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The Groups of Order p® (p an Odd Prime)

By Rodney James

Abstract. A complete list of the groups of order p6, where p denotes an odd prime
number, is given using P. Hall’s concept of isoclinism.

1. Introduction. In 1940, P. Hall [7] provided a method for classifying groups
(especially p-groups, where p is a prime) into families and in 1964, M. Hall and J.
Senior [6] used this method to produce a complete list of all the groups of order 2"
(n < 6). This paper extends their work to odd primes by providing a complete list of
all groups of order p® (p > 2). The number of non-abelian groups of order 3 is
found to be 491, and the number of non-abelian groups of order p® (p > 3) is found
to be

%{13p% + 145p + 1338 + 80(p — 1, 3) +45(p — 1, 4) + 8( — 1, 5) + 8(p — 1, 6)},

where (p — 1, n) denotes the greatest common divisor of p — 1 and the integer n.

Blackburn [3] includes a list of the groups of order p® and class 5, and Leong
[11] and Miech [12] have lists of certain subclasses of the class of p-groups with cy-
clic derived groups, all of which agree with the present list where they overlap it. A
list of the groups of order p° (p > 3) appears in [1], [2], [4] and [13], the first
three of which also include the groups of order 35. The present list for p > 3 agrees
with those of Bender and Schreier, who in turn claim to agree with Bagnera and de
Séguier. For p = 3, Bender has corrected two errors by Bagnera but has omitted the
group A, (2111)a,, which is included by Blackburn and de Séguier. The present list
of families (as defined by P. Hall) agrees with that of Easterfield [S], whose ordering
I have followed.

This work is a summary of my Ph.D. Thesis [9] which may be consulted for
most of the detailed calculations, although errors in that thesis have been corrected
and an uncompleted family in the thesis has been completed. As well as the acknowl-
edgements in my thesis, I would also like to thank Richard Keane, who pointed out
errors in the original list of 3-groups, and Dr. M. F. Newman, who has hounded me
into publishing the present paper and given me a great deal of helpful advice and en-
couragement.

2. A Guide to the Table and List of Groups. Information concerning the groups
of order p™ (m < 6), with p an odd prime, is given in Table 4.1, and the list of groups
in Sections 4.2 to 4.6. Each group of order p™ in the list is presented in terms of
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614 RODNEY JAMES

certain generators and relations, and given a designation of the form

& (my,my,...,m)x, wherer, s, t, my,my,...,m,are positive integers with
m, +my,+--+m=m(@m =Zm,=--->m,), and x is a letter.

The presentation (e, &y, . . ., &, Ilw; =w, =---=w, = 1) for the group G
means that G is the largest group generated by the symbols a,, a,, . . . , &, subject
to the conditions w (@, 0y, . . ., @) =wy(@), 0y, ..., 0)="""=
wi(a,, a,, ..., a,) =1, where the w’s represent words in at most » variables. In
particular, [a, f] is the word a !f 'aB and a,(_{)l will denote the word
ORI o

L1412 oG ;4 , Where i is a positive integer and ;4 5, .. ., Oy, are

suitably defined. (Note that, for large enough p, this will often be just of, ) For
economy of space, all relations of the form [a, 8] = 1 (with a, § generators) have
been omitted from the list and should be assumed when reading the list. No attempt
has been made to find minimal presentations, and those chosen are designed to ac-
centuate the groups’ structures.

The groups in the list are collected together in isoclinism families. Two groups
G, H with centers Z(G), Z(H) and derived groups G,, H, are said to be isoclinic (writ-
ten G ~ H) if there exist isomorphisms

0 : G/Z(G) — H/Z(H),
¢:G, —H,,

such that ¢([a, B]) = [, 8'] for all @, B € G, where «’Z(H) = 0(aZ(G)) and PZ(H) =
0(BZ(G)). 1t is easy to show that this relation is well defined and is in fact an equiv-
alence relation. The pair (6, ¢) of isomorphisms is called an isoclinism (or autoclinism
if G = H), and the equivalence classes are called (isoclinism) families. A family of p-
groups will be denoted by @ if p is an arbitrary prime and Ay if p = 3, where s is
some positive integer. P. Hall [7] has shown that every family ® has groups of mini-

mal order p(9), called the stem groups of ®, and the set p™(®)**® of groups in @
of order p™(0)*¥ is called the kth branch of ®. Thus, the number m(0) is an in-

variant for the family, called the rank of ®. Some of the family invariants are tabu-
lated in Table '4.1, and these include: nilpotency class, lower central series,* p*kqi(G)
and p_kri(G), where G is in the kth branch of a family and g/(G), r;(G) denote, re-
spectively, the number of conjugacy classes of G with precisely p' members and the
number of irreducible complex representations of G of degree P

In the designation ®(m,, m,, . . ., m,)x, for a group, the symbol ®; denotes
the isoclinism family containing the group (in Easterfield’s ordering). The numbers
my, m,, ..., m, are the type invariants of the group G when p is large enough for G
to be regular (and used analogously when p is small) and are defined as follows:

If G is a regular group, write

GP' = {xpilx €G}, i=0,1,2,... (agroup!),

*In this paper, two groups will be regarded as the same if they are isomorphic.
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and

p* @ = the order of the factor group Gpi-l/Gpi i=1,2,...)

then

m; = number of w(i)’s with w(i) >j G=12,...,0
(these numbers may be thought of as describing the power structure of G). For sim-
plicity, we will write m for the partition (m,, m,, . . ., m,) and say that G has type
m. Finally, the symbol x,, means that the group is the nth group of genus x, where
two groups G and H of the same family and having the same type are said to have the
same genus if there is a bijection b: M(G) — M(H) such that M and b(M) are in the
same family and have the same type and genus for all M € M(G), with M(G) = the set of
all maximal subgroups of G. In particular, two abelian groups have the same genus if and
only if they have the same type (when this happens the symbol x will be omitted).

The list p @ of groups in @  of order p™ is ordered as follows:**

(1) ®(m,,m,,...,m,) occurs before & (m', my, . . ., m) if m; = mj,

my;=mj, my, >m;,, for some i < min(r, r). When this occurs, we will write
m < m’ where m represents the partition (m,, m,, . .., m,) and m’ represents the
partition (m), m,, . .., m,).

(2) To describe the ordering of the groups in @ with type m, we introduce for
any group G the set M,(G) of maximal subgroups of G in ®;, the set M; ,(G) of maxi-
mal subgroups of G in ®; having type n and the set M, , .(G) of maximal subgroups
of G in M; ,(G) having genus x. If G is a group of the form & (my,m,y,...,mx
and H is a group of the form ®(m,, m,, . .., m,)x' with x # x', then we may as-
sume that for some ®; there is a bijection b; : M{(G) —> M(H) which preserves type
and genus for all j > i but no such bijection for j = i. G occurs before H (and we
write x < x) if

() M,(G) has more elements than M (H); or

(b) for some partition n of m — 1, M; ,(G) and M; ,-(H) have the same num-
ber of elements for all partitions n’ < n, and M; ,(G) has more elements than M; (H);
or

(c) for some partition n of m — 1 and genus y, M; - ,(G) and M; - ,(H) have
the same number of elements for all partitions n' < n and all genera z, Mi’n’yr(G) and
M; , ,(H) have the same number of elements for all genera y' <y,and M; 5 (G) has
more elements than M; , ,(H).

(3) The groups in ®; with type m and genus x are ordered in the way suggested
by parameters in the defining relations.

Other notation used is as follows:

**Despite this ordering, the groups which are direct products are listed together for conve-
nience. Also, if the above ordering varies depending on the value of p, the most favorable value is
taken in each case.
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(1) If G is a group, the center of G is
Z(G) ={a €G : o = Pa for all g € G}
and the lower central series is G, = [G, G], G;,, = [G;, G] for i > 2, where
[H, K] = the largest subgroup of G containing {[e, B] : « €EH, BEK}.

The class of G is the number ¢ such that G, # 1, G, , = 1.
(2) If G, H are groups, their direct product is

GxH={(e,p):aE€G BEH}

where multiplication of ordered pairs is component-wise.

(3) In keeping with usual practice, the symbol ®, will be omitted from all
abelian groups (the class ®,), which will be designated by their types.

(4) Throughout, v denotes the smallest positive integer which is a non-quadratic
residue (mod p) and g denotes the smallest positive integer which is a primitive root
(mod p).

As an illustration of the above, the last five groups in p° ®, are ®,(2111)p, =
®,(211)b,, x (1) (the direct product of the (cyclic) group (1) of order p and the group
®,(211)b,), ®;(2111)c, $5(2111)d, D5(2111)e and D,4(1°). The first of these has p?
maximal subgroups in @, of type (211), the second has p? — 1 maximal subgroups in
®; of that type, and the others (except the last) have no maximal subgroups in ®,.
The third of these groups has p maximal subgroups in ®, of type (211), whereas the
fourth group only has p — 1 such maximal subgroups.

3. Families of p-Groups of Rank at Most 6. In this section, we outline the meth-
od used in [9] to obtain a complete list of the groups of order p™ (1 < m < 6) given
in the next section. '

In finding these groups, we make use of the well-known list of abelian groups of
order p™, each one corresponding uniquely to a partition of the number m. In parti-
cular, since the groups of order p and p? are abelian, the only group of order p is the
cyclic group (1) and the only two groups of order p? are (2) and (11).

If G is a group, we will write |G| for the order of G, Z(G) for the center of G
and G,, G3, . . ., G, for the lower central series of G (i.e. G, = [G, G] and G;, | =
[G;, G] fori>2). If IGI = p™ and the groups of order p, p?, ..., p™ ! are already
listed then, since 1G/Z(G)! < p™, the factor group G/Z(G) is listed. Thus, the process
consists of determining all those p-groups H, with |H| < p™, capable of being central
quotients G/Z(G) for some G and then constructing families of groups G with G/Z(G)
isomorphic to H. An example of this may be found in Hall and Senior [6] where the
groups of order 2" (n < 6) are determined. Similarly, P. Hall [7] used the groups of
order p2, p3, p* to determine the families of rank 5 and, hence, the groups of order
p>. This was then used by Easterfield [5], and later James, to find all the families of
rank <6 in the Table 4.1. Details of this may be found in [9].

The method of finding the isomorphism classes of groups for an individual family
is essentially the same as that used by Blackburn [3] in determining p-groups of
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maximal class and is described in [10]. By definition of isoclinism we may suppose
that all commutator relations of any group of the family are known, and all relations
modulo the center of the group are known. Thus, we only need consider the values
of the remaining relations, namely

(a) the structure of the center of the group;

(b) the relationship between the center and commutator subgroup of the group;

(c) the precise value of all words forced to be in the center of the group by the

relations modulo the center.
As described in [9] and [10], the isomorphism problem in the family for groups with
the relations (a) and (b) specified is equivalent to the determination of equivalence
classes of certain matrices (over the field Z, with p elements) for a certain equivalence
relation. The actual calculations were carried out in [9] for all families except @, ,,
although there are errors in some of the calculations.

To illustrate the method used, we shall find the groups of order p® in this family
®,, forp>3. If G €P,,, then Table 4.1 shows that we may suppose G ={(a,,a,,
o, Z(G)), where B = [a), a,], 8; = [B, o], [, @] = 8,, [, )] =81, =8 =1
and o, of € Z(G) fori = 1, 2. Thus G, =B, G;)and G5 = (B, B,) which is in
Z(G). If IGl = p®, then G, = Z(G) and so

(l) ap = ﬁg(l)ﬁg(z)’ aff = B‘;(l’i)ﬁg(2’i) (i = 1’ 2)
for some a(1), a(2) € Z,, and some matrix
a(1,1) a(1,2)
A=
a2,1) a(2,2)
over Z,. Since the centralizer of G, contains & but not &, or @,, an autoclinism of
G will map ¢ to o, @ to a*, where
@) a*=o?, o =i DZ(ZDe*®D (mod G,)  (i=1,2)
for some x(1), x(2), z € Z,,, and some matrix
x(1,1) x(1,2)
X =
x2,1)  x(2,2)
over Zp. Since [a*, a¥] = % and [o*, af] = B}”, we have
€)) x(1,1) = ex(2,2), x(1,2)=ex(2,1), z=x(2,2)*-wx(,1)* #0,
where € = *1. This autoclinism yields the relations
1% o*P = Bafa(l)*ﬁga(ﬂ*, a;"p — ﬁfa(l,i)*ﬁ,{a(z,i)* (i=1,2);
and, substituting (2) into (1*), we obtain

“) a = eXa*,
AX + (x(1)a, x(2)a) = ezXA4*,
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where a = (ﬁg;) and 4*, a* are defined analogously to 4, a, respectively. If a # 0, it
can easily be seen that (by choice' of X) we may suppose o = By, 0f =p5, 05 = B’z’,
where the only restriction on a, b is that b =0,1,2,...,%(@p—1). Ifa=0, Eq.
(4) becomes

ezA* = X~ 14X.

Writing x = x(2, 1),y = x(2, 2), a = %(a(1, 1) + a(2, 2)), b = %(a(1, 2) + va(2, 1)),
¢ =%(a(1, 1) —a(2, 2)) and d = %(a(1, 2) — va(2, 1)), this becomes

eza* = gq,
zb* = b,
22¢* = ¢(y? + wx?)c + 2xpd,

22d* = 2evxyc + (v? + wx2)d,

forcing z2(d*? — vc*?) = d? — vc®. Thus, by considering the cases d*> — vc? = 0, a
quadratic residue and a non-quadratic residue, we may determine canonical values for
a, b, ¢, d (and hence A) as described in the list of groups p®®, , in Section 4.6 (21).

