MATHEMATICS OF COMPUTATION, VOLUME 33, NUMBER 146
APRIL 1979, PAGES 465—492

Maximum Norm Estimates in the Finite Element
Method on Plane Polygonal Domains.

Part 2, Refinements

By A. H. Schatz and L. B. Wahlbin*

Abstract. The finite element method is considered when applied to a model
Dirichlet problem on a plane polygonal domain. Local error estimates are given
for the case when the finite element partitions are refined in a systematic fashion
near corners.

0. Introduction. We assume that the reader is familiar with Part 1, [2], of this
paper; some notation is briefly recollected in Section 1. General references to the lit-
erature were given in the Bibliography of Part 1. Of these references, the following
are particularly relevant to our present situation: BabuSka [1], Babuska and Aziz [2],
Babuska and Rheinboldt [4], Babuska and Rosenzweig [5], Eisenstat and Schultz
[11], Thatcher [36].

Let  be a bounded simply connected plane polygonal domain with interior an-
gles 0 <a; < - - <ay <2, and consider the Dirichlet problem

0.1) ~Au=f inQ,
u=0 onoQ,

where f'is a given, sufficiently smooth, function.

To solve this problem numerically, let $* = Sh(Q), 0 <k <1,be aone param-
eter family of finite element spaces, all subspaces of & 1(@) N WL(Q). Define the ap-
proximate solution u, € S" by the relation

0.2) Ay, x) = (f, x) forall x € ",

where A(v, w) = [ Vv - Vwdx and (v, w) = fquw dx.

We now describe briefly a representative result from Part 1 concerning the local
rate of convergence for the finite element solution. Let 7 > 2 denote the optimal or-
der of the parameter A to which the spaces S can approximate smooth functions in
Lq norms. Furthermore, let ,j=1,...,M,be the intersection of 2 with a disc
of radius R; centered at the jth vertex and such that {); contains no other vertex, and
set Q= Q\(U]-Ailf—y). Also, put §; = /a;.

In Part 1 we showed that with e > O arbitrarily small (see Part 1, Theorem 4.1
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for the precise hypotheses),
[lee = uhlle(Qj) < Cehmin(r,ﬁi,ZBM)—e, i=1,....M
and

llu — uh"Lw(Qo) < Cehmin(r,ZﬁM)—e.

If the mesh is globally quasi-uniform, these results are essentially sharp.

It is the purpose of the present part of the paper to consider meshes that are re-
fined in a systematic fashion near the corners, and improve upon results of Part 1,
such as the above, in this case.

We shall present the main result of this paper by means of an example problem,
thus fixing our thoughts.

We consider a family of partitions IT,,, A —> 0, of £ into elements, and a family
of spaces S" of, say, continuous piecewise polynomials on such partitions. Assume,
for the purposes of this introduction, that for the spaces employed an interpolant x
can be chosen such that on each element 7,

s r
(0.3) llu =Xl _ ) < ((diam 7) lulw;(T).

Assume, also, that away from the corners, on £, the diameter of some element in II,
is comparable to A. ’

For simplicity, let us fix our attention on a neighborhood ,, of the vertex of
maximal angle. We wish to describe how to perform a partition of the £,’s so as to
ensure that

(04) [l ~ uh”Loo(QM) < Cehr_e.

In general, it will be required that the diameters of the elements in II, near the cor-
ners be less than #; we shall then call our meshes refined. We shall demand that the
refined partitions I, have, asymptotically, no more than Ch ~2 elements, i.e., apart
from the constant C, the same number as for an unrefined quasi-uniform mesh.

We emphasize that it is only for the purposes of this Introduction that we focus
attention on obtaining optimal order estimates in a neighborhood of the vertex v, of
maximal angle. More general situations are treated in the paper.

We first consider the question of how to refine the mesh close to the vertex v,,
and we shall seek our guidelines from the approximation estimate (0.3). Let

03) Q= {x € 27*Ry <lx—vy| S27FIRY,Y, k=1,...,k;,
where k,; is to be chosen, and set
(0-6) Q= {x € Q: Ix = vyl <27MRy ).

Recall (Part 1, Section 1) that [D%u(x)| < Clx — vy, [PM—lel=¢ and thus the
2y i are regions where the bound for derivatives of u is roughly constant. Employ-
ing an interpolant x leads to, by (0.3),

b

e =Xz gy ) < Mo 27" pru—r=e
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where h,; ;. denotes a local meshsize on ;. Desiring the right side to be Ch"™¢,
we see that if 8, > r, we may take & m,x = h (ie., no refinement is necessary); where-
as if By, <'r, we should have

0.7) Byp e < h@2 79 7PMIN,

An alternate way of expressing this is to say that on Qpy i, if the element 7 is a
distance d away from the corner, then

0.7y diam 7 < ha" PM/",

To choose k,;, note that taking x = O (an asymptotically optimal choice), we
have

g, < C27MEM),

Hence, taking
(0.8) My <HPM ang 27%M ~ iy

seems reasonable. Then the innermost patch £, ; contains a few elements of size
comparable to the whole patch.

A simple calculation shows that the number of elements in a refined mesh I, as
in (0.7), (0.8) can be taken to be asymptotically comparable to Ch™2,

Our main result is that using essentially a refinement as above around the Mth
vertex we have

0.9) e = uplly o,y < CTHR +llu—uyll_p o}

for any positive integer p. Thus, apart from the rightmost term in (0.9), the finite ele-
ment solution mimics the pure approximation properties of II,, and sh.

Actually, we shall need a slightly stronger refinement than the one described in
(0.7), (0.8) in order to prove (0.9), viz., hy; , < h(27*)1BMI"+8) for some positive
. This is due to technicalities in our proof. We refer the reader to Theorem 2.1 for
the exact hypotheses.

The second term on the right of (0.9) needs to be estimated. It contains the so-
called “pollution effects” from other corners, and if no refinements were done at the
remaining corners, the best we could say is that with p large,

N =yl _ o < CH™COT1260-1)7¢
-Dp,

For completeness, we shall show in Section 4 (and Appendix 1) that if certain mild
refinements are performed at the remaining vertices, the term can be bounded by
Ch"¢, and we thus obtain our desired estimate (0.4). Let us briefly describe the re-
finements necessary to alleviate the pollution effect.

If B; = r/2, no refinement is necessary at that vertex.

Ifg; < r/2, introduce the domains Qri=1,....,M=1,k= kojs - -
and €2, ; as in (0.5), (0.6) but with j replacing M. Choose ko,; such that

(0.10) 27%0,) = 121118

Lk
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and let the local meshsize h; ; on £2; , satisfy

(011) hj,k < hr/2(r—l)(2 —k)(l—ﬁj/(r—l)), k= k() .

ai’ « ey
Also, kj should be such that

(0.12) hp < n'126; and 27Ki ~ p"128;.

