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On Maximal Finite Irreducible Subgroups of GL(n, Z)
V. The Eight Dimensional Case and a Complete
Description of Dimensions Less Than Ten

By Wilhelm Plesken and Michael Pohst

Abstract. All maximal finite (absolutely) irreducible subgroups of GL(8, Z) are deter-
mined up to Z-equivalence. Moreover, we present a full set of representatives of the
Z-classes of the maximal finite irreducible subgroups of GL(n, Z) for n < 9 by listing

generators of the groups, the corresponding quadratic forms fixed by these groups, and
the shortest vectors of these forms.

1. Introduction. The present paper completes our discussion of maximal finite
(Cirreducible subgroups of GL(8, Z) which we began in Part IV [15]. There are 26
Z-classes of such groups described in Theorem (4.1) as Z-automorphism groups of cer-
tain quadratic forms.

The major part of this note is concerned with finding the quadratic forms F of
degree 8, the automorphism groups A of which are irreducible and satisfy the condi-
tion: each irreducible subgroup of 4 has no Q-reducible subgroup of index two. (All
other forms of interest were already obtained in Part IV [15].) The procedure is
nearly the same as in Part I [15]. First, we determine essentially all minimal irreduc-
ible finite subgroups of GL(8, Z) up to Q-equivalence satisfying the condition from
above (Section 2). Then we compute the Z-classes of the natural representation mod-
ules of these groups, respectively, the <-maximal centerings of the corresponding lat-
tices, by the centering algorithm [15, Part I]. The centerings are listed on the micro-
fiche at the end of this issue. A detailed description of the output and the associated
quadratic forms in which we are mainly interested are given in Section 3. Finally, the
automorphism groups of these forms and of the ones obtained in Part IV [15] are de-
rived in Section 4. They are the representatives of the Z-classes of the maximal finite
(C-)irreducible subgroups of GL(8, Z).

In an appendix and on the second part of the attached microfiche we present a
complete list of the results for all degrees 2 <n < 9.

The extensive electronic computations were carried out on the CDC Cyber 76 of
the Rechenzentrum of the Universitit zu Kéln and on the CDC Cyber 175 of the
Rechenzentrum of the RWTH Aachen. For various parts of this paper, especially for
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calculations in matrix and permutation groups, we made use of the implementation of
group theoretical algorithms in the Aachen-Sydney GROUP System [4].

2. Minimal Irreducible Finite Subgroups of GL(8, Z). Because of the results of
Part IV [15] we are no longer interested in all Q-classes of minimal irreducible finite
subgroups of GL(8, Z) but only in those containing groups G with the property: (8) G
has no subgroup of index two which is Q-reducible. In this paragraph we shall derive a
set of representatives of the Q-classes of these groups. Often it is more convenient to
compute a Q-irreducible subgroup H of G which fixes—up to scalar multiples—exactly
one quadratic form. They are obtained more easily and their number is smaller. The
character x of the natural representation of H can be of two types:

x = 2y, where ¥ is irreducible, rational and of Schur-index 2, or

X = ¥, + ¥,, where ; is irreducible ({ = 1, 2) and ¢, is the complex conjugate
of ¥,. We do not check in each case, if H is really contained in an irreducible group
G. This can, however, be decided by the results of Section 4, where we compute the
automorphism groups of the obtaingd quadratic forms.

Let A be the natural representation of a minimal irreducible finite subgroup G of
GL(8, Z) with property (f), and let N be a maximal abelian normal subgroup of G.
Applying Theorem (3.1) of [15, Part I] (an integral version of Clifford’s Theorem) we
have Al =T, +- 4 T,, where I';, ..., T, are integral representations of /V satisfy-
ing T'; ~q kA; (i =1,...,r; k €N) with A, being Q-irreducible, integral, and inequiv-
alent of the same degree m. Furthermore, I';(V) = *+- =T, (V) holds. As a conse-
quence, we must discuss all possible solutions of the equation 8 = k m r:

() @) Gi) Gv) () (i) (i) (i) () )

Kk 1 1 1 1 2 2 2 4 4 8
m 1 2 4 8 1 2 4 1 2 1
r 8 4 2 1 4 2 1 2 1 1

In the cases (i)—(iii) and (vi)—(viii) there are no groups G. We prove this except for
case (vii) by the following lemmas some of which will also be used in the other cases.

(2.1) LemmA. If G < GL(2", Q) is an irreducible 2-group, then G has a sub-
group of index 2 which is Q-reducible.

Proof. By a result of Vol'vacev [1] G is conjugate to a subgroup G of the iter-
ated wreath product
Ll R S VA OX

————————
n

which has a subgroup of index 2 consisting of block diagonal matrices. The intersec-
tion with G is certainly a Q-reducible subgroup of index 2 in G. QED.

(2.2) LemMA. G/N is isomorphic to a minimal transitive permutation group of
degree 8 in case k = 1.
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Proof. Since the Schur-indices of representations of abelian groups are equal to
1, the restriction of A to NV is the sum of eight 1-dimensional inequivalent complex
representations which are permuted faithfully by G/N. G is irreducible, if and only if
G/N acts transitively. This fact implies the result as in the proof of Theorem (3.2)
in [15, Part I]. Q.E.D.

(2.3) LemMMA. For prime numbers p the minimal transitive permutation groups
of degree p® (o € N) are p-groups.

For a proof see [15, Part III, Lemma (2.1)].

(24) LEMMA. In the cases (i)—(iii) G does not satisfy (B), i.e. G has a subgroup
of index 2 which is Q-reducible.

Proof. By (2.2) and (2.3) G/N is a 2-group in each case. In case (i) V is also a
2-group; hence, G is a 2-group and violates () because of (2.1). In cases (ii) and (iii)
G/N acts imprimitively on the absolutely irreducible constituents of A| - One can easily
find block stabilizers the inverse images of which yield a Q-reducible subgroup of in-
dex 2. Q.ED.

(2.5) LemMMA. In the cases (vi) and (viii) no group G exists which fulfills ®.

Proof. 1In case (viii) V is obviously isomorphic to the Klein-four-group. The
centralizer of NV in G is Q-reducible and of index 2. In case (vi) G permutes the C-
irreducible constituents of A| v imprimitively, since the constituents of I'; form a
block. Clearly, the block stabilizer S is a Q-reducible subgroup of index 2 in G. (S is
also the centralizer of N in G.) Q.E.D.

The remaining cases are discussed one after the other.

Case (iv). (Compare Case (ii) in [15, Part II, p. 555f].) N must be cyclic with
¢(INl) = 8 (¢ denotes Euler’s y-function) and |G| = 8|N|. Therefore, |N| €
{16, 24, 20, 15, 30}. For [N| = 16, G is a 2-group and violates (§) by (2.1). We dis-
cuss | V| = 24 in greater detail, since it is the most complicated case.

(2.6) LEMMA. For |N| = 24 we obtain exactly one group G | With five generators:

01 1-2 0 1 0 0
0 2 1-3 0 2 0 0
0 2 2-4 0 2 0 1
1o 3 3-6 03 1 0
171 0o 2 2-4-1 3 1 of
01 2-3-1 3 0 0
-1 1 2-2-1 2 0 0
01 1-1-1 1 0 0
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0 2 0-1 0 1-1 0
1 2 0-2 1 1-1 0
0 3 1-3 1 2-2 0
11 4 0-4 2 3-3 0
82710 3 0-3 2 2-2 of
0 2 0-2 2 1-2 0
0 2 0-2 2 0-1 0
01 0-1 1 0 0-1
1 0-2 0 1 0 0 1
1-1-3 1 1 0 1 0
2-1-4 1 1 1 0 1
{3-2-6 2 1 1 1 1
8712-2-5 2 1.1 0 1/
2-1-4 1 1 1 0 0
1-1-2 0 1 1 0 0
0 0-1 0 0 1 0 0
00 0 1-2 0 2-1
0-1-1 2-2 0 3 -2
0-1-1 3-3-1 4 -2
l1-2-2 4-4-1 6 -3
84711 -2-1 3-3-1 5-3)
0-2 0 2-2-1 4 -2
0-1 0 1-1-1 3-2
0 0 0 0-1 2-1
01 1-2 1-1 1 0
0 0 2-2 1-2 2 0
1 1 2-3 1-2 2 0
g5 = (1) i :_i ?_; ; g, where N = (g, g5).
01 3-3 1-2 1 1
00 2-2 1-1 0 1
00 1-1 1-1 0 0

Proof. G must be an extension of C,, by its automorphism group (acting in the
natural way). We have C,, = {q, bla® = b® = [a, b] = 1) and Aut(Cy4) =, 8,7
witha® =a,b*=0%df =a BF =07, 0" =07, b =b.

The cohomology group H2({a), C,,) = {x € C,41x* = x}/{xx*|x € C,,} is
trivial. Hence, there is only one extension E, of C,4 by (a). The center Z(E,) of E,
is (@) x (b*. Similarly, H?((B), Z(E,)) = C,; and there are at most two extensions
E, E, of E, by (B). We have Z(E,) = Z(E,) = Z(E,). Finally, H*(y), Z(E,)) = C,;
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hence, there are at most two extensions in each case. Thus, we end up with at most
four extensions altogether. We give a construction for each of them: Let T=D,,
and T = (a, bla® = bp* = 1,a% = b%, a® = a~!) be the two extensions of Ce by
Aut(Cy) and

U={a bclad®=b*=c*=1,a"=a%a"=a"2,[bc] =1,

U= b cla®=b*=c*=1,a°> =a> a° =a, a* = ¢2, [6, c] =D,
be the two extensions of Cg by Aut(Cg). Then the central products Ty U, T ¥ 0
Ty U, T v U yield the four extensions of C,4 by Aut(C,,).*

However, T Y (7, T v U have no faithful Z-representation of degree 8. T, T
have only one faithful character of degree 2, the one of T being of Schur-index 1 over
R and the one of T being of Schur-index 2. Similarly, U, U have only one faithful
character of degree 4, the one of U having Schur-index 1 and the other one 2. The
faithful characters of TY U, T Y (7 Ty U, T v U are outer tensor products of these
two and four dimensional characters. Hence, their Schur-indices over R are 1 in case
of TYUand Tv U. For G=T Y U one easily sees that G has a reducible subgroup
of order 2 (isomorphic to T v H, where H is a subgroup of index 2 of U). By some
lengthy computations one obtains an embedding of T v U into the Weyl-group of the
root system Eg. Q.E.D.

(2.7) LEMMA. For |N| = 20 there is no group G.

Proof. One obtains four extensions of C,, by Aut(C,,) in exactly the same
way as in (2.6). The corresponding characters of two of them have Schur-index 2 over
R. One of the other two groups

a,ﬁeZs,a¢0§>

(ng x Aff(1, 5) with Aff(1, 5) = 3(3 f)

has a Q-reducible subgroup of index 2.

The last group is isomorphic to the central product 7; Y T, of the quaternion
group T} = Qg and a nonsplit extension of Aff(1, 5) by C,. T, v T, has a nonfaithful
integral representation of degree 8. Namely, the centralizer of the subgroup of GL(8, Z)
isomorphic to T, in Q®*® is isomorphic to the quaternion algebra =3 =% in which

_3, _ 1. — Q
Qg = T, cannot be embedded, since ( 3’Q 5) % ( l’Q 1). Q.E.D.
(2.8) LEMMA. For |N| = 15 we obtain exactly one group
0 0 0 -1 0010
0 -1 01 1 0 0 -1 1000
= S .

@2 ”®bb€<<1 —1>’<1 0>>’“ o 1 o-1\oo0o01
0 0 1-1 0100

*For the notation see Huppert [11, p. 49].
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Proof. By applying the Schur-Zassenhaus Theorem one gets G = S5 x Aff(1, 5).
Q.ED.

(2.9) LEmMMA. For |N| = 30 there is no group G.

The proof is analogous to the one of (2.7).

Case (v). The restriction Al of A to the maximal normal abelian subgroup NV
is given by Ay = E?z 1 2T';, where the T'; are 1-dimensional and inequivalent. Hence,
N is clearly a subgroup of {diag(a,, a,, a3, as)la; € (—1,)} of index 1 or 2.