4. List of Results.
4.1. Summary of families of rank <6.

Family || Rank] Class G/2(6) | 6, | Gy | G |G q; q; q; q; q: r; r; r;
o, [3] 2 an | P | Pl 0 0 o |’ L0

o, 4] s s,a% | an| @ b | P | e I S I

o |l 5] 2 am | ap o2 | P | o'’ o | o | &£ |0

o 5 2 ah | p | Pl 0 0 o |9 o p-1
% 5] 8,0 | |an | o p-1 o o | et |0

o |5 o 5,0 | an| m N S 0 o |9 #Pp |t
o |5 ] 3 0,2 | @ N RS T A 0 o | ¢ PP | ee
o st ¢ 0,y [ jan| @ po| 1 0 R NI I I S N
o |l s | @ s,y | jan | R e A S
a e 2 amy |ain =~ 0 p'-p 0 o |9% ptp | 0
o, || 2 a% | an o2 | 2p%-2p | p*-2p%+1 | 0 o | p*| 2p°-2p2|p2-2p41
13 6 2 a* | an p2 PS'P P“-P2 0 0 pu 93-92 92-;'
0, 6 2 (22) 2) p2 ps_p p"-p2 0 0 p" 93-92 P2'P
S I a% | an p? 0 Pl 0 o |t o [p*a
o, fl 6 | 3 0,0y Jan| o2 | p'-p 0 PPp2 | o | pf | 0

o e 3 0, fan| o2 | 20720 |26%p2-2p+1] pP-2p%4p| 0 | p3|2%-p%-p[p-2p41
o, |l 6| 3 0,0y lam| m 2| p2p | P P2 | o |6 % | P
@9 6 3 ¢2(1") (111) | (1) 92 292-29 293-92-2p+1 P3'2P2"’P 0 ® 293-92-9 p2-2pHl
P00 6 3 ¢2(1") iy |an P2 | oPp p3-p 93-92 0 P’ po-p i p2-p
o, |l 6 3 0,0 iy jan p? 0 p2-1 p*-p o |6 #Pp |61
0 | 6 3 0,0% | an| W p [p%o%p-1| pi-pZprt| 0 o |9 %% | o%p
o | 6| 4 o,y | ahlaw @ 2| oPp | b P2 | 0 | p¥2p’-pP-1] pPezptl
o, | 6 4 o,1® [ |an| m o | 2p%p-1 | pd-2ps1 | p3p2 | 0 | % e%-p | p%-p
0, 6 4 eq220b, (2 AD| (1) p | 2p%-p-1 | p3-2p#1 p3-p? o | 2% #-p | p%-p
o | o] ¢ o 220 @] D] (1) o | 2%t | pP2em | % | 0 | 97 e | Pl
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~+ * * * * * * * *

Family ‘Rank Class 6/z(e) | G, G | G, |G| 9 a a, a, q, roj r, r,

|

s, 6| 4 o, 1%) Tamlan| | | p | 202p-1] p2-2p41 | 6% | 0 p:ﬂ p°p | p2-p
o |l 4 og2200b,| 2D AD] (1) p | 2p%-p-1 | pi-2p+1 I T IS S S
o | 6] ¢ o 221)p ) 2D || (1) p | 202p-1 | pP2pr1 | p%02 | o | 8% P | p%p
el e 4 0,(1® | amjan| @ P p-1 2p%-p-1 | pP-zprt| 0 | §% pP-p | b1
o, 6 3 0, | aint P p2-1 | plap2-zp| Fo=ptl| o | B %-p | pP-p
o, 6 3 ¢u(15) amf ) P p2-1 | pip2-2p| pplptl; 0 Pl #-p | pP-p
0. 6 3 0,% | ) p | 2p%-p-1 | pi-2p+1 p3-p? o | oY P-p | p%-p
o, 6 3 o 220b | 21| (1) p | 2p%-p-1 | p-2p+l p3-p? 0 2% P | p%-p

o 6 5 09(15) aYylam) ay a) p pt-1 0 0 p2p| p3 ptel 0
el 6] s ot | aHlauy ang af e p?-1 | pP-p 0 p2p| p %1 | p%-p
L 6 5 09(15) @2(1" aiy aiy @y p p-1 po-1 p2-p | 2o+l p3| Pl | p-p
o I 6 5 @10(15) ahlamy ay ay e p-1 p-1 p’-p p2-91 P P21 | ol
L2 6 5 4’10(15) ¢2(1") aiy ai) ay p p-1 p-1 292-94 p2-2p+1 92 P?-l P2'1
L 4 o,(1% | ah |y m P p-1 p2-p p>-p o | % %1 | o
o, s o,1% | aja ) 1 p2-1 | pP-p po-p o | oY o%1 | #%e
S| 6| o [e@20by ) @Ay b P p2-1 | o-p »°-p 0 Pi P:'l PZ'P
o.l 6 4 4.(2204| @ID{ai) (1) P p2-1 | pPp o7-p o | | -1 | PP

4.2. The groups of order p, p*>. The only group of order p is (1), and the
groups of order p? are (2) and (11).

4.3. The groups of order p3

(1) Abelian: (3), (21) and (111).

@

Non-abelian: ®,(21) = (e, @, a,lfa,, el =a,, e =a,

o,(111) = (o, oy, a, ! [a,, a] = a,,d? = =of =1).

4.4. The groups of order p*.

(1) Abelian: (&) , (31) , (22) , (211) , (1*) .

=qoP =
oy 1)

@ 0,(21a = 6,(21) x (1) , o,(") = 0,(111) x (1),
0,(31) = {a,a,,0a, | [a),0] = S oy a‘l’ = ag =1
2,(22) = (a,al,a2 | la,,al = oP = o, all’z = a.g =1)
2,(211)b = {a,a,,0,,7 | [a,,a] = YP = a,, of = a‘l’ = ag =1)
8,@21Dc = {o,0,,a, | [0,,a] = 0y, aP = =ob = 1) .

(3) 9,(21D)a = (a,ai,az,aa | lag,0l = a,, [ay,al = of = oy, afp) = ag = ag =1)
¢, (211)b = (“’“1"’2’“3 | lag,al = a,, [a2,a]r = afp) = ag, of = ag
for r=1or v
¢3(1“) = <a,a1,a2,a3 | [ai,a] = of = aip) = ag =1(@{=1,2) .
4.5. The groups of order gs .

(1) Abelian: (5) , (41) , (32) , (311) , (221) , (2111) , (15)

)

02(3!1)3 = 1>2(31) x (1), ¢2(221)a = 02(22) x (1), ¢2(221)b = ¢2(21) x(2),

¢2(2l!l)a = 02(2ll)ax 1, 1>2(2111)b = ¢2(211)bx n, 02(21!!)c = ¢2(2l!)cx 1,

8,(2111)d = ¢,(111) x (), 9,0 = 0,y x () .
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3
- = of = P_ 4P
,(41) (a,ai,az | lo,a] = a a,, ab = a) 1)

]

¢ p’ P _P.)
8,(32)a, = (a0 ,a, | [ai,a] =af =0, a% =ay =1
LA

2 -1

= : = of =
¢,(32)a, (a,al,a2 | lo,,0] =af =a

=of =
oy 1)

= 1)

2
$,(311)b =(a,a1,a2,y | [ai,a] =yP = a0y, af =

3
$,(311)c = (a,al,a2 | fo,,0] = a,, o = a;

NT PY N

2
#,(221)c = (a,ai,az,y | lo,,al = YP = a,, of = a‘l’ = ag =1)

P’ _ PP . .P
®,(221)d = (a,ai,az | lo,,0) = a,, af =a; =a) = 1}

3) 03(2111)3 = 1>3(211)ax(l) , 4’3(2111)13r = 03(211)brX (1) for r=1lor v,
0,1%) = e;atyx ) ,

2
(
$,(311)a = (a,ai,a2,a3 | (a,,0] = a,, [ay),al = af = ag, aip) =af =af = 1)

No
wo

2
- = T - of = P . -
433(31A1)br (a,ai,a2,a3 | la,,0] = a,, [a,,a]" = af = o, af = o 1)

NO

= Q

wo

for r=1lor v
2
s,az-ag-ag-l)

2
-a;,ap

¢,(221)a = (a,al,a2,a3 | [ey,0] = oy, [a,a) = aP = a

(p)

r
¢4(221)b_ = (a,al,a2,a3 | [ai,a] = a,, [a,,al =a,

=aP =P =

ay =ay 1)
for r=1or v

¢.(2111)c = (a,a,,a,,a,,y | [a,,a] = a_, [a al = YP=qa ap-a(p)-l (1=1,2,3))

3 ’ 1! 2’ 3! 1’ 2’ 2’ 3’ 1 &y

P ai") =of =1 (1=1,2))

2
0,(2111)d = (u,ai,a?as | la,0] =0y ., o

2
oP= of L =1 G=1,2)

- - P .
¢,(2111)e (u,al,az,aa | lo,al =a,.,, @ . L+

- - P . P . P . gP . -
(4) ¢q(221)a (a,al,a2,81,82 | [ai,a] Bi’ o 82, oy 81, o Bi 1 (1i=1,2))
- - P . P . P . gP . =1,2)
8,(221)b = {a,a,0,,8,,8, | [o,,a] = B,, a® = B, o) = 8,, o} = 6] =1 (1=1,2))
¢,(221)c = (a,a,,0,,8,,8, | [a;,a) = B, = of, of = 6% =1 (1=1,2))

- - P . gk
8, (221)d_ (a,ai,a?Bi,B?l[ai,a] By» @q = B

. a‘; =8, a"-B‘; =1 (1=1,2))

where kA-gr for r=1,2, ..., %(p-1) .

8, (221)e = (,0,,0,,8,,8, | [0,,00 = 8, of = 85%, of = 8,8,, aP = BP=1 (1=1,2))

8, (221)f =(,a,,0,,8,,8, | la,,0] = B, ag = B,, ag = B;’, of = B‘i’ =1 (1=1,2))

8,(221)f_=(a,a,,0,,8,,8, | [0,,a] = B,, P = B5, ab = B,8,, aP = B = 1 (1=1,2))
where 4k = g2 .1 for r=1,2, ... %(p-1) .

¢,(2111)a = (o,a,,0,,8,,8, | [a,,a] = B, of = 8,, of = e‘i’ =1 (1=1,2))

¢,(2111)b = (a,2,0,,8,,8, | [o,,0] = B, a‘i = 81, af = ag - B‘; =1 (i=1,2))

¢, (2111)c = (0,0,,0,,8,,8, | [a;,0] = B, of = B, of = af = B0 = 1 (1=1,2))

5
0,(1%) = €o00,0,,8,,8, | [oy,0) = By, of = af = 67 = 1 (1=1,2))

©)

= = = of = PreoP =of =gP =
0,(2111) = {ay,0,,0.,0,,8 | [a,,0,] log,@,) = af' = 8, o) =af = o =8 1)

5 - - PuoP =l =qof =gP=
e (17) (“1'“2'“3'%’8'[“1»“2] log,0,] = 8, of = af = af = of ‘B 1)

0, (221)a = €a,,0,,8,8,,8, | [a,,0,] = B, [B,a,0 = B, =of, 8P = 6] =1 (1=1,2))

- - =B 0P =gk oPap gP=gP=1 (i=
9, (221)b_=¢a,,0,,8,8,,8, | [a,,0,] = B,[8,a,1=B,, a7 =B, af =8, BP=BY =1 (1=1,2))

where k = 3r for r = 1,2, ...,%(p-1) .

- P_ g™ (P _gfpl gPloPuy (4.
05 (221)c =(a,,0,,8,8,,8, | [a),0,1=8,[8,a,1=B;, aj =B,", oy =B B), B =By=1 (i=1,2))

for r=1lor v.
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8 (221)d =(a,0,,8,8,,8, | [0,,0,1=8,8,0,1=8,, of =B, oD =8}, 8P =6 =1 (1=1,2))

= - - P_gk P P_gP -] (i=
4 (221)d_=(a, ,a,,8,8,,8, | [a),a,1=6,0B,a,1=B,, of =6),a;=B,8,,6°=6; =1 (1=1,2))

2r+1

where 4k = g -1 for r=1,2, ...,%(p-1) .

9 (2111)a = (o, ,a,,8,8,,8,[(a,,0,]=8,[8,0,1=8,, af =8, ab=pP =0 =1 (1=1,2))
for p >3
= = - P_gf P_gP_gaP- -
¢ (2111)b _={a,,a,,8,8,,8, | (o ,0,]1=6,08,0,1=8,, b =B, of =B =B =1 (i=1,2))
for r=1lorv, and p >3 . .
5
05 (1°) = Ca,,a,,8,8,,8, | [0,,0,1=8,08,0,1=8,, of =8P =8} = 1 (1=1,2))

(1 9, (211)a = (a,al,aQ,a3,B | lo,,0l= log,Bl=0, =aP, o(® =a‘i’+1 =gP=1 (i=1,2))

%5412 1

r_r .
2, (2111)b =(a,a1,a2,a3,8 | log,0l =0, o, B8] =0, =aip), of = O‘Iij+1 =gP=1(i=1,2))

+1°

for r=1lor v .

- - o 2P Py (PI_ P 7 (4=
¢, (2111)c = (a'°‘1’°‘2'°‘3’6 | [ai,a]—ai [0‘1’8]_a3'8 sar=a, om0 1 (i=1,2))

+1°

(PP =g = 1.(i=1,2))

5 =
0,(17) = Coy0,0,,05,8 | Lag,a] = 1 1+1

= P_
ai+1,[ot1,B] 0,00 =0

PPl POl )
(8) 5(32) = Cay,0,,8 | log,0,0 = B = o), B" =a; =1

(9) ¢g(211Da = Cayay, ..oy0, | Lag,0) = Poa, aip) =a® o a1,2,3))

Gipp0 @ 4

i+l
_ _ ® _ k p_ P _ L
0 (2111)b = Coyay, +.uy0y [fog,0) =ay ., 0 =a, e =0l =13 1,2,3))

where k = g° for r+1=1,2, ...,(p-1,3)

5y = - Po o L)l (g
0,17 = Cayay, wouay [ log,0l =ay s o = ay af =1 G=1,2,3))

- - k_ k_.p (P _ (@) _ i
(10) ¢, ,(211Da = (a,al, a0y | loy,al = Topa,1" =0, =% oy al 1 (i=1,2,3))

Oi417 1

where k = gr for r+1 =1,2, ...,(p-1,4) .

= - k_ k_ () p__(p)_ _
¢10(2111)br-(a,a1, ...,auI[ai,a]—ai+1,[a1,a2] =, =, af=a ki =1 (i=1,2,3))

r

where k =g for r+l=1,2, ...,(p-1,3) , and where p > 3 .

5 _ _ _ p_.® _ . (® _ i
0,17 = (a,al, cesy | [ai,a]—ai+1,[a1,a2]— a, o =a P =al =1 (i=1,2,3))

4.6 The groups of order p6 .

(1) Abelian: (6), (51), (42), (411), (3%), (321), (11D, (222), (2211), (21%), (1%).

