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Semiexplicit 4-Stable Runge-Kutta Methods

By G. J. Cooper and A. Sayfy

Abstract. An s — 1 stage semiexplicit Runge-Kutta method is represented by an s X s
real lower triangular matrix wi'lere the number of implicit stages is given by the number
of nonzero diagonal elements. It is shown that the maximum order attainable is s when
s < 5. Necessary and sufficient conditions for A-stability are derived and it is shown
that there must be s — 1 implicit stages if the order is s and s < 5. Examples are given
for § < 4 where all the nonzero diagonal elements are equal. Additional problems arise
when s > 4; but when s = 6, an A-stable method of order 5 is obtained. This method
has five nonzero diagonal elements, and these elements are equal. Finally, a six stage A-
stable method of order six is given. Again, this method has five nonzero (and equal) di-

agonal elements.

1. Introduction. Consider an initial value problem, for a system of ordinary dif-
ferential equations, of the form x" = f(x), x(¢y) = x,. An s — 1 stage, semiexplicit,
Runge-Kutta method computes a sequence of approximations

r
yf‘m) =y§‘m—l) + h z br]f(yl(m))> r= 19 29 e, S, m = l’ 29 39 sy
j=1
where yg'") approximates x(¢, + mh), m =0, 1,2, .... Such a method may be rep-
resented by a real triangular matrix B, and described by an array

¢ | by
¢ | by b,y
cs bsl bs2 T bss«

where ¢, = b, +b,, +---+b, ,r=1,2,...,s. Itisassumed that ¢, = 1 so that
all methods are of order p > 1, and it is also assumed that s = 2. The convention b
= 0 is not adopted, even though little is gained thereby. Indeed, in this article it is
proved that, for s < 5, the maximum attainable order is p = s and that there are such
methods with b, = 0.

Suppose that an s — 1 stage, semiexplicit, Runge-Kutta method is applied to the

scalar initial value problem x' = Ax with x(0) = 1. Then

*Received January 31, 1978.
AMS (MOS) subject classifications (1970). Primary 65L05.

© 1979 American Mathematical Society
0025-5718/79/0000-0055/$05.00

541



542 G. J. COOPER AND A. SAYFY

om) = P Jom-1) T=h\,m=1,2,3,...,
ST e
where p(7) is a polynomial of degree s — 1 and

s
a@ = T] (=15, = 1-Bir +fyr = + (1B,
r=1
The method is defined to be A-stable if |q(r)| > |p(7)| for all 7 with Re 7 < 0. Thus,
for any A-stable method, all diagonal elements of B must be nonnegative; and at least
one diagonal element must be positive. The trapezoidal rule [4] is an A-stable, semi-

explicit, Runge-Kutta method which may be represented by the array

0 0
1 ) )
where b # 0. This method is of order p = s = 2.

In each step of a method, a set of # nonlinear equations has to be solved for each
nonzero diagonal element, so that A-stable, semiexplicit, Runge-Kutta methods of order
p = s, with a maximum number of zero diagonal elements, are required. When the non-
linear equations are solved by certain variants of the Newton-Raphson iteration, there is
a significant computational advantage in using a method where all the nonzero diagonal
elements are equal [2]. Methods of this type with p = s < 4 have been obtained by
Norsett [5].

In this article, necessary and sufficient conditions for 4-stability are obtained.
These conditions, which are similar to conditions obtained by Norsett [6], are used to
show that when p = s < 5 an A-stable, semiexplicit Runge-Kutta method can have at
most one zero diagonal element. Methods are obtained with p = s = 4 with one zero
diagonal element and all other diagonal elements equal. One of these methods is due
to Norsett [5], and the other method is obtained by choosing by #0. Whenp =5
=5, it is not possible to obtain an A-stable method with one zero diagonal element and
all other diagonal elements equal. However, it is possible to obtain such methods when
p =5and s = 6. This is of little interest because an A-stable method with p = 6 and
s =7 is obtained with two diagonal elements zero and all other diagonal elements
equal.

