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A Weak Discrete Maximum Principle and Stability
of the Finite Element Method in L
on Plane Polygonal Domains. I

By Alfred H. Schatz*

Abstract. Let £ be a polygonal domain in the plane and Sf.'(ﬂ) denote the finite
element space of continuous piecewise polynomials of degree < r — 1 (r = 2) defined
on a quasi-uniform triangulation of © (with triangles roughly of size #). It is shown
that if u;, € S;'(Q) is a “discrete harmonic function” then an a priori estimate (a
weak maximum principle) of the form

"uh"Lw(fl) < C“uh"Lm(aﬂ)
holds.
Now let u be a continuous function on £ and uy, be the usual finite element
projection of u into Sf,'(ﬂ) (with uy, interpolating u at the boundary nodes). It is

shown that for any x € Sf.'(n)

; 1\7 _ 1 ifr=2,
—_ < —_ —_ =
llu —uplly, () ‘(“ h) e =Xl (@), Wherer 0 ifr>3.

This says that (modulo a logarithm for r = 2) the finite element method is bounded

in L, on plane polygonal domains.

0. Introduction and Statement of Results. The purpose of this paper is to
discuss some estimates for the finite element method on polygonal domains. In
particular, we shall consider the validity of (for want of a better terminology) a
“discrete weak maximum principle” for discrete harmonic functions and then use this
result to discuss the boundedness in L., of the finite element projection. In this part
we shall discuss the case of a quasi-uniform mesh. In Part II we shall concern our-
selves with meshes which are refined near points. Let us first formulate the problems
we wish to consider and state our results. References to other work in the literature
which are relevant to our considerations will be given as we go along.

For simplicity let  be a simply connected (this is not essential) polygonal
domain in R? with boundary 9£2 and maximal interior angle @, 0 < @ < 27, where
we emphasize that in general  is not convex. On Q we define a family of finite
element spaces. For simplicity of presentation we shall restrict ourselves to a special
but important class of piecewise polynomials. For each 0 </ < 1, let T, denote a
triangulation of ©Q with triangles having straight edges. We shall assume that each
triangle 7 is contained in a sphere of radius # and contains a sphere of radius y# for
some positive constant y. We shall also assume that the family {T,} of triangulations
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78 ALFRED H. SCHATZ

is quasi-uniform, i.e., there exist a constant v, such that
(0.1) Y=7,>0

independent of h. Let Sﬁ‘(ﬂ) = Sﬁ‘, r = 2, an integer, denote the finite dimensional
space of continuous functions on  whose restriction to each triangle 7 € T), is a
polynomial of degree <r—1 and g‘f (£2) denote the subspace of Sf(ﬂ) consisting of
those functions which vanish on 3Q. Note that S"(Q2) C WL,(Q).

Consider the bilinear form D(:, -) on W3(2) x W}(S) defined by

0.2) D(u, v) = fn Vu - Vvdx.
Now if u € W}(£) is harmonic in  then

o
D(u, v) = 0 for all v € W}(Q).
It is well known that if in addition u is continuous on £ then it satisfies a maximum

principle, i.e., its maximum and minimum values are taken on 0§2. We shall say that
u, € S is discrete harmonic in  (relative to S($)) if

03) D(u,,x) =0 forall x € S"(Q).

In [1], Ciarlet and Raviart showed that if Sf(SZ) is taken as the space of piecewise
linear functions (r = 2), then u,, satisfies a maximum principle if and only if the
maximum angle in any triangle 7 € T}, is < /2. Recently Mittelman [4], has shown
that if Sﬁ‘(ﬂ) is taken to be piecewise quadratics (r = 3) then a maximum principle
holds if and only if all the triangles 7 € T}, are equilateral. Obviously then a discrete
maximum principle holds under very restrictive conditions.