2) ¢2(411)a ¢2(A1)X(l), ¢2(321)ai = @2(32)aix(1) (i=1,2), @2(321)b = ¢2(31)X(2),

¢2(321)e = ¢2(21)X(3), ¢2(3111)a = ¢2(3ll)ax(1), ¢2(3111)b = ¢2(3ll)bx(1),

¢2(3111)c = ¢2(311)cx(1), ¢2(3111)d = ¢2(111)X(3), ¢2(222)a = ¢2(22)X(2),
¢2(2211)a = ¢2(221)ax(1), ¢2(2211)b = ¢2(221)bx(1), ¢2(2211)c = ¢2(221)cx(1),
¢2(2211)d = ¢2(221)dx(1), ¢2(2211)e = ¢2(211)bx(2), ¢2(2211)f = ¢2(211)cx(2),

¢2(21”)a = ¢2(2111)ax(l), ¢2(21q)b = ¢2(2111)bx(1), @2(21”)c = ¢2(2111)cx(1),

<1>2(21“)d = o, (2111)ax(D), <I>2(16) - <I>2(16)><(1).

2,(51) = (a,a 0, | la,,0] = a, = L “E - ag =1
3 2
0, (42)a; = {a,a,,0, | lo,,0] = a, = of ozll) = ag =1
p ' _ P
o, (42)a, = (a,a,,0, | log,al =a, =of , & =aj= 1)

,
3
0,(411)b = (a,al,ary | lay,0) = a, = Yo, of = a‘l’ = ozg =1

621
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o, (411)c = (a,al,a2 | lo,,0] = 0, o =af =of =1)

1 2
2 3
¢2(33) = (a,al,a2|[a1,a] =a,-= of o{ = ag =1)
3
?,(321)c = (a,al,a2,y | lay,0] = a, = YP, of = 11’ = ag =1)
2 2
?,(321)d = (a,al,az,y | log,0] = 0, = YP, of = a‘l’ = ag =1)
pd_ P’_ P
0,(321)f = (a,al,a2 | la,0] = a,, of = af = af = 1
2 2

= = =P o =P =P =
2,(222)b <a,a1,a2,y|[a1,a] a, =Y, a af = ab 1)

9,(311Da = &;(31)ax(1), &,(3111)b = &,(311)b x(1) (r = 1 or V),

8,(2211)a = 0,(221)ax(1), ¢5(2211)b_=9,(221)b_x(1) (r = 1 or V),
0,(2211)c = 0,(211)ax(2), 8,(2211)e, = &,(211)b x(2) (r = 1 or V),
0,21%a = o, 21IDax(1), oy(21M)b_ = 0, (2111)b x(1) (r = 1 or V),

o 21Me = 0,(211D)ex(1), 05(21%)a = o 2111)ax(1), 0,(21%e = 0 (2111)ex(1),

y y 6, _ 5
o 21t = o aMyx@), 0,0% = 0, 0%)x(D),
3
- =P =a_ 0P qPaoP=
o, (411)a (a,al,az,aa|[a1,a]=a2,[a2,a]a a,,0,P =07 =0 1)

3
o5(411)b = (a,a1,az,aa|[a1,oﬂ=a2,[a2,a3r-a11’ =af ap-ag-ag-l) r=1orv

30
®,(321)a = (a,ul,az,as][al,a]=a2,[a2,a]=ap2-a3,a‘;2=ag= g=1)
®5(321)b_ = (a,al,aQ,aal[al,a]=a2,[a2,a]r-a§p)-a;-,aps-ag-agal) r=1or v
¢ (321)c = (a,al.aQ,aa|[al,a]-a2,[az,a]r=a11’2=ag.ap2=ag=ag=l) r=1lor v
®,(321)d = (a,al.a2,a3|[al,a]-a?[az,a]-ap-aa,aga-ag-agﬂ>

¢, (311)c = (a,al,a2,a3,y|[al,a]-az,[aya]-ypz:ua,ap-afp)-agmg-l)

®,(3111)d = (a,al,a2,a3|[a1,a]-a2'[a2,a]=a3,ap =aip)-a‘2’-ag-1)

¢, (3111)e = (a,al,a2,a3l[al,a]=a2.[a2,a]=a3,ap-a§3-ag-ag=l)

1>3(2211)d = (a,al,a2,a3,y[[al,a]-az,[az,a]-YPms,ap-a‘l’z-ag-agal)

¢, (221D = (a,al,az,aa,yl[a1,a]=a2,[a2,a]-pra,apz-aip)-ag-ag-l)

¢, (2211)g = (a,al,aQ,aa|[al,a]=a2,[a2,a]-a3,ap2-a‘1’z-ag'ag=l)

¢“(2211)a = 0“(221)ax(l), 1’“(2211)13 = ¢“(221)b"(l), <P,"(Zzll)t: = 0“(221)0((1),
0“(2211)dr = 0q(221)dr"(l) for r=1,2, ...,%(p-1), 0“(2211)e - Ou(zzl)ex(l),
ol"(zzu)fr = 9,(221)f x(1) for r=0,1, ... %(p-1), 0“(21“)3 = 9, 2UDax(D),
0u(21“)b = 9, (2111)bx(1), ®“(2l“)c = 9,2111)ex(1),8, %) = ¢,a%)x)
?,(321)a = <a,a1,a2,81,82|[ai,al-ai,aP’-sl,agsaz,a§=s§-1(1-1,z))

9,(321)b = (a,a),0,,8,,8,|[x,,a=8,,aP =B, ,aP=B,,ab=BP=1(1=1,2)?

2
9, (321)c = (a,01,02,81.82|[ui,a]=81.a9-82,ag -Bi,ag-ai-l(i-l,z))

2

,(321)d = (a,ai,aQ,Bi.BzI(ai,a]-Bi,ap-Ez,ag -Bl.agsﬂi-l(i-l,z))
9,(321)e = <a,a1,a2,81,82;[ai,a]-si,ag -Bi,ag-ag,ap=sz-1(1-1,z)>for r=1,2,..,p-1
0,(32)f = <a,a1,a2,81,82|[ai,al-ei,agzag,ag =8,,aP=8P=1(1=1,2)) for r=1 or v
9,(3111)a = (a,al,u2,81.82|[ai,a]-Bi,apz-Bi,aisBz-l(1-1,2))
¢, (311D)b = (a,al,a2,81,82!Eai,a]-Bi,all’z-Bi,ap-ag-B‘;-l(i-l,z))
8,(3111)¢ = {a,0,,0,,8,,8, (o, ,al=B, ,0b =B, ,aP=al=pla1(1=1,2))

— P P’ gP
%,(222)a = (a,al,a2,81,82|Lai:a]-si-ai,a -81-1(1-1,2))

Pogk Pop oPPLgPuic
9,(222)b = (a,0,,0,,8,,8,|la,,al=B,,00=B;,ab=6,,0P =BY=1(1=1,2))

where k = gr for r = 1,2, ...,%(p-1).
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9, (222)c = (a,al,02.81,B2|[ai,a]-81,ap-81.ug-Bz,afz=B:-l(i-1,2))

9,(222)d, = (0,01,02.81.82|£ai,a]-81.ug=85&,ag-8182.apz-B:-l(1-1.2))

9,(222)d, = {a,0,,0,,8,,8,|(a,,al=B, ,aP=B,,ab=8, ,aP =aP=1(1=1,2))

9, (222)e | = <a.a1,a2,81,82l[ai,aJ-Bi,afssz.ug-B:,aPz-Bg-l(i-l,2))

0, (222)e _ = (a,al,a2.81,82!Eai,aJ-Bi,a:-Bg,ag-Blﬁz.ap2=B:=l(i'l.2))
where 4k = g2r+1-l for r=1,2, ...,%(p-1).

9,(2211)g = (0,a,,0,,8,,8,,v|(a ,al=B,,YP=B,,aP=B, ,aP=8P=1(1=1,2))

9,(221Dh =(0,0,,0,,8,,8,,Y|[a;,01=8,,YP=8,,al=B, ,aP=al=BP=1(1=1,2))

9,(221D)1 = (a,0,,0,,8,,8,,7|(o;,a1=8,,YP=B,,00=8, ,aP=aPpPu1(1=1,2))

2

9,(2211)3, = (a,a,,0,,8,,8,|la ,al=B, ,al=B, P =ab=pP=1(1=1,2))
9,(2211)3, = (a,ai,uz,Bl,le[ai,a]-Bi,aP-Bi.agz-ag-ﬁl;:l(i-l,z))
9,221k = (a,a,,a,,8,,8,| [ai,a]-Bi,ap-Bz,a;Z-a;-B:-l(1-1 »2))
0, (22114 = (a,ai,a2,31,52|[ai,aJ-ai,ag=31,aPz-ag-ag-l(1-1,2)>
9,(2211)m = €a,0,0,,8,,8,| (o, ,a1=B, ,ab=B, o =oP=pPa1(1=1,2))
#,(2211)n = (a,al,a2,81,82l[ai,a]-Bi,ag-Bi,aip -ap-Bl;=1(1=l,2))
0,214 = (a,a,,0,,8,,8,,v|(a 008, ,¥P=B, ,aP=oP=BP=1(1=1,2))
8,(21%e = (a,0,,0,,8,,8, (0,018, 0P =oPugPu1(1=1,2))

2
ou(zl")f = Ca,a,,0,,8,,8,| (0,018, ,aP =aP=oP=gP=1(1=1,2))

) 9, (21Ma = o, @UDxD), 3,0%) = 0, (1%x(D),
P’ o P_ P_ P_oP
9.(311) = (011.012.0!3,%,“[“1'“23=[“3'%]‘°‘1 =B,a2=<:3-ak-8 =1)
o (2211)a = (al,az,aa,au.Bl[al,a2]=[a3.au]-ag-B.all’z-ag-aE-Bp-l)
¢ (2211)b = (al.az,aa.ak.ﬁl[al.a2]=[a3.aq]-ag=8.ag =ag=a5=8"=l)
o,21Mb = (a,a,,0,,0,,8,7| (0,0, 1[0 ,a,1=YP=B,0P=BP=1(1=1,2,3,4))
021" ¢ = Ca,ya,,0.,0. 58]0, o, J=Ca, o 1=B,aP =aP=oP=oPagP=1)
5 12000000y » PILAy »0p I=1a,, 0 J=B,0) =ap=a =0y,
(6) Note: In this family, a;p) = 01582
0,(2211)a = 9, (221)ax(1), 9,(2211)b, = 8(221)b x(1) r=1,2,...,5(p-1),
0 (2211)c = ¢ (221)c X(1) =1 or v, & (2211)d_ = 0, (221)d X(1) r=0,1,...,5(p-1),
4 y 6 5
¢6(21 )a=‘1>6(2111)a>((1),06(21 )br'¢6(2111)brx(1) r=1 or \),1>6(1 ) 06(1 yx(1),

2
9, (321)a, = Ca,,0,,8,8,,8,| (o, ,a,1=8,[8,a,1=8, 0} =B

P_pT gP_aP_q (4=
, ,ob=g7,8P=80=1(1=1,2))

for r=1,2,...,p-1,
2
85(32b_ | = <al.az,B.Bl.Bz|[al,a21=8.[B,ai]-Bi,u§P)=B;,ag =63, P=gP=1(1-1,2))
for r,s=1or v,
P’p PogPgP
9, (3111)a = o ,0,,8,8,,8,]l0,,0,1-8,[8,a,1=8, ,a} -zsi,az-s =8P=1(1=1,2))
- - =8, ,aP =pT o PlogP_gPu (4=
9 (311)b_ ={a,,a,,8,B,,8,|(a,,0,1=B,(B,a,1=B, ,a; =B, a7 =gP=pl=1(1=1,2))
for r=1or v,
= = a8 yP=p_ oa(P)=p oP =gP=pP=1(i=
9g(2211)e ={ o ,a,,8,8,,8,,v|la ,0,1=B,[8,a,1=B,,v =B,,0,P’=B ,ob =B"=B{=1(i=1,2)?
=8, yPaB_ oP=pT o(P)_gPgPoq (i
0 (2211 =(0,,0,,8,8,,B,,v]l0a,,a,1=8,(8,a,1=B,,Y"=B,,a5=B, ,0 * =B =B, <1(1=1,2))
for r=1or v,

2
- = =8, ,aP=| =gP=gP=] (1=
8, (2211)g = (a,,0,.8,8, ,B, |[0,,0)=B,[8,0,1=8, ,oPuB 0P mGPugPa1(1=1,2))

o.(2211)h_ = (a,,0,,8,8.,8,|[c. ,a I=B,[B,a, I=B, ,aP=pF P’ gPugPul (1=1,2))
6 r T 1010890 Ps B 5B, |10y ,0n =B, 1R, 04 =B a0%R sy 1 ’
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r=1or v
4 =8, ,vP=p, .a{P)qPagPugPay (4=
(217)c = (“1'“2'8'81'82'Y|[“1'“23’8'[8'“i3'81'z =8, 0,7 =aj=BP=BY=1(1=1,2))
4 - =g, ,oP =oP=pP=gP=1(1=
(2174 = {0,,0,,8,8,,8,|[a,,a,1=8,(8,0,1=B, ,a =ab=BP=B{=1(i=1,2))

21%a = o, 211D ax(1), ¢7(21")br = 0 (2111)b x(1) £=1 or v, @7(21“)c= o, (211D)ex(1),

2
(3111)a = (a,al,az,a3,8|[ai,a]=ai+1,[a1,83=ap -aa,afp)=a§+1=sp=1<1-1,z>)

07
2
r .
07(3111)bt = (a,al,az,aa,BI[ai.a]=ai+1,[a1,B]r=a§ =a3,ap-a5+1=8p-1(1=1,2))
for r=1or v
0, (3111)e = (a,0,,0,,0,,8(Ca, ,0d=a,, ,la,,8]- Bp-a 0P (Pl -1(i-1,2))
2
- = =oP= P oy - P. =
®,(2211)a Cayay,0,,04,8| () 0l=a (0, ,B8] oP a,,0) BP=1(i=1,2)?
_ e r_ (p) —oP =aP=1(i=
0, (2211)b (a,al,az,a3,6|[ai,aj-ai+1,[a1,83 =, -aa,a =ag,,=B7=1( 1,2))
for r=1or v
2
- = =aP=o_, 8P =P =aP =1(i=
¢, (2211)e = {a,0,,0,,05,8|(a;,al=a, (o ,Bl=0"=0,,B o " 1(i=1,2))
_ - r_ (P)_ T P _ P_.P _q(i= )
¢, (2211)d . = (a,ai,az,aa,8|[ai,a]—ai+1,[a1,8] =a, " =0, B" =or=ay ,=1(i=1,2)
for r=1orv
=« - =gP= P’ P P ,mla=
¢, (2211)e a,al,az,a3,8|[ai,a] @ 4000, ,81=6=a,, a1 aP=al  =1(1 1,2))