(2.10) LeMMA. In Case (v) there are two Q-classes of minimal irreducible sub-
groups of GL(8, Z) both containing the Q-irreducible group

0 -1

Proof. As a consequence of Schur’s Lemma G fixes a quadratic form
diag(X,, X,, X3, X,;). Hence, we may assume that G is a subgroup of the automor-
phism group of 7, ® X with X € {(} 9), (_2 1)}, since (§ 9) and (_2 ~}) are—up to
multiples and Z-equivalence—the only forms of degree two w1th an 1rreduc1b1e auto-
morphism group. Also, by Schur’s Lemma the elements of the centralizer C; (V) are
of the form diag(k,, k,, k3, k,) with k; € Aut,(X) (i=1,...,4). Even C,(N)=N
holds. For a proof we first assume that C4(V) is not abelian. Then C;(N') would be
a subdirect product of four copies of dihedral groups of order 8 for X = ({ 9) or of
order 12 for X = (_f “;). In each case we get a normal abelian subgroup containing
N properly, namely of exponent 4 in the first case, of exponent 6 in the second. Hence
C(V) is abelian, but since it is normal and contains V it must be N itself.

The factor group G/N is isomorphic to a permutation group of degree 4, since it
acts on {I';, ..., I'y} faithfully. By Lemma (2.1) G cannot be a 2-group, therefore,
3|(G: N). On the other hand, 8 divides (G: N) by Ito’s Theorem [11, p. 570]. Hence
G/N =S,.

Next we show X = (_2 ~1). Namely, for X = I, the inertia group of I'; had
epimorphic images isomorphic to Dg and an extension of Cg by D¢. Hence

8 - 48

On the other hand, |G| = 4!|N ||4!l6, obviously a contradiction.

Now we claim that G is isomorphic to a subgroup of index 2 of the wreath
product C, v S,. We consider the faithful representation A: G — GL(8, Z,): (&)
> (g;; + 3Z). This representation is reducible, namely ,®0 ) multiplied by a
suitable permutation matrix transforms A into ( x ) where the A are faithful and
monomial of degree 4. But the group of all monormal matrices of degree 4 over Z,
is isomorphic to C, v S,. Hence, G is isomorphic to a subgroup of C, ~ S,. The

H, = ® I,, diag-1,-1,1,1) ® I, ).

o O O ~
o = O O
- O O O
o O = O

|GI.




MAXIMAL FINITE IRREDUCIBLE SUBGROUPS OF GL(n, Z). V 283

rest of the proof follows from the character tables of C, v S, and its subgroups
in [3]. Q.ED.

Case (vii). We have Al = 2TI" where T' is a Q-irreducible representation of de-
gree 4, hence NV is a cyclic group with ¢(|N|) = 4, ie. IN| € {8, 12, 5, 10}. The cen-
tralizer C;(V) of NV in G is contained in the commuting algebra of N in Q%*® which
is isomorphic to the ring of 2 x 2-matrices over the |V|th cyclotomic field. Since N
is a maximal abelian normal subgroup, we obtain Al o) ~c A + -+ A,, where
the A; are inequivalent irreducible, algebraic conjugate representations of degree 2.
Moreover, G/C;(N) = Aut(V) is of order 4.

(2.11) LEMMA. There is no minimal irreducible subgroup of GL(8, Z) in
Case (vii).

Proof. If A;(C;(N)) is an imprimitive subgroup of GL(2, C), it has either a
characteristic abelian subgroup properly containing A; (V) or it is a product of A, (V)
and a quaternion group of eight elements. In both cases N cannot be a maximal abe-
lian normal subgroup of G. Hence, A;(Cg(IV)) is a primitive subgroup of GL(2, C).

In Blichfeldt’s book [2] we find a list of all finite primitive subgroups of
PSL(2, C). From these we obtain the finite primitive subgroups of GL(2, C) in the
following way. For each group K in the list take those subgroups K of the group gen-
erated by the matrices representing K and some scalar matrices of finite order which
satisfy K/Z(K) = K. Then A,(C;(V)) is isomorphic to a subgroup of a central prod-
uct of a cyclic group with one of the groups SL(2, 3), GL(2, 3), SL(2, 5). In each of
these cases the proper subgroup of G generated by N and a 2-Sylow subgroup is still
irreducible, since all of the primitive finite subgroups of GL(2, C) contain the quater-
nion group of eight elements Qg. Q.E.D.

Case (ix). The restriction Al, of A to the maximal abelian normal subgroup N
is rationally equivalent to 4I", where I' is an integral representation of degree 2. Hence,
N is a cyclic group of order 4, 3, or 6. Analogous to Case (vii) we find (G: C4;(V))
=2 and Al ) ~c A + A,, where the A, are inequivalent irreducible, algebraic
conjugate representations of degree 4. There are exactly three possibilities for A, : It
is monomial, imprimitive of minimal block-size 2, or primitive as a complex representa-
tion. We consider them separately.

(2.12) LemmA. If A, is monomial, G contains a group which is rationally
equivalent to one of the following four groups:

H, = (diag(1, -1, -1, 1, -1, 1, 1, - 1)D((18)(253764)),
diag(-1,1,1,-1, 1, -1, 1, = 1)D((12)(34)(56)(78)))
=5, vC,

where Y stands for central product and D denotes the natural permutation representa-
tion of Sg, and §4 is the binary octahedral group;
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-1 0 0 0 0 0 0 O
-1-1 1 0-1 0-1 0
-1 0 0 0 0 0-1-1
" = 0 0 0-1 1 0 0 0
3 0 00 0 0 0 0-11/
0 0 0 0-1-1 0-1
1 1.0 0 0 0 1 0
0 00 0 1 0 0 1
0 0 0 0 0 0-1 0
1 1.0 0 0 1 1 1
0-1 2-1-1 1 0 1
-1-2 1-1 0 0-1 0 ~
=11 22121 0 0 1 = Sa x 3
1 1.0 0-1 0 2 0
-1-1 1 0-1 0 0 0
-1 0-1 0 1-1-1-1
1000 01 0 O
0 -1 0001 1 0 0 O
- I
Ha I4®<1 o>’ 0100 ®>lo 0 1 0 2
0010 0 0 0 -1
= GL(2,3) ¥ C,;
1000 0 1 0 0
0-1\ {0001 1 0 0 0
H I, ® , ®1I,, I
s 4<1—1> 0100 »lo o 1 o)®h
0010 0 0 0-1

= GL(2, 3) x Cj.

Proof. From Clifford’s Theorem we conclude that G can be transformed into a
(complex) monomial matrix group. All matrices corresponding to diagonal matrices
are contained in N, since NV is a maximal abelian normal subgroup. Hence, C(V)/N
is isomorphic to a transitive permutation group of degree 4. A, can be considered as
an irreducible projective representation of a transitive subgroup P of S,. Because of
|P| > 4% we have S, = P = Cs(NV)/N. Therefore, C;(IV) is a central product of N
with the binary octahedral group §4 or with GL(2, 3). In both cases Co(V) is al-
ready Q-irreducible and fixes only one quadratic form up to scalar multiples. There-
fore, we obtain four groups H, = 3‘; Y Cy Hy = §4 x C3, H, = GL(2,3) Y C4, and
Hy =GL(2,3) x C3. QED.

(2.13) LeMMA. If the minimal block-size of A, is 2, there is no group G.
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Blichfeldt’s Isomorphism )
notation Order typr; k/x
(A) 60 -2 SL(2,5) =4, -
(B) 60 Ag * -
© 360 -2 SL(2,9) =4, -
(D) 2520-2 4, -
(E) 168-2  SL(2,7) -
(F) 259202 Sp(4, 3) -
©G) 120-2 S C,
(H) 120 S + G
(K) 720-2 S, c,
1° 144-2 4,v14, ¥ CyxCy
2° 288-2 5,03, + C,
3° 288-2 A,v 35, C, x C,
4° 7202 A, v 4 Cy
5° 576 -2 S,y 3§, C, xC,
6° 1440-2 S, v 4, C,
7° 3600 -2 A v A -
8° 576 -2 (2°1C,), * G, xC,
9° 576 -2 (2°1Cy),s C,
10° 288-2  (1°1Cy) *  C, xCy
11° 7200 -2 (7°IC,) C,
12° 1152-2  (5°IC,) C, xC,
13° 80-2 (EICs) Cs
14° 160 -2 (EIDy,) c,
15° 360 -2 (E|Aff(1, 5)) c,
16° 960 -2 (ElAg) -
17° 19202 (EISs) C,
18° 960 -4 (C, Y ElAg) -
19° 19204 (G, ¥ EIS;) c,
20° 5760 -4 (C, Y ElAy) -
21° 11520 -4 (C, v EIS,) c,

Proof. By Clifford’s theory G can be transformed into a subgroup of the wreath
product H v S,, where H is a primitive subgroup of GL(2, C). The matrices of G cor-
responding to the block diagonal matrices in H v S, form a subgroup S of index 2 in

*For an explanation of this table see next page.
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Cg(N). From the lattice of normal subgroups of the finite primitive subgroups of

GL(2, C) (see proof of Lemma (2.11)) and the maximality of N as a normal abelian
subgroup of G we conclude that S is a central product of N with one of the groups
SL(2, 3), §4, GL(2, 3) or SL(2, 5). In case of SL(2, 3) the group G becomes mono-
mial. In cases of §4 and GL(2, 3) the product of N and a 2-Sylow subgroup of G is
still irreducible. In case of SL(2, 5) the normalizer of a 5-Sylow subgroup is still irre-
ducible; compare also the proof of (2.11). Q.E.D.

Next, we must discuss the case of A, being primitive. It is useful to present part
of Blichfeldt’s results [2] on finite primitive subgroups of PSL(4, C). We give a list of
all finite subgroups K of GL(4, C) of minimal order such that all primitive subgroups
of PSL(4, C) can be derived by factoring out the center Z(K) of K. (Compare also the
proof of (2.11).) The orders of the groups K in column 2 are written as products
(K: Z(K)) - |Z(K)|. The groups which can be obtained as subgroups of GL(4, Z) are
marked by an asterisk in column 3. Column 5 gives the structure of the commutator
factor groups which is important for the construction of all primitive finite subgroups
of GL(4, C) from the groups of this list. The symbol Y denotes the central product,
¢ denotes the central product with common factor group C,, (2°|C,) denotes an ex-
tension of 2° by C,. The subscripts s, ns refer to the extension to be split or nonsplit,
respectively. E denotes the central product of the quaternion group of order eight with
the dihedral group of order eight: E = Qg Y Dy.

We are now able to prove

(2.14) Lemma. If A, is primitive, G contains one of the following three groups:

-1 0 0 1-2 2-1 0
0 0-1 2-3 2-1 0
0 0-1 2-4 4-2 0
0 1-2 3-6 5-2 0
Hs=\"=| 0 0-2 3-5 4-1 o}
0 0-2 3-4 3-1 0
0 0-1 2-3 2-1 1
0 00 1-21 0 0
01 1-1 0-1 0 2
-1 0 2-1 0-1 0 3
0 0 2-1 0-2 0 4
0 0 3-2 0-2 0 6
=1 0 0 3-2 0-1-1 5 =5L2. 5),
0 0 3-2 0-1 0 3
0 0 2-2 1-1 0 2
0 0 1-1 0 0 0 1

where h3 = h} = (h3h,)S = —Ig;
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0 0 0-1 0100
01 1 0 0-1 1000
= <—1 0>® o1 0o-1)2%oo001 )%
0 0 1-1 0010
0 0 0-1 0100
0 -1 1 0 0-1 1000
Hg = = .
8 <1 —1>® o1 0-1)"2% 0001 G5 xAs
0 0 1 -1 0010

Proof. The centralizer of NV is a central product of N and one of the groups de-
rived from the list above. In all cases C;(IV) is already Q-irreducible as a subgroup of
GL(8, Z). The character of group (A) is rational of Schur index 2. Hence, (A) yiélds
a Q-irreducible subgroup of GL(8, Z) fixing a quadratic form which is unique up to
scalar multiples. This subgroup is Q-equivalent to H. The groups (C), (D), (F), (G)
and (K) need not be considered since they contain (A) [6, p. 307]. Group (B) yields
the groups H; and Hg. (H) contains (B) and, therefore, need not be considered. (E)
does not occur, since the field generated by the character values is not quadratic.

All of the groups 1°—21° contain one of the extra-special groups of order 32 as
a subgroup. Therefore the proper subgroup of G generated by N and a 2-Sylow sub-
group of G would still be irreducible. Q.E.D.