2. Attainable Order of Semiexplicit Methods. An s — 1 semiexplicit Runge-Kutta
method with by # 0 is equivalent to an s stage method of the form
¢ | bn

¢y | by by,

by - . . b

ss

1 | by by b, 0

s§
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so that the order conditions may be obtained from those for conventional Runge-Kutta
methods [1]. The conditions may also be obtained, directly, by adapting the treatment
of Cooper and Verner [3]. It is convenient to state the conditions in terms of the
expressions

bo)=cl -0 anz , r=1,2...,5,0=1,23,...,

where, as already defined, b,(1) =0 forr =1, 2, ... ,s. Then the conditions

(1.1) b(o)=0, o<p,
s
1.2) Y bl b (0)=0, o+7<p,
r=1
o —1
1.3) Z srr Zbrjl b(o) 0, o+71+rv<p,
r=1
s s s
14 Z by, Z brj Z bjkbk(2)=0’ p=5,
r=1 j=1 k=1
s
(1.5) Z b,b,(2)b(2)=0, p=5,
r=1

where o, 7 and » take all possible positive integer values, are necessary for a method to
be of order p, and are necessary and sufficient for a method to be of order p < 5.
It has been remarked that methods may be obtained with b, = 0 and p = s for
< 5. Consider the case p = 5 and assume that b, = 0. Then the order conditions
may be replaced by the more restrictive conditions

2.1 b,(0) =0, 0<5,
22) b, (=0, r=1,2,...,5-1,
s
(23) Z bsrbrj = bsj(l ‘C‘,-), j=3,4,...,5s—1,
r=1
4 _ bsl' 2 ,
24) strrrl 2 (l—c].), j=3,4,...,5s—1,

which give a one parameter family of methods when s = 5. In particular, the method
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0 0
5-V5 | 5-V5 5-4/5
10 20 20
5+4/5 0 5+3V5 5-4/5
10 20 20
—1++/5 5-+/5
1 2 0 —4— 0
, 1 5 5
12 12 12 7 0

has equal nonzero diagonal elements (though it is not A-stable).

THEOREM 1. When s < 5 the order of an s — 1 stage semiexplicit Runge-Kutta
method cannot exceed s.

Proof. Only the case s = 5 is considered since the case s = 4 may be proved by
a similar argument and the other cases are comparatively trivial. It is shown that, when
s = 5 and p = 6, the order conditions must lead to a contradiction.

Condition (1.1) gives, for any polynomial IT of degree at most 5,

fO‘ 1(7) dt = )2‘_, b, TI(c,).

r=1

Suppose there are at most two distinct values ¢ and ¢; in {c,, ¢,, ¢3, ¢4}. Then
1
- fo (t—¢)(t—c)(t = 1)fdt =0

1 ¢ + ¢ CiCx
=(4+V)(3+V)_(3+V)(2+V) Q2 +vd +v)’
gives a contradiction. Hence, at most, two values in {c,, ¢,, ¢3, ¢4} are equal. Sup-
pose ¢; = ¢y with j # k. Then, ij + by, #0;and b, # 0 for r #j, k and r <5.

If ¢,, ¢, c3, ¢4 are distinct, condition (1.2) gives bg,b,(2) =0 forall r < 5. If
not, then bg,b,(2) = 0 for all  #j, k, where ¢; = ¢; and (1.2) and (1.5) give

v=20,1,2,

beybi(2) + bgybi(2) = 0 =bgbi(2)? +bgyb (22, by + by, # 0.

