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Inverse Linear Multistep Methods for the
Numerical Solution of Initial Value Problems
of Ordinary Differential Equations

By Peter Alfeld

Abstract. The well-known explicit linear multistep methods for the numerical solution
of ordinary differential equations advance the numerical solution from Xp+k—1 tO
Xp+k BY computing some numerical approximation from back values and then evaluat-
ing the problem defining function to obtain an approximation of the derivative. In
this paper similar methods are proposed that first compute an approximation to the
derivative and then compute an approximation to the exact solution, either by evaluat-
ing a suitable function, or by solving a nonlinear system of equations. The methods
can be applied to initial value problems where the exact solution is explicitly given in
terms of the derivative. They can also be applied in the context of the CDS technique
for certain stiff initial value problems of ordinary differential equations, introduced in
[1] and [2]. Local accuracy and stability of the methods are defined and investigated,
and specific methods, containing free parameters, are given.

The methods are not convergent, but they yield very good numerical results if
applied to the type of problem they are designed for. Their major advantage is that
they significantly reduce the amount of implicitness necessary in the numerical solution
of certain problems.

1. Introduction. Consider the initial value problem (IVP)
(1.1) Fx,»,¥)=0; y@=mn; y, FER™, x€ g b

Special cases of (1.1) are

(1.2) Y =fC); y@=mn y fER™ xE |ab],
and
(1.3) y=gx ) yY@=w yg€R" x€Jab].

An example for a physical problem, arising naturally in the theory of viscoelasticity,
that gives rise to an initial value problem of the form (1.3) is described in [2].
Sometimes (1.2) can be transformed into (1.3), e.g. in the case that

G, »=N; NER; NF0,
where the corresponding problem (1.3) is given by
gl )=\ w=x"n.
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112 PETER ALFELD

On the other hand, the simple integration problem defined by

ftx, ) = px)
with some function p cannot be transformed into (1.3). Whenever it is necessary, we
shall assume that (1.2) can be transformed into (1.3) and vice versa.
The problem (1.2) can be solved numerically using the explicit linear multistep

method (ELMM)
k

k—1
(1.4) 2 OYny;=h Z%) Bifns>
]=

j=0
where o, =1, y,,, ; is an approximation to y(xn+]-) (withx, =a +nh,n=0,1, 2,
..., his a given constant, the step-length), and f,, = f(x,, y,),n=0,1,2,...,
(see [6, Chapter 2]). We ignore the problem of finding the starting values y,, y,,
s Vi1
Similarly, (1.3) can be solved numerically by defining
k-1

(1.5) -1 ko
. W 'ZT) &Yy = Z;) ﬁjfn o
]=

=
where'ﬁk =1 and Y+ =g(xn+]-, fn+]-).
The equation (1.5) defines a class of methods, whose properties are investigated
in this paper. We refer to these methods as inverse linear multistep methods (ILMM).
It is assumed that the reader is familiar with the theory of linear multistep meth-
ods as it i3 developed in [6]. A knowledge of [1] is desirable, and essential for the
understanding of Sections 6 and 7 of this paper.

2. Local Accuracy. With the ILMM (1.5) we associate the difference operator:

2.1 3 B!
@1) T, h): = = X (7 aza4)) = Bz G )
j=0

where z(x) is an arbitrarily often differentiable test function. Proceeding similarly as
for ELMMs, we expand T(z(x), k), collect terms, and obtain
2.2) T(z(x), h) = h_léoz(x) + élz(i)(x) + ézz(ii)(x) +-

where the éq are given by

60=&0+&1+"'+&k’
(2.3) 6ol g 1 Zk 415 123
=_::]a_ ] jo q= 9 Ly iy e 0y
B A = N ) =

where 0°:= 1, and o, = 0.

Remark. Here we proceed similarly as is done for ELMMs (see [6, p. 23]). The
é‘i are formally the same as the C; in [6], except that the coefficients of the ELMM
are replaced by those of the ILMM.