Case (x). In this final case we have A| v = 8T, where I' is an integral representa-
tion of degree 1. Hence, NV is a subgroup of (—Ig). We subdivide the case into four

sections according to the minimal degree of the blocks of the complex natural repre-
sentation of G.

(2.15) LemMA. If G can be transformed into a monomial subgroup of GL(8, C),
G is Q-equivalent to

0 0 0 0-1 1-1
00 00 0 0-1 1
-1 1. 0 0 0 0 0-1
-1 0 0 0 0 0 0 0
%= %= 00010 0 0-1}
001 0-1 10 0
00 00 0 0 0 1
0 000 0-1 00
00 00 0 0 1-1
00 0 0 1-1 1-1
01 000 0-1 0
1-1 0 0
87 = (l) g—(l) (1) 0 0-1 0 =PSL2,7),
0 0-1 0 0 0 0 O
0000 101 0
0000 100 0
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where (§ 1) - &6, (3 9) + g, defines an epimorphism of SL(2, 7) onto Gs; or G con-
tains a subgroup which is Q-equivalent to

01 0000 0 0

1 0 0 0 0 0 0 0

0 001 00 0 0

0 0-1 0 0 0 0 0

0O 000010 0F

0 0 0 0-1 00 0

00 00 0 0 0-1

0 00000 1 0
1 000000 0
0 0 0-1 0 0 0 0
0-1 0 0 0 0 0 0
0 0 0 0 0 0 0-1

=10 0-1 0 0 0 0 o = SL2, 7).
0000 1 00 0
00 0 0 0-10 0
00 00 0 0-1 0

where hg = () 73), hg = (3 1) defines the isomorphism.

Proof. The natural representation A of G can be transformed into a complex
monomial representation. Let p: G —> S be the associated permutation representation.
Since ker ¢ is a normal abelian subgroup of G we get ker ¢ = N. We first assume that
N is trivial. Then G is isomorphic to a transitive permutation group of degree 8. Since
the imprimitive permutation groups of degree 8 are solvable, ¢(G ) must be primitive.
Hence G is isomorphic to one of the groups PSL(2, 7), PGL(2, 7), Ag, or Sg [18].
But 45 and Sg have no irreducible characters of degree 8 and PGL(2, 7) contains
PSL(2, 7), yielding only G;.

Now we assume N = (—Jg). Some lengthy but elementary arguments show that
¢(G) is a primitive permutation group, because N = ker ¢ is the only abelian normal
subgroup of G. Again, if (G is one of the two primitive solvable permutation groups
of degree 8 (which are isomorphic to extensions of elementary abelian groups of order
8 by C, or Aff(1, 7) [18]) then G must have an abelian normal subgroup properly
containing N. Hence, G must be isomorphic to a nonsplit central extension of PSL(2, 7),
PGL(2, 7), Ag, or Sg. However, Ag and Sg have no irreducible projective characters
of degree 8 [17]. In the other two cases the commutator subgroup G' of G is isomor-
phic to SL(2, 7) ([16]; [11, p. 641ff.]). By inspection of the character table of SL(2, 7)
[16] we see that G must contain H, as a subgroup of index 2. Q.E.D.

Next we assume that G is C-equivalent to a subgroup G of K~ S,4, where K is
one of the finite primitive subgroups of GL(2, C) which were already described in the
proof of (2.11). Let ¢: G — S, denote the permutation representation derived from
the embedding of G into K " Sy.
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(2.16) LEMMA. If G can be transformed into an imprimitive subgroup G of
GL(8, C) of minimal block-size 2, G has a group H of index 2 which is rationally
equivalent to

01 0 0 0 1
1 1 0 0-1 1
00 0 1 0-1
0 0-1 1 1-1
Hio = 0 0 0-1 0 O}
00 1-1 0 0
00 0 0 0 0
00 0 0 0 O
-1 00 0 0 0 1 0
0-1 0 0 0 0 0 1
1 0-1 0-1 0-1 0
01 0-1 0-1 0 -1
hBs={_1 0 0 0 1 0 0 0
0-1 0 0 0 1 0 0
00101 0 10
00 0 1 0 1 0 1

= SL(2, 3) v SL(2, 3),

where the epimorphism of SL(2, 3) x SL(2, 3) onto H,, is given by

GG (o (mn) e

Proof. First we want to determine ker ¢ which is certainly a subgroup of
{diag(a,, ..., a4)la; €K}. Let 7;: diag(a,, ..., a,) > a; denote the projection of
ker ¢ onto the ith component (i = 1, ..., 4). From the character relations we get |G|
= |ker l|¢(G)| = 8% + |¢(G)l, hence,

2 82

8~ +1= 2—4
lo(G)I

|ker ¢| = +1>=3.

Therefore, ker ¢ contains N properly and is not abelian. Furthermore, the m; are irre-
ducible representations of ker y. ,(ker y) must be isomorphic either to Qg, SL(2, 3),
S4, GL(2, 3), or SL(2, 5), since all other irreducible finite subgroups of GL(2, C) have
a characteristic abelian subgroup of order bigger than 2 which would yield a normal
abelian subgroup of G containing NV properly. Since the nontrivial normal subgroups
of m, (ker ) all contain the nontrivial center of m,(ker ¢) we conclude that the m; are
isomorphisms because of the general structure theory of subdirect products. An appli-
cation of Clifford’s theory provides that all of the ; are equivalent representations
(note: none of the five groups above have more than two faithful inequivalent repre-
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sentations of degree 2). Since the sum of the characters of the m; has to be rational,
we end up with ker ¢ isomorphic to Qg or SL(2, 3).

By Clifford’s theory the natural representation of G is equivalent to the tensor
product of two irreducible projective representations A, and A, of G of degrees 4 and
2, where A; can even be considered as a projective representation of ¢(5 ). Since S,
is the only permutation group of degree 4 which has an irreducible projective represen-
tation of degree 4, we obtain ¢(G) = S,; more precisely, G is a nonsplit extension of
Qg or SL(2, 3) by S,. In the first case some computations show that G has an ele-
mentary abelian normal subgroup of order 8, contradicting the maximality of N. In
the second case the centralizer C;(ker ) of ker ¢ is easily seen to be isomorphic to
SL(2, 3), and the character of the restriction of the natural representation of G con-
tains both complex faithful characters of SL(2, 3) with multiplicity 2. Moreover, the
product ker ¢ * Cg(ker ) is a éubgroup of index 2 in G which is equivalent to the Q-
irreducible group H,,. Q.E.D.

Next we assume that G is C-equivalent to a subgroup G of K~ S,, where K is a
finite primitive subgroup of GL(4, C) for which we refer to the list preceding Lemma
(2.14). Again let o: G— S, denote the permutation representation of G coming from
the embedding of G into the wreath product G v S,. Clearly [12, p. 86], the natural
representation of G restricted to ker ¢ is the sum of two inequivalent irreducible repre-
sentations A,, A, of ker . Unlike Lemma (2.16) it is now immediate that A(ker @)
is a primitive subgroup of GL(4, C).

(2.17) LEMMA. If G can be transformed into an imprimitive subgroup G of
GL(8, C) of minimal block-size 4, G contains a group H which is rationally equivalent
to Hg (obtained in (2.14)) or

01 0 0 0 1
1 1 0 0-1 1
0 0 0 1 0-1
0 0-1 1 1-1
Hyy = 00 0-1 0 0f
0 0 1-1 0 O
0 0 0 0 0 O
0 0 0 0 0 O
01 0 0 0 0 0-1
-1 1 0 0 0 0 1-1
01 0 1 0 1 0 1
ho—|"1 1-1 1-1 1-11
10 0 1 0 0 0-1 0 O
-1 1 0 0 1-1 0 O
0 0 0-1 0-1 0-1
0 0 1-1 1-1 1-1

= SL(2, 3) ¥ SL(2, 3),
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where the epimorphism of SL(2, 3) x SL(2, 3) onto H,, is given by

(o o) (o) (o) me

1-1. 0 0 0 0-1 1
1 0 0 0 0 0-1 0
-1 1 1-1 1-1 1-1
-1 0 1 0 1 0 1 0O
Hia=K o= 1 21 o 0-1 1 0 o
1 0 0 0-1 0 0 0
0 0-1 1-1 1-1 1
0 0-1 0-1 0-1 0

= SL(2, 3) Y SL(2, 3),

where hg > hg, hyo > hy | defines an isomorphism of H,, onto H, ;

-1 01 1 0 0 0 0
0-1-1 1. 0 0 0 0
001 00 0 0 O
o [ 000 1 0000
13 12 0 0 00 0 1 1-17
00 0 0-1 0 1 1
000 0 1 1 0-1
000 0-1110
00 00 0 0-10
00 00 0 0 0-1
1 0 0 0 0 0-1 0
01 0 0 0 0 0-1 .
M3=lo 0 1 0 0 0-1 0 =13
00 01 0 0 0-1
000 0 1 0-10
00 00 0 1 0-1

where the conjugates of h, , generate an extraspecial group Qg Y Dg of order 32, on
Which h, 5 induces an automorphism of order 5 by conjugation.

Proof. 1If the A,; are not faithful, A,(ker ¢) contains the group (B) = 4. Name-
ly, all the other finite primitive subgroups of GL(4, C) have a nontrivial center which
is contained in each of the other nontrivial normal subgroups. This, however, yields a
normal subgroup of G containing N properly (compare also the proof of (2.16)). Now



292 WILHELM PLESKEN AND MICHAEL POHST

it is easy to see that ker ¢ contains a subgroup isomorphic to A5 x 4,. Moreover,
A[(A5) can be chosen integral from which one can conclude that either G was not
minimal irreducible or contains a Q-reducible subgroup of index 2. Therefore, the A;
are faithful algebraic conjugate representations of ker ¢ which can be constructed over
a quadratic number field.

We must now check the list preceding Lemma (2.14) for possible candidates of
A, (ker y). Groups (A) and (C), (D), (F), (G), (K) which contain (A) can only provide
a group G containing Hy (compare Lemma (2.14)). The argument at the beginning of
this proof can be applied to the groups (B) and (H). Finally, (E) yields Hy. The re-
maining groups 1°—21° are treated separately.

Ad 1°. Since the center of 1° and the commutator factor group are relatively
prime, ker ¢ is isomorphic to 1°. This group has nine faithful irreducible representa-
tions of degree 4 one of which is rational, whereas the others can be constructed over
Q(v/~3) and fall into four pairs of complex conjugate representations. One of the
subgroups of GL(8, Z) derived from these has already been listed in (2.16). The other
two are H,, and H,,.

Ad 2°. This group can already be conjugated into GL(4, Z). Therefore, we only
have to deal with a subgroup of index 2 of (il,, 2°) (i* = — 1) the center of which has
order 2 and which is not isomorphic to 2°. If A, (ker ) is equal to this group, the 2-
Sylow subgroup of G would already be irreducible by an argument outlined in 3°.

Ad 3°. In this case the 2-Sylow subgroup of G would still be irreducible as one
concludes by observing that 3° contains an extra special group of order 32 and that
the character of 3° is irrational on certain elements of order 2.

Ad 4°. The argument of 3° can be applied to the normalizer of the 5-Sylow
subgroup.

Ad 5°,9°, 12°. The same argument as in 3° applies.

Ad 6°. The character values of 4, are not contained in a quadratic number
field.

Ad 7°, 11°. The same argument as in 4° applies.

Ad 8°. The same argument as in 2° applies.

Ad 10°. Here we either obtain a group containing one of the groups from 1° or
the same argument as in 2° holds.

Ad 13°-21°. All these groups contain 13° which already yields an irreducible
subgroup H, 5 of GL(8, Z) with a unique primitive quadratic form (note: the character
of 13° is rational of Schur-index 2). Q.E.D.

Finally, we assume that G is primitive as a subgroup of GL(8, C). We rely on
results of Huffman and Wales [9] in case 7 4 |G| and on results of Feit [7], [8] in
case 7[|Gl.

(2.18) LEmMMA. If G is C-primitive, each group in the Q-class of G fixes a qua-
dratic form which is integrally equivalent to one of the forms F; (i = 1, ..., 26) ob-
tained in [15, Part IV] respectively in the next paragraph.

