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On the L>*-Convergence of Galerkin Approximations
for Second-Order Hyperbolic Equations

By Garth A. Baker* and Vassilios A. Dougalis**

Abstract. It is shown that certain classes of high order accurate Galerkin approxima-
tions for homogeneous second-order hyperbolic equations, known to possess optimal
order rate of convergence in L2, also possess optimal order rate of convergence in L%,
This is attainable with particular smoothness assumptions on the initial data.
We establish sufficient conditions for optimal Lm-convergence of the approximations to
the solution and also the approximation to its time derivative. This is done for both
semidiscrete approximations and for single-step fully discrete approximations generated
by rational functions.

1. Introduction. We consider approximating the solution of the following initial-
boundary value problem. £ will be a bounded domain in RY with boundary 9§
assumed to be an (V — 1)-dimensiona1:manifold of class C”. For a fixed 0 < £* < oo,
a real-valued function u is sought satisfying

N
Dlu=-Lu= Y a—?c- ai]-(x)aaTu. —ay(x)u in Q x (0, r*],
ij=1 %% i
(1.1) u=0, on 30 x (0, t*],
u(0) = u®
0 in Q.
D,u(0) = u,

uO, u? are given functions,

2;=a; €C7(Q), ij=12,...,N,

and g, € C°°(S—2) with ¢y 2 0 in Q. L will be assumed to be uniformly elliptic, i.e.,
for some constant a >0,

N N
2 ;&8 >a 3 &
ij=1 =1

for all x € Q and all (gl, o, EN)ERN.
Semidiscrete and fully discrete Galerkin approximations in the context of exis-
ting finite element methods have been considered by Dupont [8], Baker [1], Crouzeix

Received August 23, 1978; revised July 5, 1979.

AMS (MOS) subject classifications (1970). Primary 65M15, 65N 30.
*Supported by ONR Grant N00014-57-A-0298-0015.

** Supported by USARO Grant DAAG29-78-C-0024.

© 1980 American Mathematical Society
0025-5718/80/0000-0053/$07.00

401



402 GARTH A. BAKER AND VASSILIOS A. DOUGALIS

[7]1, and Baker and Bramble [2], among others. In these works optimal order rate of
convergence estimates in L2(£2) have been obtained.

In this paper we are concerned with the convergence in L™ (§2) of such approxi-
mation schemes. Our approach is motivated by techniques of L (£2)-estimation
initiated for parabolic equations in [4], [3], adopting the first-order system formula-
tion for second-order hyperbolic equations of [1], [2], [7].

In the special case of one space dimension, optimal L -estimates have been ob-
tained by Wheeler [16] and Wahlbin [15]. Specifically, the estimates are derived for
both the semidiscrete approximation and for a particular second-order accurate in time,
two-step, fully discrete scheme devised in [8], the techniques used being clearly re-
stricted to one space dimension.

In this work we attack the general problem (1.1). Our techniques yield for the
semidiscrete approximation optimal L ”(2)-convergence for the error, as well as for the
time derivative of the error, under suitable smoothness assumptions on u® and uf. of
prime interest is a class of fully discrete schemes generated by rational functions, de-
vised in [2], [7]. For these high order accurate in time schemes we obtain optimal
L™ (S2)-convergence of the approximation to the solution, and also for the approxima-
tion to its time derivative, occurring naturally from the first-order formulation.

The remainder of this section is devoted to establishing the notation and a pre-
cise statement of the main results.

For § >0, H5(2) will denote the Sobolev space Wf(Q) of real-valued functions
on £2, the norm on which we denote by||- IIH Sc)- The inner product on L2(£2) =
H°(Q) we denote by (-, -) and the associated norm by ||+ ||. The norm on L>(£2) we
denote by || and, in general, that on the Sobolev space WZ'(2) by |*|,,, m = 0.
{X;}j>, will denote the eigenvalues, in nondecreasing order, of the elliptic operator L
on ; the corresponding set of eigenfunctions (with boundary values zero) is {¢j 1 i>1
C C*(S2). This set is assumed to be orthonormal in L2(2). For real S, we define the
space

) 1/2
HS(Q) = Jpe LZ(Q) ||v||S = <Z l}gl(v, ¢])|2> < oo
j

Following [4], it is easily seen that for integer S > 0,
HS(Q) = (veHS(Q): L'v = 0o0n 8%, forj < §/2},

and the norms || "HS(Q) and || |lg are equivalent on HS(Q). The solution of (1.1) is

given by

w(®) = 3 [eos N 21(u®, @) + N 2sin N2y, o)l oy,
i

from which we obtain the conservation law
(12) Nu(IF + 1D,u®NZ_ = 1u®1F + 13,

fort>=0and S >0.



GALERKIN APPROXIMATIONS FOR HYPERBOLIC EQUATIONS 403

In order to exploit the property (1.2) we introduce the generalized “energy”
spaces HS = HS(Q) x HS=1(Q), for § > 1, furnished with the norms ||| lilg, defined
as follows. A generic point of HS we denote by

Uy
V= s
Uy

WVilg = (v I3 + v i2_ D2, s>1.

and define

Let a(- , -) denote the form

N
09
ae, V) = fﬂ { I a; a‘p aw+ a0¢w} dx, ¢, ¥ € H(Q).
Li=1
We shall work with the solution operator T: HS() — H5*2(Q) N HY(Q) of
the associated Dirichlet problem, defined by
a(Tf, v) = (f,v) forallve HY(Q).

T has a discrete spectrum of eigenvalues {/.L]. } =1 where M= )‘i_ L
Following [2], we set L? = L%(2) x L*(Q) and define

0O T
(1.3) T=< ): L2 — L2,
-I 0
0o I
19 L=( >
L 0
_ [ o o_ (%
U@ = <Dtu(t)>’ t=0, and U" = <u19>'

Then (1.1) is equivalent to
TD,U+U=0, 0<z<t*
1.5)

U(0) = U°,
or
DU+ LU=0, 0<t<t*
1.6)
U(0) = U°.

