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Degenerate Roots of Three Transcendental Equations
Involving Spherical Bessel Functions

By Robert L. Pexton and Arno D. Steiger
Abstract. Roots of the three transcendental equations
J1@N)y ) = ji(A) yyled),
(X0 e[ *Y (0 =y = (%70 = [ X310  e=anmy
and
[ e mapl Y1) =y = 776 = [ Y16 =

that are degenerate for certain values of the parameter a € (0, 1) are presented. The
symbols j; and y; denote the spherical Bessel functions of the first and second kind.
Root degeneracies are discussed for each equation individually as well as for pairs of
equations. Only positive roots are considered, since the equations are invariant under
the transformations A — —A, n — —n, and up — —u. When I = 0, only the third
equation has nontrivial roots. These roots are identical with the roots of the first
equation for I = 1, i.e. ug,, = Ay (n=1,2,...). Various graphs of A;,, ny,, and
K display root-degeneracies as intersections of curves. Accurate values of degenerate
roots with the corresponding values of a are exhibited in tables.

Roots of the third equation for I = 1(1)15, n = 1(1)30, o = 0.1(0.1)0.7, together
with their minima and associated values of the parameter o, are given in the microfiche
supplement accompanying this issue. Roots of the first and the second equation and
minima of roots of the second equation are published in v. 31 and v. 32 of this journal.

The roots of the first two equations determine the eigenfrequencies of the trans-
verse electric and the transverse magnetic normal modes of an ideal cavity resonator
bounded by two concentric spheres (* = R and r = R). The roots of the third

equation determine the frequencies of the irrotational magnetic eigenfields.

In [1] roots of the transcendental equations

1) 71 @)y, (\) = J,(N)y (e)
and
2 [x7,0)] = X910)) my = (X7 (O)) e D010 = s

where j; and y; denote spherical Bessel functions of the first and second kind, are
presented. In [2] these roots are analyzed as functions of the continuous real param-
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1042 ROBERT L. PEXTON AND ARNO D. STEIGER

eter o, where 0 < a < 1. The roots of (1) and (2) determine the eigenfrequencies
of the transverse electric and the transverse magnetic normal modes of an ideal cavity
resonator bounded by two concentric spheres (r = aR and r = R). While the normal
modes constitute a complete set of eigenvectors for the expansion of an electromagnetic
field in the isolated cavity, they no longer are a complete set of basis vectors if the
cavity is coupled to a source of electromagnetic energy. In order to obtain such a
complete set, it is necessary to add irrotational electric and magnetic multipole fields
to the solenoidal fields of the normal modes. The characteristic frequencies of the
irrotational electric multipole fields are also determined by Eq. (1). The characteristic
frequencies of the irrotational magnetic multipole fields, however, are determined by
the roots of the transcendental equation

©) 0] e mau 10 3= = 0] oz 0] o m e

Roots of Eq. (3) were calculated by the procedure described in [1] and are presented
in the microfiche supplement. The ranges of the parameter «, of the order / of the
spherical Bessel functions, and of the root index n are a = 0.1(0.1)0.7, I = 1(1)15,
n = 1(1)30. The minima of the roots of Eq. (3) are also presented in the microfiche
supplement and were computed in the same way as the minima of Eq. (2) were calcu-
lated in [2].

Since

]-I(zem ﬂi) =M Ini]-l(z),

) . m=0,1,2,...)
yl(zem 111) - (_ 1)-mem11nyl(z),

[3, p. 439, 10.1.34, 10.1.35], the equations (1), (2), and (3) are invariant under the
transformations A — — )‘\, n — —n, and u — —u, respectively. Therefore, only posi-
tive roots need be considered. The roots of Egs. (1), (2), and (3), namely A, , n;,,, and
My, are labelled by the index n =1, 2, ... such that A, | > Npu Mypp g > Mo and
Mip41 > M- ForI=0,Egs.(1)and (2) have no nontrivial solutions when 0 <a <1.
This is obvious, since for / = 0 they can both be reduced to the form

tan(al) = tan A.
Furthermore, Eq. (3) for / = 0 is identical with Eq. (15 forl=1,
Hon = Nyp» R = 1,2,....

For particular values of the parameter « certain roots of the equations (1), (2),
and (3) coincide. The following types of root degeneracies are considered
Nn(@) = Npr(@, (@ n)# (', n),
) Mn(@) =y @, G nm)#',n),
/“ln(a) = l"tl'n’(a)’ (l’ I’l) * (ll, nl)’
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and
Np(@) = Ny (@),
©) A (@) = My (Q0),
Ny (Q) = My ().

The graphs, Figures 1 through 4, which show the dependence of various roots A, n;,,,
and y;,, on the parameter a, exhibit as intersections of curves some of the root degenera-
cies (4) and (5).

Write Egs. (1), (2), and (3) as

1 Fy(a,\) =0, where Fy(a, \) = j,(aX)y,(\) — j;(\)y,(e)),

(2') Gy, n) =0, where Gy(a, n) = s;(an)t,(n) — s(n)t,(om),
00 = xj;_1 (0) — hix),  1(x) = xy,_ 1 () ~ byx),

and

@ K(a, ) =0, where Kj(a, u) = v(au)w; (1) — v(m)w(ou),

o) =i, -5, wie) =3, - .

If p;,, or q;, represent any one of the roots A;,,, n;,,, and w,,,, and if P, or Q, represent
any one of the functions F;, G;, and K|, then the algorithm used to compute degenerat
roots can be stated as follows:

Step 1. Input values for [, n, I', n', a, Aa, Py, qpyr, APyy» A4y, € dd, t, where
Py 4y, and o are approximations for the desired degenerate root and the associated
value of the parameter. The approximations can readily be obtained from the graphs
or the root tables.