Proof. First we assume 7 4 |G|. By [9] G/Z(G) = PSL(2,9) = A4 or Gisa



MAXIMAL FINITE IRREDUCIBLE SUBGROUPS OF GL(n, Z). V 293

tensor product of two primitive groups of degree 2 and 4. One checks easily that
neither PSL(2, 9) nor SL(2, 9) has an irreducible integral representation of degree 8.
Since the finite primitive subgroups of GL(2, C) and GL(4, C) contain proper irreduc-
ible subgroups, G cannot be minimal irreducible.

Hence 7 | |G|. We must check whether G is one of the groups listed in Theorem
A in [8]. The groups listed under A(i), A(iii), and A(iv) cannot be transformed into
subgroups of GL(8, Z); compare also [7]. The groups in A(ii) have an irreducible 2-
subgroup. Some of the groups in A(v) yield minimal irreducible subgroups of GL(8, Z)
(having PSL(2, 7) as a nonabelian composition factor); all of them were already treated
(Hy, G3). A(vi) yields SL(2, 8) as a minimal irreducible subgroup of GL(8, Z). The
representation comes from the 2-transitive permutation representation of SL(2, 8) on
nine elements. However, the centerings which one gets are the same as those of S, by
[13, Theorem 5.1]. The forms derived are multiples of F, F,,, F,5. This also set-
tles A(viii), since in that case G is isomorphic to Ay or Sy. Also, the groups in A(ix)
contain A4 and, therefore, are not minimal irreducible. Those groups of A(vii) which
are rational certainly contain H¢. Finally, A(x) yields a group H isomorphic to
Sp(6, 2), which is a subgroup of W(Eg) = Aut,(F) [7, Theorem 4.4], since Sp(6, 2)
contains a subgroup isomorphic to 44 (= GL(4, 2) = SO* (6, 2)). Therefore, H
contains a subgroup isomorphic to A4 or to the covering group A g of Ag. In the
second case H contains H, of Lemma (2.14). The first case easily leads to a contradic-
tion if one computes the lattices invariant under 4¢ by the methods in [14]. Q.E.D.

3. Computation of the Z-Classes. From the centerings of the groups G;, H;
@=1,...,3;j=1,..., 13) we obtain the quadratic forms Fg, ..., F,¢ which to-
gether with 7, ..., F|, from Part IV [15] form a full set of representatives of the
Z-classes of the positive definite primitive integral quadratic forms of degree 8 with ir-
reducible automorphism groups. The forms are given by their matrices: (J, € ZFxk
has all entries one.)

Fig =@, =J,)® (51, —J,); detF,g= 1252154,

Fio =@, =J))®(, +J,); detF,4=1%3215%;

40 01 0 1-1 1
0 4 0 1 0-1-1 1
0 0 4-1 0 1-1 1

Fo=| o 0 0 1 a1 1 1| Gt = 16
1-1 1 1-1 4 1 0
“1-1-1 0 1 1 4 1
11 1-1 1 0 1 4
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4 2 2-1 0 1 0-1
2 4 1 0-1 1 1-1
2 1 4-1 2 0 2 1
-1 0-1 4 0 2 1 0
F = = 572 .
25 0-1 2 0 4 1 1 1} detFs=1"7721
1 1.0 2 1 4 1 1
0 1 2 1 1 1 4 2
-1-1 1 0 1 1 2 4
14 1 7-4 4 4-5 1
1 14 -4 7 -4 -4-1 5
7-414-5 5 5-1-4
- -5 14 -5 -5 4 1
F,g = 4 75 1S , detF,,=1"3221%

4 -4 5-514-1 5 -1
4 -4 5-5-114-1 5
-5-1-1 4 5-114 5
1 5-4 1-1 5 5 14

The centerings of the groups G, H] i=1,...,3j=1,...,13) are listed on
the attached microfiche. We chose the example of H, to explain the output. Let a,,
a,, a3 be the generators of H,, A the natural representation of H,, A, and A, the
constituents of A modulo p; =2, A,, the only constituent of A modulo p, = 3.
These input data are printed in the output as follows:

Generators
2, a as
Constituents mod 2

No.1  Aj(e)  4y,@@) A 3)
No.2  A,@@) Ay,0@) A4,@3)

Constituents mod 3

No.1  Ay,(@) A4,,@@,) A4,,(a3).

Then the bases of all <-maximal centerings C(i) of H, are printed (expressed as
coordinate columns with respect to the standard basis of the natural representation
module C(1) = Z8*1), together with the quadratic form C()? - F - C(i), where F is
the matrix of the quadratic form fixed by H, and C(i) denotes the matrix of the basis
of C(i). The elementary divisors of both matrices follow. Then the names of the max:
imal centerings C(j) of C(i) are printed which are of 2- respectively 3-power index in
C(?). Also, the isomorphism types of C(i)/C(j) are given (e.g., prime 2 constituent
no. 2 leads to C(j)). In case C(i)/C(j) is not absolutely irreducible C(j) is listed sev-
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eral times. Thus, we obtain the following lattice of centerings for H,:

The quadratic forms in the output are not necessarily multiples of the forms
Fy, ..., F,¢ but only Z-equivalent to them. These equivalences have been checked
partly by hand and partly by machine. The reader can identify a form in the output
with one of the F; via the elementary divisors of the corresponding matrices. F; = I
and the Weyl form F, are the only two forms with the same elementary divisors.
However, F is odd and F; is even. We should mention that we have added a reduc-
tion subroutine to the original program of the centering algorithm described in Part I
[15]. This subroutine reduces the bases of the centerings with respect to the associ-
ated form. It became necessary since the entries of the C(7) obtained by the earlier
version of the program became too large, especially for high class numbers.

In four cases, namely in case of H, H,, Hy, and H, 5, the centering algorithm
does not terminate by the usual test, i.e. there are infinitely many <-maximal center-
ings. (Note: the H; (i =1, ..., 13) are not C- but only Q-irreducible.) In these cases
we have to make sure that we already found sufficiently many centerings.

(3.1) LEMMA. The quadratic forms obtained from the centerings of Hg, H, 5 are
multiples of F which is the Weyl-form of the root system Es-

Proof. Let Ly, L, be two centerings of Z8*! with respect to Hy (H,5). If L,
and L, belong to the same genus, then clearly the determinants of the primitive posi-
tive forms associated with L, L, are equal. For both groups Hg, H, 3 the Q-class of
the natural representation can split into at most two genera. We prove this for H;
for H, 5 the proof is similar.

The output shows that the lattice of 3-centerings of H is linearly ordered.
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Therefore, we have at most two isomorphism classes of Z}H-modules lying in the
Qj-class of (ZF)®*!. (For prime numbers p we denote the field of p-adic numbers by
Q, the ring of p-adic integers by Z;'.) For p = 2, 5 the output shows that (Z!’,")8 x1
becomes reducible ([19, Proposition 6.2] and the well-known results of Maranda).
(Z;)S X1 js also reducible for all other prime numbers p by standard arguments be-
cause of p 1 |Hg| = 2% -3 - 5. Therefore, by Theorem 1.6 in [14] there is only one
Z; -class in the Qp-class of (Z))® ! for p # 3. Hence, we have at most two genera.

The only quadratic forms in the output concerning H (H, 3) are multiples of
F5. Every quadratic form belonging to a centering of Hy (H, 3) is even, since the
natural representation of Hy (H, 3) has no 1-dimensional constituent modulo 2. Hence
all forms must be multiples of F, F being the only positive definite even form of
degree 8 with determinant 1. Q.E.D.

(3.2) LEMMA. The class number of the natural representation of H, is four.
The isomorphism types of lattices are represented by C(i) for i € {1, 3, 4, 7} (com-
pare microfiche).

Proof. The matrix A4 := (1(:; 04 centralizes Hg. Because of C(2) =
(Ig + )23, C(8) = (Iy — 24)Z8*!, and C(9) = (I + 24)Z8*! these centerings
are isomorphic to C(1). Therefore, all centerings of H, which are not contained in
C(2), C(8) or C(9) contain representatives of the centerings of C(1). But these are
given by C(i), i € {1, 3,4, 7}. No two of them can be isomorphic as can be seen
from the lattice of centerings. Q.E.D.

A similar but slightly more complicated argument shows that a set of representa-
tives for the isomorphism classes of centerings of Hy is given by C(1), C(2), C(4),
C(5), and C(8). (Note: The centralizer of C(2) 'H,C(2) in Z8*?® is isomorphic to
Z[(1 +v/-7)2])

4. The Irreducible Maximal Finite Subgroups of GL(8, Z). There are—up to Z-
equivalence—26 such groups. They fall into 16 Q-classes. For the derivation we use
freely the results in four dimensions [3].

(4.1) THEOREM. The irreducible maximal finite subgroups of GL(8, Z) are Z-
equivalent to the automorphism groups of the quadratic forms F,, ..., Fy.

() Auty(F,), Auty(F,), and Aut,(F,) are Q-equivalent. They are isomorphic to
the wreath product C, ~v Sg of order 2881, Aut,(F,) is the full monomial group of de-
gree 8.

(i) Aut,(F3) is isomorphic to the wreath product W( Fa) v C, of the Weyl
group of the root system F, with C, of order 1152%2.

(iii) Aut,(Fy) is isomorphic to the Weyl group of the root system Eg of order
21435527,

(iv) Aut,(F) is isomorphic to the direct product S3 x W(F,) of the symmetric
group on three elements and the Weyl group of the root system F,. It is of order
311152.

(V) Aut,(F,) is isomorphic to the wreath product D,, ~ 8, of the dihedral
group of order 12 with the symmetric group on four elements. It is of order 12°41.
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(vi) Aut,(Fg) ~q Autz(F,,). They are isomorphic to C, x (S3 v S,) of or-
der 2 - 6*41. '

(vii) Aut,(Fy) is isomorphic to the wreath product (C, x (S3 ~ C,)) v C, of
order 14422,

(vii) Aut,(F,,) ~q Auty(F, ;). Both are isomorphic to C, x Sy of order
2-9!,

(ix) Aut,(F,,) is isomorphic to the direct product C, x (S5 ~v S3) of order
263!

(x) Auty(F,,) ~q Auty(F,¢). Both are isomorphic to the wreath product
(C, x S5) ~v C, of order 240%2.

(xi) Aut,(F, ;) is isomorphic to an extension of the central product of SL(2, 5)
with itself by C,. It is of order 2 - 60%2.

(xii) Aut,(F,,) is isomorphic to the direct product C, x (S5 ~v C,) of order
2 - (51)%2.

(xiii) Aut,(F,q) ~q Autz(Fo). Both groups are isomorphic to the direct
product C, x S5 x S of order 2 - 5! - 3!.

(xiv) Aut,(F,,) ~q Auty(F,,). They are isomorphic to the Weyl group W(F,)
of the root system F, of order 1152.

(xv) Auty(F,,) is isomorphic to a subdirect product of S; with the Weyl group
W(F,). It is of order 1152 -+ 6 - 271,

(xvi) Auty(F,3), Auty(F,,), Aut,(F,s), and Aut;(F, ) are rationally equiva-
lent. They are isomorphic to the direct product C, x PGL(2, 7) of order 2 - 336.

Proof. Ad(i). Compare Theorem (6.1) in Part I [15].

Ad(ii). This follows immediately from [5].

Ad(iii). Compare [10, p. 66].

Ad(iv). F is the Kronecker product of (_f ~1) with Weyl form of the root
system F,. Therefore, Aut,(F¢) certainly contains a subgroup H = S; x W(F,). We
must show that H is already the full automorphism group. F contains 36 vectors of
shortest length—up to sign—in its lattice. These are permuted transitively by H. The
stabilizer H, in Aut,(Fg) of one of these vectors operates on a sublattice of index 4
on which F induces the quadratic form (_f ‘;) ® 21,. Hence, H, is rationally equiv-
alent to a subgroup of the stabilizer in Aut,(| 2 ~3)) v S, of the lattice belonging
to Fg. The order of this stabilizer is 2°3 which proves H = Aut,(F).

Ad(v). This follows immediately from [5].

Ad(vi). The forms 9F; ! and F,, are integrally equivalent. Hence, their auto-
morphism groups are rationally equivalent. Similar arguments as in the proof of Theo-
rem (4.1) in Part III [15] show that Aut,(Fg) acts on a lattice with the induced form
I, ® (_2~1). Therefore, Aut,(Fy) is rationally equivalent to a subgroup of

2

Autz((_2 7)) v S,, more precisely to

2 -1
$g€Autz<I4 ®<_1 2>>|(1,..., Dg=+(1,...,1) mod 37.
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Ad(vii). This follows also from [5].

