results.

Consider thus the initial-boundary value problem

u,+Au=f in Q x [0,T],
(5.1 u=0 on aQ x [0,T],
u(0) = v,

where A4 is now a selfadjoint, nonnegative second order uniformly elliptic differential
operator with smooth coefficients, independent of time. Let {S,} be a family of
finite dimensional subspaces of H'(2) and assume that corresponding to each S, we
are given an approximate solution operator T,: L,(Q) — S, of the corresponding
elliptic problem

Au=f in &, u=0 on 0%,

such that

(i) T, is selfadjoint, positive semidefinite on L, (2) and positive definite on Sj,;
and with T = 4~ and some r > 2,

(ii) There is a constant C such that

T, = DI <Cr*2ifll,, FEHNR),0<s<r-2.

Consider now the approximate semidiscrete problem of finding u,: [0, T] —
S}, such that
Tpuy ¢ +uy, =Tyf for t€]0,T],

(5.2)
uh(o) =Up € Sh)

where v, is some approximation of v. Clearly, since T}, is positive definite on S, u,,
is well defined by (5.2) for t > 0.

If {S,} satisfies certain standard approximation properties and if the elements
of S, vanish on 92, operators satisfying conditions of types (i) and (ii) may be de-
fined by the ordinary Galerkin equation

AT, ) =0Ux) VYXES,

the semidiscrete equation may then be written
(“h,t’ X)+ Ay, ) = x) YXES,.

An important feature of the present formulation is that it encompasses also several
different other procedures for dealing with the homogeneous boundary conditions (cf.
[2]).

If in addition to (i) and (ii) we demand that the family {S,} satisfies the regu-
larity assumptions of Section 2 on the interior subdomain Q, of ©, and that the
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operator T, is such that
(iif) AT, 0 = (LX) Yx ESQR),
so that the semidiscrete interior equation

(uh,ﬂ X) + A(“h) X) = (fr X) VX € S}?(Qo)

holds for the solution of (5.2), then the results of Section 4 all apply in the present
context. The property (iii) is shared by several of the methods referred to above satis-
fying (i) and (ii). .

In the first part of this section we shall assume that v € H 1(Q) N H?(Q) and
use for the initial-values v, of u,, the elliptic projection of v defined by

v, = Pv=T,Av.

Recall that for0 <s<r -2

(5.3) Py = Doll_g = (T}, = TAVII_; < Ch"IVll, _.
In fact, we have by (ii),
(T, = Dfllg <CHIIfNl,_,,
and hence, since T, — T is selfadjoint,

sup (T = DL 9

pecy @) gl _,

Ty = DAI_r—2) = < RN fllg-

We conclude by interpolation for 0 < s <r -2,
Ty =Dl < CHIAlL_y g

from which (5.3) follows for f = Av.

We shall now derive the following global error estimate for the nonhomogeneous
equation.

LEMMA 5.1.  Under the above assumptions, we have for e, = u, — u,

t Y t Y
<f0ue,,||2dr) <Chr{nvumax(,_l,2)+<f0nu||3dr) }

Proof.  We notice (cf. [2]) that the error satisfies the equation
Thep:+ ey =p=(T—TyAu=(I~P)u for t=>0.

This implies immediately

1 d 1 1
3 2r Tnew en) + eyl = (o, ) < 5 lloll® + - lley 12,

and hence by integration

t t
folle,,ll2 dr < (Tye,(0), €,(0)) + fonpu2 dr.
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Here, using the boundedness of 7: H~!(Q) — H!(Q), and the property (ii) we have
(54)  (Tyw, w) = (Tw, w) + (T}, = D)w, w) < ClIwll>; + Ch?|Iwl1?,

and hence in view of (5.3),
(Tyen(0), €4(0)) < CH" VY, 4 r—1,2):
Further, by (ii),

t t t
[aieizar = [Lur - 1402 dr < a2 f a2 ar.

Together these estimates prove the lemma.
We shall now consider the boundedness of e, ;.
LEMMA 5.2. Under the above assumptions, we have for e, = u, —u,

(S e, ? ar)* < ety + (S «)'}

Proof.  We have for the exact solution

1 d

2+
llegll™ + 5

1 1
A, u) = (£, u,) < 2—IIflI2 + 2—|Iu,||2,

and hence

t t t
55 J el ar <A@, v+ [ LjpR ar < c{nvn% + [ dr}.

Similarly, with 4, = T, ! on S,

1 d 1 1
||u;,,,,||2 + > dr (Ayuy, uy) = (f, uh,,) < 2—||f||2 + 2—|luh,tl|2,
so that

t t
(5.6) S om0 @ < Ay, 0, + L1112 .
Here A,v, = A4, T,Av = P, Av so that by the boundedness of T},

(5.7) (Apvn, vs) = (Av, TAv) < CllAavlP < Clwll2.