€ error tolerance for |p,, —q,
dd coefficient used to decrease A«
t determines the sign of Aa. Initially ¢ = 1.

Step 2. With the current value of o compute new values of p;, and q,,,+ such
that

Pl(a)pln) = 0 and Ql(a’ ql’n') = 0.

Step 3. Test the new roots. If |p,, —q,,'| <e, we have our desired degenerate
root and associated value a.

Step 4. Otherwise, if (p;, —q,,)t <0, then —t — ¢ and dd Aa — Ac..

Step 5. a + tAa — a. Return to Step 2.

A FORTRAN program implementing this algorithm computes values of the
degenerate roots (4) and (5) together with the associated values of « to near machine
accuracy. Results are presented in Tables 1 through 6.
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TABLE 1

ALPHA

1

3.

3.

3.

2.

4.

1.

4.

3.

5.

2 2

4.92119257 4 53E- 01

4.6761080r T5982E-01

4.208222248278RE-01

5.4732997 18A230E-01

2.1159812200931E-01

5.3830422137287E-01

2.84A2501739023E-01

5.219795187055

1.93785250

4.95096A9247

4.3967217843

5.8325838352305

3.6552966?5'”“HE 51

5.7E14980031542E-01

3.4833291387A55E-01

S.EJITII63 T 1549E-01

2.1393437 146A20E-01

6.13348“84 4385E-01

4.1080; -1

6.0791

3.98926:

5.991 “at

3.077 -1

2,374 -a1

4,495 -1

4.40835 -0t

4.:5166JMJEGQ4 E-01

4.01938TE3TEETRE-O1

2.56A668445835JE-01
TABLE 2

ALPHA

15A6742584465E-A2

. 72695 BrUhUhllE a1
.4739100984938E-01
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|_’,| [ne el el )
— e e e e [
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LAMBDA

|I| ]

e b s e e e b i e b b b b e e bt b b b b bt b bt b b s a1 U D

=LAMBDA
L*N

1B2rS83831862E+00
.3513??“7EIQIrE+UU
S53270E0SS329E4+01
.054814q4 1432E+01
LAS1Z2EE8Y26504E+01
L 17B0BER1A0E926E+A1
L16S7AE 7:19rrE+Hl
L 1EE2E SS136E+01
. 1665 le‘u 2EFVEE+AL
=yl VrBEE+A]
TOBRVE4560892E+01
.2845@DUEQU4GTE+DI
2B2ASES923568E+01
LEVORY35EES857E+HE 1
LAB27AEEE55049E+0 1
L 39158498246574E+0 1
LABPEZEEE94531E+D]
LA3815828212438E+01
L2878 168461079E+01
LA91SE822621344E+01
L84V T 344400 23E4+01
L EER2E184183159E+01
.qloqq1444N“EqE+ﬁl

h=an+al
EC11E+D1
SO0 ZE+A ]

'Ilj'I':rl':rl':ranLn'_nLn'_n

4392E+01
= "SESRE+01
LB 144VSA21IVASAE+A L
LT2S5121853382VE+DL
.Tfﬁﬂq75357ﬁq4E+ﬂl
S .ﬂ”lS”F—'Slq E+01
.T“ED VSrASBRE+A 1

5.4&98?0°DIE+01
ETA =ETA
LN L*N”

1.206320263A522E+A1
1.19714851867V03E+A1
1.33759963 12 163E+A1
1.33R16EER42358E+01
6.061949354298 1E+20
£.0A38517S95050E+00
7. 1401934217 489E4+00
?.ﬂ5.44chﬂquQE+nD
g. 2507
o :‘

.°1b ﬂEﬂl?BéEqE+DU
17134078952 2RE+A0
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TABLE 3

ALFPHA

.132?@8755:J
. 16949143675
.921105695697

[ R I N RSN N N Nl I I SN SR s ) RN Y S O 3

TABLE 4

ALPHA

1.3689038947367E-B1
. 54905993443 10E-81
2204263965 1853E-A1
.o”ﬁ23ddDHIbZE -81
.41916354653
. 4348038468

l'.|'|L~J.[LJ:~.J‘.*.LvJLﬂU'I»—Lﬂ.&.le;»JI:.L»J‘[‘:.\‘_ﬂh[’\Jl"ll'»JL\.l;qu\Jl\J!\.)
o

ettt bk s b b b b e b b b bt bt b bt bt

=@

514046737 29E+A0
. 2027472 118634E+81
.208214152646 1E+01
. 2183767SASIEIE+A]
.2900218460577E+81
.3291822683399E+0 1
.291657 1692 17AE+81
.3202131938528E+81
.29420876321558E+01
.3202436363335E+81
.29790924567707E+01
.3202620336698E+8 1
.32092688622369E+01
.30263574G4333E+01
.3089897269223E+01

e e s e s e s S T o YD

ETA  =LAMBDA
LN L*N

.7698729929792E+80
.B8125755915A93E+00
.9628270B89990E+80
.6484980615129E+00
229907403 1068E+00
.9938297878784E+08
.A543990423623E+00
L7467 17820 190SE+80
. 287900870456 1SE+00
L 42742655697 SOE+08
.AA?31910821999E+08
PE7897E923855E+80
. 1373138327947E+08
.A845663836043E+81
.B343687 7370 1SE+DL
.11P1575465420E+0 1
LARA923 1458537 4E+A1
.A155358185321E+00
.#1ﬂ941uqz5:29E+69