More generally we shall show (see Section 3) that the following a priori estimate
(a “weak discrete maximum principle”) holds for the subspaces Sﬁ'(ﬂ):

THEOReM 1. Let Q be as above. Suppose that the {T,} are quasi-uniform
(i.e., satisfy (0.1)) and u,, € Sf(Q) satisfies (0.3). Then for h sufficiently small

(0.4) "uh"Lw(.Q.) < C"uh"Lw(a.Q.)’

where in general C > 1 is independent of h and u,, but may depend on .,y and r.
If Q) is convex then C is independent of Q2.

Remark 1. The condition that £ be simply connected is not essential. An
inequality of the form (0.4) is also valid in this case.

Remark 2. The methods used here in proving (0.4) differ entirely from those
considered in [1]. Here we shall apply in our situation, techniques developed in
Natterer [5], Nitsche [6], [7], Nitsche and Schatz [8], Schatz and Wahlbin [9],
[10], [11], R. Scott [12]. Our proof depends in part on a priori estimates given
below (see Lemma 1.2) for the problem —Au = fin £, v = 0 on 32 on polygonal
domains. Thus the inequality (0.4) also holds for the discrete analogue of solutions
of homogeneous second order differential equations for which estimates of this type
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are known. As a simple example of this we may take u, € Sﬁ‘(ﬂ) satisfying (with
(, v) = [quvdx)

D(uy, V) + oy, ¥) =0 for all Y € SH(Q),

where o is a given constant. Here u,, is the discrete analogue of a solution of
—Au +ou=0in Q. If 0 >0 then a maximum principle holds for u but if 0 <0
and is not an eigenvalue then it does not hold. However, an inequality of the form

”u"L“(n) < C““"L,,,(an)

remains valid and (0.4) also for the corresponding discrete solution u,,.

Remark 3. As is well known, a major feature of the maximum principle for the
continuous case is its independence of the domain. Theorem 1 states that for convex
Q, the constant C appearing in (0.4) is independent of £, i.e., {2 may be any convex
mesh domain. In this case C depends only on v in (0.1) and the order of piecewise
polynomials used. The corresponding result for a general mesh domain is an open
question. Our proof for nonconvex regions does not yield this because of several
points, for example the use of the a priori estimate (1.5) which is domain dependent.

Remark 4. If we are willing to replace the constant C appearing in (0.4) with
a term of the form C(ln 1/k) or ch™€ for arbitrary € > 0 where in general C =
C(e, 82, 7, r) then a simpler proof of Theorem 1 may be given than that presented in
Section 3. In other words we shall go through some extra difficulties in order to
obtain the form (0.4).

Remark 5. Let Q be fixed and let G4 C  be the set of points in £ whose
distance from 9§ is greater or equal to d. One can show that if d = A! =€ for any
€ >0, then

luylly oy < Coltyly o2y
where C* — 1 as h — 0. We conjecture that this is also the case for the constant
C occurring in (0.4).

We shall now apply (0.4) to investigate the stability of the finite element
projection in L, on a polygonal (not necessarily convex) domain. Let u be a con-
tinuous function on . For example, u may be thought of as a weak solution of

—Au=f in Q,
u=g onof,

where f and g are prescribed (but not specified here) so that u is continuous on §.
Let us note that for any ¢ € Sf(SZ), D(u, ¥) makes sense by integration by parts.
In fact, for continuous ¥ we may define (see Schatz and Wahlbin [9])

D(u, y) = Tez;h <L ulAydx + fbr u %ds) R

where ds denotes arc length along 07.
Let u,, be the finite element approximation to u determined in the following
way: On 0% let u,, interpolate (see Section 2 for further details) u at the boundary
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nodes, then u, € Sf(SZ) is defined to be the unique solution of

(0.5) D(u,, ¥) = Du, ¥) for all ¥ € SH().

We wish to estimate llu — u, |l ()" Our approach here will be to compare u,, to
another related problem defined on a convex polygon say Q containing . To this
end we shall make the following assumption which says that the family {T},} may be
extended to a quasi-uniform family of tnangulatlons of Q

A.l. Thereisa convex polygonal domain SZ QC Q, such that for h sufﬁcwntly
small, ea&h triangulation T, of £ can be extended to a triangulation Th of € and the
family {7, } is quasi-uniform with the same constant y appearing in (0.1).