This means that (if » > 2) the refinement process can be taken to start fairly close to
the corner according to (0.10), and is less stringent than at the Mth vertex (even if f;
= Bu)-

The conditions (0.10)—(0.12) can also be motivated from simple approximation
considerations, see Section 4.

Let us remark that if an 2"° rate of convergence is desired only on the interior
domain §,, then the weaker kind of refinement described in (0.10)—(0.12) suffices at
each comer.

To elucidate the above, let us give three examples.

Example 0.1. A procedure for placing the nodes in the radial direction near v,,.
Consider the problem of how to place N + 1 nodes over [0, 1] so as to obtain
an efficient approximation of the function x® (8 = Byr) with piecewise polynomials of
degree r — 1. This problem was solved by Rice [1], who explicitly prescribed the loca-
tion of the nodes so as to obtain a good approximation, asymptotically as N —> oo,
Essentially, the N + 1 nodes x;,i =0, ..., N, were taken as x; = GIN)T8.

In the two dimensional situation, one can, e.g., construct a triangular mesh near
vy, in the following fashion, Figure 1. Draw N + 1 radial lines (including the bound-
aries) from v,,; along each of these mark down the N + 1 points x;. Then connect the
ith points on the successive radial lines, thus obtaining a cobweb-like set of quadrilat-
erals. Now triangulate those by drawing one diagonal in each. The family of triangu-
lations obtained in this simple way will, as N —> oo, satisfy a maximum angle condi-
tion, but not a minimum angle one. In order to satisfy the latter, a more complicated
construction would be necessary.

FIGURE 1
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Let us check that the ensuing mesh satisfies (0.7)" and (0.8). Here, h = Xy =
xy—y = (r[B) - (1/N). Clearly,

x, 1\7/8
Py < Cmax<xl, TV') ~ <7\7> <cn'lf
so that (0.8) holds.
For an element 7 a distance d > x; away, we have for the meshsize h,,

X
i+1 )\
h, < Cmax <x,~+l BRI )— Cleiyy —x))

_ (it r/ﬁ— lr/ﬁ
- N ) N
/8
_C . yi-pr]. 1\
—N(xi) [z <1+ i> 1
< Cha'~PI",

since the quantity in square brackets is bounded independently of i. Thus, (0.7) is
satisfied.

Example 0.2. Piecewise quadratic elements on a triangular partition, r = 3.

v 5 v 4
h
L
>
v
6 57120 = —1 Vs
Vg 8 Hp21/4
p21/8
v, Vs
FIGURE 2
Here o) = a, = 7/4, a3 =+ =g = 7/2, a; = ag = Tn/4. We seek a sequence of
meshes with local meshsize 4 in the interior such that 0(h3) convergence will occur at
vg. We find that no refinement is necessary at the vertices v, + - * vg. At v,, a mild

refinement according to (0.10)—(0.12) is required, and in Figure 2 we have displayed
27k0,7 = h7/2°, i.e. the distance where the refinement starts, and hyr= h21/8  the
smallest meshsize employed right at the vertex v,. Finally, at vg we refine according
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to (0.7) and (0.8) starting a unit distance away from the corner; again we have dis-
played in the figure the innermost meshsize, 121/,
Example 0.3. Piecewise bilinear functions on a rectangular partition, r = 2.

05 v4

1 6
v 1 v 2
FIGURE 3
Here a; == ag = 7/2, ag = 3n/2. To obtain h?e convergence at v, no refinement

is necessary at the other corners, whereas at v, one needs to refine so that the inner-
most meshsize is = A3,

Note that if the mesh is built up in a tensor-product fashion as indicated in Fig-
ure 3, then it will not be locally quasi-uniform. In fact, the “thinnest” elements are
found away from the comers. Our theory still applies in this situation.

Incidentally, in this example the convergence rate will be #27¢ on the whole of
§2, without any refinements at the vertices v, * - * vs.

Remark. If the meshsize is roughly halved on each adjoining Qpp k> i€, My
~ p27¥  then the corresponding refinement satisfies (0.7). However, in this case the
number of elements will be asymptotically comparable to Ch"2log 1/h.

To attain an 4" rate of convergence one may sometimes be led to rather small
meshsizes at the vertices; cf. Example 0.2. In Section 3 we shall give a corresponding
analysis when an asymptotic convergence rate of #°, s <r, is desired. As in (0.10)
above, we find that the refinement may then be started closer to the comer than the
unit distance demanded when optimal convergence is sought. In this case of subop-
timal refinements we shall also consider briefly (in two examples, Section 5) the de-
termination of the rate of convergence as a function of the distance to the vertex, and
the calculation of stress intensity factors. Similar investigations are given in Part 1,
Section 6, where the results are sharp for meshes where all the elements are roughly
of size h.
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In this Introduction we have considered refinements based on approximation in
the maximum norm. One can also base the refinement procedure on approximation
properties in other norms; our analysis still applies to give maximum norm estimates.
As an example, if one uses the energy norm and aims for optimal #"~! convergence in
that norm, one obtains a refinement which is suboptimal in our sense, with s = r — 1.

Finally, let us emphasize that the local estimate (0.9) applies to other problems
than the Dirichlet problem discussed here. For example, outside of £2,, the boundary
does not have to be polygonal, nor do the boundary conditions have to be of Dirichlet
type. The second term on the right has to be estimated in each case.

Outline of the Paper. In Section 1 we recall some notation. The main result of
the paper is stated in Section 2 (its proof is given in Section 6). There we describe the
refinements necessary to obtain (0.9), i.e., optimal order O(h") convergence at a cor-
ner, not counting pollution. In Section 3 the same question is considered when sub-
optimal O(%°) order, s < r, convergence is desired—again not heeding pollution. The
pollution effect is dealt with in Section 4. Section 5 contains examples of suboptimal
refinements at one corner where an overall refinement is made to give optimal converg-
ence in the interior. The question of the dependence of the rate of convergence at a
point on its distance to the vertex.is investigated.

1. Notation. We first recall relevant terminology from Part 1, and then intro-
duce some new notation.
For D, € D C Q, define

dist (D, , D) = inf dist(x, d3D\(dD N 39)),
x€3D\(3D1NdN)

and let D; §f D mean that D; C D with disty(D,, D) > 0.
For D C Q we set

<
HP(D) = {vE HP(D): v=0on 3D N 3Q}
and

%
HP(D) = {veE€ HP(D): v =0 in a neighborhood of aD\(3D N 382)}.

< 9P 3
The spaces C*(D), C*(D) and S”(D) are defined in a similar fashion.
For p <0, set

il p = sup 9

N lell_, p’°
vE € (D)
W, p = sup L9
D, <_ lell_p, p
v ¢~ (D)N C=(D)
b]
where || - ||_, p is the norm in H™P(D). Note that C™ ()= C(Q).
We set §; = 71/04,-,]': 1,...,M.
Let

(1.1) Q={xel Ix-vI<R}, j=1,...,M,
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for some R such that Q, contains no other vertex than V. Also, for some R < R
1.2) Qj= xe: lx-vjl<Rj}.

