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On the Coupling of Boundary Integral
and Finite Element Methods

By Claes Johnson and J. Claude Nedelec

Abstract. Let Q€ be the complementary of a bounded regular domain in R2 of bound-
ary I'. We consider the problem
Au =f; in QF,
1)
ulp = ug,
where f has its support in a bounded subdomain 2 of QF°. Let 'y be the common
boundary of 2; and Q5 = Q€ — Q). We solve the problem (1) by using an equivalent

system of equations involving an integral equation on 'y coupled with the equation:

Au =f in ‘Ql‘
) ulp = ugp,
ulp2 = A.

We introduce a finite element approximation of Eq. (2) and of the integral equation

and we prove optimal error estimates.

Introduction. The purpose of this note is to analyze a procedure obtained by
coupling the boundary integral method (cf. [4], [5], [7], [8], [12]) and the usual
finite element method. Such coupled procedures have been proposed by e.g. Silvester-
Hsieh [10] and Zienkiewicz et al. [11] for the numerical solution of problems in un-
bounded domains. As a typical example let us consider a problem of the form

Au=f in Q°,

u=u, onl,

where Q is a bounded domain in the plane with boundary T, Q€ is the unbounded
complement of £2, and A is an elliptic differential operator. Let us further assume that
Q€ can be divided into a bounded part €2, and an unbounded part £2,, with common
boundary I, (see Figure 1), so that f=0in £, and 4 is linear and has constant coef-
ficients in &2, while 4 may be nonlinear or have variable coefficients in the bounded part
{2, . Then the unbounded part £, can be taken into account using an integral equation
on the boundary I', , and an approximate solution can be found using a conventional finite
element discretization of 2, together with a discretization along I',. Below we shall
analyze a model problem of this type.

For numerical experiments and references into the engineering literature on this
subject, we refer to [11].
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1064 CLAES JOHNSON AND J. CLAUDE NEDELEC

1. A Model Problem. Let us consider the following exterior Dirichlet problem:
{“Au =f in QF,

u=0 onT,

(1.1)

where Q is a bounded domain in R? with smooth boundary I' and Q€ is the comple-
ment of Q UT. Let us assume that the support of f is bounded and that f € L2(Q°).

It is known (see e.g. [3], [6]) that the problem (1.1) admits a unique solution
u € WH(Q°), where

WHQT) = o (1 + 1x2)~V2(1 + logy/T F IxP)~'v € LX(Q°), W € [L3(29)]?},
and that this solution has the following asymptotic behavior:
u(x)=a+0<|;—|>, [x] —> oo,
(1.2)
Yu(x) = 0 ( 1 > x| — o,

|x]2
where « is a constant.
Let now I', be a smooth curve dividing Q¢ into an unbounded part Q, and a

bounded part £, containing the support of f (see Figure 1). Then (1.1) can alternative-
ly be formulated as follows:

(1.3a) “Au, =f inQ,,
(1.3b) “Au, =f=0 in Q,,
(1.3¢) u, =u, onT,,
d ou, B ou, \ r
(1.3d) a7 =3, — N only,
(1.3¢) u, = on I,

where u;, = u|Q;, i = 1, 2, and 9/dn denotes the outward normal derivative to I', =
082, (see Figure 1). The equations (1.3a) and (1.3b) signify a decomposition into
two problems in the separate domains 2, and £,, while (1.3¢) and (1.3d) reflect the
appropriate coupling of these two problems.

¥

FIGURE 1
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2. A Variational Formulation of the Model Problem. Let us now give a varia-
tional formulation of (1.2). Since ~Au = fin Q,, we find, using Green’s formula, that

2.1) aw, v) + W,V =(,v) YWeEW,
where

ou
on

W, V= J'Fz v\ ds, (f,v) = fnlfvdx,

A=— 1y, a(wv)= fﬂl Vu - Vvdx,

W={€H(Q,)v=0o0nT}

Moreover, since —Au = 0 in Q,, we find, using Green’s formula and (1.2), that (cf.

