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The Cyclotomic Numbers of Order Sixteen

By Ronald J. Evans and Jay Roderick Hill

Abstract. A complete table of 408 formulas for cyclotomic numbers of order sixteen
is presented. Each number is expressed as a linear combination of parameters of
quartic, octic, and bioctic Jacobi sums. Recent applications of these formulas are

discussed.

1. Introduction and Notation. Let p = 16f + 1 be a prime with a fixed primi-
tive root g. Define the cyclotomic number (i, j) of order sixteen to be the number of
integers n (mod p) which satisfy

n=gl6sti | 4, =g161+ (mod p)

for some choices of s, £in {0, 1, 2,...,f—1}. E. Lehmer [10] began the study
of these numbers in 1954. A few years later A. L. Whiteman found formulas for the
cyclotomic numbers of order sixteen, in terms of parameters of quartic, octic and
bioctic Jacobi sums. He gave a table of formulas for (7, 0) in [17]. (The cyclotomic
numbers (i, 0) are particularly important, as they have been applied to prove the non-
existence of sixteenth power residue difference sets and modified difference sets; see
[17, Section 4], [6].) Most of the formulas for the remaining cyclotomic numbers
of order sixteen were not published, and they have apparently been inaccessible. In
contrast, complete tables for the cyclotomic numbers of order k are available for k =
2,3,4,5,6[5];k=7[14]; k=8 [11];k=9,18 [2]; k = 10, 12 [18], [19];
k=11[13];k = 14 [15]; k = 20 [16].

Our objective is to present in Section 3 a complete table of the formulas for the
cyclotomic numbers of order sixteen. The computations were performed on the Bur-
roughs 6700 at UCSD, with use of algorithms described in [17, p. 408]. Selected
formulas from the tables in Section 3 have been utilized [7] to give elementary reso-
lutions of sign ambiguities in quartic and octic Jacobi and Jacobsthal sums, in certain
cases (see Section 2). It is not possible to accomplish these sign resolutions with use
of formulas from Whiteman’s tables alone. This is what motivated the present work.

We will need the following additional notation. Let 8 = exp(2mi/16), and fix
a character x (mod p) of order 16 such that x(g) = 8. Let m denote the least posi-
tive index of 2 with respect to the base g. For any characters A, ¥ (mod p), define
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the Jacobi sum

A1 — n).

2

n(mod p)

J\, ) =
In the notation of [17, Section 3], we have

1 (mod 4)),

-x +2y (p=x*+4%x

I X

=1 (mod 4)),

,y a4 =

=q?% + 2b?

-a+iN2 (p

I3, x%)
I x)

2-2 +ics\/2+V2

co + (B2 —B8) +c B+ BT + (83 + B,

co V2 +ic,

and

J(X, Xz) = Z diﬁi'

=0

i

In Section 3, the numbers 256(i, j) are expressed as linear combinations of p, 1, x,

¥, a, b, and the d; and c;.

0 (mod 8)

TABLE la. feven, m

™
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0 (mod 8)

TABLE 1b. fodd, m

o
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256

m (mod 4);

see [8, p. 338], [4, Theorems 3.5 and 3.6]. With the use of the tables in Section 3,
the values of ¢, and ¢, have been characterized [7] modulo 16 and 8, respectively.

=-1 (mod 8) and that ¢, =

2. Applications. It is known that ¢,

For example, in the case that 2|f and 8!m (so that 415 by [1] or [3, Theorem 3.15]),

we have

if 81b,

0 (mod 8),

=-1(mod 16) and ¢,
7 (mod 16)

Co

otherwise.

=4 (mod 8),

and ¢,

Co

The tables in Section 3 have also been applied [7] to give an elementary proof

of the important relation

M

2b + m (mod 16).

yE

Hasse [9, p. 232] deduced (1) using deep methods from class field theory.

Whiteman [17, Section 5] gave an elementary proof of (1) in the case 8|m and,

thereby, supplied a relatively simple demonstration of the Cunningham-Aigner criterion

for the sixteenth power residue character of 2. In the case 8 4 m, (1) leads to reso-
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+2 (mod 8)

TABLE 2a. feven, m

p

256 (1,3 )
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lutions of sign ambiguities in quartic and octic Jacobi and Jacobsthal sums. For ex-

ample, in the case that 2 is a quartic but not octic residue (mod p), i.e., m = 4

(mod 16), the sign of y is determined by (1), because in this case 415 by [1] or [3,

Theorem 3.15]. This sign determination extends the results of E. Lehmer for quar-
tic sums [11], [12]. Sign ambiguities in octic sums have been resolved only in the

case that 2 is a quartic nonresidue (mod p), i.e., m = 2 (mod 8). In this case, the

m (mod 8) by [11, p. 108].