4ﬁSQQIDFE+86
q)844 295E+08
A614546947 1E+20
:?U“BHEJS E+A1
44JD°1 2E+Ml

.33_._.._.,_-\|-‘le.0'.§uo-:m.ncoo:vkxlm

20 0

(]

— s e 0
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CLN L*N" )

— e = MM OO fa L3 D DI P P P e e
— e s e s [3) e [3) = T o ] O P D D

NN R G—= IO =N = AW rg
et it b et o b s b b b e ek ek e bt et bt b e bt

— s e

LN LN
13 13
23 23
33 1 4
33 1 4
4 3 1 4
91 1 3
91 2 3
12 1 13
18 1 1 4
18 1 1 4
191 23
18 1 33

University of California

TABLE 5

ALFHA

1.97

2.53

3.70

3.85

1.55

2.97

8.89 02

3.84 »

3.39 A

4, 44 G

5.11¢ 7

4,57 a1

4,92 A1

5.83 a1

5.58 Al

4,98 @l

7.5@ -a1

7.54 -a1

7. 44 -@1

7.3 -@1

7.2 ~-@1

7.A3 -@1
TABLE 6

ALPHA

6.3289226469119E-82
1.3291182914516E-01
v .8698027002981E-A2
1.6847453874461E-01
2.65434518B5295E-01
4.2113462436406E-81
2.909A746881455E-81
4.7479710312284E-81
6.53338082137485E-A2
1.3041480082058E-A1
4.5687185165372E-A1
4.186659722667SE-A1

Lawrence Livermore Laboratory

Livermore, California 94550

MU =LAMBDA
L*M

=

9.

1

v

1.

1. i
q,° AR 1 E+0A
2. 2885; ARSTSEE+80
S.E6327241415465E+08
39,4355 Q28087 42E+08
6. 7THIZVEZETE 190E+DE
£.733547 39841 37E+B8
1.PER24757A7VED HE+n1
s

1

1 ~_

1.: ~1§7

1 645155?4344E+ﬁ1
1 AE47E 13587 1E+A1]
1. 2RE340AAR3ZS42E+B 1

761179764685E+00
55761787 115SE+@1
97 2438464337E+01
93527 2A567 1BE+B |
139594547 296E+01
A7927v4136952E+81
av337E97E6TIEFA]
14277826 1848E+21

43204108343E+3 1

32041885935E+21
429847 99306E+61
431591046B2E+@1

. .

e e e D

.1
B
.1
1
3
1
.1
21
-2
g

1
1
1
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¢
¢
Ceen . FTTRY s ses ses .
H
< CODE EXAMPLE
¢ OEOENERATE ROOTS FOR ETA (ALPHA) = MU (ALPHA)
c
H
L e e L
¢
¢
¢
¢
c
¢
¢
H
PROGRAM DEQ( TAPE4, ROOTS  TAPEI=ROOTS )
€ WMEN_FUNC(X) CHANOES'STGN Auomvmc NVPOL LOCATES THE ROOT
€ THE TOLERANCE ALLW’!.? TN X 18X

EXTERNAL N
/P XY/ LPR, LM, LPRM, LP LPRP

ERTL EHANGE | ahis LX)

GALL DEVICE(BHEREATE, SHroOTS, 8000)

NANEL I ST/BLOCK T /DELX. X0, XTOL . YTOL. 1NIN, IMAX, 1TOLO. L. N,LPR,NPR,

CEPS GO A' DELA.X0Q, T

CALL ASSION(4.0. 6HINDATA)

WRITE (3, 36)

36 FORMAT (8x ININFUV PARAMETERS, //)
! T DATA BLOG(! 4.3
WRITE (3, 3

38 FORMAT {8X.|OHROOTS OF EQUATION 3,//)
YRITE (3, ch

3 L
LFM-LPR 1
L’RPCLPR0|

12 X1eX0
F1=FUNC(X0)
DO 1 I=IMIN, IMAX
X#X0e18DELX
"l FUNC (X)
1F(F1sF2.GT 0.0) 98,99

98 F1sF2
X1ax

1 CONTINUE

99 X2:X
1ToL=ITOLO
CALL MVPOL(FUNC, X1, X2, XTOL,YTOL, ITOL, Y1,Y2)
ROOT1eX1
WRITE (3, ,358) ROOT!

558 FORMAT (2 JE23.1)

PAGE
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T2, LN, LPR, NPR

1,X2,XTOL, YTOL, I TOL, Y1, Y2)

T.0.0) 198,199

f..
Zg-5

283 | 3
Ee ¥
85-352, I ¢
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FUNCTION FUNC(X)
c PEXT/L A, LPR LM LPRM, LP, LPRP
REAL JA((0,3003) YA({0,800))

SPHER|CAL BESSEL FUNCTION OF THE 1ST & 2ND KIND
OF X YA(L) = Y SUB L OF X

i:(Ll . L
CALL SJYMEC(AX, JA YA MN L)
TENL =AX® M LPaJALLY

X,

JA, YA MN L)
XEYATLMY-LAEYA (L)) - TEMR® (X2JACLM) -LPEJA(L))

L) -LPRYALL)
«

PaoE



PAGE

18T & 2N KIND

LLP,LPRP
Y SUB L OF X

L FUNCTION OF THE

w
ACLPR) )= TEMRs (X3 JACLPRM) -LPR3 JA(LPR) )

25

$00))

12

A
o
i
PR)
.Y,

FUNCTL

REAL
AC

EXsAsX

853338858822
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SUBROUTINE NVPOL (FUN,X1.X2,XTOL,YTOL, ITOL,Y1,Y2)

A STABLE METHOD OF INVERSE INTERPOLATION
J.M BLATT

THE AUSTRALIAN COMPUTER JOURNAL
VoL 7 2 JuLy, 1973 PP 31-87

METHOD
AT EVERY STAGE OF THE ITERATION AT LEAST ONE ROOT
IS GUARANTEEO TO LIE WITHIN THE INTERVAL (X1,X2)

IF CERTAIN CONDITIONS HOLD THE ROUTINE CALCULATES THE
NEXT APPROXIMATION USING MULLER'S QUADRATIC POLYNOMIAL
APPROXIMATION.  OTHERWISE A LINEAR APPROXIMATION IS USED

"REDUCED VARIABLES' ARE USED FOR THE MULLER APPROXIMATION.