Hence, b, b,(2) = 0 for all » <5 and, in particular, bg, ¢, = 0.
Suppose c,, ¢, ¢4 are not distinct with ¢ = Cys j # k. Let c, be the other value.
Then, since b, ¢, = 0, condition (1.1) gives

- fo‘ (t =)t —c)(t—1)fdt =0

1 ci+c,

_ CiC’.
T @+nE+r) GB+rQ2+y) *

Q+v)1 +v)’

v=1,2,

whence ¢, = (4 +/6)/10 and ¢; = (4 ¥+/6)/10. This gives b5(6) # 0 so that ¢, c3,
¢, must be distinct and bg,c, # 0 for r = 2, 3, 4.
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Now b,,b,(2) = 0 for all 7 and bs,c; = 0 so that (1.3) gives

5 5
bsach X barh, D) +bosch 3 by,b,(2) + by, b, =0, »=0,1,2.

r=1
Since ¢,, ¢3, ¢, are distinct by b,,b,(2) = 0. But by, # 0 so that b,,c; = 0 and,
also, b,(2) = 0. Thus, b,(3) # 0. However, (1.2) gives b,(3) = 0, a contradiction.

It has been mentioned that it is possible to obtain A-stable, semiexplicit, methods
with p = s = 4 which have equal nonzero diagonal elements. It is now shown that it is
only possible to obtain a semiexplicit method of order p = 4 of the form

c c

if (24¢3 —36¢2 + 12¢ — 1)(6¢® — 8¢ + 1) = 0. Since (1.1) gives a quadrature rule
which is exact for any polynomial of degree three,

1

- fo -0 —cy))(t—c3)dt=0
@3.1) 1 1 1
=ccyCy — 5(602 +ccy tcye3) + 3 (c+cy tc3)— i

Suppose that (1.1) holds. Then conditions (1.2) reduce to

3.2) basbsycy + (basbsy + baybyy)e = 1 —63c >
3.3) basbspch + (bagbsy + barby)e* = %9’
(34) basb3pcycs + (bazbsiCs t baybyycy)e = : ;480’
while condition (1.3) may be expressed as

(3.5) basbsy(c3 —decy +26%) = (bazbsy + bazbyy)e® = 0.

It follows that ¢ # 0 and that Egs. (3.2), (3.3) and (3.5) can be solved only if
¢,(2c — 1)(6¢ — 1) = 2¢(6¢* — 6¢ + 1) whence 2c — 1 # 0. The equations give

2 _ 1-4c _ 6c* —6c+1
ba3bjy(c, — )" = % ba3bjcy(c, —¢) = 12

so that (¢, —¢)(1 —4c) # 0. Since b,, =c, —cand by, + b3, =c3 —c, (3.4) gives

3-8
oy byasbs,cz(cy =€) + bysees(cy — ) + byyecy(c, — o).

Conditions (1.1) imply that

c(2-3c
basces(cy —¢) + byyccy(c, —c) = _£6_);

and substitution gives c;(1 — 4¢) = (¢, — ¢)(12¢? — 16¢ + 3), whence
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e, = €12c% —16c+3)
3 @2c-D6ec-1)

From (3.1), if 6cc, — 3(c + ¢,) + 2 = 0, then 6¢*> — 6¢ + 1 = 0 so that ¢, = 0, which
gives a contradiction. Thus,
_bocy —Aete)+3 70c% —168¢3 +128¢% — 36¢ + 3
“ 7 2eee, =3+ ) v 2 126~ 1aae® 19662 25042}
Hence a polynomial equation is obtained for ¢ and this factors as
(2c—1)?(24c¢3 —36¢% + 12¢ —1)(6¢* — 8¢ + 1) = 0.

The roots of 24¢3 — 36¢2 + 12¢ — 1 are real and positive and give the methods

c c
1 1 —226 ¢
l1-c 2c 1 —4c c
1 2c(c—=1) 6c — 1 2c(c—1) 0
2c -1 6c(2c - 1) 2c -1

which were obtained by Norsett [4] who showed that one of these methods is 4 -stable.
The roots of 6¢*> — 8¢ + 1 give the methods

c c

2 | 2-3¢c ¢

3 3
1 4c -1 1—4c

6¢ 6¢ 2c

1 3 3c
— = — 0

! 20¢ 5 10

though neither of these methods is A-stable.