For the spatial discretization we assume the existence of a one-parameter family
{Sh(Q) Yo<n< of finite-dimensional subspaces of L%(2), and corresponding operators
T,: L%(Q2) — S,(€) which approximate T in the following sense:

(1.7) T, is selfadjoint, positive semidefinite on L?*() and positive definite on
SH(®):

(1.8) There exists an integer r > 2 and a constant C such that ||(T, — T)fII <
CHS*+2||fllg, for all fE HS(Q), ~ 1< S<r-2
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(1.9) There exists an ;, > 0 and a function y(h) such that for 0 <k < h,,
(T, — T)f1 < v(W)ITf],, for all sufficiently smooth f.

(1.10) There exists a constant C such that for all sufficiently smooth f, |T, | <
CITfl,, and IT, fIl < CIT,.

(1.11) T, has a discrete spectrum of eigenvalues {0, u’l’, RN uﬁ',,}, in nonde-
creasing order, for some integer M = M(h), with u’l' > 0. Moreover, for some Ay > 0,
if h < h, then uﬁ',, < A4 for some constant 4 independent of A.

From [2]—[4], it is known that, for example, for the standard Galerkin method
using finite element subspaces S,,(€2) C H\(), satisfying

inf  (Iw —xll +hllw = xll,) < CR°lwlly for 1 <s<r,
XESL(2)

with T, given by

(1.12) aT,f, X)=(f, x) forall X € S,(R),

(1.7), (1.8), (1.11) hold.

In [11] Nitsche shows for the standard Galerkin method in the constant coef-
ficient case L = — A, for r > 2, under certain regularity assumptions on the triangula-
tion defining S}, that (1.9) and (1.10) hold for y(h) = Ch’, for some constant C. In
the case of Neumann boundary conditions (not considered here), Scott [14], shows
that for N = 2, (1.9) and (1.10) hold with

CH', r>2,
(1.13) y(h) =
cn?lnh~t, r=2,

for some constant C. For analogous results in the variable coefficient case (and the
nonlinear case, not considered here), cf. the works of Rannacher [13], Nitsche [12],
Frehse and Rannacher [9], among others.

As in [2], the semidiscrete approximation is a mapping u,: [0, t*] — S,()
defined as follows. We set S, = S,(2) x S,(£2),

V() = (1) >0
D,uy (1) ’ ’

0 T
(1.14) T, = (—1 (;‘): L2 — L%,

and

Then V is required to satisfy
T,D,V+V=0, 0<t<rt*
(1.15) o
V(0) given in S, .

In Theorem 2.1 we prove that if the initial values ¥ (0) in (1.15) are chosen by
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TiLsu())

(1.16) V(0) = T2525y° =
1552

with § > [N/2] + 1, then
(1.17) 0<stu<pt"‘ lu(®) — u, ()] < C{7(h)|||U°|||so +H UMy 4 r+1 s

where S, =25 +r + [N[2] — 1.

In the standard Galerkin method (1.12), it is easily seen that the computation of
V(0) in (1.16) involves the solution of 2S linear systems of equations with the same
real matrix, and in such a case, with sufficiently smooth initial data u, u(t’, we attain
the optimal L~ (§2)-convergence.

In the same theorem we prove that if the operators T, are such that

h 2

(1.18) uy = Ch*=,
for some constant C independent of , and V(0) is chosen by (1.16), then
(119)  sup _ID,u(t) = D,u, ()l < CLYMNU° Mg 4y + 7 I Nyg4pyy s

o<t<t

with S and S, as above. It is known in the case where T, is defined by (1.12), (1.18)
follows with an “inverse property’’ of the form

(1.18a) lIxll; < Ch~ x|l forall x € S,(),
for some constant C independent of A.
In Theorem 2.2 we prove that if, alternatively, ¥(0) in (1.15) is chosen by
T;f‘l‘ lLS+ luO
(120) V(O) — T§S+1L2S+IU0 =
Sr S
ThL u?

with S > [N/2] + 1 (same as above), then the optimal estimate (1.17) holds. More-
over, (1.19) is improved to

(121) 0<S;J<pt* IDtu(t)_'Dtuh(t)l <C{7(h)”|U0”|so+l +hr|”U0|“2‘g+r+2},

without the assumption (1.18). Thus, by solving one extra linear system as dictated by
(1.20), in comparison with (1.16), we obtain also optimal L* (£2)-convergence for the
time derivatives.

We now turn to single-step fully discrete approximations to (1.1), following [2].
Let 7 be a rational function of the complex variable w = x + iy which satisfies for
constants ¢ > 0, C <o~ and v >0

(1.22) lr@iy) —e 7| <ClyP*!, Iyl <o.

Definition 1. r is defined to be of class i-1 if in addition to (1.22),
(1.23) iyl <1 for |yl <a,

for some constant a > 0.
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Definition 11. ris defined to be of class i-II if r satisfies (1.22) and (1.23)
with o = oo,
For convenience we set L, = T, 1. S,(8) — §,(R2), and consequently

0 —
(1.24) Li={, . )
h

Then (1.15) is equivalent to

{D,V+ L,V=0, 0<r<r*,

(125} V(0) given in S,.

For a chosen discrete time step kK > 0, we have from (1.25),
V(i + k)=exp(—kL,)V(@®), t=0,

which in turn motivates the following fully discrete approximations. For

Wi
n=0,1,...,[*k], w" =<W'z’ =S

is sought satisfying

Wrtl =rkL,)w", n=0,
(1.26)

wo = v(0).