[61),
1 _ _
22)  Julx)= f 1 LOIG(x, 2)ds, ] o, NOXGs, Y)ds, + o, x €T,

@3) )= [ u)G, e )ds, - [ o, NG )ds, o xEQ,
where

_ 1 _
G(x) y)_2ﬂlog|x yla xiyy
is the Green’s function associated with the two-dimensional Laplacian and

G,(x, y)= B%G(x, y), x#y, y€ET,,
y

with n, being the outward unit normal to ', at y € T',. Let us observe that (1.2)
together with (2.3) imply that [ 1ﬂz)\ds = 0, since otherwise u(x) would behave like
c loglx|, ¢ # 0, as |x| — oo, thus contradicting (1.2).

Now, formally multiplying (2.2) by the function u(x) satisfying [ r,H ds = 0, and
integrating over I',, we find that

24) BO\ 1) = 3w, 1) + Gy, p) =0,

where

b0 1) == [ [ NOWEIGG p)ds,ds,,

2.5)
Gux) = | 1 1G5, Y)ds,.

We recall (see [6]) that b is a continuous bilinear form on H~Y2(I',) x H7Y*(T,).
Moreover, b is H-elliptic with
H={p€H2(T,) 1, w =0}

i.e., there exists a positive constant 8 such that

(2.6) b(u, w) > Blul?,,,,  wEH.
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Here (-, -) denotes the duality between H'/?(I',) and #~"/2(T',) and we use the nota-
tion

[ |s =|- “HS(I‘2)'

Recalling (2.1) and (2.4), we are thus led to the following variational formulation of
(1.2): Find (u, \) € W x H such that

(2.72) {a(u, v) + , N = (7, v) Yoew,

(2.7b) 26\, ) = Cu, ) + AGu, W =0 Vu€E€H.

Let us now analyze this problem. First, recalling the trace theorem:
2.8) I7U|s_1/2 < Cs”U”s Yo GHS(QI),

where s > %, yv = vlr2 and |-, = |- ”HS(QI)’ it follows that (-, -) is a continuous
bilinear form on W x H. Further,since v =0 on I if v € W, it follows that a(-, +) is
W-elliptic, i.e., there is a positive constant 8’ such that

(2.9) a@,v) = Bll} e w.
Moreover, since

n, - (x-y)

(2.10) G, (x, y)=- e

b x:yEF2a

and I' is smooth, it follows that G,, is pseudo-homogeneous of degree zero and thus
(see [9]) the integral operator G, defined by (2.5) is smoothing. More precisely, one
has

(2.11) IG,lgyq < Gl Vo € H(T,).

In order to analyze (2.7), it is convenient to introduce the following simplified prob-
lem obtained by omitting the term (G,u, u): Given g = (g,, &,, 83) find (w, 0) €
W x H such that

(2.12a) aw,v) + @, 0)=(g,,v) + ©, 8) WWEW,
2600, u) —w, W= (g5, w Yu€H.

(2.12b)

We shall see that due to (2.11) the full problem (2.7) is a compact perturbation of the
simplified problem (2.12).

Let us now formulate (2.7) and (2.12) as operator equations. To this end we
introduce the continuous bilinear forms

A, B,K:V xV—R,
where V' = W x H, and the corresponding continuous linear mappings

A, B K:V—V',
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defined by
B(@, v) = [Ba, 0] =a(u, v) + W, N =y, w + 2b(\, v,
K@, 0) = [Kai, 0] = Gu, ¥ Va = (u, N\),0=@,u) €V,
A=B+K, -

where [, -] denotes the duality between V and V', the dual of V. Then (2.12) can
be formulated

(2.13) Bi=g, =N\,
ie.,
(2.14) B, o) = [g, 0] Vo=@ NEYV,

and (2.7) is equivalent to

(2.15) Ai =,
i.e.,
(2.16) A@, ) = [f,d] VoeEV,

with f = (f, 0, 0).
Let us note that the bilinear form B(-, ) is V-elliptic; by (2.6) and (2.9) we

have that

B(, 9) = a(v, v) + 2b(u, )
2.17 . I A~
2.17) > Blivll} + 2BIul?,, =601 VoeV,

where ' = min(8', 26) and || - |l;, denotes the norm in V, i..,

a2 — 2 2 1/2
112 = (ll} + 1ul?,,,)"2.