Relative to §};, we introduce the following domains, some of which were already
described in the Introduction.

(13) Q= {x€Q 2R, < Ix -y <27¥FIRY,

(1.4 Q= Vv 30, 1=0,1,2,...

Given an integer k; we define relative to that integer (but suppress that dependence in
the notation)

(1.5) Q= {x €Q: Ix - vyl <279RY,
(1.6) Qf,;=1{Q;,u QU U p 0, 1=0,1,2,. .

Lastly, as in Part 1, we make the convention that € is an arbitrarily small posi-
tive number, not necessarily the same at each occurrence. Constants C, which are also
subject to change without notice, may depend on e.

2. Optimal Order Refinements Near a Corner. In this section we fix our atten-
tion in a neighborhood of a certain vertex v; of interior angle o;. Set §; = n/a and
let Q 3 ©; be defined as in (1.1), (1.2).

Loosely speaking, the aim of this section is the following: Assume that locally
the class of spaces S” employed is capable of order A{_ . approximation in the maxi-
mum norm for smooth functions, where &, . is a “local” meshsize, cf. (0.3). We want

to describe a class of refinements on Qi that leads to an error estimate of the form
(2.1) e =yl (5 < Ch™{h + |llu - uplilp, o}

Note that if §; > r, this estimate follows from the results of Part 1 using only
an “unrefined” mesh.

The assumptions needed to obtain (2.1) will now be described, in a slightly long-
winded fashion. We shall refer to the whole of them as AA.Zj(r).

AA2,r). Let there be given numbers 7, B; and vy with r > 2 integer, % <B;, v
=2 1. Our assumptions are divided into two parts, (i) and (i) below.

(i) The spaces S"(Ql-) satisfy the assumptions A.1—A.4 of Part 1.

Remarks. Recall that A.1 went as follows:

There exist constants k, and C; such that the following holds. Let D, ¥ D
with dist y(D,, D) > koh. Then for each v € W' (D) and vanishing on 3D N 32,
there exists a x € $"(D) such that

o= X"Lw(Dl) + hllv - X” < C A"l

Loy wi(D)

3 >
Furthermore, if v € H'(D,), then x € S*(D).
The assumptions A.2—A.4 shall never be used explicitly in this paper, and hence
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we do not recall them. They are needed so that we can quote results from Part 1.
These assumptions were, respectively, concerned with “superapproximation”, weak in-
verse estimates, and the behavior of the finite element spaces under homotheties.

In the case of B; <r we make additional hypotheses that reflect the fact that the
mesh is then refined near v;.

(i) If < B; <r,let u; be a number with

such that (in addition to (i)) the following holds, cf. (1.4), (1.6) for notation. Let
r = ﬁ 1
(2.3) k;=| —= In, =|.
! leBj 2h
On each Q}, wk=1,...,k,8% hq ]1 x) satisfies the assumptions A.2—A.4 of Part 1

with 4 replaced by a local meshsue R ks
(24) W <hy, <h2”M
On 911 ) Q; ;) satisfies A.2—A4 of Part 1 with & replaced by h;

(2.5) w<n, <n'.

We also need an approximation assumption corresponding to A.l, with respect
to local meshsizes. There exist constants k,, C; such that for each function v S
€2;) vanishing on 9%, there exists x in Sh(ﬂ) such that for D, J D 3§ Q k (or
;,1) w1th disty(D,, D) = koh; . (or koh; 1),

(2.6) o =xlz_ o,y + Blo = Xl < Gy ol

wl) W,(D)

(or h; ; replacing h; ). If furthermore v € 13 (D)), then x € g‘)"(D).
This ends the description of AA.2;(r).
In particular, the assumptions in (ii) make it possible to quote local results on
§2;  from Part 1 with h; ; replacing .

Loosely speaking, the last part of (ii) says that A.1 holds on each x (1)
with A replaced by a local meshsize satisfying (2.4) (or (2.5)). This apprommation as-
sumption implies other results on approximation with respect to other norms, and for
nonsmooth functions. These results will be listed at the appropriate place in our de-
velopment, when needed, and brief indications of their proofs given. Generally the
proofs, or very similar ones, were given in Part 1.

We note that in the assumptions, u; is assumed to be strictly greater than 1 —
Bi/r; this is due to technicalities in our proof. Thus, e.g., our Example 0.1 has to be
changed slightly so that x; = (i/N)l"ﬁ‘/””S ,some § > 0, in order to fit that part of
our hypotheses. If a family of meshes satisfies AA.2;(r) with some y; > 1 — ﬁj/r, then
it does so for any ;7] with 1 — Bj/r < TI]- <. Loosely speaking, the larger the u; that
the mesh allows, the more “over-refined” it is.

The innermost domain £2; ; may be thought of as the part where a meshsize 1’/Pi
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prevails. Note that Q] 1 depends on ky; this will be convenient in the proofs. For H;
close to 1 — ﬁ [r, the innermost part may contain only a few-elements, whereas for My
= 1 it contains on the order of Ch ™2 elements.

Our hypotheses are satisfied for example by:

(1) continuous piecewise polynomials of degree » — 1 on suitably refined trian-
gulations that satisfy a minimum angle condition;

(2) piecewise linear functions (r = 2) on suitably refined triangulations that sat-
isfy a maximum angle condition;

(3) piecewise bilinear functions on a suitable tensor product mesh (r = 2); this
will, in general, contain “thin” rectangles, cf. Example 0.3.

For verification of all other hypotheses, given that (2.4), (2.5) hold, in the cases
listed above, we refer to Part 1.

We can now state our main result.

THEOREM 2.1. Let j be fixed and assume that the family of spaces S"(sz].), 0<
h < 1, satisfies AA.2].(r). Let € > 0 and an integer p > 0 be given.

Assume that

P,
2.7 A =u,, x) =0 forall x € $"().
There exists a constant C such that for h sufficiently small,

(2.8) e = uplly &5 < ChTE R + lllu = llp, 0}
The proof of Theorem 2.1 will be given in Section 6.

3. Suboptimal Order Refinements Near a Comner. In this section we shall con-
sider the following question: Starting with an unrefined mesh of size 4 and capable
of A" approximation for smooth functions, and given a number s, 0 < s < r, how
should one refine near the jth corner to obtain the estimate

(ERY) e =yl (& < OO0 + lllu = uylll_p, @ }?

We note that (3.1) would follow from Theorem 2.1 if AA.2 (r) holds with % re-
placed by #°/*. However, now we have assumed that a unit dlstance away, the mesh-
size is to be of order A, which is obviously less than #*/". We shall show in this situa-
tion that we need only start to refine the mesh closer than a unit distance away from
the corner. Exactly how this is done can be motivated from approximation theory,
just as AA.2i(r) was motivated in the Introduction. We leave this motivation to the
reader and proceed to list our formal assumptions.