¢;

[

¢;
4

¢

® o
%
%

%

[

[}
®

n
,(21)d = {oa,0,,0,,8,7| [0, ,0)=a

(@210)f = a0, ,0,,0,,8|(0 al=a, (o, ,B1=6P=a, - (P> P =131=1,2))

141000, -81=7P=a aP=a (P) P =8P=1(i=1,2))

@21Me = (a,a,,0,,0,,8]Ca;,al=0,, ,[a ,8=a,,0P -a(P>=aP -69-1(1=1,2))

14120

2
~o,,ab =oP=oP  =gP-1(i-
1_,_1,[011,(3] as,ai =aP=a?  =RP=1(i=1 ,2))

@hg - (a.ai,az,as,BIEai,al=ai+1,[a1,el=a3,sp =oP= (p) of ,=1(1=1,2))

4
(21 )f = (a,ai,aras,sl[ai,a]-a

3 2
(42) = <a1,u2,B[[ai,azj-afse,[e,a2]=39,a2 =8° =)

3 2
33) = (ul,a2,8|[ai,a2]=8=a§,[6,a2]=8p,ag =8P =1)
(321)a = 2,(32)x(1)

2 2
(32D = ¢a,0,,8,v|la, ,a,1=B=0F, (8,a,1=BP=y",ad =P =1)

2 2 2
g32c, = ‘“1*“2»3‘[“1’“2]'3’[3’“2]r+1'3p(rt:)'f§ ,ig =8P =1) for r=0,1, ...,p-2
g(321e, = {a;,0,,8](a;,0,1-8,[B,0,1=6P=ab o =BP =1)

2 2 2
6(222) = $ay,0,,8((a,,0,1=8,[8,0,1=87,0f =aB =gP =1)

(9) 09(21“)a = 0y (2111)ax(1), og(zl“)bt = 4,211 x(1) for r+l=1,2, ...,(p-1,3),
6 5
8501%) = 0,13y x(1),
85(311Da = (a,a,, ...s0,|l0, ,alm,, 0P -au,afp)-u(p)-l (1=1,2,3))

%

GLDDb, = Caya,, ..o, |lag0dm,, a0 =0 aPaaPlal (11,23

where k = gr for r+l = 1,2, ...,(p-1,3)

%
%

1417070 ,0) 1 '°iii'l (1=1,2,3))

- ®_x p° Pl (i=
(2210b = (a0, ..oa0y |0y 0dma 0P ma,aP =a Plel (121,2,3))

(2211)a = (a,ai, ...,aul[ai,a]-a

where k = gt ‘for rHl = 1,2, ...,(p~1,3)

og(zl“n - (a,al, ...,a“,ﬂ[ai,a]-aiﬂ,yp-a aP-a(P)-a(p)-l (1=1,2,3))
by = (), ¢ )_ -
09(21 )d (a,ai, ...,au|[ai,aJ-o.1+1,a -u.l = i=l (1=1,2,3)}

%

2
2*e = (oya, S | NS C e g ("’-1 (1=1,2,3))



THE GROUPS OF ORDER p6 (p AN ODD PRIME) 625

y
(10) ¢, (21a = ¢ (2l11)a x(1) for r+l = 1,2, ...,(p-1,4),
y
¢10(21 )b = 010(2111)brx(l) for r+1 =1,2, ...,(p-1,3) and where p > 3,
6 5
®0(1) = ¢, ,A7)x(D),

. k_p2_k
¢, (11)a_ = <a,a1. u-,%|[°‘1:0]‘°‘1+1'[01'°‘2] =aP mu,aip)wis_;d (1=1,2,3)?

where k=g’ for r+l=1,2, ...,(p-1,4)

k_ p?_ k
0,31Db, = (a0, ...,q,la,ad=0, ,[0,,0,7%a] =af,2P=a{P)=1 (1-1,2,3))
where k=gr for r+1=1,2, ...,(p-1,3)

=< k_p_k P2 (P (4o
0, (2211)a aa,, ~~-'“q|[°‘1:°‘]‘“1+1'[°1'°2] =aP=q, a7 =a V=1 (1 1,2,3))

where k-gt for r+l1=1,2, ...(p-1,4)

2
8,221 = (a0, ...,au[[ai,a]-ai+1,[a1,a2]k=a(") k oP oy (P)

y =a,00 =a =] (1=1,2,3))

where k=g’ for r+l=1,2, ...,(p-1,3)

m
9,021 )e = (°’°1’ ...,a“,yl[ai,a]-aiﬂ,[a1,a2]=vp=au.apsaip)=aiﬁ-l (1=1,2,3))

(p)_
1

y 2
00210e = Coyar, ..uyay Tyl [0 0,00, 08 m’miﬁi-l (1=1,2,3))

n
$,,(210d = (a,al, ...,aql[ai,a]-a

2
1+1,[01,02]-qu.ap =q,

@y (4=
a1 (i=1,2,3))

= =oP= =oP= - P_gfg~1 gP_gP_gP.
(11) ¢, (222)a = (0‘1’81’ “"a3’33|[°‘1’°‘2] =B, [ay,a =0 =B, , (o, 0, 1=8,,0,=B, 8, ,B,=B,=8; 1
for r=1lor v
= =oP= = = P_grg~l 4P P_gP_gP_
0, (222)b = (ai,Bl, ...,a3,83|[a1,a2] a3—83,[a2,a3] B,»lag,0,1=8,,01=B,8,",0,=6,8,,8,=6, By D
for r=1,2, ...,p-2 , where at least two of -r, —-(r+l), —-(r+l)/r are quadratic residues (mod p)
= - =P =8, ,aP=B"18.,aP= P_gP_gP_
0, 222)c = Loy B, oooy00,8, Ty ,0)1=8,, [y, a ]=0l=6, , [ag,0, 1=B,,0 =B, B, ,0;=6, B, , 81 =B, =6,=1"
= =aP= =aP= =0 P= P_gP_gP_
9, (222)d Cay,8,, ...,a3,83|[a1,a2] ab=,,la,,a J=as=6, [0 ,a, J=a "=B,,B} =B, =B 1)

-1
2

for r=1,2, ...,p-2 , where at most one of -r, —-(r+l), —(r+l)/r is a quadratic residue (mod p)

- _P_ _ 2 oP_gl p_ P_aP_gP_
0, (222)d_=Ca B, ... 50,8, 000, ,0,1=08=8,, [a,,0,0=B, ,[ay, 0, 1=B,,a7=B B, ", =B, B, , B, =B,=B; 1)
- =P =~ P= =P= P_nP_oP_

¢11(222)dp_1- ( @aBys vees0y,By | [a1,a2]—a3—83,[a2,a3]—a1—81,[aa,all—a2—82,81—82-83-1)
- - —oP=oP= - P_g-1 P_gP_aP_
¢,,(2211)a = (al,Bl, ...,aa,Ba|[a1,a2]—83,[a2,a3] ap=ab=8, ,[ay,a, 1=B,,al=B,"B,,B;=B=B; 1)

= —qP=
¢ (2211)b = CogsBys ...,aa,le[al,%]-a B

- 2 o P_oP P_qP_gP_
P=8,.la,,0,1=8, ,[ay,a 1=8,,a; P=0 =8 8, ,8]=6) 8, 1)

- - =P o~ P= P_gP_pP_oP_
¢, (2211)c = (al,Bl, ...,a3,83|[al,a2]—83,[az,aal-a2—81,[a3,a1]—a1 =8,,0,=B,=B; =B, 1)
= - =oP= T_oP=gY | oP=pP=gP=gP=
0, (2210)d ={a;,B,, ... 0,8, 000,18, [0, ,0;,1=00=B, ,[a 0 T"=0D=6, ,ab=B =B =B =1
for r=0,1
2
_ - - - P_p-To-1 P_ P_gP_nP_gP_
<I>11(2211)dr-(0t1,81, ...,a3,83|[al,%]-ea,[az,u;—ﬁl,[a3,a1] Bys0i =By B, ,00=B B, 0 =B =E =B 1)
for r=2,3, ...,%(p-1)
= = =oP= = P_g g1 4P-gP_gP=gP=
¢,,(2210)e = o B, - os0g,8,]l0y 0,185, 0y, 1=ad=B, ,Lay,a, 1=B,,07=6, B, "0l =B =B7=B2=1)
- - - - p_gkp-1 P_ P_gP_gP_gP_
0, (2211)f = (al,Bl, ...,a383| [a0,1=B,,[0,,0,1=B, , [0, 1=B, 07,8, ,al=B, B,,a5 B1=B,=B 1)
where k=-vr? for r=1,2, ...,%(p-1)

n
¢11(21 da

= = —oP= P_yP_gP_gP_aP_
Ca .8, ...,ua,le[al,aQJ BysL0,,041=8, fag,a J=a) 82,012—013-31-82-83—1)
By o - =P - P_ P_gP_agP_oP_
0,210 = Coy B, oey00,8, | Tay 0,18, [ay,a ]=0)=B, ,[o,0, 1=B, ,a)=a7=B]=B)=B1=1)
6
)

o, (1

- _ _ _ P_nP_ i
1 (1) = Co,B o008, Tay 0, )=8,, [ay,a,0=B, , [ag 0, J=B),a0=B7=1 (i=1,2,3))

(12) 0, (2211)a = Cay,0,,8,,8,,7,,7, [0y, 8, 1=y, 0b=y, 8] =y, 00=80=y]=1 (i-1,2))
0,,(2211)b = 9,(21)x9,(21)
¢, ,(2211)c = (al,a2,81,82,y1,y2|[ai,Bi]=yi,a§=Y1Y2,ag=Y2,BE=YE=1 (i=1,2)?

- =y, ,aP=y, ,aP=y ,B8P=yP=1 (i=
,,(2211)d = €0 ,0,,8, 8,7, Y, [ Loy, B, 1=y, yaf=y, ,af=y, ,Bi=¥}=1 (i=1,2))
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9152210 = oy 0),81,8,,7,,, Loy, B, 0y ob=y, v, 08=y, ,B7==1 (1=1,2))
012 (2211)F = Coy,00,81,8 57, 57, Loy, 8, 1=y, P =ab=y, ,8P=y, BP=yP=1 (i=1,2))
81,2218 = (ay,0,,8,,8,,7,,7,|[a;,8, 1=y, aP=y, ,0B=BP=y,,gP=yP=1 (i-1,2))
9,,(221D)h = (o ,0,,8,,8,,7,,7, | (0;,8, 1=y, ,aP=B=y, ,ab=gP=y,,yP=1 (i=1,2))

©,,(2211)5 = Cay,0,,8,,8,,7,,7, (0,8, 1=y, ,ab=y, ,ab=y,v,,80=y,,80=y3=1 (i=1,2))

¢12(21“)a 0, (21)x0,(111)

¢12(z1“)b = <al,aQ,Bl,Bz,vl,yzl[a1,813=v1,a§=y1y2,ag=e§=y2-1 (i=1,2))
8, (21" = Copb0y,B.08,, 7, Y, Loy B J=y of=y, ,oP=gP=yPa1 (1-1,2))
012(21u)d = <a1,a2,81,62,Y1,721[ai,Bi]=yi,af=ag=Y1,B§=yz=l (i=1,2))
¢12(214)e = <a1,a2,Bl,BQ,Y1,Y2|[ai,Bi]-Yi,aI;-ag-YIY?,BE-Y%I (i=1,2))
0,0% = 0,(11)xe, (111)

= = =qP= P_ P_,P_gP_ =

13) ¢,,(221D)a (al, ""au’B1’BQI[a1’a1 41785 [oy,0, 1=ar=B o =B, ,on=a, =Bi=1 (1 1,2))
= = =qP= P_, P_P_pP- =

¢, ,(2211)b (al, ""au’61’82l[a1’ai 4 1=8, 00,0, 1=z =B, 00 =8, ,a0=0, =B =1 (1 1,2))

r

¢ ,(221)e, = (ay, coeey 8,8, | Cay 2

- T_P_al Pog oPeoPogPoi (i
]_Bi’[a2’au] =a,=B,,0,=B, ;07 =0, =B =1 (i 1,2))

%541 17% =Py

for r=1o0r v
- - =aP=g_,0P=p, ,aP=oP=pP=1 (i=
9,,(2211d = Cayy wonyey BB, |Toy 0y 128, [a 0, 1=0b=8, ,af=B, ,af=ap=Bi=1 (i=1,2))
- - TooP=pE aP=p. ,aP=0P=pP=1 (i=
0,221 = Cay, ...y0,,8,,8,|[a 0, 1=8,, (0,0, 1 =af=B) ,a)=B, ,af=a =B=1 (i=1,2))
for r=1,2, ...,p-1

- = =aP=g_,oP=p ,aP=aP=gP=1 (i=
0, (2211)F = o, ony0y,,B,,8, 0 T0y 0, 128, (0,0, 1=0P=B, ,af=8, ,o=07=B7=1 (i=1,2)’

Yy, = - - P_ P _P_aPoy (i=
0 (210a = Cay, oy0y,8,8, | lay 0, 1=6, (a0, 0=6,a) =B, ,of  =a;=B=1 (i=1,2))
")b = = =oP=8,,aP, =oP=gP=1 (i=
0,,210b = Capy oun,0,,8,,8, [ Taya 126, [0y, J=00=6, a0 =ap=pP=1 (i=1,2))

“e = - =aP=p, ,aP=aP=pP=1 (i=
¢, (21¢e = Cay, woney,B, 48, loy sy, 158, [a,,0) J=ag=6, ,aP=a;=B=1 (i=1,2))

*)a = - =8,,aP=g. ,aP=aP=pP=1 (i=
052104 = Cayy eny0,,8,,8, | Loy 0, 128, Lay,a, 3=B,),an=6, ;0 =0, =B;=1 (i=1,2))

6y . = = P_oP=oP=pP=1 (i=
0,17 = oy, ooa,0,,B,,8, 0,0, 1=B,,[a,,a, I=6, 0 =at=0,'=B7=1 (i=1,2))

p’_p PP P’
(14) ¢, (42) = <0l1,0l2,61[a1,a2]=8,a1 =B, =¥ =1)
- =5 aP =P oP =gP 1)
®,,(321) ={a,,0,,8|[a ,a,1=8,a] =B",a} =B" =

¢ P’ PP g’ ])
®,,(222) = 0‘1,0‘2»3|[0‘1»°¢2]=3»a1 =a, =" =1

(15) ¢, (221D)a = (o, ...,au,61,62|[al,ai+1]=Bi,[a3,aq]=a¥-81,[a2,a“]-a§p= ,a§=a3=s§-1 (i=1,2)?