LEMMA 1. The mapping B: V — V' is an isomorphism. Moreover, for k =0
the mapping

Bl Hk—l(Ql) % Hk—l/2(l—‘2) « Hk+1/2(F2)_>Hk+l(Ql) % Hk—1/2(l-\2),
defined by Bii = g is continuous.

Proof. The first statement of the lemma follows directly from the V-ellipticity
(2.17). The regularity result is proved in the Appendix below. [J

Let us now return to the original problem 4@ = f. Since A = B + K, this prob-
lem can be written after applying B~!:
(2.18) ( + B7'K)i = B7'f,
where I: V — V is the identity mapping. Now, recalling (2.8) and (2.11), it follows
that K: V — {0} x {0} x H¥? ('), is continuous. Therefore, using Lemma 1 with
k =1, we see that BT'K: V — H?*(2,) x H'*(T,) is continuous. Since H*(2,) x
HY 2([‘2) is compactly embedded in ¥, it follows that B~'K: V — V is compact and
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hence (2.18) is an equation of the Fredholm second kind. Thus, to prove existence of
a solution to (2.18) or the equivalent original problem (2.15), it is sufficient to prove
uniqueness. With this observation it is easy to prove

LEMMA 2. The mapping A: V — V' is an isomorphism. Moreover, for k = 0
the mapping

AL Hk—l(Ql) % Hk—1/2(F2) % Hk+1/2(F2)——>Hk+l(Ql) x Hk—1/2(1-w2)
is continuous.

Proof. To prove uniqueness of the solution of the equation 4u = 7, let us assume
that w = (w, ) € V and Aw =0, i.e.,
(2.192) aw, v) + w, 0 =0 YvEW,
(2.19b) 2b(0, ) — w, W + AG,w, w =0 Wu€H.

From (2.19a) it follows that

-Aw =0 in Q,,
ow _
W_O onT',.

Let now w € WI(Q2) be the harmonic extension of w to Q,, i..,

(2.20)

Then, by an argument similar to that leading to (2.4), it follows that
(2.21) 26(8, u) — w, @ + 2AG,w, W =0, uEH,

where § = 0W/dnl;, € H. Combining (2.19b) and (2.21) we find that b(6 -0, ) =
0 Vu € H, and thus (2.6) shows that 6 = 6. But this means that if w is extended to
Q€ by putting w = W in Q,, then Aw = 0 in Q°, w € W!(Q°),and w =0 on I' s0
that w = 0 and the uniqueness follows. Thus, for any § € V', the equation AW = ¢
has a unique solution and the continuity of A=': V' — ¥ follows from the closed
graph theorem. This proves the first statement of the lemma.

To prove the regularity result, we use induction on k. Thus assume that the
statement holds for £ = m — 1. Let us consider the equation AW = g, where
§EH™1(Q,) x H"~Y(T,) x H™*Y(T,). By the induction hypothesis, we then
have w € H™(Q,) x H™~¥*(T,) so that by (2.11) KW € {0} x {0} x H™*V(T,).
But the equation AW = £ can be written

Bw =g - Kw,
and thus by Lemma 1 we conclude that w € H™*1(Q,) x H™~Y*(T,) x
H™*U2(T,). Therefore A~ maps H™~1(Q,) x H™~Y2(T,) x H™*¥*(T,) into

H™*1(Q,) x H™~Y?(I",) and the continuity of the mapping follows from the closed
graph theorem. This completes the induction step and thus the proof of the lemma. O
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We shall also need the corresponding result for the adjoints B*, 4*: V — V'
defined by
[4%*5, wl = [4w, 0],
[B*D, w] = [Bw, D] Vo, wE V.
LEMMA 3. The mappings B*, A*: V— V' are isomorphisms and, for k = 0,
B*1 , A*1. Hk—l(Ql) x Hk-l/2(F2) x Hk+l/2(F2) s Hk+1(‘Ql) x Hk—l/2(F2)
are continuous.
The proof is parallel to the proofs of Lemmas 1 and 2.
Remark. As pointed out by the referee, if the outer boundary T', is a circle,

then one can solve the equation (2.3) in A explicitly. More precisely, in this case (2.3)
takes the form