INVERSE INTERPOLATION BY MODIFIED MULLER METHOD

INPUT REQUIREMENTS
FUNSFUNCTION NAME WE WANT TO FIND X SUCH THAT F(X)10
NOTE THE ACTUAL NAME MUST BE DECLARED EXTERNAL IN THE
CALLING PROGRAM

X13X-VALUE AT ONE END OF INTERVAL

X28X-VALUE AT OTHER END OF INTERVAL

BY ASSUMPTION, Y1 AND Y2 HAVE OPPOSITE SIGNS ROUTINE
CHECKS THIS, RETURNS WITH ITOL*-1 IF UNTRUE
XTOL*TOLERANCE €V ROOT,| E. ON ABS(X1-X2) AT THE END
YTOL+OPTIONAL TOLERANCE ON ABS(Y), IGNORED IF =0
ITOL*MAX NO OF ITERATIONS (F ITOL LE O, 1TOL260

PAGE



ENSION X(3),Y(3)
K23

PAGE

AFTER RETURN FROM ROUTINE

(X1,Y1) AND (X2,Y2) ARE THE BEST POINTS FOUNO
ABS(Y1) LE ABS(Y2)

1F(Y1.NE.O) THEN Y1 AND Y2 HAVE OPPOSITE SIONS
ITOL IS THE ACTUAL NO. OF ITERATIONS USED. IF THE
INITIAL POINTS WERE CHOSEN SO BADLY THAT Y1 AND Y2
HAD THE SAME SION, THEN ITOL IS SET TO -1, AND WE
EXIT IMMEDIATELY

USER MUST SUPPLY

1 AN ACTUAL FUNCTION NAME TO REPLACE THE NOMINAL “FUN"
2 VALUES OF x1.X2,XTOL

3. OPTIONALLY: VALUES OF YTOL,ITOL

4. FUNCTION SUBPROGRAM, OF DECLARED NAME, TO EVALUATE
FOO

3. WITHIN THE CALLING PROGRAM, AN “EXTERNAL" DECLARATION
FOR THAT FUNCTION NAME

INOTCHz 1

FUNC

ITER:O  SMULLERsO
XTOL sABS (XTOL )
IFCITOL.LE O) |TOL+80
1 $X(2) X2

xwww

viy)s
UN(X2) SIF(Y(1)8Y(2)) 1100,9000, 1050

N=00aIaRA LN

NN
Pt elleielsiolaiiot

10 9100

4227 LEYTOL GRABS(X(1)-X(2)).LE XTOL.OR.TER.OE. ITOL)

TO OISPLAY INTERMEDIATE VALUES REMOVE THE “C™ IN
COLUMN 1 OF THE FOLLOWING CAROS
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00 000 _onoo

=8ealaaRe:
006 000 000 000 000

PAGE

OEBUB PRINTING
WRITE (3,2323) |,K, | TER,MULLER, I TCH, NOTCH MILLER, JJ
2323 FORMAT (813)
WRITE (3,2424) X(1) X(2), 3) XNEW
WRITE (3,2424) Y(1).Y(2), V 3), YNEW
WRITE (3 2424) PH|
2424 FORMAT (2X,4€23 12)
ITER=ITER+]1 SPHIsO B SMILLER=1 SIF(ITCH.LE 0) 0O TO 1150
ITCHaITCH-1 T
1180 MILLER=2 'iF(lULLEl OFE %) 00 TO 2000
TF(X(2) EQ. X(K)) 90t ALPHAS (X(K)-X(1))/(XL2) - xtll)
1F(ALPHA LE | 1) 60 TO 1830 SII‘(ALPNA GE. 1000 0) GO0 TO
BETA:Y(K)/Y(2) SOAMMA= -Y ( | ) )
Be(ALPHA+1 . 0) SGAMMA/ LPNAHALPN VBEYA/ALPM)/(ALPN‘ 1.0)
TF(B.LE.2 0% (B-GAMMA-T O) s, €,0.0)°00 10 2000
PHI+(2 OWOAMMA) /(B*. R (B (2 0'0AD’!A))-.2¢4 0-0
MILLER:=3 M ULLER!NULLER" 300 00
cvsﬁo PHISAMAX1(Y 0-2 Os(ALPHA-1.0).0 8)
H PATHS REJOIN
2000 XNEWSX( 1) PULa(X(2) XCL
IFEXNEW EQ (I\ OR KNEH EG X(2)) 60 TO 9000
YNEW2FUNCXNEW
ckséHIvLLER NE 3 OR ABS(YNEW) LT O 3%AMINI(ABS(Y(I)) ABS(Y(2))))
¢
c A MULLER-TYPE ITERATION HAS PROVED UNSUCCESSFUL
g INHIBIT MULLER-TYPE ITERATIONS FOR A FEW TIMES,
c AND UP THE NUMBER OF INHIBITIONS FOR THE NEXT
g SUCH OCCURRENCE
1TCHsNOTCH SNOTCH=
2010 JJs1 nr(alonnm:u Y¥(2)) EQ YNEW) 00 TO 2040
TF(MILLER EQ | OR ABS(Y(K)} OT ABS(Y:l1)) G0 TO 2030
DISCARD POINT |
XCUVaXNEW  SY (1) aYNEW 100 10 2080
PREPARE FOR SWITCHING LABELS | AND K
2020 JJe2
OISCARD POINT K
2040 X(K)=X(2) BY(K)IEY(2) BX(2) sXNEW BY(2) s YNEW
TEST FOR PRECISE ROOT
2060 1F(Y(2) EQ 0 0) 0O TO 8000 360 TO (1100,2100),JJ
INTERCHANGE LABELS | AND K
2100 Jue1 1 ey 300 10 1100
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SJYMEC:X, J. v MM NOUT
SPNERTEAL BESSEL FUNCTIONS