In Section 4 we shall show

THEOREM 2. Let S be as above and suppose that Sf(ﬂ) satisfies A.1. Let u
be a continuous function on § and u, € Sf(ﬂ) satisfy (0.5) where on 3R, u,, inter-
polates u at the boundary nodes. Then there exists a constant C independent of u,

u,, and h (for h sufficiently small) such that for any x € S:'(Q)

1
©.6) bt =yl ey < € (1n ) e =xle_cay
Ifu € WL(Q),
0.7) e —ull, <C(in LYl -
) hlwl, h wl(a)

Several remarks are in order.

(1) The inequality (0.6) says that (modulo the usual logarithm for » = 2) one
can obtain the best rate of convergence in L., that the subspace can provide even
when the domain is nonconvex. This is in contrast to the rate of convergence in
L, (R2) where for nonconvex domains the finite element method is not bounded in L,(%2).
Now if 7 > 0 is an integer let C'(Q) denote the space of functions having continuous
partial derivatives up to order  which are continuous in Q with the norm

lluell = ) max |D%l.

l
@) lyi<t Q@

Define the seminorm
lul Ju(x) — u(y)|

u| = su

@ ayea k-l
and for I > 0 an integer and 0 < 0 < 1, C'*9(§) will denote the usual Holder spaces
with the norm

+ 2 1D

lyl=t

It is well known that if / + ¢ <r and u € C'*?(Q) then there exists a x € S’l'(SZ) such
— < Ccpitoe O B : . 6)i .
that [lu X"co(ﬁ) Ch'™ () IIuIIC, tog@y’ This together with (0.6) immediately

implies the following

lfeell = [lul

clto@) cl@) co@)y

COROLLARY. Under the conditions of Theorem 1, let u € C'* °(Q) for some
integer | = 0 and 0 < 0 < 1, then
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1 1\
(0.8) e =yl gy < O +°<1n Z) el o 3y
In Nitsche [7] it was shown that if § is convex, # = 0 on 382 and g’f Q) is
taken to be piecewise linear functions (r = 2) the one has the estimate

1
e =yl oy < (1 3 )=l o

for any x € .Sef(ﬂ)

In the nonconvex case, again with u = 0 on 92, it was shown in Schatz and
Wahlbin [10] (using a much simpler technique) that one may obtain an almost
optimal rate of convergence in L., of order k¢ provided u € Wi N witF—¢(Q)
(e > 0 arbitrary), where 8 = n/a and « as before. There it was assumed that near the
corner with maximal angle « the solution u behaves like (using polar coordinates
R NDu=~ clRﬁsin p0 + smoother terms. The methods used there do not extend
to yield the “optimal” rate of convergence if u is smoother. This latter fact is very
useful for example in finding pointwise estimates for the error when singular functions
are used in the finite element method in conjunction with the usual piecewise poly-
nomial subspaces. This will be the subject of a future publication.

(2) In Schatz and Wahlbin [9] (see Section 2 for more details) it was shown
that if Q, CC , CC Q then one has an interior estimate (valid for a large class of
finite element methods) of the form

l -—
09  M-uyly @y <C(n B) =Xy oy + e =yl

The major point of (0.6) is that it is valid up to boundary for nonsmooth domains.
We shall find it convenient to use (0.9) in proving Theorem 2.

An outline of this paper is as follows: In Section 1 we introduce some notation
and collect some preliminaries. In Section 2 we shall discuss some properties of the
subspaces S:‘(SZ) and some preliminary results for the finite element method. Section
3 is devoted to proving Theorem 1 and Section 4 to proving Theorem 2.

In Part II of this study we shall first localize the results presented in Theorems 1
and 2 and use these results to show that inequalities of the type (0.4) and (0.6)
“almost” hold when the finite element spaces are defined on a class of meshes which
are refined near certain points of the domain. Applications will also be given.