3. Conditions for 4-Stability. Suppose that an s — 1 stage, semiexplicit, Runge-
Kutta method

¢y | by
c| by by,
¢ | ba by - - v by

is applied to the scalar initial value problem x' = Ax with x(0) = 1. Then
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(m) = PO ym=1)  p g\ om=1,2.3, ...
s q(r)y ’ ’ ’

where p is a polynomial of degree s — 1 and ¢ a polynomial of degree s,

p(M)=1-o 71+ a,r2 =+ (1) a_ ™1,

a0 = T1 (L =rb,) = 1= By7 +Byr =+ (D%,

r=1
The method is A-stable if |g(7)| > |p(7)| for all 7 with Re 7 < 0 so that it is necessary
and sufficient that b,, = 0 forr =1, 2, ..., s and p(1)/q(r) <1, Re 7 < 0. Since all
methods are assumed to be of order p > 1 the rational function is not constant. As
q(7) is analytic for Re 7 < 0, it follows from the maximum modulus principle that nec-
essary and sufficient conditions for A-stability are that b,=20forr=1,2,...,sand
lp(y)I? < lg(iy)1* Yy € R. Now define Bo = 1and By, =Bspp =+ =0. Then

2s r L
lg? = q(ma@ = 3 -1y X B, ;87 77
r=0 j=0

2s [r/2] L, . .
= 3 GO OX b @ T + IEr)
r=o j=o

where [v] is the integral part of » and where the asterisk denotes that any term with
2j = ris halved. It follows that

la@)? =2 z y3r Z Bay—iBi(=1)",

r=0
and there is a similar expressions for Ip(zy)l2 w1th oy =land oy =0, =--=0.
Hence an s — 1 stage semiexplicit Runge-Kutta method is A-stable if and only if b, =
0,r=1,2,...,s,and

s r
2_:‘ g B2r—~l a2r—~jaj)(— 1)r+1 =0 Vy >0

This result may be further simplified if it is assumed that the method is of order p for
then
p@|?

— e1'+? +0 |T|p+1)
a(r) (

whence |q(iy)1? - Ip(iy)I* = O(»? *1), This gives the following result.
THEOREM 2. An s — 1 stage semiexplicit Runge-Kutta method of order p is A-
stable if and only if b,, 2 0,r=1,2, ... s, and

s r .
D DU (A VA ) Lo
r=[(p+2)/2} j=0
This is similar to a result obtained by Norsett [6]. Other stability regions may
also be examined.
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Suppose that an s — 1 stage semiexplicit Runge-Kutta method is of order p. Then,
since p(1)/q(1) = c¢™ + O(I71Pt1), it follows that

1
@ G =f B FHh, D S r=12

and the polynomial p is uniquely determined if p = s — 1. Of course, these are order
conditions rather than conditions for A-stability. However, in the search for 4-stable
methods it is convenient to start with diagonal elements b,,, b,,, ..., b, which en-
sure A-stability, and then to solve the (remaining) order conditions. When p = s, the
diagonal elements must be chosen so that g = 0. When p = s — 1, there is no a priori
restriction on the choice of diagonal elements. In some applications that are envisaged,
p =s — 2 is required. Here it suffices to choose both the diagonal elements and o;_,,
and then to incorporate the choice of a_,; as an extra condition to be satisfied when
the order conditions are solved.

Suppose that an s — 1 stage, semiexplicit, Runge-Kutta method is of order p = s,
that b,, = 0forr=1,2,...,s, and that at least one diagonal element is zero so that
B; = 0. Since a, = 0, a necessary and sufficient condition for the method to be 4-sta-
ble is that

s—1 r
Yo XY By -, e)-D) >0 Vy>o0

r=[(s +2)/2] j=2r+1-s
Some low order cases are now considered.