Definition 1. The local truncation error of the inverse linear multistep method
(1.5) at x,, . is defined to be the expression T((x,), h) given by (2.2), where y(x)
is the exact solution of the initial value problem (1.3).
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Remark. Thus, for ELMMs (respectively, ILMMs) the local truncation error is
given by the difference y(x,, | ;) — ¥, . (respectively y'(xn+k) = fn+1)» provided the
back values used for the computation of y, + (respectively, f, . ) are exact.

Definition 2. The inverse linear multistep method (1.5) is said to be of order p,
if, in (2.2):

~

(2.4) C0=C1 =.-.=Cp+l =0’ ép+2;é0’

-

C, 1, is called the error constant of (1.5), which is said to be consistent if it is of
orderp = 1.

Remarks. Note that in the corresponding definition (see [6]) for linear multi-
step methods we have that C, 11 # 0. This difference is due to the factor h!in
(1.5).

It is easily verified that f’p +o is independent of the point the local truncation
error is expanded about (see [6, p. 24]). Thus, both ELMMs and ILMMs are of order
p if the local truncation error is of exact order AP T1.

For a k-step method (1.5) we have 2k parameters at our disposal and can set to
zero 2k of the coefficients given by (2.3). Thus, we can expect a maximum order 2k
— 2 for (1.5). Note that a one-step ILMM cannot be consistent.

Linear multistep methods of maximum order are of little use in practice because
they are not zero-stable, and, as we shall see, something similar happens for inverse
linear multistep methods.

3. Stability of Inverse Linear Multistep Methods. The stability of ELMMs is
governed by their stability polynomial. The same applies to ILMMs.
Definition 3. The polynomials

k . k ~ .
f(r) = Z &jr]’ 6(") = Z B]'r]5
j=0 j=0

3.1 " oA _ _
M, 1) = () — ha(r); hEC,
are said to be the first and second characteristic polynomials and the stability polyno-
mial of (1.5), respectively.

Similarly, as for LMMs we define

Definition 4. The inverse linear multistep method (1.5) is said to be absolutely
stable for a given h € C if, for that h, all the roots r, of (3.1) satisfy lr,I1<1,¢=1,
2,...,k,and to be absolutely unstable for that E, otherwise. The set R := {Z el
(1.5) is absolutely stable for 4} is called the region of absolute stability of (1.5), the
set C — R is called the region of absolute instability of (1.5).

For simplicity we restrict ourselves to the case where the zeros of fI(x, h) and
T(x, i_z) are distinct. If there are multiple roots, similar reasoning applies (cf. [5, p.
213]).

If either an ELMM or an ILMM is applied to the test equation

(3.2) Y =N; yA€C,
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we obtain the general numerical solutions
() = X
and
u n
Yu = Z Yi$;
=1

respectively, where the 77]- and v are arbitrary constants, and the fj and §j are the roots
of the stability polynomials of the ILMM and the ELMM, respectively.

It follows that (as for the case of ELMMs) the ILMM (1.5) is absolutely stable
for a given A\ € C, if all numerical solutions {y, } of (3.2) by (1.5) with step-length
h tend to zero as n tends to infinity.

Here we encounter the fundamental peculiarity of ILMMS: for A\ = 0, fl(r, hX)
is of degree k — 1, and thus possesses only & — 1 roots. This corresponds to the fact
that if AX = 0 (1.5) cannot be applied to (3.2) at all, because (3.2) cannot be trans-
formed into (1.3) (if A = 0), or (1.5) itself does not make sense (if # = 0, i.e. A"
= oo),

The major application area of ILMMs are situations in which 4X is large and
negative, i.e. where we want all numerical solutions of (1.3) by (1.5) to tend to zero
as n tends to infinity. This is equivalent to requiring that the zeros of ﬁ(r, h)) are
less than one in modulus for sufficiently large A.

Since the zeros of the stability polynomial f[(r, E) tend to those of G(r) as |7l
tends to infinity (cf. [5, p. 236]), we are led to seek ILMMs whose second character-
istic polynomial possessesonly zeros of modulus <1, i.e. is a Schur polynomial.

Definition 5. The inverse linear multistep method (1.5) is said to be infinite-
stable, if 6(r) is a Schur polynomial.