6 —n

sin
2

_1 2m ~
= f . NO)log (2

where N(0) = A(R cos 0, R sin 6) and v is determined by «. This integral equation has

> Rdo = y(n),

the explicit solution

~ 1 2m d’y n - 2] 1 21
= — —_— d e d ’
NO) =3k o an °°ta“< 2 ) " 5#R(og R%)J o 71

which makes it possible to eliminate A from (2.7) and thus obtain an equation involv-
ing only u. To see if such a procedure is advantageous from a numerical point of
view requires further investigation. [J

3. The Coupled Procedure. Error Estimates. Let us now consider a finite ele-
ment method based on the variational formulation (2.7). Let W, C W and H, C H
be finite-dimensional spaces depending on the positive parameter 4 and set V, =
W, x H,. Let A,(+, -)be a bilinear form approximating A(-, *) and consider the
following discrete problem: Find i, = (u,, \,) € V,, such that

3.1 Ap@,, 0) = (f,v) YoEV,.

We shall assume that the spaces W, and H, satisfy the following approximation
hypothesis: For any positive €, there exists a constant C such that

(3.22) oL I = ol S ORIl ppe OS5 <K,
(3:20) uler}gh 10 = ul_yyy S0y, 0<s<k

where k is a positive integer. This will correspond to using piecewise polynomials of
degree k for W, and degree k — 1 for H, (cf. Example 1 below). Note that the func-
tions in /, may be chosen to be discontinuous while the functions in W, will have to
be continuous. Furthermore, we shall assume that there is a constant C such that

(33) @, W) — A, W) < CH|Bll, Wl VD, W E V.
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In Example 1 below we shall in detail consider a finite element method satisfying (3.2)
and (3.3) with £ = 1.

We shall now prove that for 2 small enough the problem (3.1) admits a unique
solution &, and then estimate the error & — 4, . The crucial result is then the following:

LEMMA 4. There is a positive constant ¢ such that for h small enough

A, (W, 0)
el Sclwll, Wwe,.

34 su ~
(34) sciB 0 ToT,

Proof. Given w € V, there exists by Lemma 3 ¥ = (¥, H) € V such that
(3.5) A(l,)’ Jj) = (wr ﬁ)[/) 6 € V:
where (-, -),, denotes the scalar product in V, and

(3.6) b1y, < Wl

In fact, y = A*~1Jw, where J: ¥V — V', is the canonical mapping defined by [JW, D
= (W, D)y, V0, w € V. Furthermore, again by Lemma 3, there exists J/h =W,, H,)E
V, such that

3.7 BO,V-y,)=0 VoevV,
and
(3.8) 13,11, < ClIly,.

Now, using (3.7) and (3.5) with v = w, we find that

AW, §,) = BOY, §,,) + KO, §),)
= BOW, §) + K(W, §,) = A(b, §) + K, ¥, = )
(3.9) = W3, +<(G,w, H, — H)
> (W3, = 1G, Wiy o IH = H,l g

= ”‘;’”%/ - ”W“VIH - Hh'—3/2’
since by (2.11) and (2.8),
IG,,WI3/2 < ClW|1/2 < Clwlly < Clwliy,.

In order to estimate |H — H h|_3/2, we shall use the usual duality argument: Given
v € H¥2(T,) let = B~'% where # = (0, 0, v), i.e.,

(3.10) B@,0) =W, u> Vo= (@,u)EV.
By Lemma 2 we then have

3.11) ”‘ﬁ”Hz(Ql)XHlﬂ(Fz) < CIV|3/2-
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Hence, taking & = § — §/,, in (3.10) and using (3.7), we find that for any @, € V,,,
@, H=Hy) =BG, ¥~ ,) =B@ -4, ¥~ ¥,
S CUR =3yl 10 = Pplly < CUR = Gyl Iy,
where the last inequality follows from (3.6) and (3.8). Thus, using (3.2) with s =1 — ¢
together with (3.11), it follows that
W, H = H,) < O Wl IR, v € HIA(T),
which proves that
H=Hyl 3, < ' wlly,,

where 0 < ¢ < 1. Returning to (3.9) we thus have

AW, ) = IWIZ, = CRIE W13, = (1 = Ch=e)n)2,.
Finally, recalling (3.3), we conclude that
A0, §,) = AW, §)) + 4,8, §,) = A, §,) > (1 ~ CR*)wll.