1. Notations and Some Preliminaries. All functions considered in this paper
will be real valued. If 1 < p < oo, then

““"Lp(ﬂ) = (Iﬂ |u|de>l/p

with the usual modification when p = oo, For eachj = 1, 2, define the seminorm

1/p
= 14
[ul {)( - <| 2: ILD“ulle(m>

al=j

and the usual norm on the Sobolev space W’;(Q), k a nonnegative integer,
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el ) <,‘:‘ u (n)>

o
W’;(ﬂ) is the completion of Cy (2) under the W:(ﬂ) norm. For the L, inner product
we set (4, v) = [qux)u(x)dx.
If Q4 C Q, then ford > 0, N,4(Q2,) will denote a d neighborhood of 2, relative
to , l.e.,
Ny(Q,) = {x : x € Q; dist(x, Q,) <d}.

In the special case that , is a point, say {x,}, we set N (2y) = S;(x,), the
intersection of  with a sphere of radius d centered at Xq-
We shall need the following version of Poincaré’s inequality.

LEMMA 1.1. Let Q be a simply connected polygonal domain and v € w21 ).
Then for any d > 0 and X € 0S2

: ) S 4md v -
(1.1) Wl ;s < 4mPl1 ¢ oy
Proof. 1t is sufficient to consider v € C5(£2). Extend v as v = 0 outside {2 and
introduce polar coordinates (p, 8), where p = |x —x|. Then
u(x,, x,) = v(x; + p cos 6, x, + p sin 0).

Since vg = —vx P sin 6 + v, ,P cos 0 and v vanishes at some point on each circle
p = constant, it follows for 0 < p <d that

™ 2 27
oy, 5012 < (S G, 1+l Do db) < and® [ g P+ I, ) 0

the inequality now follows on integrating this last inequality over S (x).

Remark. If Q is not simply connected then (1.1) holds for all d < d,, for some
dy =dy(Q).

We shall frequently use the following inequality which is a consequence of
Holder’s inequality. Namely if diam(2) <d, 1 <p <2 and v € L,(£2) then

12 ol cqy < d=C 2Pl (q)

We shall also need some estimates for weakosolutions of—Au=finQ, u=0
on 92 when £ is a polygonal domain. Let v € W;(SZ) satisfy

(1.3) D, ¥) = (f, ¥) for all ¥ € W().

As in the introduction, let 0 < a < 27 be the maximal interior angle in  and set
B = n/a.

LEMMA 1.2. Let v satisfy (1.3), then
() (0. A. Ladyzenskaya and/N. N. Ural' ceva [3), Grisvard [2]). For any convex
QU <P,vEWIQ)N W (Q) and
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(14) |v|w2(n) "f"lfz(a)'

(ii) (Grisvard [2]) If % <B<1and f € L,(Q) for some 1 <p <2/(2 - p),
then v € W? ()N W2 (2) and there exists a constant C (depending on S and p) such
that

(1.5) “U" g(n) s Cllf"Lp(Q)-

(i) If £ € L,y (), supp(f) C S (x,), xo € Q, dist(x,, 0Q2) < d, then

(16) Iulw;(ﬂ) < 4ﬂdllf"l:2(sd(X0)).
Proof of (iii).
Iulwl(m = (Vu, Vu) = (f, u) < IVIILz(Sd(xO))"u"L2(3d(x0))'

There exists a point x € 352 such that S;(x,) C S, (%), and (1.6) now follows on
applying Lemma 1.1.
We shall need local versions of (i) and (ii) of Lemma 1.2.

LEMMA 1.3. Under the conditions of Lemma 1.2, there exists a constant C
such that if Q, C Q, C Q, Ny(Qy) C Q,, p = 2 when Q is convex (8> 1), and
1<p<2/(2-PB) when ¥ <B<1, then

-2
+d "v"LP(Q 1 )),

< -1
1.7 Ivlwzza(no) C("f“Lp(Q D +d Ivlwzl)(nl)

where C is independent of Q0 if S is convex.