Remark. The concept of infinite-stability is in a way dual to the concept of
zero-stability (cf. [6, p. 33], [5, p. 218]). Zero-stability deals with the case that A\
tends to zero. Infinite-stability deals with the case that |4\l tends to infinity. The
practical interpretation of this is not so straightforward, because 4 cannot tend to
infinity for a practical problem on a finite interval, and A is independent on the IVP.
However, we can consider a family of IVPs

Y =Ny -z(x) +z2'(x);  n=z@),

where the exact solution z(x) is independent of the parameter A, which tends to in-
finity (in modulus).

The exact solution of the test equation (3.2) tends to zero faster, the larger — A
(for A € R). We would like this property to be reproduced by the ILMM. If some
zeros of fl(r, Z) are bounded away from zero (as |2 tends to infinity), the numerical
solution will in general not tend faster to zero than y", where y # 0 is some constant
independent of 4. If, however, all zeros of II(r, &) tend to zero (as |k! tends to in-

finity), the rate with which the numerical solution tends to zero can be arbitrarily
high.
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Since the roots of [1(r, /) tend to those of o(r) (as |A| tends to infinity), we
define

Definition 6. The inverse linear multistep method (1.5) is said to be strongly
infinite-stable if o(r) = r*.

Remarks. For a strongly infinite-stable ILMM (1.5) becomes

k—1

— 73,—1 -~
fn+k =h ZO ajyn+1"
]=

For a strongly infinite-stable ILMM we have k parameters a,, &1, Ce 0y
at our disposal and can, thus, expect to be able to attain order K — 2. A consistent
strongly infinite-stable ILMM has a step-number k > 3.

Strong infinite-stability resembles L-stability (see [3]). If a strongly infinite-
stable ILMM is applied to (1.5) with starting values y,, y;, ..., »,_;, and step-
length A, independent of A, then

lim y, =0.
A—>—oo

Obviously strong infinite-stability implies infinite-stability.

The following theorem gives the maximum attainable orders of infinite-stable
and strongly infinite-stable ILMMs.

THEOREM. (a) Let G(r) be a polynomial of degree k (with fik =1). Then
there exists a unique polynomial f(r) of degree k — 1, such that the inverse linear
multistep method defined by o(r) and §:(r) has order at least k — 2.

(b) The maximum order of an infinite-stable inverse linear multistep method
is k — 2. For each k = 3 there exists a strongly infinite-stable inverse linear multi-
step method of order k — 2.

Proof. (Note: the proof follows closely the lines of Henrici’s [5] proof on
the maximum order of zero-stable LMMs. The roles played by the first and second
characteristic polynomial are interchanged, and some adjustments have to be made to
account for the term 4~ ! in the expansion (2.2) of the local truncation error, and
for the fact that by definition the second characteristic polynomial does not possess
zeros of modulus 1, whereas zero-stability allows for such zeros.)

With an ILMM we associate the function

V() = @ ~ In©o).
Then (1.15) is of order p if Y(§) possesses a zero of exact order p + 2 at § = 1.
To see this, assume that the exact solution of the invertible IVP, to which
(1.5) is to be applied, is given by y(x) = €*. Suppose (1.5) is of order p. Substitut-
ing into (2.2) and assuming x,, = 0 yields
(3.9 ™) - o€ = o(mP )
or

¢(e"y — ho(e") = 0P +2).
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Setting £ = e” this becomes
(3.5) () ~ In(®)3() = (&) = 0E° ),

ie. Y(¥) has a zero of order p + 2 at £ = 1. Conversely, assume y(¢) has a zero of
order p + 2, i.e. (3.5) holds. This implies (3.4) and because the order of (1.5) de-
pends on the coefficients &i and éj only, the ILMM is of order p (cf. [5, pp. 225,
226]).

To prove the first part of the theorem observe that the function In(£)a(§) is
holomorphic at £ = 1 and can, thus, be expanded about & = 1, i.e. there exist coef-
ficients 8= 0,1,2,...,such that

In(§)6(5) =g, +&,GE—1) +g,E - 1>+ -,
Define
{63 =gy tg G-+ +g_ (- DL

With this definition Y(£) has a zero of order k at £ = 1 and, thus, (1.5) is of order
k =2 (cf. [5, p. 226]).