- - k_ 8P_p8k P_g o P_ P_oP_
1=, Loy, 1=8, [0y, 0, 1P=a"=B.7, 0, =B, B, ,05=01, =B ;=1

0,5 (2210 =(a,, ...,aq,BI,BQIEal.ai+1

(i=1,2))

g[%n I+s

where k= and gn=g2(g—r2) for r=1,2, ...,%(p-1) and s=0,1, ...,m , with

m=1%(p-3) +n-2['m] and [}n] = integral part of %n ;

= = =oP= o P=g8 oP =pP=1 (i=
o (2211)c (al, ...,aq,61,62|[a1,ai+1] B> Loy, J=ar B»La,,a, J=a, "=B- 00  =B7=1 (i 1,2))

- = P =68,aP=g, 0P =gP=1 (i=
o 221)d = Cap, ooo,o,,B,8, oy, 1=B, Tog,0, 1=al=B, ,[a,),0, 1=B7,af=6),a;  =Bi=1 (i=1,2))

where k=gr for r=1,2, ...,%(p-1) ;
Hy = = =oP= g8 oP =qP=gP= -
®,.(217) = (al, ...,aq,Bl,B2|[a1,ai+1] By Lay,0, J=0=B, ,[ay,a 1=B7, 00, =0 =B7=1 (i=1,2))

6y _ - - 08 oPooPoyPpP=q (i=
0,,(17) = Cay, wnse,B,,8,|la =B 00,0, =8, [0,,0, =6, af=ai=0, =B =1 (i=1,2))

1°%447 3"
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= =8P =y P (PP Py (i=
(16) 0, (2211)a = (a,a,,,,05,8,¥|[o; 0=y, [B,a)=67 =f,07ma5,0, 7m0y =Y 7=l (1=1,2)?

3'
016(2211)‘0 = (a,ai,aQ,aa,B,yl[ai,a]-ai+1.[6,a]-ap=y,6p=a ,aip)wp =P=1 (i=1,2))
@16(2211)cr = (a,al,a2,a3,6.y|[ai.a]=ai+1.[B,a]-Bp-Y,ai )—a3 ap-ap -Yp 1 (i=1,2))

for r=1,2, ...,p-1

k
(2211)d =(a ai,aQ,aa,B,yl[ai,a]-aiﬂ.[B ,al'= (p)_Y Bp—a ap_ap 1-Yp'l (i=1,2))
where k=g for r+l=1,2, ...,(p-1,3)
¢, 5(2211)e = (a,ai.a2,a3,8,yl[ai,a]=a1+1,[B,a]-aip)-Y,ap=a3,6p=a5+ =P=1 (i=1,2))

o, (221DF = (a,al,aQ,aa,B,Yl[ai.a]=ai+1,[B,a]-ap=y,a§ P)

=ay ,8P=af = Po) (1=1,2))
for r=1or v
o, (21 )a- (a al,aQ,aa.B,Yl[a .a]=ai+1,[8.a]=Y. p=a3 a(p)—Bp p =Y Po1 (4=1,2))
(21 b= (a ai,az,as,e,yl[a sal=a, .08, al=aP=y, a(p)-Bp—ap Y Po1 (i=1,2))
¢16(21 Yo ={a ai,aQ,aa,B.Yl[a..a]=ai+1,[B.a]—Bp=Y,ap-a(p) 1Y Po1 (1=1,2))
0, (21 Hyd = (a “1'“2’“3'B’Yl[“ saleay ,(8,ad=y, Bp-a ,a =a(p) =Y Po1 (i=1,2))
8, (21"e, = €0,0,0,,05,8,7] [0y 0dma, L [B,00Y0 ofP )=a3,a =BP=a§+1=y -1 (1-1,2))
for r=1orv
) 6(ZlL‘)f. = (a.al,aQ,as,B,Yl[ai,a]-ai+1.[8.a]-a(p)=Y ap=3p=ap 'Yp=1 (i=1,2))

v P (P) _gP_ P -
(1 )y = (a al,aQ,as,B.Yl[ai,a] o 4q 08,01 v, aP =a,P’=BP=a, = Po1 (i=1,2))

an e ,2211)a = Coya,0,,05,8,v|log0l=a,,,[8,0,1= =BP=y,oP=ay b=} =vP=1 (i=1,2))
(2211)b =(a ai,az,aa,s Yl[ai,a]-aiﬂ,[ﬁ a, J= BP-Y. 3.01p-<!p =P=1 (i=1,2))
for r=1or v
=P= =
,,(2210)e = (a 10 50,,0,,8, 7| (o 0d=a, ), (8,0, I=v,aP=a,B -asy,a‘;-azﬂ— =1 (i=1,2)?

= = - P_ P_P _. P =
@17(2211)d = (a,ai,aQ,aa,B,Yl[ai,a]—aiﬂ,[B,all-al-y,B =ag,0 =0y =Y =1 (i 1,2)?

P

= = —v,aP=ar, BP= P =yP=1 (i=
0, (22100 e = Cayory 50,008, Y Loy admay o 1By J=Y, 00 =0y, BRm0gY, 0020y =Y 1 (1=1,2))

for r=1or v
- = = P_oP  =yP= -
¢, ,(2211)f = (a,al,aQ,aa,B,yl[ai,a]—a 2By 1=aP=y, 8P 0,0 =0y vP=1 (1=1,2))

017(2211)gr = (a,ai,aQ,aa,B,Y|[ai,a]=a1+1,EB,a1]=B =y,a =a3,ap-a of  =yP=1 (i=1,2))

1 732 7i+
for r=1,2, ...,p-1

- - - =P= -
,7(221Dh = (o0 ,0,,04,8, v|lay,al=a,,, 08,0 ]-a =y, aP=y, 8P =, °‘1+1 vP=1 (i=1,2))
where k=g for r+l=1,2, ...,(p-1,3)

: P_ -
¢, (221D)i = (a,al,az,%,e,yl[ai,a]-aiﬂ,[B,allw,apma,ap—a gP =04 =yP=1 (i=1,2))

of
173 1+1
for r=1,2, ...,p-1

@17(2211)3 (a 20y 50,0458, Yl[ai,a]—aiﬂ,[B a, J=a ‘Y a ‘“3»3 =<! +1Y Po1 (1-1,2))

oP= 1 -s+rs_s p- r(1-s),, oP_,P
%17% .87 oy,

- = = =P=
0,221k, (a,a1,az,as,B,Yl[ai,a]—aiﬂ,[B,all Yo v® Pl

(1=1,2))
for r=lor v and s=0or 1

+8
017(2211)!@]:'5-<a.a1,a2.a3,6.vlEai,al=a1+1,[6,all=v,ap-a§ v,0P=aly,8P=af  =vP=1 (1=1,2))

1 73
for r=1orv and s=1,2, ...,p-1

=P= =
Y01 3,B=a =yP=1 (i=1,2))

T,s

¢,,(221)m -(a,al.az,aa,B.Yl[ai.a]-ai+1,[6,a1]=Y.a 3

for r=lor v and s=0or 1

(21 )a = {a “1’“2'“3’B’Yl[ai’“]“"‘iﬂ'[e ,a, J=y,a ms,B -al=a‘;+1=yp=1 (i=1,2))
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Yy = - v oPoot oPogPoP P (4o
¢,,(219)b (a,al,az,as,ﬁ,yl[ai,a] 04100850 1=y, 000 ,aP=pP=a® | =yPu1 (1=1,2))
for r=1o0r v
y
1710 e = (o0 ,0),05,8,v|lay 0l o (8,0, J=oP=y,8P=aP=aP =yP=1 (1-1,2))

”le—(a%&y%ﬁyﬂ%mka [8,a,1=y,0P=0,y,8P=aP=oP =yP=1 (i=1,2))

i+1°

17(21 e = (o,a ,a2,a3,B,Y|[ai,a]=a [B, o 1=aP 15750 -Bp Wit Py (i=1,2))

i+1’

4 = = p P =P=1 (i=
0, (21)f = (a,a 12050558, Y][ai,a] a [8,a, I=v,a SY aP=pP=q “ =P=1 (i=1,2))

i+1°

for r=1or v

n
0,210 = Cay0y,0),0,,8,v|loy,ad=ay, (8,0, 1=8P=y,aP=aP=aP =yP=1 (i=1,2))
y
® 7(21 h o= Ca,0,0,,0,,8,7]l0y,al=a, (8,0, 1=Y,8 -as,ap ag-a?+1=yp=l (i=1,2))

(21 )1 =(a al,aQ,as,B,Y|[a sol=o, [B,allsy,8p=aay aP=aP=aP -Yp=1 (i=1,2))

17% 41

,rPPrPP
[B,a, I=y,a 38 =041

i+1?

j = | =( _P= =
17(21 )i, = Cesa,a,00,8, 7] [og 0= =yP=1 (i=1,2))

i+1’

for r=1or v

¢17(21“)k = (a,al,aQ,aa,B,yI[a.,a]=a [B,all-ap=ap=y,8p=a? =yp=1 (i=1,2))

i+1’

4 - - —v oP= p_ P_ ==
9,218, (a al,aQ,aa,B,Yl[ai,a] Q [8,0, J=y,0 =5y, 8P=0 vP=1 (i=1,2}1—

i+1’

for r=1or v

6
¢17(1 ) = (a,al,az,aa,B,Y|[ai,a]=ai+1,[B,al]=y,ap=Bp=a¥=ai+1=yp-1 (i=1,2))

(18) ¢18(2211)a ={a al,az,aa,B,Y|[a sol=a, [a1,B]=ap=a3,[a,B]=BP=Y,a;p)=az*1=Yp=l (i=1,2))

i+1?
= = Y SN r_P_t (P)_P _P_qy (io
0922100, = {000,048, Y| [0y ,ad=a, ooy ,B]=BP=ay, [0, 8] =0P=y" 0 P =P =yP=1 (i=1,2))

for =lor v

s L0187 =0 P =0 [0,81-BP=y ,aP=al, =yP=l (i=1,2))

0 g (2211)c = (a,al,az,aa,s,y|[ai,a]-a

for r=1,2, ...,p-1

- - k_op_ Kk _.® - _
d>18(2211)dr = (a,al,az,as,ﬁ,yl[ai,a]—ai+1,[a1,B] B —as,[a,B]—a =Y, oP a Y LS| (i=1,2))

where k=gr for r+l=1,2, ...,(p-1,3)
- - k_P_k —P)y gP_ P _P_y (i
01g(2210)e = Ca,0,0,,0,,8,Y|l0 al=a, [0, ,8] < =05, la,B1=a P =y, 8P=al  =yP=1 (i=1,2))

where k=gr for r+l=1,2, ...,(p-1,4)

(€]

= = oalP) ot S=aP=y3 gP=oP =¢P=1 (i=
02210 E,  =Ca,0,,0),05,8,v |0y ,ad=a, s la,B8] =a, ™ =ay, (e, 81%=0P=y® BP=ad  =yP=1 (i=1,2))

for r=1or v and s=1,2, ...,p-1

(21 )a =(a al,az,as,B Yl[a ,a]-a 1,[a1,B]-a =0y [a,B]=Y,Bp-aip)=ag+1=yp=l (i=1,2))

()

r r s
¢18<21 b, = oy ay,0,8,v ] oy 0d=ay oy ,B1=ay (0,81 ==y ", BP=a (P aoP | ayPu1 (1-1,2))

for r=1or v

¢18(21u)c = (a,al,a2,a3,8,yl[ai,a]=a [a,,Bl=04,[a,B]= 8P=y,aP=a (p) 1-Yp=1 (i=1,2))

i+1°
%yd = = =gP= =v.aP= (p)_ P is
2, (21 )d (a,al,aQ,aa,B,yl[ai,a] o 4q0La,,B1=8"=a,,[0,B] v, oP o, -ai+1—y =1 (i=1,2))

(»)

YYe = - Ty (P F =y,aP=gP=0P =yP=) (i=
2 (21 e = (a,al,aQ,aa,B,y][ai,a] 0 000,81 =0 " =a, [0, B]=y,a"=pP=a]  =y"=1 (i=1,2))

for r=1or v

(»)

(21 )E =(a al,a2,a3,6 YI[a sal=a, 1,B]=a3,[a,6]-a =y,a —Bp-ap 4=Y Po) (i=1,2))

+1)[0.
= - - =y, 0P=P=0P)ogP  vPoy (4=
°1a(1 ) = Laya,0,,04,8, Y[ Loy ,ad=a, o [0y ,B]=0,, [0, 8]=Y,0 P-g —al —ai+1 vP=1 (i=1,2))

19) @,4(221D)a = {a,a,0,,8,8,,8, |[a,,0,1=8, (8,0, J=a}=8, ,[a,a, 1=B, ,aP=EP=EP=1 (i=1,2))
- - - —oP= P_gk P_aP_qP_; (io
@19(2211)br = (a,al,a2,8,61,82|[al,aQJ—B,[B,ai]-Bi,[a,all-al—Bl,az-BQ,a =B Bi 1 (i=1,2))
where k=gr for r=1,2, ...,%(p-1)

= - = = -gP-gP= =
¢19(2211)cr’s-(a,al,a2,8,81,82|[a1,aQJ—B,EB,ai]-Bi,[a,all—B ,a =8 82,a —Bz,a =8"=B,=1 (i=1,2))
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for r=1or v and s=2,3, ...,p-1

- - - “VogPag Y oP=p,aP=pP=gP=
09221104, o = Ca00,0,,8,8,,8, [0, ,a,1=8,[8,a, 1=, , [a,0, 1 "=al=6]",aP =g}, aP=pP=aP=1

(i=1,2)
) = = = toaP=pt aP=p, BT ,aP=gP=pP=
0422104, o\ = Co,0,,0,,8,8,,8,[ (o, ,0,1=8,[8,a,1=B,, [a,0, 1 7=a)=B; ,a =B B, ,a"=p"=B;=1
(i=1,2))

for r=lor v, t=1,2, ...,p-1 , and 1+4rt is a quadratic residue (mod p)