When p =5 = 2 and §, = 0 all methods are 4-stable. Since a, = 0, it follows
from (4) that §; = 1/2 so that either b,, = 1/2 or b,, = 1/2.

When p = s = 3 and 3 = 0 a method is 4-stable if and only if f3 > o2. Since
az =0, it follows that 8, = (8, = 1/3)/2 and B3 — o2 = (B, = 1/2)/6. Thus, such
a method (with nonnegative diagonal elements) is A-stable if and only if 8, > 1/2. This
inequality is violated if 8, = 0, so that there must be at least two nonzero diagonal ele-
ments. However, these elements may be chosen equal. An example with b,, = b,,
and b33 = 0 is given by Norsett [S]. An example where b,, = 0 is the method

0 0
Y . =3t V3
6
1 6¢c—1 1-2¢c
12¢ 4c

When p = s = 4 and B, = 0 a method is A-stable if and only if 62 > a3. Since
a, = 0, it follows from (4) that

By = %(32 ‘%51 +112-) and 3 -0} ——(ﬁl )(ﬁg - %51 + %) .

As 83 = 0, necessary and sufficient conditions for 4-stability are

1 1 1
B~ 5 >0, B~ 56, + ¢ >0.
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When 38, = 0, these inequalities give §, = 1/2 so that 8, = 1/6; and the method cannot
have real diagonal elements. Thus, there must be at least three nonzero diagonal ele-
ments. If these elements are chosen to be equal, then 8, = 3c, B, = 3¢? and B3 = c3,
and o, = 0 gives

24¢3 —36¢2 +12¢ -1 =0.

Only the largest root of this equation ¢ = 1.06857902130 ... satisfies the 4-stability
conditions. An example with b,, = 0 was given in the previous section and is due to
Norsett [S]. The case b;, = 0 gives

0 0
2c c c
1+2¢ 4c® + 8c -1 1 — 4¢c?
2 16¢ 16¢ ¢
1 24¢* — 12¢ + 1 2c(c—1) 1-6¢ ¢
12¢(4c - 1) 2c—-1 3cc+ 1)

An example where the diagonal elements are not equal is the method

1 1
1 |_3 3
2 4 4
0 2 -3 1
1 2 1
1 6 3 c

and it is readily verified that the diagonal elements satisfy the A-stability conditions.

4. Higher Order Methods. Methods of order p = 5 present new complications
which are not directly associated with the order conditions. Consider the case p = s
=5 with §; = 0. Then, a method is 4-stable if and only if

~2BaBy —aqey) + 63— 0F +y(B; —0f) >0 Vy>o.
Since a5 = 0 the condition (4) gives 8, = (83 —B,/3 + 8,/12 — 1/60)/2 and hence
2_ 2 _1(, 1 3 _1 1, 1
Ba—az= 6(‘32 2Pt 20)(33 2Bt gk 24)’
1 1 3 1
Bg —a§ = 2(ByBy ~ ag0y) = g<_53 + 352 - 5651 + %>,

so that necessary and sufficient conditions for 4-stability are that

1 3 1 1 1 1 3 1
By =3B+ 55 =0, By =58 + £By ~ 5,20, B3+ 3B, — 558 + 35 >0.
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If B, = 0, the first two inequalities give 8, — §,/2 + 3/20 = 0, whence §; —
8,/12 + 1/30 = 0. Suppose that b, b, and b, are the three possible nonzero diag-
onal elements. If b; + b, = 1/2, the first equation gives b,b, = 1/10 and b, and b,
are complex. If b, + b, # 1/2, the equations give

2(p2 _ 1 AN _ (1,2 T 1 1., 1 I .
bl(b2 2b2+12> bl<2b2 301’24'30)+12b2 3002 T a0 = 0

and b, can be real only if p(b) = — 300b% + 240b3 — 84b> + 14b — 1 is nonnegative
for some b. If p(b) = 0 for some real b, then p(c) = 0 for some ¢ such that p'(c) =0.
But when p'(c) = 0,

3
p(c) = ——16(20& -7c + 1),

which is negative for all real ¢. Hence, there must be at least four nonzero diagonal
elements in an 4-stable method with p = s = 5.