The result, therefore, follows by (5.5), (5.6), (5.7) and the triangle inequality.
Combination of these results now implies the following estimate suitable for com-
bination with Theorem 4.1.
THEOREM 5.1. Assume that (i) and (i) hold and let u and u,, be the solutions
of (5.1) and (5.2), respectively, with v, = P,v. Then, with p =r—2,q = 2rin (4.5),
we have for e, = u;, — u,

t Y
Rg, (t; e5) < lleyO)ll_(,_) + ( J o(lesl? + h?’lleh,tnz)dr>

t Y
< cw{nvnmax(,_l,z) + ( J Glll? + 11 £1%) dr) }
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Proof. We have by (5.3),
ey O _¢p—2y = 1@y = Doll _(,_2y < CH"IIVIl,,
and by Lemmas 5.1 and 5.2,
[ dleglt? + n"le,, 12) dr

t
< Ch”{llvllﬁlax(,_l’z) + fo(uun% + llfllz)dr}.

Together, these estimates prove the theorem.
Combined with Theorem 4.1 we may conclude, under the appropriate assump-
tions, that for Q, CC Q, C Q,,

1Qpun(t) — D“u(t)lgz

t Y
< Chr{ ”U”max(r—l,z) + <f0(”u”3 + ”f”2) dT) + Br+m+N0,Q l(t; “)} .

The regularity demands on u in order that the right-hand side of this inequality
be finite can also be expressed exclusively in terms of the data f and v of the problem
(cf. e.g. [8]). In addition to regularity of these functions one then also has to im-
pose compatibility conditions between them and the differential operator at 3§ for
t=0.

We shall now show, using the results of [2] that if we are content with error
estimates for time bounded away from zero, then the regularity demands for a O(h")
result reduce considerably. In such a case, in order to derive the estimate for Q,u,,
— D% at time ¢ we shall only have to require strong regularity for a short time pre-
ceding ¢ and the compatibility requirements at 32 x {r = 0} disappear. We shall
also have more freedom in the choice of approximate initial-values v,; we need to re-
quire only that v — v, = O(k") in some negative norm and that v, is bounded in L,.
As examples, we notice

(5.8) llv = Pyull_, + A"lIPyull < Chvll,
and (cf. [2]),

o = Pyoll_(,_py + A'IIP vl < CR"Il,.

We begin by recalling the relevant result from [2], the following global error
estimate for the homgeneous equation [2, Theorem 3.3].

LEMMA 53. Assume that (i) and (ii) hold and that u and u, are the solutions
of (5.1) and (5.2) with f = 0. Then for I, p nonnegative and arbitrary we have for
ep = u, — u (with D, = 9/01),

IDke, (O < C(H't="12 Il + 7712w, = vll_ ).

We are now in a position to show the following global in space, interior in time
error estimate, which is what is needed for application of Theorem 4.2.
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THEOREM 5.2. Assume that (i) and (ii) hold and let u and u,, be the solutions
of (5.1) and (5.2), respectively, with v, arbitrary. Then with q = 2r in (4.8), we have
for arbitrary p, 0 <6 <t < T, and e, = uy, — u,

Rnl(t —8/2,t;e,) < <ft

Y
o pllenll® + h“ue,,,,uz)dr)

59
(59) < Ch’{uvhu ol + A" = vl

+ <fi_6(uuu3 FisRyar ) + S dr}.

Proor. We shall consider a fixed t = ¢; > 8. Let ¢ € C™ be such that o(f)
=1 fort > —38/4, o(t) = 0 for t < — 5. Set ¢,(r) = ¢(t — t;). We now write
u=u, +u, +uy where u; =up, and u, is the solution of the homogeneous equa-
tion,

(5.10) Lu, =0 for ¢t>0,u,(0)=v.
Since
(5.11) Lu, =f, =fo, +tuyg], for t>0,u,(0)=0,

it follows that u satisfies
(5.12) Luy =f3=f(1 —¢,) —up; for t>0,u3(0)=0.

We notice that f, and f; vanish for t < ¢, — 6 and t > 1, — 38/4, respectively.
Letu; ,j=1,2,3, be the semidiscrete approximations of problems (5.11),

(5.10), (5.12) with u; ,(0) = uj ,(0) = 0, u, ,(0) = v, and set ¢; ,, = u; , ~ u;.