AA3 (r s). Let there be given numbers 7, §;, v and s with r > 2 an integer, %
<8 1 0<s<r

(i) The spaces Sh(&’l]-) satisfy A.1—-A.4 of Part 1.

Gi) f < B; <s, let u; be a number with 1 — Bj/r <u; <1 such that (in addi-
tion to (i)) the following holds. Set

_|r—=s 1 s (1 1 1
Koy =5 My K=|olg- 7))
My m\B r h
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The rest of the assumption now reads like AA.2](r), with the following change in the
local meshsizes:

h7<h]"k<h, k=l,...,k0

W <hy <HIMT, gk =k

W <, <n'lfi,
The observation that AA.2,(r) is satisfied with & replaced by K" leads immedi-
ately to the following corollary to Theorem 2.1.
COROLLARY 3.1. Let j be fixed and assume that with 0 <s <r, the family of
spaces S"(&’lj), 0 <h <1, satisfies AA3,(r, s). Let € > 0 and an integer p >0 be
given, and let (2.7) hold. There exists a constant C such that

(€RY e = uplly &5y < Ch U0+ e = uylll_p o}

4. Error Estimates Near a Corner, and Global Estimates. Fix a vertex Y; and a
number s, 0 < s <r. Assume that

“4.1) e = wplly @y < O+ llu—uyllp 03,
cf. Corollary 3.1. We now ask whether we can achieve
(42) [fee = uh”Lm(ﬁj) < Che.

For this, the second term on the right of (4.1) needs to be estimated—this term con-
tains the pollution effects from other corners.
Let us choose p = r — 2 and ask for an estimate

43) ot = ey, ¢ < CHF.

We shall describe the kind of refinements necessary at the corners in order to achieve
(4.3). Roughly speaking, we shall refine at the other corners so that globally

e —uplly o < Ch*!/?7€ and (4.3) then follows by a standard duality argument. Again
the description of the meshes will be motivated by somewhat imprecise approximation
considerations. The full proof will be given in Appendix 1.

We have
llee =upllly 0 = sup (u —uy, g).
gsC (Q)
Iglly—p =1

For each fixed g, let v be the solution of the following Dirichlet problem:
(4.4) —Av =g in £,

v=0 on 9.
Then for any x € S*(Q),

(= uy, @) = A = up, V) = 1AW ~up, v =X <llu = uyll; gl = xll; q.

Note that llu — u,ll, o < Cllu = Yll; ¢ for any ¥ € S*(Q).
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The refinements we seek achieve

(4.5) inf o= xlly o < CH* 2 CYgll,_, o
xesh Q)

and by the above, (4.3) would follow. Instead of showing (4.5), let us motivate how
an estimate of the form

(4.6) v =xll;,q < C*!*7¢, v solution of (4.4),

may be achieved. The full details for (4.5) will be given in Appendix 1.
We have

M
o =Xl ,q <l =Xl + 3 =Xl o
j=1

On Q,, the function v is smooth, and we may assume that without any refinement,

o =xli,0, <cn 1.
Consider next a fixed Qj. Then, cf. (1.1), (1.3) and (1.5) for notation,

k.
o =xl,0, <Iv=xl,q, at Z v=xXlq,

On the innermost domain Q] » @ meshlength hi, 7 brevails, and we have, using proper-
ties of v, cf. Part 1, (1.10)—(1.11),

B—e
“4.7) [lv = Xlll’ﬂj,z < Chi%
On the £, , with meshsize h; i, using again (1.10), (1.11) of Part 1,

4.8) llv = Xlllynj,k < Ch}f}l ”v"’»njlk < Chlr’—kl(z-k frr+i-e
To make the right-hand sides of (4.7), (4.8) less than #/27€, one needs

s/28;
“4.9) h <nH'H,

(4.10) hj,k < h3/2(r—1)(2"k)(1—5j/(’—1)).

The process of refinement to achieve (4.6) can be described as follows. If B; > s/2,
no refinement is necessary.

If B; <s/2, start refining on Qko,j when the right-hand side of (4.10) is less
than 4 (so that (4.10) is not satisfied by the unrefined mesh), and continue gradually
until a mesh of size #5/26j, cf. (4.9), is reached; use that meshsize on the innermost
patch Qj’ I

To be more precise let us demand:

AAA(r, s). Let there be given numbers 7, vy and s with » > 2 an integer, v > 1,
0<s<r

(i) S"(Q) satisfies A.1—A.4 of Part 1.

(i); If B; <s/2, let p] be a number with 1 — §,/( — 1) < /.77 1 such that the
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following holds. Set

The rest of the assumption now reads like AA.2]-(r), with the following change in the
local meshsizes:

h7<hj,k<h’ k=l,...,k0,i—1,

W <hy, <K PODRTVI k=kg .k

W <h <n*

Remark 4.1. 1t is easily established that if AA.3,(r, s) holds (for some u;), then
the part (ii); of AAA(r, s) is also satisfied (with suitable w).

We shall prove the following in Appendix 1.

THEOREM 4.1. Let 0 <s<r, and assume that the family of spaces S”(Q), 0<
h <1, satisfies AA4(r, s). Let € > 0 be given. There exists a constant C such that
if u and u,, € S*(Q) satisfy (0.1) and (0.2), then

ot =2, < CH°.

Combining Corollary 3.1 and Theorem 4.1, we have:

COROLLARY 4.1. Let j be fixed and assume that with 0 <s <r, the family of
spaces S"(Q), 0 < h < 1, satisfies AA.3j(r, s) around the vertex v; and the global con-
dition AA.A(r, s). Let € > 0 be given. There exists a constant C such that for h suf-
ficiently small,

[l = uhIIL“(ﬁj) < Cn*e.

Finally, we have the following global result, cf. Remark 4.1.

COROLLARY 4.2. Let 0 <s <, and assume that the family Sh(Q), 0<h<l,
satisfies AA.3].(r, s)foreachj=1,...,M, and furthermore satisfies A.1—A.4 of
Part 1. Let € > 0 be given. There exists a constant C such that for h sufficiently
small,

e = I,y < CHSE.

In particular, the above corollaries hold for s = r; in this case the condition
AA3(r, r) is the same as AA.2j(r).