Ad(viii). The forms 9F[4 and F1’3 are integrally equivalent. Therefore, their
automorphism groups are rationally equivalent. F,; contains—up to sign—nine vectors
of shortest length. The result now follows as in the proof of Theorem (4.1) (vii) in
Part IIT [15].

Ad (ix). Clearly, the automorphism group of

r=( 27 )e (2 72)e(2)

contains all matrices g; ® g, ® g3 with g; € Autz((_2 1)), i =1, 2, 3, as well as
those permutation matrices which conjugate g, ® g, ® g, into &x(1) ® &r(2) ® &n(3)
(m €S;). These generate a subgroup H of Aut,(F,,) with H=C, x (S; S3). To
verify H = Aut,(F,,) we note that F|, has 27 vectors—up to sign—of shortest length.
Similar arguments as used in the proof of Theorem (4.1) in Part III [15] then show
that Aut,(F,,) has a centering with induced quadratic form I, ® (_2 1) and, hence,
is rationally equivalent to a subgroup of Aut,((_2 ~1)) v S,.

Ad(x). The forms SF[; and F, 4 are integrally equivalent; hence, their auto-
morphism groups rationally equivalent. The rest follows from [5].

Ad(xi). First we describe the construction of a group H which will turn out to
be Z-equivalent to the full automorphism group of F, . The group SL(2, 5) has a
faithful representation of degree two which can be realized over a quadratic extension
E of Q(+/5). From this representation and the regular representation of '/Q we ob-
tain a Q-irreducible representation A of SL(2, 5). The enveloping algebra of A(SL(2, 5))
is isomorphic to a quaternion algebra over Q(v/3). Its centralizer in Q38 is isomorphic
to the same quaternion algebra. Therefore, we get a subgroup H' of GL(8, Q) and,
hence, of GL(8, Z) which is isomorphic to a central product of SL(2, 5) by itself.
The centralizer of H' in Q®*8 is isomorphic to Q(+/5) and H' fixes a two dimensional
space of quadratic forms in which one finds a form F being Z-equivalent to F 15 After
this it is not difficult to obtain an automorphism g of F, g € H', g> €H'. Set H =
(H', 2.

We now want to verify that H is the full automorphism group of F. The lattice
of F contains—up to sign—60 vectors of minimum length. Each of the subgroups of
H' isomorphic to SL(2, 5) operates transitively and regularly on these vectors. (Note:
the enveloping algebra of A(SL(2, 5)) is a division algebra.) Some lengthy computa-
tions now yield that the stabilizer in Aut,(F) of one of the vectors is isomorphic to
the symmetric group on five elements.

Ad(xii). The same argument as in the proof of (vi) yields that Aut,(F, ;) is
rationally equivalent to

{g € Aut, (51, - J,) v GI(, ..., Dg==%(1, ..., 1) mod 5}.
Ad(xiii). The forms 15F, sl and F|, are integrally equivalent; hence, their auto-

morphism groups rationally equivalent. Using the fact that F 1 has—up to sign—15
vectors of minimum length, one easily derives
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Auty(F, ) = {g ® hlg € Aut,(5I, — J,), h € Aut, (31, — J,)}.

Ad(xiv). The forms 6F, 4 and F,, are integrally equivalent; hence, their auto-
morphism groups rationally equivalent. Similar arguments as in case (vi) show that
Aut,(F,,) is rationally equivalent to

{g€ Aut,(Fg)I(10011010)g=(10011010) mod 2}

which turns out to be a subgroup H of index 6 of Aut,(F¢) =S5 x W(F,) with
H = W(F,).

Ad(xv). As in case (xiv) Aut,(F,,) is rationally equivalent to a subgroup H of
Aut,(Fg) = S; x W(F,). More precisely, H is the biggest subgroup of Aut,(F)
leaving the sublattice L' of index 22 of Z8*! invariant given by the kernel of the Z-
epimorphism ¢: Z8*! — Z2*1 described by the matrix (3 1 1 9 9 1 0 1y Now the
result follows easily.

Ad(xvi). The forms 21F; ] and F,, as well as 21F;,' and F, ¢ are integrally
equivalent. As in Theorem (4.1) case (vii) from Part IIT [15] one sees that all four
automorphism groups are rationally equivalent. From the way we obtained these
forms we know that the group G5 in Lemma (2.15) is a subgroup of the automor-
phism group of F), 5. This and the fact that F, ; has—up to sign—21 vectors of minimum
length lead to the desired result by some elementary calculations. (Note: (—Ig) x G,
is already transitive on the vectors of minimum length.) Q.E.D.

5. Appendix: List of Maximal Finite Irreducible Subgroups of GL(n, Z) for
n < 9. The second part of the attached microfiche** contains a complete list of a
set of representatives {G(@)|i = 1, ..., k(n)} of the Z-classes of maximal finite irre-
ducible subgroups of GL(n, Z) for 2 < n < 9. For each group G(i) the output gives
the following information:

(1) The matrix F(i) € Z"*" of the primitive quadratic form fixed by G(7), i.e.
gTF(i)g = F(i) for all g € G(j), the greatest common divisor of the entries of F(7) is
one, G(7) = Aut,(F(7)).

(2) Generating matrices for G(i).

(3) Elementary divisors of F{(7).

(4) The order of G(3).

(5) The vectors of minimum length (up to sign) of F(7) as coordinate columns
with respect to the natural basis.

The number k(n) of groups for each dimension # is

n 2 3 4 5 6 7 8 9

kkmy 2 3 6 7 17 7 26 20°
In almost all cases we chose the same quadratic forms F(i) which already occur in this
paper or in Parts I-IV [15], except for

Fg, F, of degree n = 5, since the forms given in Part I [15] were not reduced;

F,, of degree n = 6, where some signs in Part II [15] are missing. It should read
correctly F o = (31, = J,) ® (I3 + J3).

**Headline: Irred(ucible) Maximal F(inite) U(nimodular) Groups of Degree 2—9.
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We also correct three further misprints in this paper. On page 564 the determinants
of Fiq, Fy, are 4233, 4*33 respectively, and on page 570 the (5, 5)-entry of B(T,)
has to be 1 instead of 0.
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=2 1 2 -1 o0

ELEMENTARY OIVISORS
1 1 2 2 6

2 CONSTITUENT NO.

€101

1 9

0 -1
-1 9

[ 2]

o 0

o 2
-2 9 -

0 1
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2 LEAOS TO C(1M)

1 LEADS TO C(1&)

cuaar
o 3
o o
] 0
o 0
0 [
3 2
o 0
o o
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wooooLeu
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1 LEAOS TO C(14)

1 LEADS TO C(14)

-

1 LEADS TO

~
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'
_—N NN -
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T T

6 5
1 LEADS TO

covuenoco

£l

LEAOS TO0 C(1%)

Ject)

LEADS TO C(19)
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6RJUP 2

H(3)

QUADARATIC FORM
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QUADRATIC FORM
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QUADRATIC FORM
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PRINE
PRINE

PRI NE

PRINE
PRINE
PRINE
PRINE

PRINE
PRI NE

PRINE

PASE 7
2 CUNSTITUENT NO.
2 CONSTITUENT NO.

3 CONSTITUENT NO.

BASIS JIF CENTERING
1 3 0 2 1
[ ] 1 2 0
-3 -1 [] 2 -l
[ 1 2 0
1 -1 0 -2 =3
o 0 -1 -2 0
-1 -1 o o 1
o 0o -3 0 0

ELEMENTARY OIVISORS
1

2 CONSTITUENT NO.
2 CINSTITUENT NO.
2 CONSTITUENT MO,
3 CONSTITUENT NO.

BASIS OF CENTERING
1 0 1 o o
2 0 -1 o 0
1 -1 1 -2 -2
-1 =2 2 =1 -1
2 2 2 1 1
1 1 1 2 -1
0o -l o 1 1
[ 1 o -1 2

ELENENTARY DIVISORS
1 1 3 3 )

2 CONSTITUENT NO.
3 CONSTITUENT NO.

3 CONSTITUEMT NO.

1 LEADS
1 LEADS
2 LEADS

cuid
-1 o
-1 o
1 -2
1 o
-3 =2
-3 0
-1 -2
-1 o

1 LEADS
1 LEADS
1 LEADS
1 LEADS

e

N~ NOO -~
_—NN OO~ -

3 3
2 LEAOS
1 LEAOS

2 LEADS

10 26Cto)
10 20Cto)
T0 ct16)

1o 2eCtT)
o 2eCtT)
10 2eCtT)

10 Ctlie)

CONm~mm~~

5
19 Ct1s)
15 3ect)
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GRIUP 1

H(3)

QUADRATIC FORM
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o
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o
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o
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5

QUADRATIC FORAM
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PRINE
PRINE
PRINE

PRINE

PRINE
PRI HE
PRINE
PRINE

PRINE

BASIS OF

NeN=N"C O

PAGE B

0
-
—NOO =N~

CENTERING C(15)
o 2 1 1
0 1 12
-1 2 -1 0
1 1 1 0
-1 =2 o 1
1 -1 o 2
-1 0 1 -1
1 0 -1 =2

ELENENTARY OIVISORS
1 1 3 3 3

~ NN

COMSTITUENT NO.
CONSTITUENT NO.
CONSTITUENT NO.
CINSTITUENT NO.

BASIS OF CENPERING

-2 -2 1 =2
-1 -1 2 -1
0 -2 3 =2
-3 -1 [
-2 2 12
-1 1 2 1
2 0 -1 0
1 -3 -2 3

ELENENTARY OIVISORS
1 1 6 6 6

~ oMo

w

CONSTITUENT NO.
CONSTITUENT NO.
CONSTITUENT NO.
CONSTITUENT NU.
CONSTITUENT NO.

L

- - e

LEADS
LEADS
LEADS

LEADS

GRIUP i H(5)

QUADRATIC FORH

? 18 Kl o 0 0
1 9 18 » 0 o
3 k4 o 18 o o
) 2 9 o0 18 O
2 o 0 o 0 18
1 0 ) 9 o 0

-2 0 0 [ [

-1 o 0 0 0 9
? 9 9 Q v 27

T0 CL1)

o caam

1ocen

10 30C(3)

QUADRATEC FORM

-3 36 i) 0o 0 -18
-3 0 3 0 o0 o
1 d [ 13 o o
-1 J o 0 36 -1
1 -18 o 0 -18 136
-1 0o 138 18 o o
1 18 9 0 18 -18
-L 0 18 18 0 O
5 18 18 18 18 36

10 2ect1l)
T0 2¢CC11)
T0 20ca)
10 3eC(4)

0 C(18)

-
cowoovoo

I
ocmoo0vooo0

~
<

PRINES 3

-
®o0ocv0oCo

~
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1

-
Fomocoxo
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36
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PRINE
PRINE

PRINE
PRINE
PRINE
PRINE

PAGE 9

BASIS OF CENFERING CU17)

2 0 o 0 2
1 0 [ ] 1
2 -2 -1 -1 o
L =« 1 -2 o0
4 1 2 -1 2
2 2 =2 =2 1
o 1 -1 2 4
o 2 1 “ 2

ELEYENTARY DIVISORS
1 1 3

2 CONSTITUENT NO.
3 CONSTITUENT NO.

BASIS OF CENTERING

1 1
-1 -1
1 1 -1
-1 -1 -2

2 =1
1
2
1
-1 -1 =2 1
-1
6
3

-2

1 1 2
=3 3 3
3 -3 6

smeNENOO

ELEMENTARY DIVISORS
1 1 6 6

2 CONSTITUENT NO.
2 CONSTITUENT NO.
2 CONSTITUENT NO.

3 CINSTITUSENT NO.

.
—rCOommAN

rRmmOON =

3 18

2 LEAOS

1 LEADS

ctld)

1
L
13
1

Neo W~ -

0 ' '
-

LEADS
LEADS
LEADS
LEADS

-1
-2
1
2
[
9
2
4
13
T0 C(18)
T0 30C(%)
-1
1
1
-1
-3
3
-t
L
13
T 2%C(1L3
10 20C (LS
10 2eCl15
0 3ecty)

GRIUP &t HI(3)

QUAORATIC FORA

0 35 18
9 -3 9
-9 18 36

-9
36
9
18 ? 0 9
[
0
9

QUADRATIC FORN
72 =36 -18 36
=36 72 36 -18
-18 3% 72 18
36 -13 18 72
18 -13 18 36
o

0 36 18 o
35 ] 0 1y
12 19 18
)

)

PRINES

o@000

-7

36

54

13 108 108 108 108

2



2

PRINES @

HU6)

GRIUP 3

1

PAGE

GENERATORS

NmeOoONAN~
ocooo~o0o00O
0

o N -]
SN0

o0oo0200~0
N NN
Tovr o

~o000000

mpooo0oono

oo0oo0o0o0~0
- ANVt~ O
L

NNsR T MmN~

N ONE MmN

O~nmNnNN~O
e
00010000

sooo0o0000

CONSTITUENTS NOD 2

o~oo
©co~o0
coo =~

e

cocom~
~0o0o0
ocom~o
o~oco0

NO.