Proof. By a straightforward covering argument it is sufficient to consider the
case when Q4 = S;,,(xy), 2, = S;(x,) and xy € Q. Let w € C'(Sy(x,)), w =1
on B, /3(x0) ID*w| < C/d"'I lal = 1, 2, where B,(x,) is the open ball of radius d
centered at x,. Then wv € Wz(SZ) N Wzl(ﬂ) and (1.7) follows by applying (1.4) and
(1.5) to the function wv instead of v.

2. Some Properties of the Subspaces and Further Preliminaries. We shall need
some properties of the subspaces Sf(Q). To begin with, let T be a fixed triangle. We
choose the nodes for T to consist of (see [13] and [12]) (i) the vertices of T, (ii) if
r = 3, the r — 2 points on each edge that divides the edge into r — 1 equal parts,

(iii) if » > 4, (r — 3)(r — 2)/2 points in the interior of 7. The nodes in any triangle

7 € T}, are defined by an affine identification of 7 and T. The interpolant u; € S:‘(Q)
of u is defined by u = u; at the nodal points. We shall collect some well-known
properties of the subspaces Sf(ﬂ). If M, is any mesh domain, i.e., the union of
triangles in T), and if u € W;(Mh) for some 1 < p < 2, then

-1 _ - < 2-2/p .
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If M, is any mesh domain then for any x € Sh()

and
2.3) IIX"LN(Mh) <cr? “X"L2(Mh).

The constant Cin (2.1), (2.2) and (2.3) is independent of M,,.
Now let u, € S"(Q) be arbitrary, and let 4, € S"(Q) be equal to u, at all
interior nodes and #,, = 0 at all boundary nodes. Then obviously,

(2.42) supp(u;, — 17;,) CA, = {x:x€Q,dist(x, 0Q) < h};
and since the nodal basis is uniform (see [13]), it follows that

(2.4b) lleey, — '7h||L°.,(n) S Clluplly  o0y°

where C is independent of £ and depends only on vy and r.

We shall need some local estimates, for the finite element method, up to the
boundary in ﬁ’;, see Nitsche and Schatz [8], Schatz and Wahlbin [10] and interior
estimates in L, Schatz and Wahlbin [9].

LEMMA 2.1. Suppose that (A.1) is satisfied. There exist positive constants
C, and k, such that

() If R, CQ, CQ Ny Q) CQ,, d >k h and u € Wi(Q) and u,, € S*(Q)
satisfy

2.5) D(u—-u,, ¥)=0 forall y €S"Q,),
then for h sufficiently small and any x € st )
llee =, Il

(2.6)

w3(2)
< - =1yl — -1y, —
\C(Iu XIw;l)(ﬂl) +d lu X"L2(Ql) +d u uhlleml)).

(i) If @, CC Q, CC Q, d = dist(Q2,, 9Q,) = k,h, u € C() and u, € S*(Q)
satisfies (2.5) (see Section 0), then for h sufficiently small and any x € S"(Q)

1N+ —
(2~7) [lee — u, "LN(QO) < C(ln Z)r ("“ - x"L“(Ql) +d lllu — U, ||L2(Ql)),
where

, {1 ifr=2,

0 ifr>3.
In (2.7) and (2.6), C is independent of Q,, Q,, 8, u, u,, and h, for h sufficiently
small,

Let us note that if u, € S*(£) satisfies
o
D(u,,x) =0 forall x € shQ))
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we are at liberty to choose # = 0 and x = 0 in (2.7) and, hence,
-1
(28) "uh"l’“(ﬂo) <dd "uh "LZ(QI)’
where C is as above.