5. More on Suboptimal Refinements. Let §,, <1, 7 > s, and consider the sit-
uation when AA.3,,(r, s) and AA.4(r, r) hold; i.e., the mesh is globally defined so
that the error is A" in the interior of €, and 4° close to v;;. One may then surmise
that the rate of convergence at a point near v,, depends in some fashion on its dis-
tance to v,,. We shall show such is the case in two examples, and also consider brief-
ly the question of calculation of stress intensity factors; cf. Part 1, Section 6. The
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techniques used in these two examples can be applied to analyze many other situations.
It may be laborious, though, to obtain sharp estimates in a particular case.
We start with an example which is easy to analyze with our present tools.
Example 5.1. r=4,s = 3, §;, = 2/3. Let us plot how the local meshlength
hy, . near vy, depends on the distance d from v,, (for simplicity in plotting we demand
sharpness in the right-hand sides in AA.3,,(4.3) and AA.4(4.4) with “lowest” u, ).

h
loc A

— hloc — h3/4d5/6

v

w02 13 p317 30 ]
FIGURE 4

We see here that the refinement according to AA.3,,(4,3) suffices to satisfy the rele-
vant part of AA.4(4,4) at v,,.
We shall first show that in this example, with d; = 271

Ch3—€’ d] < h3/10,
(5-1) ”u - uh“L""(‘Q'M,I) < . Cross 10
cn*ed 103, p310 < g, < Ry,.
For d < h3/10 the refinement is done as to insure an A estimate. For d >
, we apply Theorem 3.2 of Part 1 which gives on &, ;, where d; > h*/1® and
hy=h

h3/10

lle = uplly ,(22pr

—e - - -3 -
<O Ol =My g F =, el o )

for any x € S"(2). The condition AA.4(4,4) was done so that (Theorem 4.1)

4—
e = uy |l Sllu=upll_y o <SCh™E
2,

2,9},
and hence, we obtain using approximation and the behavior of u,
- 4—€ 42/3—-4 4—€ 4—3

[l uhlle(nM’I) < "¢, + 177 ).

The first term here, coming from approximation theory, dominates and so (5.1) ob-
tains.

In particular, it follows from (5.1), cf. Part 1, Section 5, that for 4 sufficiently
small the maximal error occurs for d < h3/19,
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Consider now the calculation of the “stress intensity factor” k,,, cf. Part 1, Sec-
tion 6. Let (using polar coordinates)

up(d, 0,)
2/3 )
azl sin(By,0)

Then, from Part 1, Section 6, and the above

kn(d, h) =

(\w = u,)d, 0
kps = kps(d, B)| < C < ( ~ )@, 6o) + d2/3>
d2/3

h3—€d—2/3—6 +d2/3 d<h3/10
<‘
4—€ ;—4—€ 2/3 3/10
n€q +d?/3, 1% <d<R,.

It is easily seen that the best that can be gotten from this is the estimate
lkpy — Ky (RO1%, )| < CH31?7E,
Example 5.2. r=2,5s =1, f; <1. Again we plot the local meshlength near
vy, as a function of the distance (taking equality and lowest u, in AA.3 and AA4).

hloc
T for 44.3,,2, 1); by, = h%d! B2

for AA4.4(2, 2)(it),p5 Moo = hd' ~PM

\ 4

hl/BM hz—ﬁM

FIGURE 5

In contrast to Example 5.1, here it is the refinement demanded by AA.4(2, 2) that
dominates around vy,;. We shall show that

cnl—e d,<n'®M,
(52) ”“ - uh||Lw(QM’I) < e "
Ch*~¢d;"M ¢,  h M <d; <Ry
For d < h'/BM the refinements coincide; and thus, we cannot expect better than

- 1—e€
[lee uh“Lw(nM,I) < Ch .
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For d > h'/PM  we again apply Theorem 3.2 of Part 1 to obtain

[fee = uh“Lw(QM,I)

< Ch¢ {hyllu = Xl + llu = uy| +d; = uyl 1
l

Wi(2],D) Lo (R 0.2},

for any x € S?(€2). The two first terms on the right are easily bounded by
h,z_edfM_z—e < hz—ed,—ﬂM_e.

Using Theorem 4.1, a trivial bound for the last term on the right is d; 'A27¢. How-
ever, employing a slightly more involved argument (involving ideas from Lemma 5.1 of
Part 1, and to be given in Appendix 2), we have

(5.3) di'flu—uyll _, < Ch*ed; M e
0,925
Thus, (5.2) obtains.

From (5.2) we can expect that the maximum error occurs for d < h'/#M_ For
the stress intensity factor we obtain

Ch'~¢a ™M 4 Pmry, d<n'®m
ey = Kpr(d, W) <
Cn*=a™ M= 4 gPmy pMPM < g <R

The best that can be said is now that

Kas = kg (h*12PM, 1)) < cn2/3-¢,

In the two examples above, either AA.3,,(r, 5) or AA.4(r, r) (ii),, took prece-
dence in the refinement near v,,. It may of course happen that they intermix; thus,
e.g. forr =3,s = 2, 8, = 2/3 we have the following picture:

h
loc A

for AA.4(3, 3)(i),,;
ht h,, = h34q23

- - - - for AA.3,,(3, 2); by, = K23 d7/°
+ " re 4 }
PERAIT K314 317 318 1 d
FIGURE 6

We leave the analysis of this case as an exercise for the reader.
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6. Proof of Theorem 2.1. For simplicity we assume in what follows that R;=1,
R = 1/8. We shall first localize the problem by way of an auxiliary mixed problem,
cf Part 1 (73) Let D, = {x e & Ix = vl <1/4} and D, = {xeq: lx = vl <
1/2} so that Q <)jD ID, JQ;. Letw € C”(Q) be such that w =1 onDl,
supp w C D,. Put U = wu, and let uh € S"(Q’) satisfy

(6.1) AQW = Uy, x) =0 forall x € S"(R)).

The function '17,, can be thought of as the approximate solution of an auxiliary mixed
problem with right-hand side — A%.

We have the following:

LEMMA 6.1. Assume AA.14(r). Given € > O there exists a constant C such that

(6.2) I = Uplly (p,y < CH'™¢
Before proving Lemma 6.1 let us show how Theorem 2.1 follows from it. We

have

(6.3) Mu—uyllg, (Q)_“u—uh"L (Q) “u—uh"L (S?.)+"uh uplly, (Q])

By (2.7) and (6.1), A(u, — u,, x) = 0 for x € S"(Dl) so that from Theorem 3.1 of
Part 1 we may infer that

"uh uh”L (Q) Ch_EIHuh —uhIII_le
(6.4)
<ch {7 - ?i,,an(Dl) + e —uylll_p p 3
From (6.3), (6.4) and (6.2) we obtain the desired estimate (2.8).

For brevity we shall henceforth in this section write § = B;» and Q, = i We
shall also denote

(6.5) dy=27%, dy =27, dx)=Ix -y

In the proof of Lemma 6.1 we shall need a few approximation results, all conse-
quences of the assumption AA.2. We list them here in one place; cf. Section 1 for
notation.

(i) If 6 <B <1, then there exists x € S"(.Qj) such that

(6.6) 7 = xll +lw =X, <cn¥e.
1,97

Lo(2h

(i) If 1 <B <r, then there exists xy € $” (§2;) such that

6. - - < Ccnee.
(6.7) llu x||L°°(Q}) + hyllu X”w;(n}) T

(iii) For 1 < k <k;, there exists x € Sh(Q]-) such that
(6.8) I = xli + gl = x| < Chjdy "¢,

L.o(2h) wlah)

Here [ = 0, 1, 2 and the constants C are independent of 4 and, in the case of
(6.8), also of k.
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The proofs of the above results can be accomplished as in Part 1, Lemma 4.1
(for (6.6), (6.7)) and Lemma 2.1 (for (6.8)).