Since II\BhllV < C|wlly,, this proves that (3.4) holds for 4 sufficiently small and the
proof is complete. [1
We can now prove

THEOREM 1. For h sufficiently small the discrete problem (3.1) admits a unique
solution u, €V, and we have the following error estimate:

A

liee = ﬁh“V < Chk”qu.;.1+6-

Proof. Uniqueness, and hence existence, of a solution of (3.1) for 4 sufficiently
small follows directly from Lemma 4. Furthermore, using (2.16), (3.1), (3.3) and
Lemma 4, we see that for any b, €V,

A, G, —0v,,0)
i, = Opll, <C sup 2R h 7
W = Dnlly < € S =

C A(Z? - {)h, f)) + A(i}h, 6) __Ah({)h’ 6)
= U =
o o,

< Cla = o, lly, + CHFIB, -
Thus, choosing ¥, according to (3.2), we find that
la = a,lly, < iz = o,lly, + lld, —0,lly
S O (llull gy 4e + N g—1/2)-
Finally, by the trace theorem (2.8), we have
Mz < Cliully 4 g5

and the proof is complete. [
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Let us now exhibit a natural finite element method satisfying (3.2) and (3.3)
with k = 1.

Example 1. Let T', be chosen so that Qu 2, is convex and let Q’l’ CQ bea
polygonal domain approximating €, according to Figure 2. Let I'* and I'7 be the
corresponding polygonal approximations of T" and T, so that Q" =T" UT%. Let
S, = {S} be the sides of Fg’, let & be the maximal length of the sides S € S, , and
define

ﬁh ={ue L2(1"h): ulg is constant, S € S, , (1, u, =0},

where v, ), = [pnvids. Further, let T, = {T} be a regular* triangulation of Q’l’
with maximal sidelength at most # and define

W, =fve H'(Q"): vl is linear, T € T,, v =0 on I'"}.

FIGURE 2

In order to formulate a discrete analogue of (2.7), using the spaces PNVh and ﬁh
and replacing boundary integrals along I" by integrals along the polygonal boundary
1"2, we have to rewrite the term (G,u, u). To this end we note that taking u =1 in

(2.2) shows that
fr2 G,(x, y)dsy =-%, x€T,.
Hence recalling (2.10), we have

G, = [ | [ Gl W) = u)) ) ds, ds, = ¥, 10
(3.12) . )
- '2'11% J T, f I‘2—2}T)}___ﬂ2i)_ @(y) = u()u(x)ds, ds, — Hu, p

=d(u, u) — %Au, w,

* All angles of the triangles T € T are bounded below uniformly in h.
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with the obvious definition of d(u, u). As a discrete analogue of the form d(-, *), we
now introduce the form d, (-, -) defined by

dy(w, 1) = ~5= fr,, f . " (jzlz 2 W) =~ wx)u(x)ds, ds,.,

where Ny, is linear on each S € S, and Ny interpolates the normal n, at the vertices
of 1"'2’. We note that, since functions in W, are Lipschitz continuous, the form
3,,(3 +) is well defined on W, x H,,. _

We can now formulate the following discrete analogue of (2.7): Find (ii,, \,) €
W, x H, such that

(3.13a) {a,,(ﬁ,,, V) +w, X)) = (), WEW,,

(3.13b) 2b,(X,s 1) = 2Gi, , W), + 2d, (@, 1) =0 Vu €H,,

where

a,(u, v) = fnh Vu * Vvdx,
1
N, = frg vAds,

ONEE | " J oy 206, ) ds, ds,.

The problem (3.13) will lead to a nonsymmetric linear system of equations where we
have one unknown per node in the triangulation T, of Q’l’ and one unknown per side
of the polygonal boundary Fg’. The coefficients corresponding to the forms a, (-, *)
and (-, -, are easy to compute. Algorithms for computing the coefficients corre-
sponding to the forms Zh( -, *)and gh can be found in [2].