A computationally efficient class of rational functions 7, of class i-II for any
even integer choice of v is constructed in [2]. It is shown that the approximation
W"*1 is obtained from W” in (1.26) with the solution of » linear systems of equations,
with the same real matrix. Hence, a single LU decomposition of this matrix is required;
and a fixed number, v, of “back solves” need be carried out at each time step. Other
examples such as Padé approximations are also discussed in [2], [7].

In Theorem 3.1 we derive the following L*(£2)-estimate. It will be assumed that
there exists an integer J,, and an , > 0 such that

(1.27) Ty <c<e,
j

for some constant C independent of £, for all & < h,,.

In the case of the standard Galerkin method (1.12) it can be readily deduced that
(1.27) holds for some finite J, = J(R2), by virtue of the fact that {(u;’ )~ 1} approxi-
mates the spectrum of the elliptic operator L, for & sufficiently small. See Section 4
for details.

If 7 is of class i-II, and W° = V(0) is chosen by (1.16), with S > [N/2] +J,+1,
we prove that

max W] — u(nk)l
0<n<[t*/k]
S ClO@®ICls, + N Nys gy + K MU s 1y11)s
where S, = 25 +7 + [N2] — 1.

(1.28)
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In addition to the above conditions, if (1.18) holds and k/k < C for any constant
C > 0, we prove that
max  |W} — D,u(nk)|
o<n<[t*/k]
(1.29)
< @ UOIIISOH + RNy g4 pp s + 5 THNU s 4041 ) s

with S and S, as above.
In Theorem 3.2 we prove that for r of class i-II, and W® = V(0) chosen
by (1.20),

max W — u(nk)l
(130) o<n<[t*/k]
< C{y®MI UOIIlso + WUy g 4 yrn TR MU N5 p42 )
and
max  |W7 — D,u(nk)|
(1.31) 0<n<[t*/k]

<SClYMNUOls 4y + NNy 4 psn + R U%llysspials

without the extra assumption (1.18).

Again it is seen that in order to obtain the optimal L™ (£2)-convergence it is suf-
ficient to regulate the starting values by performing a given number of projections of
the given initial data u° and u?. In particular, to obtain (1.30) and (1.31) it suffices to
solve the 25 + 1 linear systems with the same real matrix as dictated by (1.20), with
S=[NR2] +J, + 1.

For 7 of class i-I, we show that there exists a constant C = C(c), such that with
the Courant-type condition k/h < C, and assumption (1.18), the estimates (1.28) and
(1.29) hold, for W® = ¥(0) chosen by (1.16), and for W° = V(0) chosen by (1.20),
the estimates (1.30) and (1.31) hold.

Section 2 is devoted to the derivation of the L™ (§2)-error estimates for the semi-
discrete approximation, (1.17), (1.19) and (1.21). In Section 3 we derive the estimates
(1.28)—(1.31) for the fully discrete approximation. Throughout the remainder of the
paper, no distinction will be made between the different constants appearing in the
error bounds, and all will be denoted by the generic C. Also, conditions of the type
h < h, will be implicitly assumed wherever needed.

2. L%-Estimates for Semidiscrete Approximations. We first modify slightly the
notation of [2]. On L? we define the positive semidefinite bilinear form, ((- , *)),,

as follows. For
¢ v
¢=<l>, v={ ')eL?,
¥ v,

(@, W), = (015 ¥) + (T2, ¥3)- ((+, °))y is an inner product on S,,. The
associated norm we denote by [Il - Ill,,, i.e., lll®lll, = (2, ®));/?, which is a seminorm
on L2.
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We point out that no confusion should arise between the norm ||| - lll, and the
norms ||| - [lig, S = 1, defined in Section 1.

P will denote the L?(2)-projection operator onto §,(22) and P the induced
L?-projection operator onto S,,.

Let 11/]." € §,,(£2) denote the eigenfunction of T, corresponding to the positive
eigenvalue ujh, ie., Thd/jh = u}’w;', j=1,2,...,M,chosen so that the set {11/;’ }jj‘il
is orthonormal in L%(Q).

We note that L, is defined on L*(Q) by the spectral representation

Lp=3 W) ' v W), veL}®).
j
By Parseval’s relation we then see that
IL,ll < sqp(u;')_ 1
]

Hence, if (1.18) holds, we have that
@.1) LIl < Ch™2.

As a consequence of the definition of L, if T, and L, are defined by (1.14) and
(1.24), respectively, a simple computation gives, for integer S,

LTy =TSL8=P ifs>1

I 0 P O
L,T,= s Tpl, = .
n'h o P nkn o I

Of course, it is easily seen that for all positive integers S, [ ST is the identity 7
on L2 and that TS5 is the identity on HS*1 ﬁs_l, if S is odd, and on HS x HS
if S is even.

We set E = U — V, where U is the solution of (1.5) and V is the solution of
(1.15) . To obtain the maximum norm estimates for u — u, we first derive estimates
of the even-order time derivatives of E in the seminorm || - |l|,,.

and

LemMA 2.1.  For S = 0 integer, let the initial condition in (1.15) be given by
V()= T [*U°if S>0and V(0)= PU° if S = 0. Then for some constant
C = C(t*),

2.2) Sup ||ID3SE(t)I|Ih SO 1l 54 p4y + lull, 54,1
. <t<t*

0

Proof. By (1.5) and (1.15) we see that E satisfies
T.D,E+E=(T,—T)D,U for0<t<t*

which implies that

T,D?S*1E + D25E = (T, - YD} +1U.
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Hence

1d
2 dt

= (T, —- HD?S+ U(r), DX T1EQ®)),

(T, DX *1E(), DXSTIE®))), + 5 =IDZSE@I?