We now turn to part (b) of the theorem. Assume o(r) is a Schur polynomial.
To handle this assumption we use the transformation

z=E-D/IE+D, £=1+2)/1-2)

(cf. [5, p. 229]), which maps the unit circle into the left half plane, and define

r@) = (1 —2)*( +2)I(1 - 2)),
s@2) == (1 - 2)*o((1 +2)/(1 - 2)).
We have
s(z)=ay tayz+--- +akzk,

where the a, ] = 0,1, ...,k are real. Because g(¢) is a Schur polynomial, the
imaginary parts of s(z) are all strictly negative. This implies that all coefficients of
i(z) are nonzero and of the same sign (cf. [5, p. 230]). Define further

p@) = (1 - 2" +2)/(1 - 2))
=rz) — In((1 +2)/(1 - 2))s(z).
Che function p(z) has a zero of order p + 2 at z = 0 (¢ = 1) if (1.5) is of order p.
“onsequently, if (1.5) is of order p, then

ki

r@)=bg +byz+---+b,, P!
vhere

In((1 +2)/(1 +2))8(z) = by + b,z + byz® +- - -

Note that In((1 + z)/(1 — z))s(z) is holomorphic at z = 0.)
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Since the degree of r(z) must not exceed k — 1, the existence of an ILMM of
order p > k — 2 implies that

bk=bk+1="'=bp+1=0'

We show that for an infinite-stable ILMM b, # 0. We obtain

In((1 +2)/(1 - 2)) = (i cz,-+lz2"“)(2k a,-z’) =3 b
=0 i=0 i=0

(observe that 1,((1 + 2)/(1 — z)) is an odd function that is holomorphic at z = 0),
where

by =0
b, =cqa,
b, =cay
by =ayCy;y tagcy 3t tay 0
byivy =yCp 1 T 46y 3t Taye
fori=1,2,3,...,and a; =0 forj>k

That b, # 0 follows now from the fact that a; are all nonzero and of the same
sign (see above) and that the c,;, , are strictly positive.
To see the latter we compute the ¢,;, ; explicitly. Define

1) = In((1 +2)/(1 —2)) = i c2j+lzi+1,

j=0
where

(.7) cpe1 = nFTDO)(Z + DL

We have 7'(z) = 2/(1 — z%). Define
Hz) =2/ -2%) = i d2]-22f,
=0

where d,; = H®D(0)/(2/)!. (Note that H(z) is an even function and that it is holo-
morphic at z = 0.)
From

(1~ HE) = (1 -22) T dyye¥
j=0

=dy + 2 (dyj4, —dz,.)z?f+2 =2
j=0

it follows by induction that
dyj=2 (=0,1,2,...)

Hence, we obtain

2 =dy; = HED©)/(@)! = 7+ D)),
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ie.
n(2]+1)(0) = 2 * (2j)!,
From (3.7) it follows that

Coper = 21 + 1),

which completes the proof. O

Remark. Henrici in his theorem on the maximum order of zero-stable ELMMs
distinguishes between the case where the step-number is even and odd. This is because
zero-stability allows for zeros of {(r) of modulus 1, whereas infinite-stability does not
(for zeros of 6(r)).

The intersections of the regions of absolute instability of strongly infinite-stable
ILMMs and the negative real line are given in the specifications of ILMMs in the fol-
lowing chapter. Plots of the regions of absolute instability can be found in [2].

There also an approach to compromising between strong instability and the size of the
region of absolute instability is described.