JSUB N (0)s0.  FOR ALL N GT O
FINITY  FOR ‘ALL N GE O

SONe1)) G
\OmoER o ‘SuescrifT oF sEssEL ruucnom Con’u':n
MA; SCRIPT OF OESIRED BESSEL FUNCT
ECHNIQUES FOR BESSEL FUNCTIONS

L TH OF COMP. VoL 22 101 JAN 1968

105209 15t 40,300
AND Y fAY m: VARIED 0 SUIT THE USERS NEEOS
mmo-‘o» LPHA: | XAD!

o
o "TERRS TN THE CONTINUED FRACTION

NUBER
XX i mcase xi/
Al BIsI0) X

DPUARD RECORS 0N nun £OR Nox FOR BOTY BESSEL FUNCT|

DO 66 N1 X SMN:NST STUONTININeT BTN TRNT (N x B (N
o vmm-vvok*-vm /x vm-vv $17 (NOUT LE MN) URN

X2 (4NY

JPuARD uzcuuslen rca vsuenn(v TO_OBTAIN GOOD GUESS FOR JSUBN(X)
3 00 TN, NMAX SHNSN <1
10 " o PIFSABSELY(MN 1) oT BOUND) 2,22
22 mw-m e 300 T
2 xz: 1 sPMIN

eV u.w BonTiNuED” FnAcnoN 73 caraTN 9000 eu:ss it S

80 ’ 13 18080°

B0LE0i PSR armint

PRIRTIRG 3ROSP | saMING a0 $06+
4 CONTINUI

GRFAXITEL/QT | SIIMN)  axa (N1 ) JOMIAXY

S NNl eouTe | sTuoR)

S JINT1)1Two VX ¢ 3603K J ool

Ni e
CoRRECT ez:sn Fuchlons vtk GE ion? o Fac ror

00 6 NimNOUT, NOUT
6 JUNYsCeJ(N) ' SRETURN
END
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Robert L. Pexton and Arno D, Steiger, Degenerate Roots of Three Transcendental Equations

Involving Spherical Bessel Functions, p., 1041,

PROORAN CROOTS 4TAPE4,ROOTS, TAPESsROQTS)
TS, PEXX P32 M

R 7
WHEN FUNC(X) CHANGES §iON swncuvms NVPOL LOCATES THE ROOT
THE TOLERANCE ALLOWED N

©
a

©
°

©
5

98

°
°

3

FUl
JPEXT/L, A LM, LP
ShaNG SPEX)
CALL ICE_(BHCREATE SHROOTS  S0000)
mn:usnuecu/nzu X0 XTOL. YTOL. TMIN, IMAX, [TOLO, LMIN, LMAX
CALL "ASSIGN(4.0, 6HINOATA)
WRITE (3 361
rumunsx,mnmrur PARAMETERS .
NO

INTEGER PAGE
OENG* O

WRITE(S 38)
ro«nn {3X, 19HROOTS O EQUATION 3.. /)

T 0.0) 98,99

L AVRSL (FuNC. X1, X2, XTOL, YTOL . 1700, Y1, ¥2)
WRITE (3,37) A,L.N X1
FORMAT (2X,4MA' =" £3.2,2X.4ML = .13,2X, 4HN =




"
wnG
-

am

€13, 8X, 7HRY
FleF2

X1ex
IF(N. GE .3
CONTiNUE

PAGENO = PAGENO.
WR1

TE (S,

T
CONTINUE
CONT I NUE
CALL EXIT
END

00T = €20

0) 4,1

.1
35) PAGENO
1700, 28K, 0

13)

s

PAOE



73 FUNCTION FUNC(X)

74 COMMON /PEXT/L A LM LP

78 REAL JA((0,300}) YA{(0,800))
SPHERTCAL el
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SUBROUTINE NVPOL (FUN,X1,X2,XTOL, YTOL, 1TOL, Y1,Y2)

A STABLE METHOD OF INVERSE INTERPOLATION
J.M.BLATT

THE AUSTRALIAN COMPUTER JOURNAL
voL. 7 2  Jwy,1978 PP 81-87

METHOO
AT EVERY STAGE OF THE 1TERATION AT LEAST ONE ROOT
1S OUARANTEED TO LIE WITHIN THE INTERVAL (X1,X2).

IF CERTAIN CONDITIONS HOLO THE ROUTINE CALCULATES THE
NEXT APPROXIMATION USING MULLER’S QUADRATIC POLYNOMIAL
APPROXIMATION. OTMERWISE A LINEAR APPROXIMATION 1S USED.