= L (1, - HD* U, DPEWD)),
— (T, = DD *2U(), DI ED)),

Integrating the last equation and using the fact that ((T,,®, ®)), = 0 for any ® € L2,
we see that

WDZSE@IIZ = WDXSEO)I? + 2((T, — ID¥+1U(2), DXSE®))),
@.3) -2(((T, - HD**1U(0), DIE(0)),
- 2f T, - 22U, DB, dr.
Now, using (1.6) and (1.25), we see that
2.4) D2SE(0) = L*SU° - L;5V(0).
Hence, since V(0) = T25[25U°, § > 0, we see that

DIFE(0) = L*¥U° =~ LTS 1250° = @ - P)L*0°,  s>0.

LS 0
L2 = (-1 ,
0 LS

Since

the above equation becomes

T — LS 0
(2.5) D¥SE(0) = (-1)° =D ,
(I - PLSW®
and thus
(2.6) ID2SEO)I, = I — PYLSuO].

Now, using (2.5), we have,
(T, - HD?**1U°, DISE(0))),
= (= DT}, - T)D?5**u(0), (I — P)LSu)
= (= DSTTD?5+2u(0), (I — P)LSu®)
@2.7) = (=1)S*2(D25w(0), (I — P)LSu®)
= (= D5*?D75w(0) — u,(0), (I - P)L5u®)
= (= DS A(DE0),, U — P)LSu®)
= |I(I - P)LSu®|.
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From (2.3), (2.6), (2.7) we obtain
WD?SE@II? < 2((T, — D+ 1U(), D¥E®)),

=2 (T, = DS 2U(), DB, dr

2.8
28 <;}|||D§SE(t)m,2, + 41T, - HDF LU

S

1 28 2 [ _ 28+2 2
+3 3 WDFEQI; + 41 f o KT, = D22 U dr.

Now, by (1.8)
(T, = DU, = T, —T)DIS*2u(d) < CH DS+ 2u(p)l, _,
= CHILS P u(d)l,_, < CHNu@®ll,g.,-
Similarly,
(T, = DD *2U@)l, < ChID,u@® 5.,

Then, by the above, (1.2) and (2.8) give (2.2). O
We also need the following result in the case that the initial conditions are
chosen by (1.20).

LEMMA 2.2. For S = 0 integer, let the initial condition in (1.15) be given by
V(0) = T25+1[2S+1y0 jf 5> 0 and V(0) = PT,LU® if S = 0. Then, for some
constant C = C(t*):

2.9) P, WDFSE@)I, < CHU1tlly5 4y q + 160055, ,)-

Proof. We need merely modify the proof of Lemma 2.1 to account for the
different starting values. Obviously (2.3) and (2.4) still hold. By the hypothesis on
V(0), (2.4) gives

D}E(0) = (T - PT)L25*1U°, s>0.
Since
0o -1Lf
L2S+l — (_ I)S ,
LS+ 1 0
we conclude that
(T _ Th)LS+ luO
(2.10) D*SE(0) = (-1)S
' ( - P)LSu?

Hence

@-11) WDZSEO)Il, = (T — T,LS* uO).
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Now, using (2.10), we obtain
Ty - HDF¥*1U(0), DIE(O)),
= (= D(T, ~ TYD}**u(0), (T - T,)L*1u°)
2.12) =(- 1)2s+1((Th — DL+ 1u(0), (T - Th)LS“uO)
= (T — T,)LS* 2.
Using (2.11) and (2.12) in (2.3), we obtain
WDFSE@N}; = 2([T,, - TI1 DS+ 1U), DIE@)),
—2f ; ([T, — T1D¥S*2U(r), DFSE(D)), dr — (T — T,)LS* 1|1,

The result (2.9) now follows from this last equation via the same arguments used
in Lemma 2.1. O

We now set Z= D,U — D, V = D,E. To obtain maximum norm estimates for
D,u — D,u, we first derive estimates of the even-order time derivatives of Z in the
seminorm ||| - [ll,,.

LEMMA 2.3. For S > 0 integer, let V(0) = T25125U° if § > 0 and V(0) =
PU° if S = 0. In addition let T i satisfy (1.18). Then, for some constant C = C(t*):

28 —1
@13) s WD ZOl, <O (g + 1)
Proof. Clearly Z satisfies
T,D,Z+Z=(T,-T)D?U,  0<t<r*,
which implies that
T,D¥*1Z + DSz = (T, - )D**?U, 0<r<t+.
Hence

D}SZ@)lI; = NDZSZ(O)II; + 2((T, — D5 +2U@), D5 Z(1)),
2.14) = 2((T, - NDF**2U(0), D} Z(0))),
1
—2f ((Ty = DD H2U(), DIZ()), dr
Now, it is easily seen that
(2.15) D¥Sz(0) =— L2S+1y° + [25+1p(0).
By the given initial conditions then,
D¥7(0) = (L,P -L)L*SU°, s>0.
Since by the definition of L,, L, P = PL, = L,, we have

I — P)LSu?
(2.16) D*S7(0) = (—1)S<( Wy >
&L, - L)L5°
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Thus
IDFSZO)I; = 1 = PLSugIP + (T, (L, — L1LSW, [L, — L]L540)

= I = PYLSuQI? + ([P — T, L1L5°, L, [P — T, L1L5u).
Also, using (2.16), we see that

@2.17)

(T, — DDF**2U(0), DI 2(0)),
= (=D%(T,, - HD**%u(0), (I - P)L5u?)
= (= DSTYTD2S3u(0), (1 — P)LSu?)
(2.18) = (=D @5+ 1u(0), (I - P)L5u?)
= (=D’**(D?5D,u(0) — D,u,(0)), (I — P)L5u?)
= (=D 2D} 2(0)),, (I - P)L5uD)
= I¢ — P)L3uQ)?.
Now, using (2.1) in (2.17), we obtain
((P — T, L)LS4®, L, (P — T,L)L54®) < |IL, |l II(P — T,L)L54°|?
<UL = T,D)LSuCI? < Ch=2I(T — T,)LS*1u|?
< Ch U013,