Now suppose that 8, # 0 but that the diagonal elements are chosen to be equal.
Since B, = (B3 —B,/3 + B8,/12 — 1/60)/2, these elements must satisfy

120c* — 240¢3 + 120¢? —20c + 1 = 0.
A direct computation shows that each root violates one of the three inequalities neces-
sary and sufficient for 4-stability, so that this case differs from the lower order cases.
Even when the diagonal elements are not equal it appears that it may not be possible
to satisfy the conditions for A4-stability together with the condition

“Lg. -Llg 4 1g 1
54‘2(‘33 3P t12f 60>’

To overcome this it is possible to consider methods where p =s = 5 but 8, # 0.
In this case a method is A-stable if and only if

2(BsBy —as0y) = 2(BaBy — aqay) + (B§ - ag)
+ y{=2(BsB; —asa3) t (ﬁ?@ - 0142;)} + y2(B§ - aﬁ) =0

for all y > 0. Here ay = 0, where ay = 5 — B4 + B83/2 —6,/6 + B8,/24 — 1/120. Sup-
pose that all diagonal elements are equal, b,, = b,, =+ =c. Then

)

120¢® - 600c* + 600c — 200¢? + 25¢ -1 =0,

and only one root ¢ = .278053841136 ... satisfies the 4-stability condition (5). It now
seems likely that the order conditions (1) cannot be satisfied.

However, it is possible to obtain an 4-stable method with p = 5 and s = 6 with
B¢ = 0. The same A-stability condition (5) must be satisfied but it is no longer neces-
sary that ag = 0. Since 85 = 0 implies oy = 0, it follows as before that there must be
at least four nonzero diagonal elements and that these diagonal elements cannot be
equal. Hence, suppose that there are five equal diagonal elements so that §, = Sc,
B, = 10c?, B3 = 10c> and B, = 5c¢* and B = ¢3. Although it is now possible to ob-
tain a method where a; = 0, it is more interesting to consider other values of ¢ which
satisfy the A-stability condition. In particular, the 4-stability condition is satisfied if
¢ = (6 —+/6)/10; and this choice gives the following A-stable method of order 5:
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561

6 —+/6 6 —1/6

10 10
6+ 96 -6 + 56 6 —+/6

35 14 10

. 888 + 6074/6 126 — 161/6 6 -6

2850 1425 10

4-6 3153 - 3082v/6 3213 + 11486 —267 + 88\/6 6 -6

10 14250 28500 500 10
4 ++/6 —32583 + 14638/6 —17199 + 364/6 1329 — 5444/6 96 + 1311/6 6 -6

10 71250 142500 2500 625 10

1 16 —/6 16 +/6
1 0 LS 16 - v6 16 + 6
0 9 36 36 0

Finally, the case p = 6 and s = 7 is considered. When 85 = 8, = 0 the condition
for A-stability is that

—2(BsBs — ase3) + (B3 ) +y (B3 —ef) >0 Vy>0
and ag = 0, which gives 85 =(8, — 83/3 + B,/12 — B,/60 + 1/360) /2. It follows that
necessary and sufficient conditions for A-stability are

1

1
b= 3h % 36h 7 3620
Ba= b3+ =6~ 2B + 530,
‘33 2" 24 120~ %
1 1 _ 4, _3 1 1o
_5431 + 234 + 2ﬁ3ﬁ1 15ﬁ3 203251 + 1252 + 3051 Bl 288/0