3. Proof of Theorem 1. Letu, € Sf(ﬂ) satisfy (0.3), and let x, € £ be such
that |u, (xo)l = lluyll, (). Set d = dist(xy, 982). It follows from (2.8) that there
exists a constant k; > 1 such that if d > 2k h

|“h(xo)| <cd!? "“h "Lz(sd(xo))-

On the other hand if d < 2k, h, then using the inverse property (2.3) we have that
since x, € 7€ T, for some 7

Iy Ce)| < ch™ iyl (ry < ch™ Vi, Iz, 55000
Hence
(3.1) lepllz oy < 0™ Mupllz s ,(x g0y
where
(2) p = max(d, 2h).
Now
"uh"LZ(sp(xO)) Sllp I(uh’ ‘p)l, II¢IIL2(sp(x0)) = 1‘

pECT (S ) (x0))
Letv e ﬁ’;‘(ﬂ) be the unique solution of

(3.3) D(v, ¥) = (¢, ¥) for all § € W} (Q),
and let v, € g‘f.’(ﬂ) be the finite element approximation to v defined by

34) D(vy, ) = (¢, X) for all x € SH(®).

We note that since % < §, by Lemma 1 2 there exists a 4/3 < p, < 2, where p;, = 2
if  is convex, such that v € W2 (Q) N Wz(ﬂ)
Let U, = u;, on 082 satlsfy

(3.5) D(U,, ¥) =0 for all y € Wi(Q).

Note that U, satisfies ~AU, = 0 and, since U, € WL(0%) and U, € C(S—Z), U,
satisfies a maximum principle. We write u,, = u,, — U, + U,,. Then using (3.2), (3.3),
(34), and (3.5)

Iy, DI < Iy, = Uy, o) + Uy, 9l = 1Dy, = Uy, W)l + 1(U, 9)I

6 < DGy, O+ Wtylly o)Wl s 0y

< lD(uh, U)I + P||“h||Lw(aQ)||¢||L2(Q) < ID(uh’ U)I + p"uh"L“(bﬂ)'
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In view of (0.3), (3.3) and (3.4) we have for any x € §:‘(Q)
(37) I'D(uhs U)I = D(uh’ v— vh) = D(uh =X v— vh)'

We now choose x = U, satisfying (2.4a) and (2.4b). Then, using (2.2) and (2.3),
ID(u;, — Uy, 0= )l < cluy, — ghlw,},(n)lv - vhlwi(‘\h)
(3.8) » N .
<ch ™ uy, —uylly_a)ylv — v,,lwi(A ) Sch =yl , L, )Ilu,,IIL (29)°
where as in Section 2, A, = {x : x € Q; dist(x, 9) < h}. Collecting (3.1)—(3.8), we
arrive at '

(39) lplly oy <@ 0= vl g+ Dllal o 0)-

The proof of Theorem 1 will be complete once we have shown

“1p=lpy - <c.
(3.10) PTIRT  ly  SC

Let R, = diam £ and consider the annuli

= x:x€Q,270+VR, < x —xo| <27/Ry}, j=0,1,2,etc.
and
A}=A,'_1U"‘UA,'UA,‘+1U"'UAIH’ I=1,2,etc.

Set d; = R02'i ,and let 1 €j<J = [ln2(R0/8p)] + 1 where [-] denotes the greatest
integer function.
We first note that foranyj=0,1,...,etc.,

(3.11) mes(4; N Ay) < cdh,

where, in general, ¢ depends on £ if & is nonconvex but is independent of & if Q is
convex. This is easy to see in the nonconvex domain where  is a fixed polygonal
,domain; and hence, its boundary is composed of a fixed finite number of straight
line segments. To see this for a general convex & we first notice that

ANA)C(S, j(xo) NAYC{x:x€ Sd,.(xo), dist(x, 8S, i(xo)) <h}=G

Since £ is convex, then Sy (x,) is convex and the length of 3S,4 ,(xo) < 2md;. Hence,
mes(A]. NA,) < mes(Gj) < 2nd;h, which proves (3.11).
Using Schwarz’s inequality and (3.10),