"REDUCED VARIABLES® ARE USED FOR THE MULLER APPROXIMATION

INVERSE INTERPOLATION BY MODIFIED MULLER METHOO

INPUT REQUIREMENTS

FUNSFUNCTION NAME. WE WANT TO FIND X SUCH THAT F(X)s0.
NOTE THE ACTUAL NAME MUST BE DECLARED EXTERNAL IN THE
CALLINO PROGRAM.

X19X-VALUE AT ONE END OF INTERVAL

X2eX-VALUE AT OTHER END OF INTERVAL.

BY ASSUMPTION, Y1 ANO Y2 HAVE OPPOSITE SIONS. ROUTINE
CHECKS THIS, RETURNS WITH TOLs-1 IF UNTRUE
XTOLsTOLERANCE ON ROOT,!.E. ON ABS(X1-X2) AT THE END
YTOL+OPTIONAL TOLERANCE ON ABS(Y), |ONORED IF =0.
ITOLsMAX.NO. OF ITERATIONS. IF ITOL.LE. O, 1TOL*60

PAGE



no000n0000

AFTER RETURN FROM ROUTINE

1.V ANO (X2,Y2) AKE (1HE BEST POINTS FOUND
ABS (Y1) LE. ABS(Y2)

IF(Y1.NE.O) THEN Y1 AND Y2 HAVE OPPOSITE SIGNS
1TOL IS THE ACTUAL NO OF ITERATIONS USED  IF THE
INITIAL POINTS WERE CHOSEN SO BAOLY THAT Y1 ANO Y2
HAD THE SAME SION, THEN ITOL IS SET TO -1. AND WE
EXIT IMMEDIATELY

USER MUST SUPPLY

AN ACTUAL FUNCTION NAME TO REPLACE THE NOMINAL “FUN-
VALUES OF X1,X2,XTOL

OPTIONALLY. VALUES OF YTOL,!TOL

4. FUNCTION SUBPROGRAM, OF DECLARED NAME, TO EVALUATE
Fox)

S WITHIN THE CALLING PROGRAM. AN “EXTERNAL~ OECLARATION
FOR THAT FUNCTION NAME

-

MULLER=0
TOL)

L LE_O) 110L260
$X(2)1%2

i\ ) 1100,9000, 1080

YTOL.OR ABS(X(1)-X(2)) LE XTOL OR.ITER GE 1TOL)

TO DISPLAY INTERMEDIATE VALUES REMOVE THE "C" IN
COLUMN 1 OF THE FOLLOWING CARDS



NN RRDRN AR RN RN

RNNINR YNNI
2ON28Cslannon-08838

223

2323

2424

060 _ooo_oooo

g

1550

>
oo

2000

6000000

2c10

2030

2040

2060

000 000 000 000 0600

PAGE

DEBUB PRINTING
WRITE (3,2323) 1. K, ITER,MULLER, | TCH, NOTCH, MILLER, JJ
FORMAT (418}
URITE (3.2a24) X(1).X(2),X(3), XM
WRITE (3/2424) Y(1)Y(2)!Y(3) YNEW
WRITE (3,2424) PHI
FORMAT (2X,4E25 13)
1TER:ITERs) $PHIZO 3 SMILLERs1 $IF(1TCH LE O) 00 TO 1130
ITCH:ITCH-1 300 TO 2000
MILCERZ BIFULLER o€ 3) 00 10 2000
IF(X(2) €0 X(K)) GO TO_8000 SALPH K)-XCi)) /(X120 -X(1)
| (ALBrA "1 001500 18 1830 $1F(ALPNA GE 1000 0) 65 T0 2000
BETAZY(K)/Y(2) vel) s
B: (ALPHA+1 0) <GAMMAAL®HA+ (ALPHA - BEVA/A'PNA»/(ALPNA 10
IF (B LE 2 Os(B- ) sALPHA . OR 19,2090
PHIT(2 OIGAMMA) /(B+SORT((B-(2 O “GAMMA
MILLER:3 SMOLLER=MULLER =T
PHITAMAX1(1.0-2 Gs (ALPHA-1 0),
PATHS REJOIN
XNEWSX (1) SPHI®(X(2) -X(1)
TFANEN' €0 X(11 6k  xnEw B0 x(21) 00 1o 9000
YNEW: FUN(XNEW )
TECHILUTR NET3 OR ABS(YNEW! LT 0 3AMINI(ABS(Y(0)1,ABS(Y 210}
c
AJIULLER. TYPE ITERATION MAS PROVEQ UNSUCCESSFUL
INHIBIT MULLER-TYPE [TERATIONS 7OR A FEW
AND UP THE NUMBER OF INHIBITIONS FOR "HE NEXT
SUCH OCCURRENCE
J1CHNOTCH  3MOTCHsNOTC g
g SECSIoN(YNED v 2T) eQvynEw) 00 10 2040
#imrcen €o Y 56T ARS(Y(1))) GO TO 2030
DISCARD POINT |
XC1) XNEW  $Y(1)2YNEW 360 T0 2060
PREPARE FOR SWl"CHING LABELS | ANO X
12
DISCARD FOINT K
X(K1sX(2) V(K EY(2) $X(2) s XNEW Y21 YNEW
TEST FOR PRECISE ROOT
IFiv(2) €0 0 01 GO TO 8000 360 TO (1100,2160), JJ
INTERCHANGE LABELS 1 AND X
PRI ste [N 360 10 1100