1 (mod 32). For such primes, Hasse [9, p. 233]

sign of b is determined by (1), since here y

Consider now primes p

proved that

=m (mod 32).

Y +2b—-4(c, +c3)

@)

0 (mod 16), Hasse showed that (2) yields a simple unam-

=m

In the case that y
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+2 (mod 8)

TABLE 2b. fodd, m

p

256 (i,3)
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biguous criterion for the 32nd power residue character of 2. In the case that 4 m,

(2) leads [7] to a resolution of signs for bioctic Jacobi and Jacobsthal sums. (The
latter sums are evaluated up to sign in [4, Theorem 3.9].) No elementary proof of

(2) appears to be known, but such a proof could undoubtedly be found once a table
of cyclotomic numbers or order 32 has been constructed. Note that (1) and (2) are

special cases of J. B. Muskat’s equation (9) on p. 146 of Computers in Number Theory,

Academic Press, New York, 1971.

3. Tables of (i, j). Of the 256 possible formulas for (7, j) corresponding to a
given prime p, at most 51 are distinct. These formulas are given in Tables 1a—3a
for f even, and in Tables 1b—3b for f odd. Tables 1a, 1b (resp., 3a, 3b) treat the

4 (mod 8)). Tables 2a, 2b treat the

= 0 (mod 8) (resp., m

for which m

primes p
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4 (mod 8)

TABLE 3a. feven, m
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2 (mod 8) and the

+2 (mod 8), where the upper headings are used for m =

cases m

2 (mod 8). For example, from Table 2a, we find

lower headings are used for m

that

p—15-2x— 16y — 162 + 16b — 16d, + 16dg + 16¢,,

256(0, 2)

2 (mod 8), whereas

when m

256(0, 2) = 256(0, — 14)

p—15-2x— 16y — 16b + 16d, — 16dg + 32d, + 32c,,

J) not listed in a given

one of Tables 1a—3a or 1b—3b, one would consult Table 4a or 4b according as f is

even or odd. For example, from Table 4b, one finds that (11, 4) = (1, 13).

L

2 (mod 8). To obtain a formula for a number (_

when m
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TABLE 3b. fodd, m =4 (mod 8)
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TABLE 4b. fodd

i J 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

0 0,0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 0,10 o0,11 0,12 0,13 0,14 0,15
1 1,0 1,1 1,2 1,3 1,4 1,5 1,6 1,7 0,9 0,7 1,7 1,11 1,12 1,13 1,14 1,15
2 2,0 2,1 2,2 2,3 2,4 2,5 2,6 1,11 0,10 1,7 0,6 1,6 2,6 2,13 2,14 2,15
3 3,0 3,1 3,2 3,3 3,4 3,5 2,13 1,12 0,11 1,11 1,6 0,5 1,5 2,5 3,5 3,15
4 4,0 4,1 4,2 4,3 4,0 3,15 2,14 1,13 0,12 1,12 2,6 1,5 0,4 1,4 2,4 3,4

) 3,3 4,3 5,2 5,2 4,1 3,0 2,15 1,14 0,13 1,13 2,13 2,5 1,4 0,3 1,3 2,3

6 2,2 3,2 4,2 5,2 4,2 3,1 2,0 1,15 0,14 1,14 2,14 3,5 2,4 1,3 0,2 1,2

7 1,1 2,1 3,1 4,1 4,3 3,2 2,1 1,0 0,15 1,15 2,15 3,15 3,4 2,3 1,2 0,1

8 0,0 1,0 2,0 3,0 4,0 3,3 2,2 1,1 0,0 1,0 2,0 3,0 4,0 3,3 2,2 1,1

9 1,0 0,15 1,15 2,15 3,15 3, 2,3 1,2 0,1 1,1 2,1 3,1 4,1 4,3 3,2 2,1

10 2,0 1,15 0,14 1,14 2,14 3,5 2,4 1,3 0,2 1,2 2,2 3,2 4,2 5,2 4,2 3,1

11 3,0 2,15 1,14 0,13 1,13 2,13 2,5 1,4 0,3 1,3 2,3 3,3 4,3 5,2 5,2 4,1

12 4,0 3,15 2,14 1,13 0,12 1,12 2.6 1,5 0,4 1,4 2,4 3,4 4,0 4,1 4,2 4,3

13 3,3 5,4 3,5 2,13 1,12 0,11 1,11 1,6 0,5 1,5 2,5 3,5 3,15 3,0 3,1 3,2

14 2,2 2,3 2,4 2,5 2,6 1,11 0,10 1,7 0,6 1,6 2,6 2,13 2,14 2,15 2,0 2,1

15 1,1 1,2 1,3 1,4 1,5 1,6 1,7 0,9 0,7 1,7 1,11 1,12 1,13 1,14 1,15 1,0
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