—1—1
PR v — vyl :

p~th? +lv-v
612 © 32'” Hwiapnap T "'w%mhnsspuo»‘s

J
C{Y o' % d% - v,

+o B P o — v
y=0

wi(AhnAf) wé(A,,nssp(xo)) % '
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Note first that in view of (2.1), (1.4), (1.5) and (1.2)

v —v,l < v -yl < |v-vyl
"W (ApNSg,(xg)) "wi@) Twi@)

2-2/p 2-2/p
< 0 <ch Y
<ch |v|wt2’o(n) sa "‘P"Lpo(sp(xo))

2-2/pg 2/pg—1
<ch 0p°'70 “*P"Lz(sp(xo)y

Since "¢“L2(3p(xo)') =1,p, >4/3and h/p <1,

1 = C( 5

;,)3/2—2/po
-~V —
(3.13) h="p~ v — vl

where c is independent of € if € is convex.
Let Z= {j: 1<j<J; A, N4; # B} For j € Z we apply (2.6) to the domains
A; and A,-l , respectively, and obtain using (1.4), (1.5) and (2.1)

lv—=v,l <c{l -yl

+d7 v -yl
wia,n4)) Twiap 77 T

Ly(4])
+d: o=y, .}
(3.14) ! Laaj)

<ct’ PN, o +d =,

2,49 .

Ly(a)
Since v is harmonic in A,?‘, we have using (1.7) and (1.2) that

h2 2/p0|v| \Ch2_2/p0dj2/p0—l(di—l|v| dl—2"v"

+ .
EXCE wiap) L2<A,-3))
Since dlam(A3) A3 N Ah # 0 and, therefore, dist(43, 9Q2) < A, there exists

a point x € an such that A C Sga (xi) Hence, by (1.1) and (1.6)

h 2-2/P0
vlw;(A?)<c<d,-> p.

We now estimate the second term on the right of (3.11). Forj € Z and J?J as
above

< Ch2_2/p°d-2/p°_2|

2-2/p
B15) K "HPopy L <

[lv — vh“L2(Ai3) <lv- Y, "L2(38di(;i))
3.16
(3.16) = s el sy, g = !
nECH (S 3di(3¢-i)) 1

Let w € W2 satlsfy D(w, ¥) =(n, ¥) for all y € Wz(ﬂ) (note that w € W3 NE)H
and let Y, €S "(Q) satisfy D(w,,, X) = (n, x) for all x € S"(SZ) Then in v1ew of
(1.4), (1.5), (1.2) and (2.1)
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I(v - Yy, | = |D(v - L) w)| = D@ - Uy, W~ wh)l

< v -yl lw — wpl v — vyl lw— wyl

<
wie) wi) wi@) wie)

4-a/p 4-4/py 2/pg—1 2/pg—1
< ch ] <ch Po o “/Po
cl "‘P"Lpo(n)"n"Lpo(Q) S p d] .

From this (3.13), (3.12) and (3.11) we obtain after summing over j € Z

3 o~ = %d% v — vy |
jez Y " wla,na))
(3.17) A .
<c[wr-2mod 1 A A W
j=1 d]3/2_2/p0 p2_2/p0 j=1 d,'3/2-2/p0

Since py >4/3,3/2=2/py > 0, 7/2 — 4/py > 0, d; > p we obtain from (3.14), (3.10)
and (3.8) that

—1g— h\3/2-2/p h\7/2-2/p
o <ef(2)nre (k) -sok
P ]U vhlw;(Ah) c Py Py )

where in view of (3.2), the inequality (3.9) follows which completes the proof.