Suppose that the five nonzero diagonal elements are chosen equal so that 8, = 5c, f,
=10c?, B3 = 10¢® and By = 5¢* and Bs = ¢®. Then, ¢ must satisfy

720c® — 1800c* + 1200c - 300¢? + 30c — 1 = 0;
and there is just one zero ¢ = 473268391258 ... which satisfies the conditions. For
many problems such a method would require little more computation than that needed

for a fifth order 4-stable method.
To obtain such a method consider a general s — 1 stage method

4 by,
¢ b,y by,
Cs by, by, - - - bgs

s,and ¢, = 1. Let

where ¢, =b,, + b, +--+b, forr=1,2,...,

r=1,2,...,5,0=1,2,3,...,

b(o)=c -0 Z bcf ™,
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so that ,(1) =0 forr =1, 2,...,s. Now suppose that b,b,(2) =0 forr =1, 2,
, S. Then the method is of order p = 6 if

6.1) b(0)=0, 0<6,
S 1
6.2) Y byl b (0)=0, o+7<6,
r=1

3 -1
(6.3) Y byt Y bt lb @) =0, o47+u<6,

r=1 i=1

s
(6.4) Z srr ancﬂ— sz;] lb(o)— > ot+t7+tu+trv<e,
r=1 i=1
s S s S
(6.5) 2 by 2 by X by X bybi(2)=0,
r=1 i=1 ji=1 k=1
s s

(6.6) rz=:1 b,, ,-Zl b,;b;(2)b;(2) =

where o, 7, 1 and » take all possible positive integer values. To simplify these equations
assume that

S

Y byb;=by(l-¢c), j=34,..,s,

r=1

3 bye _ e, =34
srrr] 2 cj), ]=3,4,...,8

r=1

Provided that ¢, # c, these equations must hold forj =1, 2, ..., s because

s
> b, b, (1) =0, Z b, 'b,(2) = r=1,2.

r=1 r=1

A method with s = 7 which has the particular form

c | ¢

¢ | by ¢

c3 | b3 b3, ¢

Cq | bay bsy basz 4

¢s | bs bs, bgs bsy ¢

1| bey be, bes bes bgs 0

110 0 b3 bia bss b6 0
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where ¢, =b,, +b,, + -+ b, andc, #c, is of order p = 6 if

7.1) b3(2) = b4(2) = bs(2) = bg(2) = 0
(7.2) Z=: srbry = j
bsj )
(73) Z bycrby = 5 (1= ¢)),
(7.4) b (o) =0, 0<6,
(7'5) Z bsr r r(3) -
r=1
76) S by 3 bubi2) =
r=1 =

(1 -c), Jj=3,4,5,

553

Since (7.4) implies that cs # 1 conditions (7.2) and (7.3) give, in particular, ¢5 =

1 — 2¢. Condition (7.4) gives the quadrature rule

j p(f)dt = Z b, plc,)

r=1

valid for any polynomial p of degree 5. Hence,

fo‘ (t - c3)(t —cg)t —cs)(t — 1)dt =0, fo‘ 1t — c3)(t —cg)t —cs)t—1)dt =0

and these identities imply that c; and ¢, are the two (real) roots of

(8.1)  5(40c? - 24c + 3)x? - 10(16¢* — 9¢ + 1)x + 20c* —10c + 1 = 0.

The quadrature rule also gives the relations

€4Cs
(82) bys(cq —c3)(cs — c3)(1—c3)= )
(8.3) boalcs —ca)(es —c)d —¢g) = 0320 2
(84) bgs(cs —cs)cq —c5)( —c5) = ﬁ;—“ -

2
(8.5) bsg(cs = 1D(cq — s — 1) = "cii"’ €3€q ~

which define the quadrature weights.