LATTICE OF CENTERINGS

THE BASES OF THE CENTERINGS ARE GIVEN AS COORDINATE CULUANS WITM RESP. TO THE NATURAL BASIS OF cen

QUADRATIC FCRM

BASLS OF CENTERING C(1)

©coocoouN

00000 MmN

cooo N O
00O ~N~OO
Vo

osmNmooOOo

-1

on~o0O0OCO
|
owo~oono

~vojoocoo

nmooonn~
cooo0o0o~o0
coococo~no
ocooo~0co00
ococo~000O0
co~00000
o~0000600

~000000O0

1 1 1 1

ELEMENTARY OIVISORS
1

CONSTLTUENT NO. 1 LEABS TO C(2)

2

PRINE

CONSTIVUENT NO. 1 LEADS 1O C(3)

2

PRINE

L LEADS TO C(4&)

CONSTITUENT NO.

2

PRLNE

QUAJRATIC FORA

BASIS DF CENTERING C(2)

conoonos
0%0020#0
oonoovron
somnnsoNO

gyovyooe

snoomo000

omopo~~e

coo~0~O0
-t " OO O~
o~0c0n0~0

~000~00O0

1 L 1 2

ELEMENTARY DIVISORS
1



raine
raine
rrine

raLne
PrInE
srine

aGe 2
2 COMSTITUENT MO.
2 CONSTITUENT NO.

2 CONSTITUINT NO.

oASIS JF CENTERING

coorumom
~ocovo~o
co-cc~o0
o~oco~ocoo
'
co-ocotoo

ELENENTARY DIVISORS
[ U U S

2 CONSTITUENT NO.
2 CONSTLTUENT NO.

2 CONSTITUENT WO

8ASIS 9F CENTERING

1 0 o o -1
o 0o o0 0 2
2 1 0 0o
o 0o 1 0 o0
o 1 o 1 0
19 0o o 1
o 3 0 -1 0
o o 1 o 0
ELEYENTARY OLVISORS
FOR U U 4

2 CONSTITUENT WO.
2 COMSTITUENT NO.

2 CONSTITUENT NO.

(IS

1 Leaos 13 20CtL)

1 LEADS TO CU3Y

1 LEAOS TO C(&)

o QuaIRATIC
ES U ) s 0
o 3 - PERY
-1 o0 o ]
2 -1 2 -2 -2
10 2 -2 2
o o 0 2 0
°o 1 0 [
o o 1 [}
2 2 2

1 Leaos 10 2%ctl)

1 LEA0s TO CUTY

1 LEADs 1O Ce8)

cta auaoRATIC
o o 1 . -2
o o 2 -z
o o 2 o -2
o -1 3 o 2
10 3 o o
o 0 3 22
[T o 2
o 1 1 2 0
FIE I 2 2

1 LEa0s T2 Ct9)
1 LEADS T0 CL10Y

1 LEADS TO 2eCen)

His)
Foan
[
0o -2
-2
-2
o o
-2 o
o 9
o o
2 2
FoRn
o 0
-2 2
‘.0
LY
o o
-2 o
o 2
v 2
2 2

omoscoon

nomesocooO

ccscotco

Aroncoon

meoomono

PRIMES 1

skococcocoo

~
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ace 3 GROUP 1 HCB) mines 1 2 .

SASIS OF CENTERING C(5) QUAORATIC FORN
1 0 0 0 0 -1 =} =% 8 -+ 4 0 &« 0 0 O
11 0 o0 -1 -3 -3 4 4 -4 & 0 0 0 O
111 0 -1 1 =% - 4 -4 8 -4 0 0 0 &
2 1 1 -1 0 2 =% =d 0 &« -+ 8 0 0 0 0
0 1 -1 0 -1 2 =3 -8 « 2 0 0o 8 0o & 0O
1 0 0 1 -1 1 -2 -3 o 0o o 0o 0 & & O
o 2 -1 2 0 -1 -3 0 0 0 0 & & 8 &
11 -1 2 1 1 0 -2 o o & 0 0 0 & 8
ELEAENTARY DIVISORS
O N S R R ) TR S Y
PRIME 2 CONSTITUENT NO. 1 LEADS TO  20C42)
PRINE 2 CONSTITUENT WO. L LEADS TO CL11)
PRIAE 2 CONSTITUENT NO. L LESDS TO C(12)
SIS OF CENTERING CU6) QUAIRATIC FORM
1 0 0o o 1 1 92 1 8 -4 -4 0 & 0 & O
-1 1 0 0 -1 0 =2 2 % 8 0 & 0 0 0 &
o 1 0o 1 1 2 0 & -4 2 8 0 0 0 0 O
o o 1 1 2 1 -1 5 3 4 0 8 0 0 & &
-1 -1 2 -1 0 1 =2 3 4« 0 0o o 8 0 & &
0o -1 1 -2 1 1 -1 3 2 o 0 o o0 8 & O
-4 0 2 -1 0 2 0 2 PO S T S S
0o -1 0 -1 -1 2 0 ) 2 8 0 & & 0 ]
ELENENTARY OIVISORS
111 1 sy e PO ST ST ST S )
PRINE 2 CONSTITUEMT NO. 1 LEADS TO CELD)
PAIME 2 .CONSTITUENT NO. L LEADS TO CU14)
PRINE 2 COMSTITUENT NO, | LEADS TO  20CC2)
BASLS OF CENTERING CUT) QUADRATIC FORM
1 2 0 0 0 -1 -z 1 8 &+ 0 0o 0o 0o o0 O
1 1 0 o 0 -1 -3 ) ERE B S S S S ]
0 -1 1 0 -1 -1 =% 2 o -4 o o0 -+ 0 0
o 1 -1 1 -l 0 -5 2 0 & 0 8 & & & O
12 0 2 9 L -2 3 3 + 0 & 8 2 & 0O
111 2 10 -2l E T S S I
o 1 1 3 1 0 -1 ) 3 04 0 4 & & 8N
11 0 2 0 1 -1 D o 2 0 0 0 & &
ELENENTARY OIVISORS
PO S U S S SR ) P S SRR

PRINE 2 CONSTITUENT NO. L LERDY T3 CU13)




PRINE

PRINE

PRINE
PRINE

PRINE

PRLNE
PRINE

PRIHE

PAGE 4

GROUP ¢

2 CONSTITUENT NO. 1 LEADS TO C(16)

2 CONSTITUENT NO. 1 LEAOS TO

BASIS OF CENTERING

]
[
1
-1
0
-1
-1
o

C oM

-1
-1

o
-1

0
~~OOmOmO
N~NNHOOO
]
~

ELEMENTARY DLVISORS
1 1 16

2 CONSTITUENT NO.
2 CONSTITUENT NO.

2 CONSTITUENT NO.

BASIS OF CENTERING
o

—00r O~

-1
9

OmmNOmOr
~eNW~OO
~OOMmM~=MNO
[
-

ELEMENTARY DIVISORS
1 1 1 1 4

2 CONSTITUENT NO.
2 CONSTITUENT NO.

2 CONSTITUENT NO.

BASLS JF CENTERING
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|
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|
-

ELENENTARY DIVISORS
1 1 1 1 4

s
12
-2 1
-1 1
-3 2
.32
-2 1
-1 o
o 1
L3 4
1 LEAOS
1 LEADS
L LEADS
(48]
-1 -2
o o
0o -1
0 -2
1 -1
1o
1 0
2 o
4 4
1 LEAOS
1 LEADS
1 LEADS
ct19
0 -1
o o
-2 =2
-2 -1
-3 -l
-2 -1
-1 1
o 1

4

2%C ()

QUADRATIC FORM

QUADRATIC FORH

cocovsxs

s00+s0v@0

H(b)

cocosCmes

cosrsromos

QUADRATIC FORM

3 8
3 -4
5 -4
7 -6
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3 o
3 0
4 4

10 20C(3)

wcern

10 C(1®)
9 8
J 0
2 4
1 o
1 0
2 ]
1 0
1 o
4 4

10 ca9

10 20C (&)

T0 ct20
1 8
2 -6
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2 o
3 2
1 0
1 [
2 o
4 k)
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rrine
raine

rrine
Prine
rIne

(ST
2 CONSTITUENT NO.
2 CONSTITUENT NO.

2 COMSTITUENT NO.

BASIS OF CENTERING

-1o-1 3
1 -2 3
1 -2 3
1 -3 6
2 -1 .
2 -1
22 8

3

ELEENTARY OIVISORS
PR T S )

2 CONSTITUENT No.
2 COVSTITUENT WO.

2 CONSTITUENT WO.

8aSTS OF CENTERING
R T
2 3 - 11
305 s 1 -3
2 6 -6 2 -1
-2 -y Y 2
-1 1 -3 3 0
a2 -1 s

[O U U Y

ELENENTARY OIVISORS
[ S U U |

2 CONSTITUENT NO.

2 CONSTITUENT NO.

2 COMSTITUENT NO.

GROUP 1 H(S)
1 LEADS TO CE21)
1 LEa0s TO C(22)

1 LEDS 0 2ecta)

can QUADRATIC FORA
2 16 3 0
-1 o 15 8 8
1 o 5 16 8
-1 o ¢ 8 16
-1 3 8 8 8
-2 3 0 o 8
° o o o s
1 o 3 8 8
o 8 0 e 8 & 8

1 LEADS TO C(23)
1 LEADS T cl2e

1 LEAOS 10 20C(3)

[13¢3)

121

10 2

119

ooz

a1

3 -1 2

a2

12

DRI ) e s 8 8

1 LEWDS 10 20CK3)
1 LEAOS T2 CU23)

L LEADS 1D CC26)

coesoocos

saswacoo

scsFeaaco

ec@cecoo

eGacacao

PRINES 3

Gewssaso

feweacca
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erine
rine

orInE
RINE
ratne

BASIS OF CENTERING
O I O ]
D S O |
-1 -1 -3 =S
2 1 -y -y
o 3 0 -2 -4
12 0 -4 -
o 0 9 -1 -2
RS ST

ELENENTARY OIVISORS
[ S U ]

2 CONSTITUENT NO.
2 CONSTLTUEMT NO.

2 CONSTITUENT NO.

0ASTS OF CENTERING
[ S B S
-1 0 0 -1 ¢
[ S S S
12 ¢ 18
-2 2 3y 21
-2 3y 2 0o 3
-2 3y 2 0 3
-1 3 0 11

ELEMENTARY DIVISURS
[O S S )

2 CONSTITUENT NO.
2 CONSTITUSNT NO.

2 CUNSTITUENT NO.

BASTS IF CENTERING
PO A e
o 3 o 0o 0
L1101
o o o 1 -1

-3 2 0 -1 -}

-2 3 -1 -1 =2
-2 s+ 0 1 -1
2 2 -2 2 o

ELEVENTARY OIVISORS
111 1 e

can
-3 -3
-6 -8
-8 -11
-
-, -7
2 -
-2 -2
)
1 LEADS
1 LEaDs
1 LEaOs
300
11
-2 2
o ¢
ETRY
-1
-3 0
-2 2
o 2
R
1 LEaos
1 Leans
1 LEADS
c1sy
1o
[
.
6 3
s 2
5 1
[}
[