Let us now show that the problem (3.13) can be put into the form (3.1) with
assumptions (3.2) and (3.3) fulfilled. First, in order to convert the spaces Wh and ﬁh
into subspaces W, C W and H, C H, we introduce the mapping : Fg’ — T',, where
¥(x) is the point on T, closest to the point x € I“'z’. For A small enough { is clearly
a bijection. Now, using the mapping ¢! to transform integrals along I‘g to integrals
along T',, we have

| s = frzu o Y LI )ds,

where J(y 1) = [0y ™! /ds|, and 3/0s denotes differentiation in the tangential direction
to I'y. We now define

Hy = {u:u=JW ™o ¢, i €H,)
Note that if p = J(y ™ )u o ™! €H, withu € H, , then
= m = e -1 -1 =
0 frguds fr2“ YTJ( T )ds frzuds,

so that 4, C H.
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Furthermore, we extend each function we W,, defined in Qh to a function w
defined in 2, by setting w = 0 in the “skin” ‘*’1 with boundary I' U T and finally by
setting w(») = w(x) for y on the line segment between x € F" and Y(x) thus defining
w in the “skin” w2 with boundary I", U 1"" (see Figure 2). We denote by W, the set
of functions obtained in this way.

By changing integrations from l"g to I', and using the definitions of 4, and W,,
the problem (3.13) can now be formulated as follows: Find (u,, N EW, x Hy
such that

(3.14a) a,(u,, v) + ©, A = (f, v) YWweEW,,
(3.14b) 2b, (\pys 1) = 26y, >+ 2d, (1) = 0 Yu € Hy,

where
b i) = = [ [ N0IEIoglw )~ T s, s,

v -y
e )= 5 [ [.- — w_f(x) (xzb 1 (y)lﬁy D ) - uo

< T () ds, ds,.
Let us now check that the assumptions (3.2) and (3.3) are satisfied with k¥ =1 and
A, W, w) = a,(v, w) + W, N = 2w, w + 26, (N, 1) + 2d, (v, ).

To prove (3.2a) let w € H2(£2,) be given and let w;, € W interpolate w at the nodes
of T,. Then, by well-known interpolation theory (see [1]),

fw = thlHl(Qh) < Chlwll, .
By Sobolev’s embedding theorem we have, for any € > 0,
NVvwli e ) < Clwlly 4es
and hence also
VWil ;) S Clwlly -

Since the area of Q, — Q’l' is of the order 0(h?), this proves that

w — Wh“Hl(Ql\Q’l') < C]’ZHW“2+€,

and thus (3.2a) follows. For a proof of (3.2b) we refer to [6].
It remains to prove (3.3). First, since by the construction of W,
Wl oty < CH2Iwyllys wy € Wy,
we find that

(3.15)  la(w,, v,) — a,0Wy, 0| = fwh Tw,, - Vo, dx < Chiw,ly vl -
2
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Next, since (see [5])

|l1/~l(x) - w—l()})l -1 < Ch2

(3.16) =
it follows easily that
3.17) b, w) = b, (v, W) < Ch2vlg lulg.

By the “inverse estimate” (see [6])

(3.18) g < Ch™'2\pl_yy, W EH,
we thus have
(3.19) b(v, w) — b, (v, W < Chlvl_l/2|ul ~12-

Finally, using (3.16) we find that, for ¢ > 0,

ldw, 1) = (0, 1 < 2 [ frz——'wﬁ?_— y"l’(x)' u(x)ds, ds,
hTh
2 luGe)l? 1/2 W) = wx)I? 12
ch <ngthlx - y|l- Ed ds ) <fr‘2 fph Ix — y|ite ds ds )

= Ch?F|F,,

where we have used Cauchy’s inequality and F| and F, are defined in the obvious way.
Integrating with respect to y in the factor F'|, we get F/| < |ul,. Further (see [S]),
for0<e<2,F, < C!W|e/2, and therefore, taking e = 1, we have again, using (3.18),

(3.20) ld(w, 1) = dy, 0w, I < CH2 Wl luly < CRY2(wll, Lul_y -

Combining (3.15), (3.19), and (3.20), it follows that (3.3) is valid with k¥ = 1 and thus
the verification is complete.