4. Proof of Theorem 2. Extend u to ?2 as a continuous function on £ (again
calling it u) such that ¥ = 0 on 38 and

“.1) ||“"L°°(§) < C||u||L°°(Q)-

Let 17;, € §f(§) be the unique solution of

o ~
“4.2) D(u - @,,m)=0 for all n € S*(S).
Now
43) llu — uh"L“(ﬂ) < lu - gh"Lm(n) + ||l7;, - uh"L“(Q)~

Apply the interior estimate (2.7) to the domains £ and S~2, respectively, then for the
first term on the right of (4.3)

~ 1\7 ~
(4.4) "u - uh"L“(Q) < C(].n }Tl)r "u"L“(ﬁ) + "u - uh"L2(§)~
Assume for the moment that we have shown
(45) [lee = uh"Lz(ﬁ) < C"u"L“(ﬁ),
then from (4.4), (4.5) and (4.1) we have

4.6) lle = @y ll, () < C(ln %) r el (g)-

Consider the second term on the right of (4.3). Since D(;;;, —u,,n) = 0 for all
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[e]
ne Si’(&’l), ie., uy —u, is discrete harmonic in {2, we have from Theorem 1 that

lleey, — “h||L°°(n) < Clluy, —uy, ||L°°(asz)

< Cll =l o0y + It = uyll, 0]
The first term on the right may be bounded as in (4.6). Since u;, = u; on 9Q and
||uI||L°°(a&’).) < ||“||L°°(an)’ we arrive at

”17;1 - uh"Lm(ﬂ) < C<1n > "u”L o(82)°

Combining this with (4.6) and using (4.3), we have

1
||u—uhIILm(Q)<C<ln > lelly, _ )5

and the result would follow on applying this result to u —x with u —u, =u —x -
= %)
Let us now prove (4.5). We write
e = upll7 () = @ = s, u = up) = D@ =y, ),

where D(Y, ) = (u —u,,n)forallne W2(S2)
Let ¥, € sh (Q) satisfy D(Y — ¢,,, x) = 0 for all x € sh (Q,) then using this
and integrating by parts

I = i3 @5y = D@ =y, ¥ = ) = D, ¥ = )

3 — )
“4.7) - TeZ?h <fa, U ds - fT ul(y - tl/;,)dx)
o — ¥p)
< TEZi":h < on L,(a7) v lphllW%(")) ”u”L“’(‘Qc)'

Since the triangulation is quasi-uniform, it follows (see [9]) that for each 7 € "

oY — ¥y)
on

< - +h Y = Yl );
LI(BT) C("lll wh"w%(f) I‘I/ h W}(T)

and we obtain from (4.7)

2 —1y —

(4.8) |lu _uh"Lz(Qc) < Cgh Iy w,,llw}(m + Té ly - llfhllwz( )§|| hlle(g )
For the first term on the right-hand side of (4.8) we have from the definition of y,,
(2.1) and (1.4) that

Iy = ¥l S =¥l 1@ < <Cly - ¢,|| & < Chlyl

2] w2 ()
4.9)
< Chllu - uhIIL2(§).
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In order to estimate the second term on the right of (4.8) we first note that the
interpolant Y, of \ has the property that

- <
and for any x € Sf(Q)
< -1
(4.11) lellw% n S ||X||w{ .

Hence, using (4.10) and (4.11),

Y =yl < Y=yl Ty = dall

w2(r) w2(r) wi(m)
< O(Illllllw%m +h 7y - lPIIIW{(T) +h My - ll/hllw%(f))
< C(IN/IIW%(T) +h Y -y, ”w}(r))'
Now using (4.9),
Tg%h Iy - w,,uw%m < Clu = uylip, &)

This together with (4.9) and (4.8) proves (4.5) which completes the proof of (0.6).
In order to prove (0.7) we use (0.6) and (2.2) and write

e = upll1

< lu — u,ll
L) Tl

Q) + ”uI Uy I

( wl()

< C("u - u]”wl (Q)h_lllul - uh ||L°°(Q))

< C(llu — +h =gl gy T e =l o))

Wi (Q)
il 1NF
<( IIu—ulllwl(Q) +h ln; e = uflly, ()

<c(nl)
<cing) o)

The desired result (0.7) now follows on applying this last inequality to u — x for any
X € S"(2) and writing u — u, = u — x — (4, — %)
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