4. Specification of Inverse Linear Multistep Methods. The following is a list of
inverse linear k-step methods, of order k — 2, for k = 3, 4, 5, 6, with free parameters
that give complete control over the coefficients and, thus, over the zeros of G(r). Also
given is the error constant in terms of these parameters, and the maximum value of
—h\ (real), A\, ;,, say, for which the zeros of the stability polynomial have modulus
= 1, if the method is the unique strongly infinite-stable method.
k=3

fays = "Bzfnn - 31fn+1 - Bofn
+ (5 + 362 + Bl - Bo)yn+2 + (-8~ 432 + 4BO)yn+l
+ (3 + B, — By — 3B)v,)/(2h)
order of the method: 1

error constant: @3 =(-11- 232 + [}1 - 2[30)/6
m\min =8
k=4

fn+4 = _§3fn+3 - 32fn+2 - Blfn+l - B()fn

+((26 + 1185 + 26, =, + 280,45
+ (=57 — 186, + 36, + 68, = 9B W12
+ (42 + 9B, — 68, — 3B, + 18By)ps s
+ (11 = 28, + B, — 26, — 11B,)y,)/(6h)

»rder of the method: 2
rror constant: C, = (=25 — 383 + 8, — 8, + 36,)/12
Mpin = 68/3
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bl
Il
wn

Fovs=Balysa=Bsfuss Byfrss = Byfriy = Bo sy
+ (77 + 258, + 385 — B, + B; — 3Bo)n+a
+ (=214 — 486, + 108, + 88, — 68, + 16Bg)y . 3
+ (234 + 368, — 1885 + 183, — 3683y, 4
+ (=122 - 168, + 685 — 88, — 108, + 4860y, 4+,
+ (25 + 38, — By + B, — 36, — 25B,),)/(12h)
order of the met}}od: 3

error constant: Cg = (—137 — 126, + 36, — 28, + 36, — p12,)/60
P = 56

k=6
Joi+e =Bslnss ~Bafura— B3fn+3 - B2fn+2 - Blfn+1 = Botn
+((522 + 1378 + 128, — 38, + 26, — 36, + 128,15

+ (1755 ~ 30085 + 658, + 3085 — 158, + 208, = 7560)n+4

+ (2540 + 30085 — 1206, + 208, + 608, — 608, + 20085y, 4 3

+ (—1980 — 2008, + 608, — 608, — 208, + 1208; — 30080y, 4

+ (810 + 756, — 208, + 158, — 308, — 656, + 3008}y, {

+ (- 137 = 128, + 38, — 2B + 3B, — 128, — 1374,)y,,)/(60R)

order of the method: 4

error constant: C = (—147 — 108, + 2B, — B + B, — 2B, + 108,)/60
A pin = 1936/15
5. Comparison of Explicit Linear Multistep Methods and Inverse Linear Multi-

step Methods. In the following table some properties of LMMs and ILMMs are com-
pared:

ELMM ILMM

minimum step-number 1 i
of consistent method
minimum step-number of zero-
(resp. infinite-) stable consistent 1 3
method

i f - .
maximum order of zero- (resp i k-2

infinite-) stable k-step method
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6. Application of Inverse Linear Multistep Methods of Certain Stiff Systems of
Ordinary Differential Equations. In [1] the application of so-called CDS (Correction
in the Dominant Space) schemes to certain stiff systems is described. These separably
stiff systems are characterized by the occurrence! of a few (s, say) large negative ei-
genvalues of the Jacobian which dominate the rest of the eigenvalues clustered about
the origin.

A special CDS scheme, based on ILMMs, is given by

k=1
(6.1()) Pwik = 2 Cap,y; T B,
j=0
(6.1(:) .okl :
Jovk = _Z; (QUIRCAIE N AR
]:

eos - s . .

(6.1(i) Ynsk =Vn+r T Z ég-)f-kcft]-)l—k’
=1

where the c,({?F « G=1,2,...,5) are the eigenvectors corresponding to the dominant

sigenvalues of the Jacobian, evaluated at (x,, ;. ¥, ). The corresponding eigen-
values and left eigenvectors are denoted by 7\,({3_ x and df{l x> Tespectively.
The scalar correction factors S,({lk j=1,2,...,5) are chosen such that

6.2) @D fCn i Ve = ADrpo fgie T=1,2,00 05,

wvhere <a, b) = a”b, the standard inner product of vectors. (We normalize the eigen-
r/ectors such that <d$,’2L & cf{l =20 i L,j=1,2,...,5, 8ii the Kronecker delta,
ee [1].)