Hence, (2.14), (2.17), (2.18) and the last inequality imply that
WDZSZAN; < Ch?™21u0Zg,,, + 2((T, — TIDXS*2U(z), D2SZ(r))),

—2f ; (T, = DD5+3U(n), D2S7(r))), dr,

from which (2.13) follows easily by estimating the inner products in the right-hand
side of the above equation in an analogous way as in Lemma 2.1. O
The analogous result in the case of the initial condition (1.20) is given by:

LEMMA 2.4. For S > 0 integer, let V(0) = T25+1125+10 jr 5> 0 gnd V(0)
= PT,LU® if S = 0. Then, for some constant C = C(t*):

(2.19) o WDFSZB)ll, < CH (160lly54 piy + 16lllyg 4,y 1)-
Proof. Obviously, (2.14) and (2.15) still hold. Putting the appropriate V(0) in

(2.15), we obtain

~(I - P)L5u?
(2.20) DS7(0) = (—1)S+! = n ,
. (I_P)LS+lu0

which gives

(221) ID?SZ(O)lll, = I ~ P)LSu|.
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As in Lemma 2.3, we see that in this case, also,
222) (T, = DHDF**2U(0), DF5Z(0))),, = Il — P)LSuf|I?.

In analogy with previous calculations, (2.14), (2.21) and (2.22) give then the estimate
2.19). O
To derive now the maximum norm estimates we recall a result from [4]. We

1/p
= p
||v||L,J <fnlv| dx> ,

denote by || "LP the norm

on LP(Q), for 1 <p < oo,

LEMMA 25. Let2 <p<ooand 0<1/q — 1/p < 1/N. Then there exists a
constant C such that for every w € L?

2.23) IT,wll , < Cliwl, -

A proof of Lemma 2.5 is given in [4].
The maximum norm estimate will depend on the following result:

LEMMA 2.6. Let y(h) be defined by (1.9), and let S be a given integer such that
S=[N[2] +1. If S, =28 +r + [N]2] — 1, then, for some constant C,

sup u(t) — uy(1)
(2.24) o<t<t*

< Cly(h 1u®)l«  + ||u® )+ su D*S(u(H) — u, (¢
» PO Uls, + Pl )+ sup IDZ(d) —u, (DI}

sup D, (u(?) — u,(5))]

0<t<t*
< Cr® (1l gy +uflls) + sup IDFSHut) =y O

Proof. lete=u — u,. Then from (1.5) and (1.15), for 0 < < t*,

(2.25)

T,D2e(?) + e(t) = p(H) = (T), — T)D*u(p),
from which it follows that, for integer j,
. o iva
Dl e(t) = Dl p(t) — T,DI*2e2).
Hence, for 2 <pj<»,0< 1/pi+2 - l/pi < 1/N,

j j j+2
026 1D}y, <ID]p@ 5, + T, D} 2eto)l,

= (T = TD*2u(®)ll_p; + nT,,D{“e(t)nL,,i.

Now, using (1.9), we have that
IT = Ty)D o)l p, < CUT = T,)D}** u(d) < CyWITD]*u(d),

= CY()\Du(2)), .



414 GARTH A. BAKER AND VASSILIOS A. DOUGALIS

Hence, (2.23) and (2.26) give
. J < j j+2

It is easily seen that for § > [N/2] + 1 a decreasing sequence « = p, > p, >
D4 > * "> Dyg =2 can be found such that 0 < l/p].Jr2 - 1/pl. <1/N,0<j<
2§ — 2. Hence, using the inequality (2.27) recursively forj = 0,2, ...,2S — 2, we
see that

le()l < Cly()(1u(D)|, + DFu@), + - -+ + IDX5=2u(1)|,) + ID?Se(t))}.
Using (1.1), we can write the above as
le()| < Cly(WuD), , ,5_, + ID*Se(t)ll},

which, by Sobolev’s inequality and (1.2), gives (2.24). The proof of (225) is entirely
analogous. 0O
We now obtain the main results of this section.

THEOREM 2.1. Let V(0) = Tf,SL”UO, where S is an integer such that S >
[N/2] + 1, and let S, = 28 +r + [N/2] — 1. Then, for some constant C = C(t*),
we have that

sup |u(?) — u, (0l

o<r<t*
(2.28)
<C{y(h) (Ilu"lls0 + IIu?IISO_l) Rl yg iy + 1601554 ,))-

If in addition (1.18) holds, we also have
sup |D,u(t) — D, u, (D)

ostst*

(2.29)
<SCO® (Nl 4y + 1adlls ) + A" Ulys 4y g + 6flls0 )}

Proof. 1t is immediately seen that (2.28) follows from (2.2), (2.24) and the
fact that for E=U - V,

ID2S(u(t) = u (DI < WDZSE@)I,-

Similarly, (2.29) follows from (2.13) and (2.25). O
As a consequence of Lemmas 2.2, 2.4, and 2.6 we also obtain

THEOREM 2.2. Let V(0) = T2S*1 [ 25+10 \where S is an integer such that
S = [N[2] +1,and let Sy = 2S +r + [N/2] — 1. Then, for some constant C =
C(t*) we have that

sup |u(t) — u, (0l

o<r<t*

< @ Uulls + luplls, ) + 1 Ullys iy + 1ufllys40) ),

(2.30)
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and
sup |D,u(t) — D,u,(?)|

O<tt*

S ClYWUlly gy y + Nulls ) + B (15400 + 18 ll54p40) }-

(2.31)

Proof. The result (2.30) follows by using (2.9) in (2.24). (2.31) follows by
using (2.19) in (2.24). O

Remarks. (i) Theorem 2.1 basically asserts that in the case where the initial
values of the semidiscrete approximation (1.15) are chosen via (1.16), one obtains opti-
mal L”(2)-convergence for the error u — u,,. In addition, one obtains naturally a
“consistent” suboptimal estimate, of O(h"~!), for the time derivative of the error D,u
— D,u,, provided we work with space discretizations satisfying (1.18).