— e (e3 Ty +

H

To obtain an expression for ¢, consider condition (7.5). Since Egs. (6.2) must

hold, this condition is subsumed by

S
Z b, (c, - 1(c, —¢c5)b,(0) =0, 0=1, 2,3,

r=1

which give three linear equations. Provided that c, ¢, and c; are distinct the equations
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give
acy03 ~ayley te3)tag

(c—cy)(c—c3)

ki

(8.6) bgg(cy — 1)(cq —s5)bgy +bgs3(es — 1)z —c5)bs3y =

ajccy —a,(c+eg) oy
(c; —0)(c, —c3)
a,ccy —a,(ctcy)tay

(c3—c)ez —¢y)

(8.7) bgalcy —1)(cq —C5)bygy +hg3(c; —1)(c3 —c5)bs, =

ki

(8.8) ba(cq —1)(c4 —C5)bys =

b

where a,, @, and a; are given by
122 -8c+1 _20¢* —10c + 1 _30c* —12c +1
* = 12 Sl 60 BT 180
On the other hand, Egs. (6.3) imply that (7.6) may be replaced by
S S
3 by le,— D, —¢s5) X b,;b;(2)=0.

r=1 i=1
Since b,(2) = 0,r =3,4,...,s, and since b, = —c? and b,(2) = c§ —4cc, + 2¢%,
this equation gives

ba(cq — 1(eq —¢5)bgy + bgzlcs — 1)(c; —cs) b3y

c% —dcc, + 2¢?
= '“—cz'— {bsalcy = 1)(cq = C5)byy + byz(cs — Dle; —c5)by, ).

Equations (8.6) and (8.7) now give a quadratic equation for ¢, and the root ¢, =¢
must be rejected. Thus,

c2(2ca; - 3a,) — c3(2¢%a; — 3a3) + 2c(cay — o3)

8.9) c, =c¢ "
c3(ca, — ay) — c3(2c%a, — a3) + c(2ca, — )

Thus, b,, = ¢, — ¢ may be obtained; and since b;(1) = b3(2) =0,
c§ —dcey + 2¢2
by, = 2c, — ) , by =c3-c— by,

Equations (8.6), (8.7) and (8.8) now give b, , b,, and b, since the quadrature weights
have already been given.

(8.10)

The remaining coefficients may be obtained by considering conditions (7.2) and
(7.3). These give

(811)  b,ghgs = byse,

c2 +2Bc—1)c, +4c? —6c+1

(8.12) bsgbea = ~bya dc >

3 +2Bc—1)c; +4c® —6c + 1 cs —Cq4

S
(8.13) bssbes = ~bss 4c +bsabaz =7,
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(1 —cy)es —¢4)
bysbsq = bga 4c ’

(8.14)

(1 —c3)(es —¢c3) 1-c,
(8.15) bssbss = by3 4c T Dsalaz TH

Finally, b(1) = b5(2) = 0 and b4(1) = bg(2) = O give

14c2 — 8¢ + 1 + 2bg5(c — ¢3) + 2bg4(c — c4)

8.16 _

(8.16) bs, TS ,

(8.17) bgy = cs + 2bgy(c = c3) + 2bga(c —cq) + 2bgs(c —¢5) ,
2(c, —©)

and bg; =c5 —¢—bgsy ~bg3 ~bgg and bg; =1~ bgy ~bg3 ~bgq ~ bes:

Because c; and c, are the roots of the quadratic equation (8.1) there are no sim-
ple expressions for the coefficients in terms of ¢ alone. However, the coefficients are
easily computed from Egs. (8) once ¢ has been obtained as the root ¢=.473268391258
... of 720¢% — 1800c* + 1200¢® — 300¢? + 30c — 1. The coefficients have been com-
puted to 20 significant decimal figures and the results, rounded to 12 decimal figures,
are given in the table. Each author has computed these coefficients independently, and
it has been verified that the coefficients satisfy all the order conditions given by But-
cher [1]. A similar method may be obtained by interchanging c; and ¢, and this gives
¢, € (0, 1), but some coefficients are large.
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