We shall also need the following general approximation results:

(iv) If % <B <1, there exists a constant C such that for any v € H @yn
H! +‘3_6(9) there exists x € S"(Q) satisfying

(6.9) o= xlli 0, < {0l 4p_e, -

(v) There exists a constant C such that for any v € Hl @yn Hz(ﬂ) there ex-
ists x € S"(Q) satisfying

(6.10) o= Xl1,6, < ol .
(6.11) [lv —X||1,gk < Chkllv"z’n%

We point out that due to the norm on the right of (6.9) extending over all of D,, the
estimate (6.9) is not very sharp. However, it is possible to give a simple proof, follow-
ing the proof of Lemma 2.2 in Part 1. In various concrete examples, the result can
be sharpened. The proof of (6.10) and (6.11) can be accomplished as in Part 1, Lem-
ma 2.1,

After these preliminaries, let us start the proof of Lemma 6.1. Lete =u — u,
and E = E(x) = (d(x) + dI)"I?. We shall first show that given € > 0 there exists a
constant C such that

(6.12) el Loy < Ch¢(n" + "E"°'“f)’
We have
(6.13) ||’E’||L°°(Dl) = male?”Lm(gI), ki??ﬁ,ki “e"Lm(ﬂk))

Consider first e Lo(ap- When %2 <B <1 we can apply Theorem 3.1 of Part 1; it
is straightforward to verify that since u > 1 — §/r, distﬂ(ﬂl, Q}) < h}—6 for some &
> 0 so that the theorem applies. For arbitrary € > 0 and for any x € S” we obtain

~ — ~ -1
il ap < T =, g+ 17 =X, o

~ - —_1
+ llu x||1’n} +d; ||€||0’Q}}
—€ ~ - ~ - - ~ A
SO =M, oy 1T =X, o + a1,
and using (6.6) and (2.5), we clearly have
(6.14) 10, <CHTG" + Wy o), %<B<1.
In the case of 1 < <r, we apply Theorem 3.2 of Part 1 and arrive at

1€l < Ch™< {hlla - Xl 1 @h + % = Xl +d7le)

Lo} o,n}}’
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or, by use of (6.7) and combining the result with (6.14),
(6.15) ||?||LN(QI) <Ch (W + “E”o,gi}, h<p<r.

Next consider the error on the domains £, k¥ = 3, ..., k;. Using again Theo-
rem 3.2 of Part 1,

120, _cq,y < Chic® Uhelld =X + 11 = Xl il o)

wl@h Lo(Q})

Inserting (6.8) and using that A? < k. < hdy,

(6.16) < Chp€ {Wjeds ¢ + 1Elo, @} < Ch™¢{n" + 1Ello, 0} -

||e"L°°(Qk)

From (6.13), (6.15) and (6.16) we obtain the desired estimate (6.12).

The proof of Lemma 5.1 is now completed by using the following result in
(6.12).

LEMMA 6.2. Given € > 0, there exists a constant C such that for h sufficiently
small,
(6.17) 1Ello 2, = I(dGx) + dp) ' ellg,q, < CHF.

In the proof of this lemma we shall need some error estimates for ¢ in H' and
L, in the presence of the current refinement. We have

(6.18) ||2’||0,Q]_ + hll?lll’al_ < CHe.

The proof of this fact uses much the same techniques as those employed in Appendix
1 and will therefore be left to the reader. The estimate in H* is immediate. To per-
form a duality argument, note that the solution of the mixed problem in Part 1, (7.3)
with right-hand side in L, belongs to H?7€ locally at the corners where the boundary
conditions change, cf. [17] and [29] of Part 1.

We now start the proof of Lemma 6.2. First note that ; = D,V Q}, so that

(6.19) IIEIIO,QJ. < ||E||0’Q{ +1Elo,p, -

Clearly, using (6.18),

<qle < Ch'e.
(6.20) ILE C‘Ile||0,n% Ch

0,21}

In order to estimate ||Ello,p, we shall employ a “duality argument”. We have
IElo,p, = sup  (@x) +dpPT'e, g).
(6.21) £€CT(Dy)
Iglo,p =1
Let now v solve the following mixed boundary value problem:
-Mv=(dx) +d)'g inQ,

6.22
( ) v=0 ondQ; NIQ,

ov
o 0 on an,.\(asz,. N Q).
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We shall require some a priori estimates for this problem.
LEMMA 63. Let v be the solution of (6.22) where g € Cy'(D,), D, J ; with
llglly = 1. Then,

Wlly 4 g-e,p, <Cd7P, % <p<1,

(6.23)
lly,p, < i, g>1,
-1 3— _
(6.24) Ioll 4 < C di€, k=3,...,k,
<y €.
(6’25) "0"2—6,3{' C(i[

The proof of this lemma will be postponed until the end of this section.
Returning now to the proof of Lemma 6.2, we have for any x € Sh(.Qj),

(@(x) +dp)7'e, g) = A(e,v) = A(C, v~ X)

(6.26) i

<lel, g llv=xll; o, + 2 lell; o, lv=xl; o
oLy o SN g g

+ e v-— .
el oyl =, oy

We shall estimate the terms on the right separately.

Applying Lemma 7.2 of Part 1 to the domains £2; and Q}, we have for any 7
esh

¢ <c{lu - +drt W - +dre
el ,0, < CU =nl, oy +dr'li =il oy +dr'IEN, o)

2 = i -
llu n||w:°m}) Ilu nllem})HlEllo,gi for 1 <8,
<C

W =il oy + 1@ =l + 1Bl o, for % <f <1.
Ll § )

Lo}

Recalling (6.6) and (6.7),

a7 + Bl 1 <8,
6.27) ||2’||1,QI <C
i~ + 11Bllo o %<p<I.

We shall next estimate I|?|I1,gk, k=3,...,k;. Again using Lemma 7.2 of
Part 1, and (6.8) (noting that ||w||l’Q,1c < Cdk”w”WL(ﬂ,lc))’

(6.28) B1y,q, < LR ™SdiT" ™17 + [1Elg,q )
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To bound ||'é’||1 91 we use (6.18),
. ~ < r—l—e.
(6.29) ||e||l’n{ Ch

We shall next attack the terms involving v — x on the right of (6.26).
(6.9) or (6.10), and (6.23),

Chdl™e, 1<8,
(6.30) 2 b
v =xl,0, <

chfcarf,  n<p<l.
Using (6.11) and (6.24),

(6.31) o =xll 0, < Chydy'~C.
Finally, utilizing Lemma 2.2 of Part 1, and (6.25),

. —_ < 1—¢ 1—€y, —
(6.32) llo xlim; Ch"¢Iloll, < Ch'"¢nye.