(ii) Theorem 2.2 shows that if one desires optimal L (£2)-convergence for both
the error as well as for its time derivative, it is sufficient to choose the initial values of
the semidiscrete approximation via (1.20). This amounts in practice to solving 2S5 + 1
linear systems with the same real matrix, initially.

(iii) From Lemma 2.3 of this work we obtain a result which supplements the
results of [1], [2] on L?(S2)-convergence. With S = 0 in Lemma 2.3 we have V(0) =
PU® (starting with L2(§2)-projections), and under condition (1.18) we obtain

sup |ID,u(t) — Dup (D)l < CH" = [I1u®ll, 1y + llull, ]
0<t<t*

3. L”-Estimates for Fully Discrete Approximations. The results of the previous
section although mathematically interesting in their own right, will basically be used as
a tool in obtaining the L™ (§2)-estimates for the fully discrete approximations, which
are the objectively important schemes from a practical standpoint.

We first recall some notation from [2]. T, restricted to S, possesses a set of
purely imaginary eigenvalues {n, i }].I‘i 1 given by

3.1) n.; =+,

and a corresponding set of eigenfunctions

I vy
3.2 ¢, =—
G2 Vs 1y

The set {®,; }il‘i 1 is orthonormal with respect to the inner product (( -, -)),, extended
to the complex case by ((®, ¥)), = (¢1, ¥;) + (Ty9,, ¥,), for

¥ klfl
¢ = s ¥= € Sha
(2} w'z_

where z denotes the complex conjugate of z. We see that the assumption (1.27)
becomes

(33) Sipllo<c<e.
7
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We first present a preliminary lemma on an estimate in the maximum norm of
the eigenvectors gl/]’.’ of T,, the proof of which follows from [3, Lemma 3.1]. For
convenience in notation we set 11/]'.’ =yt i

LEMMA 3.1. With notation as above, there exists a K depending only on N and
a constant C for which

3.4) W < Cln;|=*K  for all j;
in fact, K = [N/2] +1. O

We point out that Lemma 3.1 is a slight refinement of Lemma 3.1 of [3] ex-
pressly for our present purposes. The details of the proof are the same, except that we
exploit the fact that the iterative argument used may be carried out in [N/2] + 1
steps, which gives the convenient value K = [NV/2] + 1. We have prior to this also
exploited this fact in Lemma 2.6, where we use the same iterative argument.

We shall need to work with functions of the operator L,. Let f be a function

analytic in a neighborhood of the spectrum {n., jl }I-Ai of L, onS,. Then,if X €
L2, we have the spectral representation,

FULDX = T 17 X, 9),%;
j

We shall, in the first instance, restrict our attention to fully discrete schemes
associated with rational functions r of class i-II, defined in Section 1. This is no loss
in generality since our whole analysis will go through for (conditionally stable) schemes
associated with rational functions of class i-I, under a restriction on k/h, provided
(1.18) holds; cf. e.g., [2, Lemma 3.3].

With 7(z) as in Section 1 we define forn=0,1,2,...,

3.5 F (2) =r"(z) —e "~
Then, if {W"},,-, is the solution of (1.26) and V is the solution of (1.15), we have
(3.6) W" — V(nk) = F,(kL,) V(0).

We first present a preliminary stability result.

LEMMA 32. Let r(2) be a rational function of class i-Il. Let S be an integer
such that S = J, + [N/2] + 1, where J, is defined by (1.27) or (3.3). Then, there
exists a constant C = C(t*) such that for X € L?,

BT IFkLYTHHX), I <KX, 1<I<v+1,n=0,1,..., [t*k],
and also,
(38) I, kL )TFX) | <CliXIll,, n=0,1,2,..., [t*/k].

If in addition (1.18) is satisfied, then we also have
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(F (kL) TESHX), | < CE = Th= XL,
I<I<v+1,n=0,1,..., [t*/k],

(3.9)
and
(3.10) \F,kL)TX),l <Ch MIXIN,, n=0,1,...,[*k].
Proof. We have
FpeL) TR0, = 3 Folleny Dof S H (X, 8)), 0,5

j
Hence, by (3.2)

F (kL) TR *1X), 1 <2712 <Z I, ey 1 1y 25+ w;'|> X,
J
Now, using [2, Lemma 3.1], we conclude that forn=0,1,2, ...,
(3.10a) |F,(kn7 ) <Cnk!ln|~' < CK'"'InI™!,  1<I<v+1.

Hence, for K = [N/2] + 1, using (3.4), we conclude that
\(F (ke L)T 251X, | <Ck'—1<z |n,|2s—2’<> X1,
J
< Ck"l<z |ni|(2S—2K—2J0)+2J0> X1,
j

< CK' XN,

where the last inequality follows by the hypothesis on S and (3.3). To prove (3.8) we
note that, by the definition of F,, since the n; are purely imaginary:

|F, (k7 HI<2 allj, n

The proof then follows from similar calculations as above.
Now (3.2) gives,

(F kLTS HX), | <271/ <2 | (kemi 1) |n,-|2S+'-1|w;'|> X1,
i

By (1.18) we conclude that |17l-|_1 < Ch™! for all j; and the remainder of the proof
of (3.9) and (3.10) follows, as that for (3.7) and (3.8) above. [

We now find maximum norm estimates for the components of W” — V(nk)
with initial conditions of the type (1.16). For the proofs we need to define some
auxiliary functions. Given k£ > 0, let Q be the least integer for which

K2 >1 forj>Q.