B

GROUP i HIBY

QUADRATIC FORA

-3 15 -8 -8 8
- -8 45 8 0
-9 s 8 18 0O
-12 s 0 0 16
-3 o 0 ¢ 8
-1 ¢ 0 0 8
-5 o 2 8 8
-3 3 s 8
] s 8 8 8
1 cezn
T ez
To 2scte)
QJADRATIC FORA
16 -8 8 0
-6 16 0 0
8 0 18 0
> 3 0 16
2 0 8 0
¢ o 8 8
o o o &
o 8 o 8
. s 8 8 @
10 29
10 e300
to 2ecte)
QUADRATIC FORY
2 1 -8 9
. -3 15 0 0
v 3 0 18 O
’ 3 9 0 1
5 4 2 © 8
s 3 2 0 2
3 33 s
3 & 5> & 0
3 s 4 8 9

2 CONSTLIUENT 0. 1 LEADS 1) COIL)

2 CONSTITUENT WO. 1 LEADS TO

20cen)

asecacoo

csecoeco

ssoseooe

ssFescca

ss5esscs
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PRINE

PRINE
PRINE
PRIME

PRINE
PRINE
PRINE

PAGE 7

2 CONSTLIVUENT NO.

BASIS OF CENTERING C(16)

- 0 1 0 -1
0o 0 =2 3 1
o 3 0 & 2
o 3 -2 & %
1 4 =1 6 3
1 3 -1 6 1

-2 1 o 4 o
o 0 2 3 1

ELEMENTARY DIVISORS
1 1 1 1 8

2 CONSTITUENT NO.
2  CONSTLTUENT NO.
2 CONSTITUENT NO.

BASIS JF CENTERING
o -1 1 -3 1
0o -1 3 -1 2
1 1 2 -4 4
0o -1 4 =2 6
2 1 3 -1 5
1 o 5 =1 5
o -1 4 =2 4
2 -1 3 -1 4

ELEVENTARY OELVISORS
1 1 1 1 8

2 CONSTITUENT NO.
2 CONSTITUENT NO.
2 CONSTITUERT NO.

BASIS JF CERTERING

1 -1 3 4 14
o 1 o 38
o 1 1 3 12
-3 2 2 8 17
-1 3 1 8 13
-1 2 o 7 v
-1 2 o 6 7
o 3 ] 34

ELEHERTARY DIVISORS
101 1 18

GRIUP 3 HL6)

1 LEADS TO €(32)

PR

3

-1
o
-2
-2
I3
-1
[
o

8

L LEADS

1 LEADS

L LEADS

can

L LEADS

1 LEADS

1 LEADS

cas

MOV NGO S

[ RN

QUAORATIC FORN

2 16 8 o0 3
3 8 15 0 8
5 [ [ o
7 8 3 o 16
3 8 3 0 8
5 ? d 8 8
3 o d 0 Qo
3 8 8 8 8
8 8 L] 8 8
1 ¢ci3yn

10 24C(T)

10 C(34)
QUADRATLC FORM

-3 16 8 0 o
-2 8 16 -8 o
-3 2 =3 16 0
-3 [ 0 16
-3 8 o 38 0

o 2 0 o o
-1 0 [ o 3

) 2 o 8 8

8 8 3 3 8

10 2eCte)

10 C(3%)
10 C(36)
QUADRATIC FIRA

3 16 o o0 90
3 0 15 -8 o
3 0o -3 16 8
5 [ bl 3 16
E3 J J 8 8
3 o 0 0 3
3 s o 0 O
t o 3 -3 0
8 8 3 8 8

-
COCEPrALOT &
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so®mooxo®

ceaecaaooO
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-
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PRINES =
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o 8
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[} 3
16 8
3 16
8
o 0
0 0
[} 3
8 8
o 8
[ 8
16 8
8 16
8 8
8 90
o 3
0 -3
o o
3 o
8 8
16 8
8 16
8 8
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PAGE 8 GROU? 1 H(&) PRINES ¢ 2
PRIME 2 CONSTIFTUENT NO. 1 LEADS TO C(37)
PRINE 2 CONSTIFUERT NO. 1 LEADS TO 2sC(8)

PRI NE 2 CONSTITUENT NG. 1 LEADS V0 C(38)

BASTS JF CENTERING CUL9) QUADRATIC FORM
P 0 1 -4 -1 -1 -1 -1 16 9 0 0 o 3 o 8
o 2 2 -6 0 -2 0 0 0 16 O o 8 8 8 0
[ I 2 -8 -3 -2 -1 -2 0 0 16 O o o 8 8
2 1 3-10 -4 -4 -1 -1 o o 0 16 o 0 8 0
-1 -1 3 -7 -4 -6 -1 -2 o 8 o0 0o 16 8 8 8
-1 0 1 =& =1 =3 1 -1 3 8 o o 8 16 8 8
-1 2 1 -1 -1 -2 2 =2 o 8 8 8 8 8 16 8
] 1 3 o 9o o0 31 g 9 8 9 8 3 8 16
ELEMENTARY OIVISORS
1 1 1 8 8 3 3 8 3 8 ) 3 8 8 8
PRLNE 2 CONSTITUENT NO. 1 LEADS TO 2¢C(9)
PRINE 2 CINSTITUENT NO. 1 LEADS TO CL39)
PRINE 2 COMSTITUENT NO. 1 LEADS TO C(80)
BASIS OF CENTVERING C(200 QUAORATIC FORM
-1 1 [ 1 -3 ] 1 2 15 -3 0 8 8 2 o 8
o 9 =2 o -2 o o 2 -8 1 0 0 o o o0 o©
-1 2 1 0 -4 30 5 3 2 16 o o 8 O 3
-1 2 1 1 =4 2 0 5 8 9 0o 16 8 O 8 3
-3 1 1 0 =% 3 1 < 3 ] 0 9 16 o 8 8
-3 3 [ 1 -1 2 3 “ 9 0 8 0 0 16 0 8
-4 3 0 -2 =2 Q 1 1 2 0 o 8 8 0 16 8
-1 0 1 -1 0 0o 2 2 3 0 3 8 8 8 8 16
ELENENTARY OIVISURS
1 1 1 1 8 8 8 3 3 3 8 L 8 3 8 8

PRINE 2 CONSTITUENT NO. L LEAOS TO C(4l}
PRINE 2 CONSTITUENT NU. L LEADS TO 2%C(9)

PRINE 2 CONSTITJENT NO. 1 LEADS 1D Cl&2)



(2T

BASIS OF CENTERING
10 -1 -2 1
0 0 0 -4 2
S22 -2 -6 L
-1 -1 -2

-1 2 -2 -6 2
L2 -3 -4 1
12 0 =& 1
[ O

ELEAENTARY DIVISORS
[ S U )

2 CONSTITUENT wo.

2 COMSTITUENT NO.

2 CONSTITUENT Na.

BASIS OF CENTERING
10 9 o 1
0 -2 -2 -4 0
D1 -1 =% 0
1=l -6 -5 1
T R |
10 -4 -4 -3
12 -1 -3
31 -z -l -

ELENENTARY DIVISORS
PR U A

PRIME 2 CONSTITUENT NO.
PRIME 2 CONSTITUENT NO.
PRIME 2 CONSTITUENT wO.

BASIS OF CENTERING
-1 0 0o 0o o
11 s 2 s
0 -3 3 -2 1
0 -4 10 -1 3
-1 -3 723
FINES S S
3. 2 2 3
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THE BASES OF THE CENTERINGS ARE GIVEW AS CJOROINATE COLURNS WITH TO THE WATURAL BASIS OF C(1}
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o o o o 1 o 0 2 > 3 0 o & -l -1 -1
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raGe 3 GROUP 3 WET) PRENES 1
PRINE 3 CONSTITUENT NO. 1 LEADS 10 CU3)

PRIME 5 CONSTITUENT NO. 2 LEAOS T3 Ilo)
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PaGE 4 ROUP : H(9) Pines 1 2 .

PRINE 7 COMSTITUENT NO, 1 LEADS T0 (€11}

BASIS JF CEMTERING Clo) auadRaTIC FORR
V0 2 0 0 -l -2 -2 W -1 0 -1 0 7 0 0O
Al st 0 L =2 =2 -2 -7 18 0 1 1 0o 0 0O
o 1 -2 0 -1 0 -2 ) o 01 0o o0 o 7 71
2 0 0 -1 2 2 0 2 -2 7 0o 18 0 0 0 0O
o 0 1 -2 0 -2 0 2 o r 0 0 1% I 1T 0
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ELENENTARY OIVISORS
[ S U Y S S A ) (20NN T S S A A TR )
PRINE 2 CONSTLIUENT NO. 2 LEADS TO C(9)
PRIME 2 CONSTITUENT NO. 3 LEADS 1O CUID)
PRINE 7 COMSTITUENT NO. L LEAOS TO  7eC(2)
BASIS OF CENTERING (7Y QUAORATIC FORM
1 0o 0o 0o 0o 0 0 s 0 0 2 -2 -2 0 2
1 1 0 o 0o 0o 1 0 o 4 2 -2 0 2 0 0
o o 1 o 1 0 1 1 o 2 & 0 92 3 0 0
. RO 110 1 2 -2 6 4 -2 0 0 0
R I S O S N S -2 0 o0 -2 & 2 2 0
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ELEAENTARY DIVISORS
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PRIAE 2 CONSTITUENT NO. 2 LEAOS TO S(12)
PRINE 2 CONSTCTUENT NO. 3 LEADS TO C(13) -
PRINE 7 CONSTUTUENT NO. 1 LEADS 10 C(14)
BASIS IF CENTERING CU8) JUAORATIC FIRY
o 0 0o 0 -2 90 o -l « 9 9 9 0 0 o -2
o 9 0 0 3 -2 3 -1 3 &« 0 0o 0o 0o 0 -2
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Puee 3 GROUP t HE9 eRINES ¢ 2
PRIRE 2 CONSTITUENT NO. 1 LEAOS 1O C(1%)
PRINE 2 CONSTITUENT NO. L LEAOS T0 C(13)
PRINE 7 CONSTITUEMT NO. L LEADS TO C(16)

BASIS JF CENTERING C(9) QUADRATIC FORR
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116 0 2 8 11 0o 0 28 0 1s 14 O
32 -1 3 13 1 0 14 0 28 18 18 O
-1 -2 0 1 3 0 2 1 0 3 14 14 28 16 O
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2 -2 0 0 1 -1 & 3 1+ 9 0 o o0 o0 28
2 -2 3 0 1 -1 oo s 0 0 18 16 14 1
ELENENTART OIVISORS
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PRINE 2 CONSTITUENT NO. L LEADS TO C(14)
PRINE 2 CONSTITUENT NO. 3 LEADS TD CI16)
Prine 7 CONSTITUENT NO. 1 LEAOS TO  73(4)
8ASIS OF CENTERING C(1) QJUDRATIC FORA
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PRINE 7 CONSTITUENT NO. 1 LEADS TQ C(18)
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[ZEI ) GRIUP 1 HEN PRINES @
PRIME 2 CONSTUTUENT NO. L LEADS TO C(20)
PRINE 2 CONSTITUENT NO. 1 LEAOS TO It22)

Prine 7 CONSTITUENT NO. 1 LEAOS TU  7eC(8)
8ASIS JF CENTERING CO1D) QUADRATIC FORA
L=l 0 -1 2 -2 -1 8 2 -4 0 0 -4 -4 -4
1 -1 0 0 0 -1 -1 o 8 0 0 & 0 0
1 o 1 0 -1 0 0 - 9 8 0 0 0 & &
-1 -2 0 0 -1 1 0 9 9 0 3 & 0 & 0
O O O A S 3 v 2 & 8 - 0 0
‘4 1 1 -2 0 0 -l 4 ) 0 0 -t 8 & &
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ELEMENTARY OIVISORS
[ S Y s L S R S )
PRIAE 2 CONSTITJENT K. 1 LEADS T0 C(2%)
2 CONSTITUENT NO. 2 LEAOS 10 CI23)
7 CONSTITUENT NO. L LEXOS TO C(26)
BASLS OF CENTERING C(18) QuAORATIC FORAM
11 3 0 1 & & 26 > 0 0 18 0 1% O
o 2 1 & 1 3 1 725 0 1s 1s 0 0 0
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PRIME 2 CONSTUTUENT NO. 2 LEAOS TO CL24)
PRIME 2 CONSTITUENT NO. 3 LEADS TU Ct26)

PRIME 7 CONSTITJENT NO. 1 LEAOS TO  7eCi10)
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8ASIS JF CENTERING C(19)
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PRINES 1