—-e,ﬂ%
Insert the results (6.27)—(6.32) into (6.26). We obtain

@ N (dn1me + 1Bl Yd7 '~ for > 1
dx)+dp)~le, g) <C

(HF™ + BNy, D~ d;® for f < 1
k

k=3

i
+C Z (h;—l—edg—r+l—e + "E”()’Ql)hkd]:ld]

+ C r—l—Ghl—Ghl—e.
Thus,

hi=e
(dx) +dp)~te, g) < cnf<drc + cni e < )

485

Using

—€

df
ki
+ Cd}—e Z ht’;—edg—r—e + Chr—-ehl—e
k=3
hdr'Te, 8> 1 LY B
+ QlEllg g, x +dre Y hdy

W—¢ar®, <1 k=3
Recall now from AA.2,(r) that

W <h <HP, B <h <h-dy

with u = 1 —B/r + 8, for some § > 0. Also, d; > W88 with 8' > 0. Hence, from

the above
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mE, B> 1 ki
~ I ’ ]
(d(x) +dp~e, e) SC'™ +ClElg , +dr¢ Yy hat!
J h?& —6, B <1 k=3
Re=E, B> 1 ,
< CH™ + CliElly g, , +aien® fln ).
\(nf? <. 8<1

The positive number € can be made arbitrarily small, whereas §, §' > 0 are fixed.
Thus, by fixing € small, hence fixing the constants C = C,, and then taking /4 suffi-
ciently small, we arrive at

(@C) +dp~e, &) SCC + %l .
Now from (6.19), (6.20) and (6.21),
IIEHO,QI, <CHE + %1Ello, 0 »

which proves Lemma 6.2.

It remains to prove Lemma 6.3.

Proof of Lemma 6.3. To show (6.23), let w € C”(Qj) be such that w =1 on
D,, w vanishes outside D,. By use of the estimates of Part 1, Section 1, we find that

Wolly 4 p-e,p, < “w”“1+a—e,ni < CllA(wv)llﬁ_l_e/g,gj

< C{""‘)Av"ﬁ—l—e/z,Dz + Vo - vv“ﬂ—l—e/2,D2

(6.33)
+ ||0Aw||a—1—e/2,02}
< C{"Avllﬁ—l—e/2,D2 + "v“l,Dz}
< ClE@) +d) " gllg—y—e/2,p, -
Now,
(6.34) lI@d(x) +dp)~ el (@) +d)~'g ¥)
.34 x D 8lg—1-¢/2,0, = sup -
1 \pEHl_ﬂ+€/2(Dl) ||w”1—ﬂ+e/2,Dl

Using Schwarz’ inequality,
(@@x) + dp~'g, ¥) < @) + d)Pellg p I@Cx) +df T Yllg p
I 1 1

< capPlide) + d)f " Wllo b -

By Holder’s inequality, and Sobolev’s inequality (cf. Part 1, (1.6)), with g =
(8 +Be)/(8 — 4B+ Be), g’ = 2/8 + €/4,
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—1 -1
ll(d(x) + d])ﬁ lIJ“(),DI < “(d(x) + d[)ﬁ ”Lq(Dl)INJ“Lq'(Dl)

<Cllll/||1_ﬁ+e/2,Dl’

From this and (6.33), (6.34) we obtain (6.23).
To show (6.24), we have, cf. Part 1, Lemmas 8.2 and 8.3,

) < ~1
I “2’9% < C{IIAvIIO,Q% +d llvlll,n%}.

As in the proof of Lemma 8.3, Part 1, we see that
(6.35) “Ulll,nj < adr€,

and thus,
-1 —1 ;—€
"vnz,n}, < C{ll(d(x) + dy) g“o,n% +dgdrtl,

which proves (6.24).

The inequality (6.25) follows from the fact that the problem (6.22) has local
H?¢€ regularity at the right angled corners where the boundary conditions change.
By the support properties of g, v is harmonic on Q} and one obtains

vl < Clv .
Ioll,_, oy <CIblL, o

1
—e,Ql

An application of (6.35) now verifies (6.25).
This proves Lemma 6.3.
The proof of Theorem 2.1 is now complete.

Appendix 1. Proof of Theorem 4.1. As set forth in Section 4, it suffices to
prove that in the presence of condition AA.4(r, s), we have for any g € H™~2(Q)

(A-LD) inf o= xll,o <P lgll,_y 0
XES (R2)

where

(A.1.2) —Av=gin Q, v=0on .

It is a consequence of our assumptions that there exists a x € S”(Q) such that

min (ﬁl-,r— 1)—e

(A.1.3) o =xlly,q, , < Ch; ; Wlmin(1+8,1-e.92;
(A.1.49) o =xlly o, < ll, g1
(A.1.5) o =xly,q, < Chix ol

forj=1,..., M k=1,...,k (i, =hincase k <k, ;). Here Q4 §J Q4 J Q.
For the above, cf. (6.9)—(6.11).
We shall use the following local a priori estimates for the problem (A.1.2).
LEmmA Al.l

(A.1.6) Illminca +8j,r)-€,9; <Clgll,—; >
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- i . p— — _k
(A.1.7) “v"r,n,l.lk <C,dkr+l+mm(ﬁ,,r 1) eug”r_z’n’ d =279).

Before proving this lemma, let us show how (A.1.1) follows from it. We have
M
(A.1.8) o=xll, o <3 ”v—X“l,ﬂ.]- + llv = xll, 2y
=1 ’
Consider a fixed j, 1 <j <M The other comers, and the interior domain Q, are
treated similarly.

We write
k

J
- <y — -
[lv X”l’nj <l X"l’nj,l + k;] llv x"l’ni,k’
and using (A.1.3) and (A.1.5), and then Lemma A.1.1,
kj

Iloll in(1 I Z Lt [l
m +B;,r)—€,82; K 1
] 7 k=1 ! r,!?,j

i 7y —l —
v = X“l,nj < Ch;mn(ﬁ, r—1)—e
Kk

(A.1.9)
kj
min(B;r—1)—e —1 ,~r+1+min(B;,r—1)—e

<CWETUT 4 3w j Ietl—s,0-
Consider now the quantity in square brackets. If B; = s/2, then the local meshsizes
are all comparable to 4; and since » — 1 > s/2 and d; = h, we obtain

= X“l . < C[hmin(ﬁj,r—l)—e
]

(A.1.10) + W max(@y T ey

<SP CNell_y .0, B >s/2.