2100



266 C
;:z g FINISHED
;gs g Y(2) WAS EXACTLY ZERO. SELECT THE BEST OTHER ONE
;;; ccooo IFCABS(Y(K)) LY ABS(Y(1))) 1eK
;;: g REPORT NO. OF ITERATIONS USED
273 9000 ITOL+!TER
278 ¢

g REPORT THE TWO BEST POINTS FOUNO

9100 1F(ABS(Y(2)) LE ABS(Y(1))) QO TO 9200

1t $12:2 300 TO 9300
9200 1122 3121
9300 X1eX(11) sYteveln) IX2:X012) $Y2:v(12)
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SUBROUTINE SJYMEC(X,J,Y MN
JSUBN(X ) YSUBN(X) SPNERTERY sesseL FumcTions

foR AL N oT.0
un ALL N GE.O

o
F
e ox For
R1FTOF BESSEL FUNCTIONS. COMPUTED
RIPT OF DESIRED BESSEL FUNCTIONS

S FOR BESSEL FUNCT

OF COMP. VOL 22 NO. 101 JAN. 196!

»

3

1

A

by

2

A

o

22o802

x§5-§-5
)
80-3z

252

CALPHA=T ), (NXADD*®

1
THE CONT(NUED FRACTION
COSF (X)/X

Y0

3
3828,
E
3208
23
8-
B

o
3

X\ OR BOTH BESSEL FuncT1oN

NeNad 3 (NS TVONT s (NT /X Yon-1

1F (NOUT LE MN)

3 X ) TO,BTAIN 0000 OUESS FOR JSUBN(X)

(MN )z TWONT*Y (N) /X Y(N-1) SIF(ABSF(Y(MN 1) OT BOUNC' 2,22
NINAX ] . A P 00 To 3

2: s LaaXZaximmY ) 8PMINII00. 1 "0

v or co«vmutn rnAcncu TO GBTAIN 900D GUESS PR NS08 0

PHMINTZPO  3PO:P1 $OMIN1=Q0

wuxnrm‘m 320N xx-.un: L2 ormaxt

$TwON1 =
/X5J (N $C= X ) (MNOUT
conn:cv s:ssn rwnlcms Ui rnPGETonT I NG FAGTOR

ennncuv ouT
JUNTsCeJ(N) '~ SRETURN



INPUT PARAIETERS
LMIN -

1

15
DELX e
) e
XToL -1.8€-12
YTOL 0.0
IMIN N

Imax
170L0
END
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Robert L. Pexton and Arno D, Steiger, Degenerate Roots of Three Transcendental

E Ing Bessel . 1041, Pace

PROGRAM CROOTS (TAPE4, ROOTS K TAPES:ROOTS)
CHAT MINRUT CROOTS PEXX P32 MM / T V
WHEN FUNC(X) CHANGES S|GN SUBROUTINE NVPOL LOCATES THE ROOT
THE_TOLERANCE ALLOWED 1N X 13 XTOL

CALL ASSIGN(4,0,6HINCATA)
ML!:T/BLD&‘/D!LX,XO,X\‘O&,VYOL‘ IMIN, IMAX, I TOLO, LMIN, LMAX

T (8X, 16HINPUT PARAMETERS, //) N
T DATA BLOCK!, 4.8

REAL J((0,800)),Y1(5,300))

INTEGER PAGENO

PAGENO

DO 2 LsLMIN, LMAX
WRITE (S 39)
FORMAT ({H1)
WRITE (S, 40)
FORMAT (8X 1ML, 4X, 1HN, 26X, 3H MU, 27X. 13HALPHAC MU ))
WRITE (5, 4)

FORMAT (38X, 3HMIN, 33X, SMMIN, //)

3

ey
s e

BOFL+SORTENSY

ALFs1.0
WRITE' (8,37) N,SORTEM, ALF

98,99
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13, 12%,€28.13)

-4
't55: 857 20, e28. 19

N X1
1

1
AGE |
6X

12k
.
(3

w«m,m.u.xm.vm. 1TeL, v, v2)
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x2ex
1ToL=1T0L0
GALL NVPOLIFUNG, X1,X2,XTOL, YTOL, 1TOL, Y1, Y2)

88
67 18 LF

6 a7 5. 13, 12%,£28.13)
89

70 18 JALF

71 38 13,12x,€28.13)
22 17

73

74

7 1

76 4 NO.

77 .33) PAGEI

76 33 FORMAT (777//,36X,1%)

79 CONTINUE

80 CALL EXIT

81 ENO
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SUBROUTINE NVPOL (FUN, X1,X2,XTOL,YTOL, 1TOL, Y1,Y2)

A STABLE METHOD OF INVERSE |INTERPOLATION
J.M.BLATT

THE AUSTRALIAN COMPUTER JOURNAL
voL. 7 2 JuLy, 1978 PP 31-37

METHOD

AT EVERY STAGE OF THE I1TERATION AT LEAST ONE ROOT

1S GUARANTEED TO LIE WITHIN THE INTERVAL (X1,X2)

IF CERTAIN CONOITIONS HOLO THE ROUTINE CALCULATES THE

NEXT APPROXIMATION USING MULLER'S QUAORATIC POLYNOMIAL
APPROXIMATION. OTHERWISE A LINEAR APPROXIMATION 18 USED

“REDUCED VARIABLES™ ARE USEO FOR THE MULLER APPROXIMATION

INVERSE INTERPOLATION BY MODIFIED MULLER METHOD

INPUT REQUIREMENTS
FUNSFUNCTION NAME. WE WANT TO FIND X SUCH THAT F(X)#0
NOTE THE ACTUAL NAME MUST BE DECLARED EXTERNAL IN THE
CALLING PROGRAM