Since by linearity e, =u, ~u =2Z; ¢, it hence suffices to estimate
Rq,(t; =8/2,1;;€;,),j = 1,2, 3, by the right-hand side of (5.9) (with ¢ replaced by 7,).
Consider first #,. We have by Theorem 5.1, using the definitions of u, and f,,

1
Rq,(t; =8/2,t;5 €, 4)* SRq (115 e, )* < Cfo (luy 7 + 117, 1%) d7

<cf i+ sPyar.
For u,, the solution of the homogeneous equation, we have by Lemma 5.3,
(5.13) IIDﬂez,h(tl)Il S C{H vl + v = vpll_p} for 120,
so that in particular
R, (t; = 8/2,t1585 ) S CLA Mol + Mo = vyll_p ).

For the purpose of dealing with u5, finally, we introduce the solution operators
E(?) and E},(¢) of the initial-value problems for the homogeneous exact and semidis-
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crete equations. Setting F,(¢) = E,(H)P, — E(f), we notice that Lemma 5.3 implies,
by choosing v, = Pyv (cf. (5.8)),

IDLF,(£)vll < CR'lvll  for ¢ >8/4.

We observe now that by superposition we may write, for t > ¢, — §/2,

-38/
esn® = [L e =iy ar = [0 PR - p ) ar
and also

; ft1—36/4 ,
Dies n(1) =) DiFp(t — 1) f5(r)dr for 1>0,

so that for t > t, — §/2,

t1-36/4
WDles ol < [ i pl

(5.14)
< Chrf;‘(”fn + llul) dr < Ch’(llvll +f;lllfll dT)-

Here the last step follows by the fact that

;‘ % lell? + A, w) = (7, w) < I Nl
implies

d
- < .
e llull < 17115

and hence for t = 0,

t
ol < ol + 111 .

It follows in particular from (5.14) that
r 1
Ra,(ty =812, 15 3.) < Ch {an + [ Musnard,

which completes the proof of the theorem.

For the purpose of deriving finally the error estimates for time derivatives
needed for application of Theorem 4.3 we shall first show the following error bound
for the nonhomogeneous equation.

LEMMA 55.  Assume that (i) and (ii) hold and that u and u,, are the solutions
of the problems (5.1) and (5.2). Let v, = Pv = T, Av. Then for e, = u, —u

’

t Y
lle, (DIl < Ch’{llu(f)ll + <f0||utllfnax(r_ 1,2) dT) }
Proof.  Setting 6 = e, — p, we have by the error equation (cf. Lemma 5.1),

T,0, + 6 = — Typ,.
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After multiplication by 6, we obtain by Schwarz’s inequality

1 d 1 1
(Thet, et) + 2— Jt—”@”z == (Thpn Gt) < Z—(Thpt’ pt) + E(Thet’ 61‘)’

so that after integration, since 6(0) =

t
162 <]\ (Tuoy, 0,) dr.

As in (5.4), (5.3) we obtain, noticing that the elliptic projection commutes with time-
differentiation,

(Thors 02 < C Lo 2y + B2l I2 Y < CR2 M2, 0x o1 2y
implying

t
10 < O [ (it ano1 2y -
This proves the lemma since

llo(HIl < CH"llu(@)ll, .
As a result, we may now establish the following global in space, interior in time
error estimates for time derivatives.
THEOREM 5.3. Assume that (i) and (ii) hold and let u and u, be the solutions
of (5.1) and (5.2), respectively, with v, arbitrary. Then we have for arbitrary nonnega-
tivel,p, 0 <6 <t<T, and e, =u, —u,

Dlen O < C{llogl + 1ol + 1"l =y, + 1D} uto)

t 1+1 X Y, .
* <ft_a S Dl 1.2y dr )+ [11 dr}.
j=0

Proof.  Consider again a fixed t = t; > & and decompose the problem into
problems (5.11), (5.10) and (5.12) as in the proof of Theorem 5.2. The latter two
problems are treated exactly as before and we obtain by (5.13) and (5.14) for ¢, >
§>0,1>0,

ID%e, , (I < C{M Tyl + v = vyll_p},

and

t
IDkes (el < c (ol + [ puar ).
It remains to consider u; = uyp,. We notice then that for any /, Diu, and D}u, h
satisfy equations of the form (5.1) and (5.2), respectively, with D} u, #(0) =P, D’ 4,(0)
= 0. We may, therefore, apply Lemma 5.4 to obtain

t %
D% el < O {0 as e + (10 s B 2y 7)

11 &:h) . ¥
<Ch’{||D u(t)Il + <f1 s ZO [[D{ul[fnax(,_l’z)dr> }
]=

Together these estimates prove the theorem.
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Clearly, the estimate obtained by combination of Theorems 4.3 and 5.3 con-

sumes more global regularity in space than the estimate derived by Theorems 4.2
and 5.2.
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