In the case that ﬁi < 5/2, we use the conditions on hj’ « set forth in AA.4(r, 5);
and since y; > 1 - B;/(r = 1), d; = h; > h", we obtain for € small

o =Xl g,

k.

j -

<C[hs(ﬁi“e)/2ﬁ]+ Z hs(r—'l)/2(r—l)d£j(r"l)_r+l+ﬁl—€]"g“r_2,n
k=1

(A.1.11) ..
]

< cnsl?re [1 + 3 d;{l lgll,—2 o
k=1

) ) B s
< ORI+ drelgl,—g 0 < CHP Uy, < 5

Combining (A.1.10) and (A.1.11) for all j, and with the easy estimate for |lv — X, a4
we have verified (A.1.1).
It remains to show Lemma A.1.1.
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Proof of Lemma A.1.1. The estimate (A.1.6) follows from (1.7) of Part 1 by a
simple localization argument.

For (A.1.7), let us give the details in the case ofB < 1. Let Wy, Wy, Wy S
C™(97;) and such that w, + w, + w; =1 on @4, llwllyi < Cd'i=0,1,2,.
and their supports are as indicated in the followmg figure:

Supp Wy
FIGURE 7
Then,
3
lwll <Y lwpll
1 1 1
nk =1 Ny

Consider e.g. w,v. By considering a suitably localized halfplane problem, we have

”wl v”r'gjl,k < C“A(“le)"r—Z,S'l
with C independent of k. Now,

< . +d;? .
1810l -,0 < OB, gp *+ ' Iol,_, o + dil_, oo}

For a term like d;- lIIUII,_I’Q% the same procedure yields

d—l < d—'l -2 -3 .
€0l op < LA, oo + A2, oo+ a0l (o3

and eventually, we obtain with Q & 3 .Q] x> diam Q < (Cd,,

r—2
llvll <Cl Y d™lgl 4 gortl +d-
1 x 18lh—a_m d ol o g o, |-
n8 g m=0 rm2-m, Qg e Ill’Qi,k k0.9
Let us next consider, e.g., the term [vll; o e By Holder’s inequality,
A

. o< gl
Wl g < Ci Wyt
and choosing (in the case f; < 1), p < 1/(1 = B;) but close; and hence p=1 18;, we
have by Sobolev’s inequality (Part 1, (1.6)) and (A.1.6)

Iolly g, < Caff TWlyag e g, < AT lellg -
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By much the same procedure,

1+8;—€
“vno,n}.’k<Cdk / Ilg"ﬁ,-—-l—s,ﬂ
and

"g"r—'z_m,g'i k < Cd;cn—ellg"r_z,n.

Thus, since Bi -1<r-2,

—r+ l+[3]-—e

“v“r,n].lk < Cdy lel,—p. 0, B; <1.

The case of B; > 1 is handled similarly.
This proves Lemma A.1.1 and completes the proof of Theorem 4.1.
Appendix 2. Proof of (5.3) in Example 5.2. We have

(e Ups g

e =gl oy = —

s M,l gec:(n}w’l) ”gllo,ﬂ}wl

Fixing g, let v be the solution of

—-Av =g in Q (g extended by zero),
(A2.0)
v=20 on 9%2.
For any x € $"(Q) we have
I = uy, &) = AW = up, v =) <lu—uylly gllv= X -
By (A.1.1) we have in this case (AA.4(2,2) holds),

It =uplly, o <C inf llu—yll o <Ch'E.
YES (R2)

Thus, in order to show (5.1), it remains to prove that with suitable x € S"(Q),

(A2D o=l <R Dt “lglo,a, 8 € C5 (), g >0,

where v and g are connected by (A.2.1).

The proof will more or less consist of repeating arguments from Appendix 1,
however, in a more careful way at certain crucial steps and also using the fact that g
has small support. For the approximation theory needed, see (A.1.3)—(A.1.5).

Write
M-1 kj
v =xl 0 < 2 o =xlliq,, + > o =xq; ,
(A.2.3) =1 k=1
km
+ o - - + v - )
o =xlli,q,, , + kgl o =Xl,q, , +W-xXla,

Consider first the terms [lv — xlll,gﬂ, j=1,...,M—1. We have (assuming
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g < 1),
(A.2.4) o =xl g, , < O ol 4 b-e.0
Since v is harmonic on §;, we infer by a localization argument, (cf. Part 1, (1.7)),
(A2.5) lolly 1 e 0; < Clivlly o < Cligllg, —1-¢,0-
Now use the fact that (see the last part of the proof of Lemma 5.1 in Part 1),

A26) gy, e o <Ch ™ “leloq, &€ CHQ@Y).
Thus, using AA.4(2.2) (ii)],
b =xlh g, , < CGM DT dy M Il g
(A2.7)
<O d M Clglly g, i=1,..., M~ 1.

The same estimate is easily derived also for B; > 1, replacing the right-hand side
of (A.2.4) by Chllvll,, Q; and continuing as above.
Next, consider |jv — X”l,n,- © j=1,...,M~-1. Now,

v < al' v
” X”l’ni:k = ]’k” "2,.Q.Ilk
We use the fact that since v is hal'mOl'liC

(A.2.8) bl o, <Cd TArhe B <L

lloll ’
1 +ﬁ]’—6,9i

This follows, e.g., by ﬁrst using Lemma 8.3 of Part 1, obtaining

Vi < -1
" ”2,91{ ES C,d],k”l)”l, 12 ,
and then the fact that

Bi—€
“vlll,nizk < Cdf,lk "U“l +3],_€,Qi’

which is proved by applying the same techniques as in Lemma 5.1 of Part 1.

Thus, combining the above with (A.2.5) and (A.2.6), and using AA .4(2,2),
v — X“l’n_ X < Ch d l-H;’—edl ﬁM eng”o,n
(A.2.9) L

1—e ;1-Bp—e€
SCh~%dy M llglly s, B <1

Again, the same estimate can be deduced also for B > 1.

The estimates (A.2.7) and (A.2.9) can also be deduced, by the same procedure,
on the domains QM,, and QM’k, k=1,...,1-2,1+2,...,ky, since v is har-
monic on szw,k. To estimate, e.g., llv — Xll1,0,, ; itself, we have

=X, ,<Cudel_,

2,9},
and we then use the fact (corresponding to (A.2.8), cf. also the proof of Lemma A.1.1,
and (1.7) of Part 1, and (A.2.6))

—l+ﬁM—“€

Ioll, o1 < Cllglo,0 +day ™ Wy, -e.0) < Gyl o
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Thus, by AA.4(2,2) (ii),,, which is the dominant refinement around vy, cf. Figure 5,

b =Xlyq,, + < Chy, 7dit Tlgllo
(A.2.10) ’

—e 1By~
<cn'~dy P lglly g, T=1-1,01+1.
One deduces also, easily, that

(A.2.11) o =Xy, < Ch'Sdar ™ “lglly .

Inserting (A.2.7) (which held also for j = M), (A.2.9) (valid also forj =M, k=1,

o, 1=2,142,..., k) and (A.2.10), (A.2.11) into (A.2.3), we obtain the de-
sired estimate (A.2.2).

This completes the proof of (5.3).
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