We can also construct analogous methods satisfying (3 2) and (3.3) fork > 1
using polynomials of degree k for W and degree k — 1 for H In such a case the
domain 2, will be approximated by a domain Q’l’ with piecewise polynomial boundary
" u Fg of degree k approximating I' U T',. In the triangulation of Q’l’, it is then
natural to use isoparametric elements of degree k with one curved edge along I'* U Fg

(. [11). D

4. Error Estimates in Weaker Norms. Let us now, using a duality argument, prove
an error estimate in a norm weaker than the norm in V. We shall then make the fol-
lowing assumption: For any € > O there exists a constant C such that if w, € V,
interpolates w € X, then

4.1) @), W) = Ay, @, W)l < CREF € 10,
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where X = H2(Ql) x H1/2(l"2). We have

THEOREM 2. For any e > 0 there exists a constant C such that if ii € H* +1(Ql)
x H*7V2(T,), k > 1, then

N ﬁh”LZ(Ql)XH—:"/2(P2) < Chk+l_e”u”k+l+e‘
Proof. Given ¢ € L2(91) x H3/2(1"2), let § € V satisfy
“42) AG, )= [0,9] VoeV.
By Lemma 3 we then have

Pl < ClIdll 2@ yxm32a@s):

Taking b = @ — @1, in (4.2), recalling (2.16), (3.1), and (3.2), and using (4.1), letting
U, € V,, interpolate ', we find that

[ﬁ - ﬁh, ‘2] = A(ﬁ, izh) ‘7/)
= A(ﬁ - ﬁh, {p - ‘;h) + Ah(ﬁh, ‘ph) —A(ﬁh, ‘,ph)

< i =l 1 = Bl + CRE @l 1Dl

SO 4N = dylly + BT NAlOIBN L2y ey -

Together with Theorem 1, this proves that
[ﬁ - ﬁh, @] < Chk+l——e||¢’”L2(QI)XH3/2(F2) V@ € Lz(gl) x H3/2(F2),

and the lemma follows. [J
Remark. Tt is easy to see that the method of Example 1 satisfies (4.1) with
k = 1. Furthermore, if we define u,(x) for x € Q, by

1 ~ ~ e x-y)

u,(x) = 3 frg(“h()’) — Uy (x)) _ylx~——;_|2__
then, for all x € Q, with dist(x, I';) 2 6 > 0 and & sufficiently small, we have

lu(x) = u, (x)] < C,h*~¢, where the constant C, depends on dist(x, T') (cf. [7]). O

dsy - _1— f h ‘ih(y)G(x, y)dsy,
2 rf

5. A Symmetrized Procedure. The solution of the original problem (1.1) can be
characterized as the solution of the minimization problem

i 1 2 gy -
welvlvullzﬂc) 32 fﬂ" VWi dx fnchdxi )
Since f = 0 in §,, this problem can be formulated in the following way:
(5.1) \E]éilll/ 3%fﬂllw|2dx + %fmlw'z dx — fﬂlfwdx%,

where W € W1(Q,) is the harmonic extension of w according to (2.20). Since W is
harmonic in Q,, we have by Green’s formula f 2, [VW|? = w, Dw), where
D: HY*(I',) — H is the continuous operator defined by Dw = BW/an{FZ. Thus (5.1)
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can be formulated as follows:

. 5 1 2 1 _
‘inenv}/ lifnlel dx + §<w, Dw) fnlfw .
The solution u € W of this problem is characterized by the relation

(5.2) a(u, v) + %{(v, Duw) + {u, D)} = (f,v) Yv EW.

Recalling the formulation (2.7), we have that (2.7b) can equivalently be written X = Du
and thus (2.7c) becomes

(5.3) a(u, v) + @, Dwy = (f,v) WWweEW.
By Green’s formula we have
(5.4) @, D) = u, Dv), v, u€W,

and hence (5.2) and (5.3) are equivalent. Thus the problem (5.3) obtained from (2.7),
eliminating the variable A, is in fact symmetric. Let us check if the discretized problem
(3.13) of Example 1 has the same feature. Introducing the mapping D,,: W, — H,
defined by

bh(DhWh, 1) Wy, w + dh(Wh, w =0 Vu €H,,
the problem (3.13) can be written: Find u, € W, such that
(5.5 a,(u,,v) + 0, Dpu) =(f,v) YwEW,.