Then, given v € L2, we define

K _ 4!
v®) = Zl @, %)y,
]=
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It is easily seen that v(¥) € C*(Q) and that it satisfies

(3.11) 10 Ng 1 <k ™llvllg for all m >0 and real S,
and
(3.12) llo = v, <ES=Pllvllg  for all § > 0 and all real p <.
We define

uo(k)
(3.13) Uo(k) = o(k) /-

u,

LEMMA 3.3. Let r(z) and the integer S satisfy the hypotheses of Lemma 32,
and let the initial condition in (1.15) and (1.26) be given by W°® = V(0) =
T%s L*SU°. Then, for some constant C = C(¢*) we have

oo max W = V()|
@.14) °OS"SUTE]
SC g4 psy + Nufllpg,) + kv(||“0"2S+v+1 + Ml 54,03

If in addition T, satisfies (1.18) and k/h < C for any C < =, we also have

max W] — V,(nk)l|
o<n<[t*/k]

(3.15)
SCE T Uy sppar + 16fllys4,) + A7 160llys 4 pry + Nlly54,)} -
Proof. Following [2] we can write, by (3.6), using our hypothesis for ¥(0) = W°,

wn — V(nk) — Fn(kLh)T§SL2SUO — Fn(kLh)T’%SLLS'(UO _ UO(k))

(3.16) + i Fn(kLh)T,lI+2s(T — Th)Ll+l+2SU0(k)
=0

+ Fn(kLh)T,})z.’- 1 +2SLv+ 1 +2on(k),
from which, by Lemma 3.2,
Wy — Vi(mk)l < C <"'L2S(U° - UO®Y|l, + I(T- T, LS+ yo®@y),
|4
(3.17) + Z kl—llll(T_ Th)Ll+l+2SU0(k)"|h
=1

+ kVIIILv+ 1 +2SUO(k)|"h> .

For the first term on the right-hand side of the above inequality, using (1.8), (3.11),
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(3.12), we have
NL2SU® — uotn)i2

= ILS@® — uP®N |2 + (T,L5? — u®U), LS w0 — u0()y)

<K IO s 4y + (T = DL = ud®), L5@p - u)®))
(3.18) + (TL5§ — ud®), LS — ud®))

<EPNul35 4, + (T, — TS — uNNLS@Q — w2

HINTLS@Q — uON LS @l — udPN_,
< k2v||“0”§s+v + Chr"“?”zsw—2kv||“?"2s+v + K2 |lu
S C NNy 54 pmr + K(ly5 4, + Nl g1, 32

We estimate the second term in the right-hand side of (3.17), using (1.8) and
(3.11), by

0”2
t!2S+v—1

(3.19) M(T= THL*SHLyo®N, = (T — T,HLS T 1) < Cr' )1l -

For the third term we remark that for / + 1 even

L(l+ 1)/2+S 0
LIH1+28 = yU+D)/2+S
0 L(l+l)/2+s
and for I + 1 odd
_L1/2+S
[IH1+2S — (_qyl2+S
LU2+1+S 0

Hence,

|||(T — Th)Ll+ 1 +2SU0(k)"|h

(T — THLSH+DI20()) - 4 1 even,
<

(T — T,HLS 1 +124 0B 1+ 1 odd.
Then, by (1.8) and (3.11) we see that
14
G20 ¥ KT = T L1250, < Crr(lullys 4y + 1640l,5 4,4 1)

Finally, for the last term of (3.17), if » + 1 is even, we obtain, using (1.8),
(3.11), (3.12), that
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2 +14+28770(k) 12
K*7IIL” uot2
— k2V{"LS+(V+l)/2u0(k)"2 + (Tth+(V+ l)/2u?(k)’ LS+(v+l)/2u?(k))}
28+v+1

— k2V{"u0(k)"2 + ((Th _ ms+(v+ l)/2u?(k),LS+(V+1)/2M?(k))

321 + (TLS+(”+1)/2u‘t’("), Ls+(”+1)/2u?("))}

< Ckn{"“ougswﬂ + hr"“?(k)||2s+r+v—1 ||“?(k)||2s+v+1

+1lug ©Nsy, 3
SCU Mgy y + HH MUl 50 Nl 4, + K N600E5,,)
< C{kv(||“0"2s+v+1 +lufllyg4,) + hr"“?"zs+r}2'

Similarly, for » + 1 odd we obtain
k2v I Lv+ 1 +2SU0(k)"|2
(21" [ h
SCW U lyg4p41 + 4Pl 5 4) + 172 PTG
(3.14) now follows from (3.17)—(3.21").
We now note, using (3.16), (3.9) and (3.10) that |W] — V,(nk)| is bounded by

a factor of Ch™! times the right-hand side of (3.17). Hence, (3.15) follows im-
mediately. O

We now state the first main result of this section, the proof of which follows
from Theorem 2.1 and Lemma 3.3.