AGE 10 GROUP 1 W)
PRINE 2 CONSTITUENT NO. 3 LEAOS T CU3L)
PRINE 7 CONSTITUEAT NO. L LEADS TO  7eC(12)
BASLS OF CENTERING C(22) QUADRATIC FORY
0 0 0 -2 -4 -4 0 -3 56 7 028 26 0 0 0O
2 -4 0 0 -2 & & 1 0 3 20 0 28 0 0 0
¢ <2 -4+ -4 0 0 0 -1 o 29 s 0 28 0 28 28
0 & 2 -4 0 & 2 3 -28 > 0 3% 0 2 o 28
4 0 -4 &4 = 2 0 -l 28 28 28 0 3% 0 0 28
2 s 4 2 & 0 & 5 0 o s6 28 O
o a9 o 0 o 2 2 -l o 0 28 0 o0 28 %6 28
4 2 -2 0 2 0 -4 -3 o 9 20 28 28 O 28 36
ELEAENTARY OLVISORS
[ A A A ) (O] 20 23 28 28 28 28 28 23
PRINE 2 CONSTITUENT NO. L LEADS 1O 2ectel
PRINE 2 CONSTITUENT NO. 2 LEAOS 10 CU31)
PRINE 7 CONSTITJENT NO. L LEAOS 10 7eCi13)
BASIS OF CENTERING C(23) QUADRATIC FORA
[ S O ] e 3 9 0 0o 0o 0 ¢
R B N ] o 3 0o 0 0 0o 0o @
PO ST S SR SR S S 4 9 2 8 0 0 0 0 -%
ST S S ST SR W O o 2 o0 8 0 3 0 &
41 -1 -1 1 -1 1 10 o 32 0 0 ¥ 0 0 -
11 1 -1 -1 1 10 3 3 0o 0 0o 3 0 &
B R G O o > 9 0 o0 2 8 -4
PO ST S S SR S S ] PO N B )
ELETENTARY O1VISORS
[OE R R B N « v 8 » s 8 8 8
PRINE 2 CONSTITUENT KO. L LEADS 10 C(32)
PRINE 2 CONSTITUENT NO. 1 LEAOS TO Ci33)
PRINE 2 CONSTITUENT NO. 1 LEADS T3 2eCUS)

PRINE 7 COWSTLIVENT NO. 1 LEADS 1O CU34)



Hin sr1mES 3 2

PAGE 11 GROUP ¢

BASLS OF CENTERING C(24) QUADRATIC FORM
-3 =4 1 1 -3 <3 0 -1 36.24 28 0 28 3 0 O
-5 <2 =3 -1 -1 3 0 3 2075 29 0 28 3 0 O
o 3 3 L 5 4 5 28 23 %6 26 28 0 28 0O
RIS R S S SR I ] > 28 56 28 28 23 0O
-3 0 1 -1 -l TR 20 23 29 20 36 28 28 0
12 -1 -3 -8 PRSI 20 28 36 28 23
-1« 3 3 3 0 3 0 3 28 23 20 28 36 28
-0 1 s 1 Y o o o o 20 28 b

ELENENTART OIVISORS
12 2 2z 1 1 28 23 28 28 28 28 28 2%

PRINE 2 CONSTITUENT WO. 1 LEAOS TO  20C(6)
PRINE 2 CONSTLIUENT NO. 3 LEADS 10 CU34)

PRIME 7 CONSTITUENT NO. 1 LEADS TO  7¢CE15)

BASIS OF CENTERING CU23) QuADRATIC PORA
10 9 0 0o 2 -1 ) s ) o 0 s -4 0 0
1 0 0 L -1 0 -1 2 0o 8 0 =4 0 0 -+ 0
o 1 -1 9o 1 0o 0 1 3 ) 8 0 & & 0 0
2 0o 1 0 0 -1 0 -1 0 -4 0o 8 o & 0 &
A1l 0 2 1 1oL 4 2 & 2 8 & 0 D
441 2 12 1ot 4 0 4 & & 8 0 &
0o -2 1 1L 1 1 2 1 9 -4+ 0 0 o 0 8 O
0 -1 -1 -1 0 =2 0 -1 2 ) 0 & o0 & 0 8

ELEYENTART OLVISORS
[ U S SR SR S R P S S S U

PRINE 2 CONSTITUENT NO. 2 LEADS TJ C(33)
PRINE 2 CONSTITUENT NO. 3 LEAOS TU 1350
(1.3 7 CONSTITUENT NO. L LEAOS 10 CU36)
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8ASIS OF CENTERING Cl6)
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[ U |

B

2 CONSTITUENT NO. 2 LEADS

2 CONSTITUSNT NO. 2 LEAOS
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3 CONSTITUENT NO. 1 LEADS

ASIS JF CENTERING CUT)

12 0 2 =2
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0o -2 2 o 1
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BASIS OF CENTERING
=2 -1 -1 -1
-1 oe2 -1 -2 2

2 0 2 2 0
o 2 2 2 -2
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-1 -1 0 -1 1
A1l 0 -l -1
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2
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B
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PASE 5
CONSTITUENT NO.

CONSTITUENT NO.
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CONSTITUERT NO.
3 CONSTITUENT RO.

BASLS IF CENTERING

1
1
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[
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]
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o
]
0
1
1
o
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|
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ELEMENTARY OIVISORS
1 1 2 2 2

2 CONSTITUENT NO.

CONSTITUENT NO.

~ o~

CONSTITUENT NO.

3 CONSTITUENT NO.
BASIS OF CENTERENG
-1 1

-1 0 -
TP 0 -

P -X- XX
~

ELENENTARY DIVISORS
1 1 1 1 o

CONSTITUENT NU.
CONSTITUENT NO.
CONSTITUENT NO.
CONSTITUENT NO.

CONSTITUENT nNO.

N e NN NN

CONSTITUENT NO.

3 CONSTIFUENT NO.

3 LEADS
3 LEADS
3 LEADS
1 LEADS

(482}
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1 LEADS
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2 LEADS
2 LEADS
3 LEADS
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-
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1 LEADS

GROUP 3
10 2eCc(l)
(1] 2%C(1)
10 2%CL1)
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QUADIRATIC

2 12 -6

1 -6 12

-2 -4 2
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2 2 =&

1 0 -6
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2 2 2
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2 -2
12 2
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QUAORATIC FORA
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-2 o 12
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BASIS OF CENTERING
=3 =3 -1 1 o0
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-2 =2 -1 1 -1
-2 =2 1 -1 -1
-1 -1 -1 1 -2
ELEMENTARY DEYISORS
1 2 6
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BASIS OF CENTERING
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1 o 12
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-1 1 1 1 -1
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2¢Cl4)
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QUADRATIC £0Rd
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12 3 6 6
=5 S 36 -12
-6 5 ~12 36

6
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6 18 6 18
13 s 12 o

6 5 12 12

QUADRATIC FORN

36 -12 6 o
-12 36 -6 12
6 -6 36 6
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-6 =6 18 -6
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18
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[T GROUP 1 HULL) PRINES 3 2

BASIS OF CENTERING CI3) QUADRATIC FORM
-1 2 0 -1 0 -2 -1 -l . 9 o . . 2 . 2
o 1 1 -1 0o =2 o -1 o s o 0 -2 -2 2z -2
[ o o o o 2 2 2 ° bl 8 0 -2 -2 -2 2
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o o o 0 -1 -1 -1 -1 . -2 -2 2 s o 72
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2 CINSTITUEMT NO. 1 LEAOS 1O CI(9)
2 CONSTITUENT NO. L LEADS TO CL10)
2 CONSTITUENT NO. 2 LEADS TO CLLL)
3 CONSTITJENT NO. L LEADS 1O Cil2)
BASLS IF CENTERING Cle) QUADRATIC FORM
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-2 o 2 -1 1 =3 -2 s -3 18 -3 9 o
-1 =3 1 =2 2 -3 -l o 9 ° 3 3 s
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ELEMENTARY OIVISORS
1111 3 3 e s 33 & s ls 18 36 e
PRINE 2 CONSTITJENT NO. & LEAOS TO CULL12)
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BASIS OF CENTERING CU(T) GUADRATIC FORAM
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BASIS OF CENTERING
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1oz 2

2 CONSTITUEWT NO.
2 CONSTITUENT NO.
2 CONSTITUENT WO.
3 CONSTITUENT NO.

BASIS OF CENTERING
o -1 2 0 1
o 1 1 0 -1
o 9 o 0 -2
o 2 o 0 2
1 -1 0 2 1
-1 1 0 1 -1
A1 0 -2 -2 0
1 0o -1 =1 o

ELEAENTARY OTVISORS
FRRE T S TY

CONSTLTUENT WO,

CONSTLTUENT NO.

2
2

2 COWSTITUENT NO.
2 CONSTITJENT NO.
3

CONSTLFJENT WO

2 LEaDS
1 LEaos

can

2 2
1 LEaOS
1 LEaOS
1 LEAOS
1 LEsos

caz

5 6
L Leaos
1 LERDdS
1 LEaos
2 LEa0s
L LEaOS

craue :

MO

QUAJRATIC FoRN

iy

10 Ct19)
2 12
1 -5
-2 -
2 =2
1 .
° 2
13 °
1 2
? 2

10 ctled

10 Ct18)

10 ct18)

10 Ct200
b 2%
2 -1z
2 ®
. 12
-1 12
-2 o
-1 -o
-2 °
i s

13 caasy

9 Cl19

mcan

1 ce200

w ecen

-6

-

-2

QUAORATIC FoRA

12
-6
12
2

[y

°
°
°

ceon

PRIRES 1

RReovoo

2

2



PAGE & caUP 1 HILL) emines 1 2

SASIS IF CENTERING CO1D) QUAORATIC FORA
22 1 2 -1 2 0o 1 2 122 -4 & =6 & =2
-4 1 1 0 1 -1 0 = 212 2 -2 8 2 222
2 9 -2 0 -2 o o 4 212 2 & & 6 0
2 0o 0 0 -2 2 0o 6 -2 2 12 -2 & & 2
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4402 11 1 1 11 -2 2 6 & 6 6 12 &
o 1 o L 2 o 1 2 -« -2 0 2 0 0 & 12
ELEMENTARY OTVISORS
oL o2 2 2 2 22 2 2 4 412 12 26
RINE 2 CONSTITUENT WO. 2 LEAOS TO  20C(1)
PRINE 3 CONSTITUEMT NO. L LEADS 10 C(21)
BASIS OF CENTERING C(18) QUAORATIC FORM
11 1 - b1 sl 12 ¢ 0 0 =% & - &
O S S S O S -4 12 & & -4 0 0 -
-2 o0 o0 2 2 -2 2 2 0 4 12 4 -8 -4 0 &
-2 0 0o 0 o0 -2 0 3 0O 4 4 12 -4 O & O
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-4 0 -2 2 1 -1 -1 24 -6 6 & 0 -6 0 O
-2 0 -1 -2 2 -2 -2 . 0 -6 -6 & -
o o o -2 0 2 2 -6 -6 0 -6 &
o 0o o 2 0 LY 24 -6 =5 6 &
-1 -1 0 1 -1 -1 -6 26 -6 0 O
2 1 0 -1 =2 -2 -2 - -6 26 6 &
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PRIAE 3 COMSTETUENT WO. L LEADS TO  3eCte)
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2 0 0 1 1
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1S OF CENTERING
IO )
-2 2 0 2
2 -4 -2 -2
LR A
31 1.1
43 -1 -1
o 2 2 o
11
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CINSTITUENT NO.
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PAGE 3 GROUP 1 H(12) PRINES 1
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PRINE 2 CONSTITUENT NO. 3 LEAOS TO CH12)

PRINE 3 COMSTITUENT WO, 1 LEADS TO CHID)

BASTS OF CENTERING C(3) QUAOLATIC FORR
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o 9 1 0 0o 0o o0 -l 308 3 3 b6 12 6 b
o 32 0o 2 2 o 1 1 3 3 0 s 0 5 12 >
o o o 1 0 2 -1 -1 303 3 3 6 6 & 12
ELEAENTARY DIVISORS
1111 3 3 33 303 3 3 18 18 18 18

PRIME 2 CONSTITUENT M. 1 LEADs> 1D CO1D)
PRINE 2 CONSTLTUENT NO. L LEADS TU CL9)
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9 GRIUP 1 WE12) PRINES 1
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