= = = = P_g of
092210, = Coyay,0,,8,8,,8, [0, 0,18, (8,0, 126, [o,a, =B, ,aP=6 8,

P_gSgk P_oP_oP_
p=B18y,0 =BT=B =1
(i=1,2))
for r=1,v and s=1,2, ...,p-1 , where k=gt (t=0,1, ...,%(p-1)) , k#rs and (l-k)2 + 4rs
is a quadratic residue (mod p), and where -s is a non-quadratic residue (mod p) whenever r=Vv

and k=tl

= - = - P_ r P_ P_gP_gP_ i=
0, g(2210)e = (a,0,,0,,8,8,,8,| [0, ,0,1=8,08,a,1-8,,[a,a, 16, ,aP=B 87 aP=p  ,aP=gP=gP=1 (i=1,2))

for r=1or v
= = = b oP=gt oP-g gL aP=aP=pP=1 (i=
4210, = (a0, ,0,,8,8,,8, | [0 ,0,1=6,08,0,1=8,,[0,0, 1" = aj=B, ,al=B,B,,0P=BP=B0=1 (i-1,2))
where rt=-% for r=1or v

= = = =8, ,0P=
02210 E = (o,0,,0,,8,8,,8,[la,,0,1=8,08,0, 1=6,, (0,0, 1=8, ,al=6, B;,

S5 BBt PPl
(i=1,2))
for r=1,v where ':1:=—‘rg(1-k)2 and k=gs (s = 1,2, ...,%(p-3))
= = = T_oP=gt oP= P_gP_gP= =
942218, Casa0,0,,8,8,,8, ][0, ,0,]=8,08,0,3=B, (0,0 1" =a7=p] ,al=B, ,a"=aP=p=1 (i=1,2))
for r=1or v

= = = t_oP=gt oPog pF. oP=gP=gP=
¢19(2211)gr,0,t <0t,u1,u2,8,81,62|[u1,u2] B,[B,ui] Bi’[u’ulj o, Bl’ul 6162,01 8 Bi 1
(i=1,2))
for r=1or v, t=1,2, ...,p-1 , and 1+4rt is a non-quadratic residue (mod p)
- - - =8, ,aP=g_BL,aP=g5gK oP=gP=gP=
0g(2210e, ¢ = {0n01,0,,8,81,8, |[oy,0)1=8, (8,0, 1=B, ,[o,0, 1=B ol =6, B, ,00=6 B, 0" =BP=BY=1
(i=1,2))
for r=1,v and s=1,2, ...,p-1 , where k, r and s satisfy the same conditions as for
r,s,t

except that (1 —k)2+4rs is a non-quadratic residue (mod p)

= - = =oP= P_gl P_ P_gP_ i=
019(2211)h, = Ca,0,,0,,8,8,,8,[la,,0,1=8,06,0, 18, ,[a,0, J=aP=B, ,o=B,,a7=8,,8"=B7=1 (i=1,2))
for r=1,2, ...,p-1
- - =aP=g ,oP=8_,aP=gP=gP=1 (i=
9,9(2211)1 = {a,0,,0,,8,8,,8,[(a,,0,1=8,08,0,1=8, ,[a,a, I=aP=p, ,al=B,,af="=B =1 (i=1,2))

- - E_P_gT 6. oP= P_gPo) (i=
¢19(2211)jr = (Ot,otl,a2,8,61,82|[al,a2]—8,[8,ai] —ai—Bi,[a,all Bl,a 8182,8 Bi 1 (i=1,2)?
for r=1,2, ...,%(p-1)

= = = T_oaP=p¥ oP= P_gS~T gP_gP-
042210k = Caya,,0,,8,8,,8,|[a,,0,1=8,08,0,1=6,, [a,0, 1" =0 =B, ,a"=B, B,,0,=B,"",B°=B =1
(i=1,2))
for r=1,2, ..., p-1 and s = 0,1, ...,%5(p-1) where s-r and 2r-s are not divisible by p
= = = TooP=gF,aP= P_gP_gP_] (i=
0 4(2211)8 = Ca,0,0,,8,8,,8, (o, ,0,1=6,08,a,1=8;,[a,0, 1"=al=6, ,aP=B, B, ,0)=6"=BL=1 (i=1,2))
for r=1,2, ...,p-1
= = = =aP= P_gr oP=gP=gP=1 (i=
¢, 4(221)m = (a,al,aQ,B,Bl,BQI[onl,aZJ—B,EB,ai]—Bi,[a,alj aP=g, 0} =8, ,0)=6"=67=1 (i 1,2))

for r=1or v

Yya = 1= = =aP=p. aP=oP=pP=pP=1 (i=
0,421 a = (o0, ,0,,8,8,,8, [0, ,a0,1=8,[8,a,1=8,, [a,a, J=0]=B, ,aP=al=BP=0=1 (i=1,2))
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4 = = = = P_g 8T oP=oP=gP=pP= =
fblg(Zl )b (u,ul,a2,B,Bi,B2|[a1,a2]—§,[8,ai] Bi,[a,ull 81,u1 8182,a =B Bi 1 (i=1,2)?

for r=1or v

In
0,421 = Co,0,,0,,8,8,,8,[(a,,a,1=8,[8,a,1=8,,[a,a, 1=ab=B, ,aD=B] ,aP=BP=BP=1 (i=1,2))

for r=1or v
n
¢19(21 )dr

= = = = P_g gT oPgk/Tgk P_gP_oP_
Ca,0,,0,,8,8,,8, |l ,a,1=6,(8,a,1=8,,[a,a 1=B, ,a/=B, B, ,a =B, 62{a gP=pi=1

,8
(i=1,2))
for r=1 or v , where k-gs (s=0,1, ...,%(p-3)) and d\) o only exists for p = 1 (mod 4)
s
4 - = = = P_gl P=oP=gP=gP=] (i=
@19(21 )er (a,ui,a2,8,61,82|[a1,a2] B,[B,ai] Bi,[a,all Bl’al 82,01 o, g Bi 1 (i=1,2))
for r=1or v
-1/r

Y - = 8 oP=g AT 4P
¢,(210E = Ca,0,,0,,8,8,,8,| [0, ,0,1=8,[8,a,1=8,,[a,a,] 81509 =B1Bp,0,=8)

8;",aP=BP=pP=1
(i=1,2))
for r=1or v
.019(21“)3 = (u,al,u2,8,61,82|[al,az]zs,[B,ai]=Bi,[u,uil-ap=61,ag=8p=sg=l (i=1,2))
0,4(21%h = (@,01,0,,8,8, .8, | [o, ,0,1=8, (8,0, 1=, ,[a,0, 1B, ,aP=B, 8, ,aP=pP=gP=1 (1=1,2))

6
¢4 = (01,0!1,0!2,3,31,82|[a1,a2]=B,[B,ai]-Bi,[a,a1]=Bl,ap-ag-ep=si=1 (i=1,2))

d
(20) Note: In this family, uép)=u331[3 .
¢, (221)a = (u,al,u2,6,61,62|[0:1,a2]=B,[B,ai]'Bi,[a,a1]=a§p)=62,a[1)=61,<1p-6p=81;-1 (i=1,2))

_ - - r_ (P)_or P_p P_gPgPoi (4=
0,0(2211)b _, ={a,0,,0,,8,8,,8, ][0, ,a,1=8,[8,a,1=B, ,[a,a, T=a,P’=p7 ,aP=8, ,aP=gP=pl=1 (1=1,2))

for r=2,3, ...,p-1 , and p >3

_ - - r_P_aT (P)_oT P_aP_oPy (i=
¢20(22u)°r,0 = (u,al,a2,6,81,62|[a1,a2] 8,[B,0,1=B,, 0,0, 1 =a7=B,,a,"'=B, ,a"=p"=pI=1 (1 1,2))

for r=1or v
- - - S_oP_gS o(P)_gTp P_gP_gP.
0,0(221e, Ca,0,,0,,8,8,,8,|(a,,0,1=8,08,a, 1=8, ,[a,a 1 =0 =8, 0,7 =B, B,,0"=B"=B =1
(1=1,2))

for r=1or Vv and s=1,2, ...,p-1 , where L1l+4rs 1is a quadratic residue (mod p)

r

- = - =P g oP=
0,,(2211)d_ = {a,a,,0,,8,8,,8,] (0, ,a,1=8,[8,a,1=6,, [a,0, J=a "=, ,a7=B B,

,oP=gP=gP=1 (1=1,2))
for r=1o0r v
_ - - s_,P_gs (P)_or P oP_oP_1 (4=
0,,(2211)e_ = {a,0,,0,,8,8,,8,|[a,,a,1=8,[8,a,1=6, , [a,a, 1"=af=B7 0,7’ =8B, ,aP=8P=p7=1 (1=1,2))
for r=1or v , where 1+4rs =0
- - - T o Pagl oP)_gV/T P_gP_gP.
0, (2211)E, Ca,0,,0,,8,8,,8,|(a,,0,1=8,[8,a,1=8,,[0,a 1" 0f=8;,0, P’ =6, " ,a"=B"=p]=1
(i=1,2))
for r=1orv
- - - S-oP=g% o P)=gfB  oP=gPapP=1 (i=
<1>20(2211)fl_,s = (a,al,a2,8,61,82|[a1,a2] B,[B,ai] Bi,[a,a1] a;=B,,0," =B, B,,aP=8 By=1 (i=1,2)

for r=1orVv and s =1,2, ...,p-1 , where 1 + 4rs 1is a non-quadratic residue (mod p)

®)_

- - - —oPog  oPo
0, (2211)g = Co,a,,0,,8,8,,8, |[a, ,a,1=8,(8,a, 18, ,[a,a, J=aP=B, ,aP=8, ,a,

1710

P_gP_ =
1 B -Bi 1 (i=1,2))

- _ _ k_ (P)_gk p_ P_gP_oP_ -
0,,(221Dh = Ca,ap,0,,8,8,,8,[ [0 ,a,] 8,08,0,1=8,,Ea,a 1 =0, =B, ,a"=B, ,0. =B =B =1 (1=1,2))
where k=g° for r+l1=1,2, ...,(p-1,3)
- - - FooP=0 (P =gT oP=p  gP=gP=1 (i=
9,,(2211)1 = {a,0,,0,,8,8,,8,|(a,,a,1=8,08,0, =B, ,[a,a, I =0l=a," =6, ,aP=p, ,8P=p7=1 (1=1,2))
for r=1,2, ...,p~1

i o= = = —oP= (P) oT P_gP_oP_ -
0,0(221D) 5, = Ca,0,,0,,8,8,,8,|[a,,a,1=8,(8,0, I=B, ,[a,a, J=aP=B,,a, P’ -B7,00=8P=0=1 (i=1,2))
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for r=1,2, ...,p-1
- _ N L_P_ot P_ (P)_gP_aPay (4=
©,0(221)k = <a,u1,a2,6,81,62l[a1,a2] B,[B,ai]—Bi,[a,all =a;=B,,a" =B ,0," =B =B =1 (1=1,2))
where 2 =g¥ for r+1=1,2, ...,(p-1,4)
By, = - - 8 oP=B oP=aP) aP_gPoy (4=
?,0(21)a = {a,0,,0,,8,8,,8,[[a,,a,1=8,(8,a,1=8, , [a,a, 1=8,,a7=8, ,aP=a, P’ BP=pY=1 (1=1,2))
for p >3
LI - - (P)_g  oPooPgP=gP=] (i=
2,,(21)b = {a,a,,a,,8,8,,8,|[a,,a,1=8,08,0, 18, , [a,a, I=a,’ =B, ,aP=a =B =B =1 (i=1,2))

for p >3

4 - - - - (p) _gr P_ P_ogP_agP=1 (i=
0,,(21 )¢ = (a,al,a2,8,81,82|[ai,u2]-8,[8,ai] By»L0,0 1=8,,0,7 =8 8, ,a =0y =B =B =1 (1 1,2))

for r=1or v

%ya_ = - - T_P_oT P (P)_gP_oP_| (1o
0,021 d, = {0,0,,0,,8,8,,8,[[a,,a,1=B,[8,a, 1=B, ,[a,a, 1 =0P=p} ,aP=a,P’=gP=pl-1 (1=1,2))

for r=1or v

(
2

r

4 - - - _ P)_ P_,P_aP_gP_ -
2, (21 e = (a,0,,0,,8,8,,8,[Ca, ,a,1=8,08,a,1=8, ,[a,a 1=B,,a,P =B, ,a"=al =8 8;=1 (i=1,2))

for r=1o0r v

"y = - - oaPog  oPeqP)_gPgPo1 (4=
0,021 = {a,a,,0,,8,8, .8, |(a, .a,1=8,18,0, 1=B, ,[a,a, J=0P=8,,ab=a P’ =8P=gP=1 (1-1,2))

%o = - - 22 oPog  oPy(P)_aP_aP_i (i
2,021 g = (o0 ,a,,8,8,,8, [0, ,0,1=8,[8,0,1=8  ,[0,a, 1=8,,aP=B, ,ab=a P’ =gP=P=1 (i-1,2))

6y _ - - - P_ P, (P)_gP_oP_ -
0,017 = La,a ,0,,8,8,,8,[l0,,0,1=8,[8,a,1=B, , [a,a, 1=B, ,aP=af=a, P’ =gP=pl=1 (i=1,2))

(3 4
(21) Note: 1In this family, aip) =0111)B2[3 s agp) = 0112)813 and t = 1 - %(p-1,4).