If the initial value problem (1.2) is defined by the linear function

6.3) flx, y) = ARx)y + g(x)

where A(x) is an m x m matrix function) then the correction factors can be com-
wuted explicitly, giving:

, . . @D g, ) = fo i)
6.4) sr(x,-)l-k=_<dr(tj-)(-k’yn+k>— L8 n.)+k nrks, i=1,2,...,s.
A

For the general, nonlinear, case it is suggested in [2] to compute the Ef{l x by
he iterative procedure

6.5(1)) (o1e® =041,

[r+1] Es,tlk

6.5(ii))
1 s N -
- : Irl
= [rlzr(zt-%-k N <d$;?-k’f<xn+k’yn+k + 2: § sf:-)i-kcf:-)l-k> —fn+k>’

=1

t=1,2,...,5r=0,1,2,....
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In the linear case the above iteration scheme terminates after one step, and re-
duces to (6.4).

Some properties of the CDS scheme (6.1) are covered by the two following theo-
rems. For the first one compare [1].

For both theorems we note that the dominant components of a vector y are
given by (df,ilk,y), i=1,2,...,s (see [1]).

THEOREM 2. The CDS scheme (6.1), with a rational basic method, and the
correction factors given by (6.2) is dominantly stable, provided m® e Rpi=1,2,

., 5, where R, is the region of absolute stability of (1.5).
Proof. 1If (6.1) is applied to y' = Ay, A a constant separably stiff matrix, with

correction factors defined by (6.2), then we obtain fori=1,2,...,s:
) YA = k=1 . .
(d®, Vpor) = DRI ZO aj(d(t),J’,,H) - Bj(d(')’ fusi? )

i.e. the ith component of y, ., is obtained by applying (1.5) to the scalar IVP with
starting values
oD =<,y  w=0,1,... k-1
Thus, (d(i),yn) = cp,(,i) —Qasn—o,fori=1,2,...,s,if m® e Rp-
This together with Theorem 1 in [1] proves the result. O
Since, in the context of separably stiff systems, we are interested in large
|h)\(i)|, i=1,2,...,s,itis appropriate to employ an infinite-stable ILMM for the
computation of f, ., in (6.1(ii)). The region of absolute instability of infinite-
stable ILMMS may be fairly large, but, in practical applications, D will usually be
outside the region of absolute instability, because we assume that the dominant eigen-
values are large in modulus compared with the subdominant ones.
THEOREM 3. If the initial value problem (1.2) is defined by the linear function
(6.3), then the dominant components of the local error of the CDS scheme (6.1) with
correction factors given by (6.2) are of O(h?+1), where q is the order of (1.5).
Proof. We can write

g(x) = — A K) + y'e),
(where y(x) is the exact solution of (1.2)) and obtain fori=1,2,...,s
(dfli-)i-k’ fn+k> = <d$xi3-k’ favi? (by (6.2)
= (A, g AC 4 Wi~ AC 4 YO ) + Y Fpi k)

= )‘Sli-)l-k<dg-)(-k’ Vo)~ Afziztkwﬁzilk» Yy ) (dﬂk’ y'(xn+k))’

ie.
ADeir Ynaid)
1 O () ) ! ;
= 7\(,-) ((dn+k’ fn+k) + (dn+k’ y(xn+k)> - <dn+k’ y (xn+k)>)’
n+k

and hence,
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[ 1 i " i ’
A%k Y1) = Fni) = = g (o Faid = A ¥ i)
n+k

(<dr(1i~)i-k’ fn PP (S (L SEPS))))

N

= OM?*!) by the definition of ¢
which completes the proof. O
Remarks. For the linear problem it is trivial that the subdominant components
of the local truncation error are of O(hP *1) where p is the order of the ELMM em-
ployed in (6.1(i)).
For the nonlinear problem the dominant and subdominant components of the
local truncation error are interdependent.