Now, in contrast to (5.4), we have in general (&, D, w) # (w, D,v), and thus (5.5) will
in general lead to a nonsymmetric system of equations.

In order to obtain a symmetric problem, which will facilitate the incorporation
of the coupled procedure into existing finite element codes, it is natural to consider
the following variant of (5.5): Find u, € W, such that

(5.6) a, Uy, v) + %, Dpuy) + Wy, DY = (f,v) WEW,,
or, equivalently, the minimization problem:

min {}%a,(w, w) + %w, D,w) — (f, w)}.
wEW

The problem (5.6) can also be formulated: Find i@, € V), such that
(5.7 A,@,, 0= (v, WEV,,
where

A, (W, D) = A4, (W, D) + %iw, D,v — @, D,wH}.

We shall prove the following lemma which extends the result of Section 3 to the sym-
metrized problems (5.6), (5.7).
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LEMMA 3. There exists a constant C such that for b, w € I7h,
14,(%, D) = 4, (%, D) < Chldll, IWll, .
Proof. By the definition of D,v, it follows easily that
5, = 214,(, 8) — 4, (0, v)| = Kw, D,v) — @, D,w|
= |d,(w, D,v) — d, (v, D,w)l.
On the other hand, by (5.4) and the definition of D, we have
d(w, Dv) = d(v, Dw), v, wE W,
and thus
6, <ld,(w, D,v) —d(w, D)l + |d, (v, D,w) — d(v, D,w)|
+ |d(w, D,,v — Dv) — d(v, D,,w — Dw)|

=8, t oy, o,

with obvious notation. The first two terms can be estimated using (3.20). Rewriting
the remaining term using (3.12), we get

8,3 = KG,w, D,v — Dv) = {G,v, D,w — Dw)|
S ClIG,Wl3p (D = Dy ol_g), + 1G,vl3, 1D = Dp)vl_g), ]
Now, by a standard duality argument (see e.g. [6]), we have that
I(D = Dy)vl_g, < Chlvly), < Chlivll,.
Moreover,
IGyuly, < Cloly, < Clillys
and thus 8,5 < Chlpll, IIwll;, which completes the proof. [

Remark. The results of Section 4 can also easily be extended to the problem
(5.7). O

6. Appendix. We shall here briefly indicate a proof of the regularity result of
Lemma 1. We want to prove that, for £k > 0,

6.1) Wl q +10h—1ja < CUlgyll—y + lgy 12 + |33|k+1/2)

if (w, 0) € W x H satisfies (2.12). To this end let us first reformulate (2.12b): We
have (cf. [4]) that 0 € H satisfies (2.12b) if and only if

_ |0 _ 0y 0P

6.2 g = |29 =9% 99 ,
) on On |intr, ON |extT,
where ¢ € W!(R?) satisfies

(6.32) -Ap =0 in R2\T,,

(6.3b) p=%w+gy)+c onl,;
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here [d¢p/on] denotes the jump in the normal derivative across I', and c is a suitable
constant. By Green’s formula we get from (6.2) and (6.3a) that

(6.4) D(p, ¥)— W, 0 =0 W €W R?),

where

Do, v) = | , Ve Ty ax.
Recalling (2.12a), we also have
(6.5) a(w, v) + @, 0 = (g,,v) + v, &) WEW.

Now, to prove (6.1) for k¥ = 0, we take v = w in (6.5), ¢ = ¢ in (6.4) multiply by two
and add. Using (6.3b) we then obtain

a(w, w) + 2D(p, ¢) = (g,, w) + w, g,) + (g5, ),
and thus (cf. [6])

Wi} + Nl 1 ey < CLAIg Iy + 1851wl + 01_y/,1851,21-

This proves (6.1) in the case k = 0. For k > 1 we parallel the argument in [8] using
the W x W1 (R?)-ellipticity of the form

DOW, ¥) = a(w, v) + 2D(p, ¥), W =(w, ¢), v=@ ¥)EW x W) (R?). O
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