THEOREM 3.1. Let r(z) and the integer S satisfy the hypotheses of Lemma 3.2.
Let S, be defined as in Theorem 2.1, and let V(0) = T2S12SU°. Then, for some
constant C = C(t*) we have that

max  |W] — u(nk)l
o<n<[t*/k]

(322) < ClymIulls,, + N s =) + W Ullps iy + 18P llp54,)
+ K1 llyg 4y 41 + ”ut0"2s+y)}‘
If in addition (1.18) is satisfied, and k/h < C for any C < oo, then

max |W} — D,u(nk)l
o<n<[t*/k]

B23) < C{'Y(h)(lluoﬂsoﬂ + ||“?||S0) R A (|7 P 1754 PO
+E T 6Ny s 4y iy + 10l 54,)) . O

We now analyze the error in the fully discrete approximation obtained with
initial condition of the type (1.20). As in the semidiscrete case, we need no additional
conditions for the estimate of the error in the second component. We first need a
preliminary stability lemma.
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LEMMA 34. Let r(z) and the integer S satisfy the hypotheses of Lemma 3.2.
Then there is a constant C = C(t*) such that for X € L?:
IF (kLT 2S¥H L < CHZMIXN, i=1,2,1<I<v+1,
(3.24
n=0,1,2,... [t*k],

and
(325) I(F (kLHT2SHIx) I < ClNXNM,, i=1,2n=0,1,...,[*Kk].

Proof. As in the proof of Lemma 3.2, we have fori = 1, 2,

J

— 28+2—i—-2K-2J 2J
< CHK 1<z_|n,.|‘ e o* °>|||X|||,,.
J

|(F (kLTS TH1X)) < C’,(Z IF,,(kn,-")un,.PS”“-f|w,-"|> Il X1,

Hence, the condition S > K + J is sufficient to establish (3.24). The proof of
(3.25) also follows easily. O
The analog to Lemma 3.3 is now

LEMMA 3.5. Let r(z) and S satisfy the hypotheses of Lemma 3.2 and W° =
V() = TZSH L2S+1yO, Then, for some constant C = C(t*) we have fori= 1,2,
max |W" — V.(nk I < C{hr "uo" + ||u0||
o<n<[t*/k] (Rl < ( 28+r+2 t las4re1)
(326)

0 0
R RSP [ PRFSY) B

Proof. We have
W" — V(nk) = F (kLTS 25+1U°
— Fn(kLh)T’%S-l-l L2S+1(U0 _ UO(k))

+ zv: Fn(kLh)T;21S+l+1(T _ Th)L2S+l+2U0(k)
=0

+ Fn(kLh)T;3S+v+2 L2S+v+2U0(k),

from which, by Lemma 3.4, it follows that

W7 = Vil < € (NL2SH1P = 0P, + (T = T,)L25 200,

14
+ Z kl—llll(T _ Th)Ll+2S+2U0(k)|"h
=1

+ kVIIILv+2S+2U0(k)"|h> :

and (3.26) follows by using entirely similar techniques of estimation with the ones of
Lemma 3.3. O
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Combining the results of Theorem 2.2 and Lemma 3.5, we obtain

THEOREM 3.2. Let r and the integer S satisfy the hypotheses of Lemma 3.2,
and let S, be defined as in Theorem 2.1 and let V(0) = T%S +1 254170 Then, for
some constant C = C(t*):

max |W[ — u(nk)|
o<n<[t*/k]
(3.27) < C{')’(h)("u()"so + "u?"So_l) + hr(||u0||23+r+2 + ||u?||2s+,+ 1)

0 0
RNy s4p 42 T e llas 4410}

and

max  |W} — D,u(nk)|
o<n<[t*/k]

(328) < COWUuClls 4y +Nuflls)) + A U6 54 sz + 18Pl50000)

+ K1l 5 4y 42 + 1ufllyg4p4 )} O

We now turn to convergence results when rational functions of class i-I are used.
Since the proofs of the results are entirely analogous to those for class i-I, we shall
merely point out the major technical changes, and conclude by stating the results.

THEOREM 3.3. Let r be of class i-1 and suppose that condition (1.18) holds.
Then, there exists a constant § = (), where « is as in Definition 1, such that if k/h <
B, the following estimates hold.

@ IfS>[N2] +Jy +1,and W® = V(0) = T,fSL2SU°, then the estimates
(3.22) and (3.23) hold.

(b) If WO = T2S+1 [ 25+1y0 with § > [NJ2] + J, + 1, then the estimates
(3:27) and (3.28) hold.

Proof. From [2, Lemma 3.1], if 7 is of class i-I, the inequality (3.10a) holds for
j such that k|m;|™" <a. Thus, under the condition (1.18), if f(a) = aC % with C
the constant of (1.18), and kA~ ! <, then, for all j, kin|~ 1< C~"kh~! < a. Hence,
(3.10a) holds for all j. The remainder of the proofs of (a) and (b) are the same as for the
corresponding results of Theorems 3.1 and 3.2, respectively. O

4. Remarks. The convergence results of Section 3 rely implicitly on the asymp-
totic distribution of the eigenvalues of the elliptic operator L on 2. More specifically,
our results assert that for optimal convergence in L™ (£2) of the error, it is sufficient
to choose W0 = T,fSL”UO with § = [N/2] +J, + 1 (Theorem 3.1), where J, is
any integer satisfying (1.27). Thus, for actual implementation, one must find a con-
venient J,. This we do in the present setting as follows:

It is known from the work of Browder [5], among others, that under the condi-
tions we have imposed on €2 and L,

@.1) lim j/NV/2 = wy f . [DET (a,;(x))] */? dx,

j—)oo
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where
wy = [@vVmVT( + N1

It is also well known that in the canonical example of the standard Galerkin
method (1.12) there is a rearrangement of the indices j such that

(4.2) p].h < )\]._ 1
From (4.1), (1.27) and (4.2), a simple computation shows that we may choose
Jo = Jo(Q) = N.
Thus, for optimal L (£2)-convergence of the error, it suffices to choose

T\’S;Lsuo
(4.3) wo =T25125y° =
T,‘fLsu?

with S = [N/2] + N + 1. As pointed out before, the choice (4.3) is accomplished
with the solution of

3N + 2, N even,
3N +1, N odd,

linear systems of equations initially, using the same real matrix.
For a survey of results of the type (4.1) we refer to [6].
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