Y

(P)_g  P_gP_gP_
1,(!1 Bl’a B _Bi 1

= - - = (P2 -
¢,,(2211)a = (0,0, ,a,,8,8,,8, [(a, ,a,]=8,(8,a,1=B, ,[a,a, J=a,P’=B,, [a,a,]1=B
(i=1,2))
_ _ _ _ gV o(P)_gral(s-1) /v,
0, (2210, Ca,a,,0,,8,8,,8,] [0 ,a,1=6,08,0, =8, ,[a,0, =8 ,[a,0,1=B, ,a "' =B 8, s
(p) _ostlor p_oP_oP_ -
a,P'=p]" "B, ,0P=BP=67=1 (i=1,2))
for r=0,1, ...,%(p-1) and s=2,3, ...,p-2 or O , where vr2 # s2 - 1 (mod p) and s2 - 1
is a non-quadratic residue (mod p)
_ _ _ - oV (p)_pr+l (s-t)/v
0,0 22100k, =C0,0,,0,,8,8,,8,[la,0,1=8,[8,a,1=B,, [a,0, J=Byla,a,1=B 0,7 =8, 76, ,
(p)gsttor-1 P_oP_gP_ -
P88, aP=gPgR1 (1=1,2))
for r=0,1, ...,p-1 and s=0,1, ...,%(p-1) , where vrzi 52-t2 + v(mod p) and 52-t2+v is a
non-quadratic residue (mod p)
. . - =600 (P)ogT o (P _g2gT
0y, (2210)e, 4 = (a,a1,0,,8,8,,8,|(0;,0,1=B, (8,0, 1=8, ,[a,a, 1=B,, [a,a, 1=B, o, =B, 0, =6 B,
up-el’-ag-l (1=1,2))
for r=1,2, ...,%(p-1) ‘

- = = = r_ (p)_pr . gV o (P)_gra-2/v
0y, (221)c Casa ,a,,8,8,,8,|l0, ,a,1=8,(8,a,1=B,,[a,a, 1" =a," =8, ,[a,0,]=B 0.~ =B, 8,"" ",

oP=gP=gP=l (1=1,2))

for r=1,2, ...,%(p-1) '
8, 221)e_ 4 = (a,ui,az,ﬁ,ﬁi,BQI[ul,a2]-8,[B,ui]-Bi,[u,u1]=Bz,[a,azl-B:,aip)=ﬁ;+1B;1/(s+°),
&ép)-e‘;"tﬁg’i,a"-ﬁ"-s}l (i=1,2))
2 _ .2

for r=1,2, ...,p-1 , where s is the smallest positive solution to s“ = t° - v (mod p)

_ - _ - oV o (P)_grol/v
0y, (22110d, = a,a0,0,,8,8,,8,|l0,,0,1=B,[B,a,1=B, ,[a,a =B ,[a,a,]=B ,a " '=B B, ",

(P) g oT P_aP_oP_y (4o
a,? =867 ,aP=gP=gP=1 (1=1,2))
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for r=0,1, ...,%(p-1)
_ —a _ gV (P)_Tp(s-1)/v
¢21(22“)dr,s,1 = (a,al,a2,8,81,82|[al,uzl—e,[B,ai]—Bi,[u,ail—Bz,[ot,%] 81,a1 8,8, ,
(p)_gs+l,r p_oP_oP_ -
oy =B TBy,a =B"=B =1 (1 1,2))

for r=0,1, ...,%(p-1) and s=2,3, ...,p-2 or O , where s2-1 is a quadratic residue

(mod p)
_ _ oV (p) _prHl,(s-t) /v
<1’21(2211)¢:ll_’s’2 = (u,al,a2,8,61,82|[a1,azl-B,[B,ai]-Bi,[a,uil B,s[a,0,3=B 0y =8, "8, s
(p)_ps+lor-1 p_.p_p_ -
0y =By 7By T,aT=BY=Bi=1 (4 1,2))

for r=0,1, ...,p-1 and s=0,1, ...,%(p-1) , where s2—t2+v is a quadratic residue (mod p)

- - - r_ (p)_gr _oVP_aV (P) _P_oP_
$,, (221D)e = Ca,0a,,0,,8,8,,8,|(0,,0,1=B,(8,0 1=8, ,[a,a 1" =0,P' =87 ,[a,a,1=a""=p ', a P’ =gP=p]=1
(1=1,2))
for r=1,2, ...,%(p-1)
_ _ _ r_ (p)_pr _oVP_gV
0y @21E, = Ca,0a,,0,,8,8,,8,[la),0,1=8,[8,0, 16, ,[a,a, 1 =0, =B, ,[a,a,J=a =B,
(P)_pS gP_gP. =
a,P’=87,8P=p{=1 (1=1,2))
for r=1,2, ...,%(p-1) and s=1,2, ...,p-1
_ _ - r_ (p)_gr —oVP=gY o (P)_gP_gP_
¢, (221)g (u,al,a2,B,Bl,B2|[al,azl—B,[B,ui] 8y>la,0 1 =0y 82,[§,u2]—a Byra 5 =B =Bi=1
(i=1,2))
for r=1,2, ...,p-1
4 _ _ - - gV (P) _gSg(r-1)/v
®,, (21 )ar’1 = (a,ui,az,B,Bi,BQ|[a1,a2]—8,[8,ai] B,,Ca,a,1=8,,0,a,1=B, 0,7 =B.B, ,
(P)_or+l,8 P_oP_oP_ -

a, =B, B,,a =B"=B =1 (i=1,2))
for r=2,3, ...,p2 or 0 , where r2-1 is a non-quadratic residue (mod p) and s 1is the
smallest positive solution to \)s2 Er2 -1 (mod p)

u B _ gV o (P) _grtlo(s=t) /v
¢, (21 )ar’2 = (a,al,a2,B,Bl,B2|[a1,012]-8,[8,011]—81,[01,011]—82,[(!,012] Bl’ o =B, "By .
(p)_gst+t r-1 ' P_oP_oP_;1 (4=
o, =B, By "0 =B=B{=1 (i=1,2))
for r=0,1, ...,p-1 , where \)(r2—1) +t2 is a quadratic residue (mod p), and s 1is the smallest
positive solution to s2 - t2 = v(rz-l) (mod p)
N _ _ - _ 2V (P)_g-2th
®,, (216 = <a,u1,a2,8,61,62I[ul,aQJ—B,[B,ai] By»Lasay 3=B,, 0,0, 1=B 0,7 =B, 7",

(p) _q2(1-1) P_oP_oP_ -

o, _Bi ;0 =R —Bi 1 (1=1,2))
for r=0or 1

o, (21 ={0,0,,0,,8,8, .8, |(a,,a,1=8, (8,0, =8, ,(a,a, 1=8,, (a0, 1=8Y,a (P) =g g (8- /V

21 r [ SV A Ra] 1’72 s § b Rt | 227772 1’71 172 4
P =657 65" P BPpB=1 (1=1,2
2 2 -

for r=2 or 3, corresponding respectively to the two smallest positive solutions to s° - t* =

-V (mod p)
“e = - - - VPV o (P)_gP_gPy (ie
¢, (21 )c = (a,ai,a2,B,Bl,B2|[ai,a2]—8,[6,ai] B;»Lasa,] B,,[0,0,1=a =B ,a;" =B =y=1 (i=1,2))
6y = - = - =8V P (P)gP_gPoy (1=
), (1) (a,al,a2,8,81,82|[a1,a2] 8,08,a,1=8,,La,a 1=8,,[a,0,1=B 0 =a " =B =Bl=1 (i 1,2))
a{P)gPgP =1 (1=1,2))
3°M TR >
T (P) T PogPooP =1 (4=
,[31,62] =a, " =ag o Bi'°‘1+1 1 (i=1,2))

4 - P
(22)  ¢,,(21)a = {a,0,,0,,0,,8,,8,|[a ,al=a  ,[8,,B,]=a"=a

2
y
0,,(21)b_ = (a,u1,u2,a3,81,82|[u1,a]-ai+1

for r=1orv

uooo _aPe P_o(P)_gP P - -
0,,(21)e (a,al,a2,a3,81,82|[ai,a]-ai+1,[31,82] Bi=ay,af=a, P =B =0l =1 (1 1,2))

LN ~gP (P g™ P_gPoP o1 (i<
9pp 2, = {0y ,0),04,8,,8) [ Lag,al=a, ), (8,8, 1B =0y, 0,7 =0 a”=g7=a, =1 (1=1,2))
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for r=1o0r v

6y - - o ,aP=aP=gP=oP =1 (i=
o (1) = (a,al,aQ,ota,Bi,B2|[ai,ot]-ot [8,,8,]=0,,07=0 P'=B=ol =1 (1 1,2)

22 i+1’

(23)  9,,(2211)a = (a,al,az,aa,aq,yl[ai,a]=a [otl,a2]=ot1;=y,a =, of L =yP=1 (i=1,2,3))

i+1° i+l

for p >3

- - - P_,T P_ iz
<1523(2211)br = (a,al,a2,a3,aq,y|[ai,a]-aiﬂ,[al,a2]—y,ap-al+,al—aqy,a1;+1=y =1 (i=1,2,3))

for r=1,2, ...,p-1 and p >3

[al,a2]=y,a3=aqyr,a3a3 =q 01(3) =1 (i=1,2,3))

8,,(2211)b = (a,0 ,az,as,aq,y|[ai,a]=a 10070, 0

1 i+’

for r=1 or 2

_ _ v oP T o (P)_ K (P)_
<1523(2211)cr’S = (a,al,az,aa,aq,Yl[ai,a] o, 012] Y,07=Y 0T ey Lo Y =1 (i=1,2,3))

141°0%
for r =1 or v, where k = gs for s+ 1=1,2, ...,(p-1,3)

By oo _ _ (p) (p)_ Poq (ic
¢,,(217)a (a,al,a2,a3,a,+,y|[a,,a]—a o, J=y,oP =00, P =0 Bl =yP=1 (i=1,2, 3))

141°0015%

4 _ (p)_ (p)_ .
,,(21 )br’ ={a Gl,dz,%,dq,ﬂ[d al=a, Lo 0,3y, oP=yT sa,P =0y Y =1 (i=1,2,3))

i1’
for r=1lor v

k (p)_ (p)

" _ - P_y (i=
0,,(21 )br,1 = (a,al,az,aa,aq,ﬂ[ai,a]—a ,[otl,ot2] v,oP=a AECH =1 (i=1,2,3))

i+l

where k =g for r + 1= 1,2, ...,(p-1,4)
y (p)_.k (@) _ Py (io
¢23(21 )c =(a al,az,as,aq,Yl[a sol=a, +1,[a1,a 1=y, o=y, a =003 =Y =1 (i=1,2,3))
where k = gr for r+1=1,2, ...,(p-1,3)
[N _ Py PP = P_q (i
9,,(21)d = Ca,a,0),05,0,,v|log0d=a, o la 0, J=0y =y,07=0p  =yP=1 (i=1,2,3))

for p >3

4 = = v .oP=aXy aP=oP =P-1 (i=
0,,(21 e, (a’al’%»%»%’ﬂ[“i’“] ai+1,[ot1,a2] Yhay=a,y,0P=ar  =yP=1 (i=1,2,3))

where k = gr for r+1=1,2, ...(p-1,3) and p >3

by _ _ 3 (3)_.3 ., ,._
8,21 )e = (a,al,az,aa,aq,yl[ai,a]—ai+1,[a1,a2]—y,a —a1a2a3 a,,0447=Y =1 (i=1,2,3))

6y _ _ v P P (P _ P_, il
0,,(1°) = (a,al,a?aa,aqﬂl[ai,a] o000 ,0,1=Y,0 -al =0 b=y Pl (i=1,2,3))

4o _ (P) _gP_ ()_
(24) o, (21)a = (a,al,az,ots,aq,6|[ai,a]—a lo, ,B1=aP: =0, ,0," =B =1 (i=1,2,3))

i+
“yp = - _ (p)_ P_ P_ (p)_ -
¢, (21)b_ (a,a1,<x2,a3,aq,6|[ai,a] oti+1,[a1,B] =a,P’=a,,0P=p"=a}1=1 (i=1,2,3)

r

where k =g for r+1=1,2, ...,(p-1,3)

n
0,,(21)c = (a,al,a ,as,aH,Bl[ai,aka

_aP_ P, (P _ (P _y (i=
) la,,81=8P=q, ,0P=0 P'=0 Bi=1 (1=1,2,3))

i+1°

6 (
4,,(1°) = (a,o ,a2,a3,aq,6|[ai,a]=ai+1,[otl,B]=aq,ap=a1p)=ﬁp-ag_i=l (i=1,2,3))

2
= = o oP =0 .a(P)o _
(25) and (26) ¢, (321) (a,al,az,aa,otql[ai,ot]-otiﬂ,[ota,ot] @, .0’ a0 i+2,ai+2 1 (i=1,2)
2
_ ®)_.y P _P -1 (iz
B, (222) = (a,al,az,a |[ai,ot]—al+1,[a3,a] 0,500 =0 os0 =0l =1 (i=1,2))

= X = =
where y =V and x 0 (for ¢25) or x 1 (for @26)

i .
(27) @27(21 )ar = (a,al,%,a3,a,+,6|[ai,a]=a [al,B] —[al,a 1*eaPol afp)=8p=0t§s_i=l (i=1,2,3))

i+’
where k = gr for r+1=1,2, ...,(p-1,4)

p = 1= k_ k_ (p)_ Kk P_oP_ (p)_ -
¢,,(21)b_ (a,al,aQ,aa,aq,BIEai,aJ o, (0 ,81%=Ca, 0,1 = P =a, ,aP=p =aP=1 (i-1,2 ,3)

where k = gr for r+1=1,2, ...,(p-1,3)

'4 =
¢27(21 )cr ={a,q

42050550, ,B] [ai,a]=oti+1 ,[0.1 ,B]r=[011 ,a2]r=Bp=a:,ap=a1(p)=agi=l (i=1,2,3)
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for r=1 orv

6 .
8,,(17) = (a,al,az,aa,aq,sl[ai,a]-aiﬂ,[otl,B]=[a1,a2]=au,otp=a1(p)=8p=agi=l (i=1,2,3)

2
,[ds,a]=[a1,a2]=au,ap =a£,a(1’)= Yy P =1

(28) and (29) ¢, (32D)a_ = (a,al,az,aa,aql[ai,a]=ai+1 D P
(i=l,2))
for r =1,2, ...,p-1
2
_ - - _ ®_.y PP _
g1y (222) (a,al,az,aa,aultai,a] aiﬂ,[aa,a] [a1’°‘2] Q500 =0y 0,00 =0 =1
(i=1,2)

where y = v’ and x =0 (for ¢ or x =1 (for @29)

28)

n
(B0) ¢, (21Ma = {oya, ...y0,,8]l0 0=, T, B=0, [aa,a]=ap=aq,az=6p=ap =1 (i=1,2)

+1° 4+2° i+2

for p >3

I k k
¢,(21)b = (a,al, ...,au,Bl[oti,a]=a Lo, ,B1=0, ,,l0,,a] =a1(p)=au,ap=8p=a2(p)=ap 1

1427
(i=1,2))

i+1’

where k = gr for r+1=1,2, ...,(p-1,3)

o 21"e = Coyay, vens0,,8]lo;,0d= Lo, ,B]=a oy,0=8P=0, ,oP=a{P=aP -1 (1,2))

- —aP_ () _k p_(P)_P _
Loy ,Bim0y 5, [05,01=8"0, 0, " =0, ,a7=a," =0y =1

(i=1,2))

i+1’ i+2?