X1=X-VALUE AT ONE END OF INTERVAL

X20X-VALUE AT OTHER END OF INTERVAL

BY ASSUMPTION, Y1 AND Y2 HAVE OPPOSITE SIONS. ROUTINE
CHECKS THIS, RETURNS WITH ITOL=-1 IF UNTRUE
XTOL=TOLERANCE ON ROAT,1.E. ON ABS(X!-X2) AT THE ENO
YTOL=OPTIONAL TOLERANCE ON ABS(Y), IGNOREO IF 0
ITOLEMAX . NO. OF ITERATIONS. IF ITOL LE. O, 1TOL*60




28283882832

annnnonnnn

AFTER RETURN FROM ROUTINE

(X1,Y1) AND (X2,Y2) ARE THE BEST POINTS FOUNO
ABS(Y1).LE ABS(Y2)

IF(Y1.NE. O) THEN Y1 AND Y2 HAVE OPPOSITE SIONS
ITOL IS THE ACTUAL NO. OF ITERATIONS USED. IF THE
INITIAL POINTS WERE CHOSEN SO BAOLY THAT Y1 ANO Y2
MAO THE SAME SIOGN, TMEN 1TOL IS SET TO -1, AND WE
EXIT IMMEOIATELY

USER MUST SUPPLY

AN ACTUAL FUNCTION NAME TO REPLACE THE NOMINAL “FUN"
VALUES OF X1,X2,XTOL

OPTIONALLY; VALUES OF YTOL,1TOL

4 FUNCTION SUBPROGRAM, OF DECLARED NAME, TO EVALUATE
Fox)

S WITHIN THE CALLING PROGRAM, AN “EXTERNAL" OECLARATION
FOR THAT FUNCTION NAME

on

OIMENSION X(3),Y(3)
=1 ke SITERO  SMULLER+O
1TCHe ) SNOTCHs1  $XTOL+ABS(XTOL)
YTOL=ABS(YTOL) SIF(ITOL LE O)
X(1yex1 Y (1) FUNCX]) $X(2)1%2
Y(2)sFUN(X2) SIFI(Y(1)2Y(2)) 1100,9000,1
1030 [TOL=-1 $00_T0 9100
1100 IF(ABS(Y(2)) LE.YTOL.OR.ABS(X(1)-X(2)) LE.XTOL OR.1TER.GE. ITOL)
€ 00 T0 9000

TO DISPLAY INTERMEDIATE VALUES REMOVE THE “C* IN
COLUMN 1 OF THE FOLLOWING CARDS



2323

2424

00 _ooo_oooo

nononon

2010

2030

2040

2060

]
000 000 0oo _0oo 0oo

PAOE

DEBUB PRINTINO

YRLTE 1,K, 1TER, MULLER, 1 TCH, NOTCH, M1 LLE

WRITE X010, X(2),X(3), XNEW

WRITE Y1) ,¥(2).¥(3) YNEW

WRITE PHI

FORMA 3

17El 1205 SMILLER=1 $IF(ITCH LE.O) 0O TO 1180

17C 10

ML T0 2000

1EC SALPHA® (X(K) - X(2)=X (1))
1Fg PH 10 2000
BET.

Bx(

1F ¢

PHI

MIL

PHI

PATHS REJOIN

XNEWEX( 1) oPHI(X(2)-X(1))

IF (XNEW.EQ.X(1).OR. XNEW.€Q.X(2)) GO TO 9000

YNEW=FUNCXNEW)

IF(MILLER NE.3.OR.ABS(YNEW) LT.0.3sAMINI(ABS(Y (1)), ABS(Y(2))))

0 16 2010
A MULLER-TYPE I|TERATION HAS PROVEO UNSUCCESSFUL
INHIBIT MULLER-TYPE ITERATIONS FOR A FEW TIMES,
AND UP THE NUMBER OF INHIBITIONS FOR THE NEXT
SUCH OCCURRENCE

ITCHINOTCH  SNOTCHENOTCHe1

AT SIF(SIGN(YNEW Y(2)) EQ YNEW) 00 TO 2040

TF(MILLER EQ 1 OR ABS(Y(K)$.GT ABS(Y(11)) G0 TO 2030

DISCARD POINT 1
XCIVEXNEW  SY(1)eYNEW 300 To 2060
PREPARE FOR SWITCHING LABELS | AND K

ENZE
OISCARO POINT K

X(K)ax(2) SY(KIEY(2) BX(2) = XNEW Y (2)eYNEW
TEST FOR PRECISE ROOT.

IF(Y(2).€0.0.0) 00 TO 6000 300 TO (1100,2100),JJ

INTERCHANGE LABELS | AND K
Jae s1K [UTFN] 300 TO 1100



A NS
LATE POPA

74
7
24

328828

1
°aja

H
2]
2
2]
2
2
2]
2
5
21
24
24
21
21
21
21
2

§

9000

000_000_00000

9100

9200
9300

FINISHED

Y(2) WAS EXACTLY ZERO. SELECT THE BEST OTHER ONE.
IFCABS(Y(K)) LT ABS(Y(1))) 1eK

REPORT NO. OF |TERATIONS USED
1ToLs1TER

REPORT THE TWO BEST POINTS FOUND

LLE.ABS(Y(1))) 0O TO 9200
1202 %00 TO 9300

1
Yevein X2ex(12) sY20¥(12)

PAGE
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INPUT PAPAMETERS

LMIN
LMAX
DELX
XTOL
YToL
IMIN
M
1T0L8
END

-1

=15
-1.0
“1.0
*1.0E-12
0.9

*1
7000
=50
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