TABLE 1. Simple scalar numerical example

n X, Yn Y —Y(xy,)
3 0.3 0.955 298E -7

4 04 0.921 4.76E - 7

5 0.5 0.878 6.51E -7
10 1.0 0.540 1.39E - 6
15 1.5 0.077 1.79E - 6
20 2.0 -0.416 1.75E - 6
25 2.5 —0.801 1.28E - 6
30 3.0 —0.990 5.02E -7
35 3.5 —0.936 —4.03E - 7
40 4.0 —0.654 -121E-6
45 4.5 -0.211 -1.72E-6
50 5.0 0.284 —-1.81E-6
100 10.0 -0.839 —7.78E - 7
200 20.0 0.408 —-155E-6
300 30.0 0.154 1.83E -6
1000 100.0 0.862 -1.13E-6

7. Numerical Examples.
Example 1. Consider the scalar problem

(7.1) y(x) = (' +sin(x))/\ + cos(x), »'(0) =0,

with exact solution y(x) = cos(x). This example has been chosen because of its
simplicity. It can be transformed into the form (1.2).

If X is large and negative, however, an implicit linear multistep method would
have to be employed, if the numerical solution is to be stable and the step-length %
is not to be excessively small. Contrastingly, the application of an ILMM to (7.1) is
fully explicit.

Table 1 contains numerical results, with A = —10%, and using the strongly in-
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finite-stable ILMM
— -1
fn+3 =h (Syn+2 - 8yn+1 + 3yn)

with step-length # = 0.1, and exact starting values.

We observe that, although there is an initial rise of the global error, the results
are stable, and the accuracy is about 1076, The errors do not alternate in sign as
would be typical for instability. Because of the factor 1/X in (7.1) the accuracy in
the f, is only about 1072, However, usually one will be more interested in the ap-
proximations of y(x) than in those of its derivative.

Example 2. Enright et al. in [6] give the following separably stiff initial value
problem, arising in insulator physics:

(720) 1y =-1y +1083y(1 - 1y), y0) =1,
(7230) 2" = 10«2y + 34107:3p(1 — 2y), 2y(0) = 0,
(7.2Gi) 3y = -1y — 2y 0)=0, x€]lo,1].

The Jacobian A(x, y) of this system is singular for all (x, y) (this is implied by
(7.2(iii)); thus one of the eigenvalues is zero. On the exact solution curve the second
eigenvalue decreases from —1 to —8.6, the third and dominant one decreases from
—3%107 to approximately —4%107, as x increases from O to 1.

The problem (7.2) was tackled using the CDS scheme (6.1), with correction
factors defined by (6.2) and computed by (6.5), where

- 1
Jnsr = a 26y, 43 = 5Typpp + 429, 4, — 11y)).

Thus, fn + is defined by a strongly infinite-stable ILMM. The step-length was taken
to be A = 0.01.

For comparison purposes an “exact” solution was computed using the standard
4th order Runge-Kutta method with the very small step-length # = 51078, which
was required by stability.

The starting values were chosen to be the “exact” values Y(xy), yx,), ¥(x3),
Y(x4). The initial value y(x,) was not used because it lies in the transient phase (see
[2] ; there also alternative ways of finding starting values may be found).

The linear multistep method employed in (6.1(i)) is the standard fourth order
Adams-Bashforth method.

The following measures of the maximum correction factor, and the maximum
dominant and subdominant error, respectively, are given by

MC= max gD,
5<n<100

MD = max |<d,(,1),y(xn)_yn>|’
5<n<100

MS = max ly(x,) -y, —d®, px,) =y,

5<n<100
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Thus, MD gives the maximum error in the dominant component of the numerical
solution, and MS gives the infinity norm of the error after the dominant component
has been subtracted. The results are

MC=118E—-11, MD=158E-17, MS=1.60F —6.

The numerical solution is stable, and the results are accurate. The dominant
accuracy is even close to the working accuracy of the machine (the DEC 10 of the
University of Dundee), the computations were carried out in double precision carry-
ing 19 digits.

Note that this example is extremely difficult numerically. A treatment with
conventional methods would require the use of fully implicit methods, whereas here

the implicitness is reduced to the scalar problem of finding the single correction
factor £(1),

Conclusions. A class of method has been proposed, that can be used with ad-
vantage for certain unconventional types of initial value problems, and that is parti-
cularly efficient if applied in conjunction with the CDS technique to the extremely
difficult separably stiff initial value problems.
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