'4 = =
02104, = (a,al, --~,014,Bl[ai,a]-ai+1,

T

where k=g for r +1=1,2, ...,(p-1,3)

6
0,,(1) = {oa,, ...,0,,8]l0y,0l=a

- P (P)_gP_ P _q1 (i=
30 3,a]—aq,a =0, =B =0 o 1 (i=1,2)

ta;,Bl=a, ), L i

i+1’

Hya = = —oP= =Y oP=pP=rP= =
(31) and (32) ¢,  (210)a = (a,al,aQ,Bl,Bz,Yl[ai,a] Bi,[a1,81] o =y, la,,8,1=y" 0 =B =y =1 (i=1,2))
LY - —oP= o YoPeaPagPoyPol (i21,2)}
050, (211 = Ca,0,,0,,8,,8,,v| (o ,01=8,,[a .8, =0z =Y, [0,, B, J=y"p =0 =B =y =1 (i=1,2)

%ye = - =oP= =¥ aP=yd oP=gP=yP=

0y, (210 = Ca,a,,0,,8,,8,,7|[0y,0] Byaloy»By J=0y v,La,,8,1=y" ,00=y" ,a"=B7=y"=1
(i=1,2)

where j 1is the smallest positive solution to j2 + y = O(mod p)

"4 = 8. —oP=oP= =Y oP=yd gP=yP=

0,214 (a’a1’“2’61’32’Yl[°‘1’a] 8,.Lla, .8, J=oP=al=y,la,,8, 1=y 0 =y’ B =v"=1
(i=1,2)

where j 1s as in the previous group
4 = = =oP= =Y oP=yF,oP=pP=yP i=
P14 (2L e, (a,ai,aQ,Bl,Bz,YIEoi,aJ B[ B, I=0y v,la,,8,1=y" ,aP=y",af=B{=v"=1 @ 1,2))
for r =1,v
6
O (1) = Cayo 40,8, 48,7 (e 0028, ,Ta, .8, 1=y, (0,8, 1=y ,aP=al=gP=yP=1 (1=1,2))
x = =
where y = V" and x = 0 (for ¢31) or x =1 (for ¢32)
() P (g]
(33) Note: In this family, o)’ = ay
“ya = - = =oP=vy,oP=aP=pP=yP= =
¢,,(210)a = (a0, ,0,,8,,8,,v|[0,,0]=8,,[8,,al=lo, ,B, J=o, =y,a"=a =B =y =1 (i 1,2))
Yy = - r_ r_ P T P_ (P)_gP_.P_i (i
¢33(21 )b (01,011,012,31,62,Y|[011,a] Bi,[Bz,a] =lo,,B, 1" =a"=y" 0 =0, =8;=v"=1 (i 1,2))
for r=1o0r v
Yye = - r_ r_ (P)_ T P_P_oP_P_q (ie
0y, (20 ) (“’0‘1’0‘2’31’82’Y|[“1’°‘] 8,,[B,,al =[a,,8, 1 =a, "=y ,a"=a;=Bi=y"=1 (i 1,2) )
for r=1o0r v

&y - = - —v,oP=aP=0 (P)gPyPo (i=
¢, = (a,al,az,ei,BQ,Yl[ai,a] B,»[By,al=la, ,B8, I=y,aP=al=a P =B i=y"=1 (i 1,2))
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(G4 e, (32)a = Coya,,0,,8,,8,,| [0, 018, (1=1,2),[8,,a0=la, B, 1=B7=y aP=B, ,aP=B, ,oB=p=yP-D
8,,(321)b, = (0,0, ,0,,8,,8,,Y| (0,018, (i=1,2),[8,,00=la, B, 1=67=Y,aP=8, ,aP=B, ,aP=y",65=yP=1)

for r=1o0r v

4 =
(35) ¢35(21 Ya = {a,0

10

.,a5|[ai,a]=ai+1,ap=a5 al(p) S_)—l (i=1,2,3,4)

n B (P) ( )_ -
0, (21)b = (a,ai, ...,asl[ai,a] =000 -as,a 1—1 (i=1,2,3,4)
r

where k=g for r+1=1,2, ...,(p-1,4)

6, _ _ p_, () _, () _
0. (17) = (a,al, ...,a5|[ai,a] Q0 =0 =1 (i=1,2,3,4)

k

4 - - k_ P_ (@ _ (p_ _
(36) 0, (21)a = Casa,, ...,a5|[ai,a] o g 000,01 =af=a, al = Pi=l G 1,2,3,4)

where k = gr for r+1=12, ...,(p-1,6)

a(p)-a o -a(p)-l (i=1,2,3,4)

4 -
0y, (21)b = (a,al, ...,asl[ai,a]-ai 50 5

+1,[a1,a2]=a
where k = gr for r+1=1,2, ...,(p-1,4) and p >3

6
¢36(1 ) = {a,a .,asl[ai,a] =a, [a1,a2]=a5,ap=a§p)=agi=l (i=1,2,3,4)

1’ " i+1’

(37) Note this family does not exist for p = 3

" r
¢,,(21)a = (a,ocl, ...,a5|[ai,a]=a la, 0,1 =[ay 0, i Loy, 0, "= —ots,otp—otp =aP=1

i+1° 1 7i+1 75

(i=1’2!3))
for r=1lor v

u
,,(21)b = Ca,0y, «u0g |[q al=a, ., ,l0,,0,0=la .0 ]{aq,alj-ag—as,ap—alg,af_ﬂ-agﬂ (i=1,2,3) )

where k =g° for r+1=1,2, ...,(p-1,4)

"= - - —oP=a_,aP=aP =aP=1 (i=
03,(2100b, = Casay, ces0g|layjad=a, L lay,0 00y 0, 1=(0, 0, J=of=ag,af=of  =ag=1 (1=1,2,3))

+
=a§=1 (i=1,2,3)

i+’

6y - = = = = P_oP=oP
03,17 = Casay, wooyag|loy,0d=0y Loy 0 0=log 0, J=la, o, J=og at=0 =0y

(38) Note this family does not exist for p = 3

4 _ _ | _ (®)_ p 1 (4=
0,0(21 ), —(a,al, ...,a5|[ai,a]—a »loy 0, ]=0 007, oy u] =P -Ot 20 ! (i=1,2,3,4))

i+1
where k = gr for r+1=1,2, ...,(p-1,5)

4 _ - p_.(P)_ T P _ -
0,0 (21)b (a,ai, ...,a5|[ai,a]-a Lo, 0, ]=a as NCHRCA 1 =al =a, P =ag,00 =1 (& 1,2,3,4))

i+1?
for r =1,2, ...,p-1

,[onl,a?]—a 1 la ,a3]k=aip)—u§,ap ai =1 (i=1,2,3,4))

mn
00021 )bp_‘_r ={a,a,, ...,a5|[ui,a]-ot 5 oL

1 i+
where k = gr for r+1=1,2, ...,(p-1,4)

,[a ]—a a ,[al,a ]—as,a o (P p ,=1 (i=1,2,3,4))

6 .
0,5(17) = (a,al, ...,asl[ai,uJ—a 0 y

i+

(39) Note this family does not exist for p =3

- k k_.
o, (21 da_ = (a,a 50 J=(!l+,[0.2,013] =[a3,a1] =Laq,a1.]k=otp=ak

s el |[0L ,al=a 5

1 141°000%

P_P _,P. =
=0 =0g=1 (i=1,2,3))
where k = gr for r+1=12, ...,(p-1,6)

“yb = = - L T T_ PP
2,021 )b (a,al, ...,asl[ai,a] ai+1,[ot1,a2] 0, ,[0y,0,1 =l g0, ] =ta,,a, 1 =a"=07= 5,

P _.P. .
oy ,470%"1  (i=1,2,3))
for r =1,2, ...,p-1

4 _ . k_, k_ k= P_k
8,421 )bp+r = (ot,al, .. ,a5|[ai,a] =0, i=y,,La,,0,1=Ca 0, ] =la, 0, 1 ==,

P_P _P _
a'=ey =ag=1 (i=1,2 ,3))

[a1 50

i+ 2
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where k =g° for r+1=1,2, ...,(p-1,5)

6 T N -
239(17) = Losa,, ...,u5|Lai,uJ-a j=la

- = PogPogP =oP=
[ai,u2]=au,[a2,u3] [aa,a u’a1] 0,07 =07 =0 ag 1

1 i+
(i=1,2,3))

i+1°’ 1

e = = = = =aP=y,aP=y¥ gP=gP=yP=
40) ¢ (21 )ar 5%,&2,8,61,82#][(11,&2] B,[B,ai] Bi’[Bi’a2] (B, J=0y=y,a5=y",B Bi Y =1
(i=1,2)

where k = gr for r+1-=1,2, ...,(p-1,3)

4 - = = = =aP=y,oP=pP=gP=yP= =
0,521 0a, Ca,,0,,8,8,,8,,Y|la, ,0,1=B,[8,a, 18, ,[8, ,a,1=[8, 0, I=ol=y,a =B =B7=y"=1 (i=1,2))

6 = - - - =y,aP=gP=gP=yPo1 (1=
8,01%) = (o ,a,,8,8,,8,,v| [0, 0,18, (8,0, 1=8 (8, ,a,1=[8, 0, I=y,aP=BP=80=yP=1 (i=1,2))

d - - - k_ Pk Jay ™V, aP=pP=gP=yP=
41 ¢,10a, = {a ,0,,8,8,,8,,v|[0,,0,1=8,[8,a,1=8,,[0,,B, 1 =aj=y ,[a,,B,1=y ,a,=B =B =y"=1
(1=1’2))
where k = gr for r+1=12, ...,(p-1,3)

*ya, = =8,08,a, 1= 3y,8P=pP=yP=1 (i=
8,,(21)a, = {a ,a,,8,8,,8,,v|la,,a,1=8,08,0, 1=, [0, ,B, J=o =y,8"=B =Y =1 (i=1,2))
for p=3
6 = = 1= 17V= =y, oP=aP=pP=yP=1 (i=
0,17 ={a ,0,,8,8,,8,,v|[0,0,1=B,[8,0,1=B [0, ,B, 17 =[a,,B, 1=y ,a;=B"=B7=y =1 (1=1,2))

'%,ag-82vk,

= - - - =gP=y aP=p"1
42)  9,,(222)a, Cap,0,,8,8,,8,,Y|[a,,0,1=8,08,0,1=B,,[a, ,B,1=(a,,B, 1=B"=y,ai=B = ¥
Bi-yp=1 (i=1,2)
- 0 - - - =Py oP=p 1y oPag T
8, (222)a, = 0,,0),8,8,,8,,Y|la ,a,1=8,[8,0, 1=B, [0, ,B,]=la,,B, 1=BP=y,al=B "y *,al=B y" 7,

3§=YP-1 (1=1,2))
for r=1,2, ...,p

(43) . (222)a <a1,u2,8,81,62][u1,u2] 8,08,a,] Bysfa,,8,1] la,,B,3=y

P k p_gV. % gP_.n _gP_.P_ = )
ayg=B,Y  aj=B Y ,BT=Y" ;Bi=y =1 (i=1,2)

where n=v + (g), and k,? are the smallest positive bintegers satisfying

(k-v)% - v(2+v)? = r(mod p), for r = 0,1, ...,p-1 .

Added in Proof. In her M.Sc. thesis (Australian National University, 1979),
Miss A. M. Kiipper has pointed out an error in the second line of the above list 4.6
(25) and (26). This should read:

13

2
Pa5ax (22208, = (o ap,050, | Loy 0] = oy, lag,0l” = “ép) - “Z’“{p) = oo Vs =

+2 = 1 (4=1,2)

forr=0,1,...,%(— 1) yielding another p — 1 groups of order p® (and so another
2 groups of order 3%). I am indebted to her for this correction.

School of Mathematics
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Kensington, New South Wales 2033, Australia



THE GROUPS OF ORDER p® (p AN ODD PRIME) 637

1. G. BAGNERA, “Normalformen ohne Verwendung Galoisscher Imaginiaren geben,” Ann.
di Mat. (3), v. 1, 1898, pp. 137—228.

2. H. BENDER, “A determination of the groups of order ps,” Ann. of Math. (2), v. 29,
1927, pp. 61-94.

3. N. BLACKBURN, “On a special class of p-groups,” Acta Math., v. 100, 1958, pp. 45-92.
MR 21 #1349.

4. J. DE SEGUIER, Eléments de la Théorie des Groupes Abstraits, Gauthier-Villars, Paris,
1904.

5. T. EASTERFIELD, 4 Classification of Groups of Order p6, Ph.D Dissertation, Cambridge,
1940.

6. M. HALL & J. SENIOR, The Groups of Order 2" (n < 6), Macmillan, New York, 1964.
MR 29 #5889, See also review in this journal, Math. Comp., v. 19, 1965, pp. 335—337.

7. P.HALL, “The classification of prime-power groups,” J. Reine Angew. Math., v. 182,
1940, pp. 130—-141. MR 2 #211.

8. B. HUPPERT, Endliche Gruppen. 1, Die Grundlehren der Math. Wissenschaften, Band
134, Springer-Verlag, Berlin and New York, 1967. MR 37 #302.

9. R.JAMES, The Groups of Order p6 (p > 3), Ph.D. Thesis, Univ. of Sydney, 1968.

10. R. JAMES & J. CANNON, “Computation of isomorphism classes of p-groups,” Math.
Comp., v. 23, 1969, pp. 135—140. MR 39 #313.

11. Y. LEONG, “0Odd order nilpotent groups of class two with cyclic centre,” J. Austral.
Math. Soc., v. 17, 1974, pp. 142—153. MR 50 #470.

12. R. MIECH, “On p-groups with a cyclic commutator subgroup,” J. Austral. Math. Soc.,
v. 20, 1975, pp. 178—198. MR 53 #8243,

13. O. SCHREIER, “Uber die Erweiterung von Gruppen I1,” Hamburg Abh., v. 4, 1926,
pp. 321-346.



