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A Finite Element Method for First-Order
Hyperbolic Systems

By Mitchell Luskin*

Abstract. A new finite element method is proposed for the numerical solution of a
class of initial-boundary value problems for first-order hyperbolic systems in one space
dimension. An application of our procedure to a system modeling gas flow in a pipe

is discussed. Asymptotic error estimates are derived in the L? norm in space.

1. Introduction. We propose and analyze a new finite element method for the
numerical solution of a class of initial-boundary value problems for first-order hyper-
bolic systems in one space dimension. Our method is based on a procedure given by
Platzman [9]. A generalization of our procedure for problems in two space dimen-
sions will be treated in a later paper [8].

We consider problems in one space dimension of the form

u, + (a;,0x, W), = f1(x, £, u,v), (x, HE[0,1] » [0, T],

v, +a, 0 8w, Vu, tay,(x, 8y, v, =[x, u, ),
1.1) e, Hel0,1] x [0, T],

ulx, 0) =uy(x), v(x, 0) =vy(x), x€][0,]1],

v(0, ) = g4(D), (1,5 =g,, te€]0,T].

We assume that (u(x, ?), v(x, t)) is a smooth solution of (1.1). Let A be a com-
pact neighborhood in [0, 1] x [0, T] x R x R of the set
{(x, ¢, ulx, 1), vix, H)Ix, HE[0,1] x [0,T]}

and assume that there exists a positive constant, «, such that
(1.2) a,x, D=a ay,(x t s, 8)>aq

for all (x, ¢, 5,, 5,) € A. We assume also that aii(x, t, 54, 8,) and fi(x, ¢, s, 5,) are
Lipschitz continuous functions of their arguments for (x, ¢, s,, s,) € A.

Initial-boundary value problems of the form (1.1) occur, for example, by scaling
the space variable, x, of the following first-order system modeling the transient be-
havior of isothermal gas flowing in a pipe:
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1094 MITCHELL LUSKIN

p,+G, =0, (x,HE0,L] x[0,T],
G, + (0* = G*p™)p, +2Gp7'G, = - fIGIGp™?,

(1.3) x Helfo,L] x[0,T],

p(x, 0) = py(x), G(x, 0) = Gy(x), x€][0,L],
GO,H=g,), G 1) =g, t€]0,T],

where p is mass density, G is momentum density (averaged through the pipe cross-
section), 0 = o(p) is the isothermal speed of sound, L is pipe length, and f = f(IG)
> 0 is a friction factor. We assume that the friction factor is described by the Moody
diagram; see [12, pp. 288—289]. In this case there exist positive constants G, and f,
such that f(|Gl) = fOIGI‘l for |G| < G,. There also exists a positive constant f; such
that

lim f(Gl) = f1.

|G| oo

The boundary conditions above correspond to supplying the mass rate of flow at x =
0, L. Conditions on the data and the friction factor guaranteeing the existence of
global smooth solutions to (1.3) have been given by the author in [7].

We now describe the finite element spaces used for our procedure for (1.1). Set
I =10, 1] and for E C I define

P (EY={z21—R |z|E is a polynomial of degree < k}.

For the partition § = {0 = x5 <x, <- - <xy = 1}, we define I; = [x,_,, x;], &;
=X; — X;_,,and h = max h;. Set

(1.4) Mi(r, 8) = {zeC*()Iz€PU,),i=1,2,...,N}L

We shall often write M for M, (r, ). We also set

d d dz
M =M, ) = {d—x—lz €M a)}.

We shall assume that the families of spaces M, (7, ) considered in this paper are based
on meshes & that are quasi-uniform, i.e., there exists C; > 0 independent of # such
that

(1.5) min — > C,.
If £, g € L?(I), denote

S 9=, fedx.

We propose the following method to approximate (1.1):
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Find U: [0, T] — M and V: [0, T] — dM/dx such that (suppressing explicit
dependence on x, )

<Ut’ X> - (d12V, Xx) + alz(l’ t)gl(t)X(l)

(1.62) = a,,(0, gy (X©0) =/, V), %, xEM,

Vy +a,,(U MU, +a,,U VMV, x
+B[V(1, 1) — g, ()] x(1) + B[V(0, t) - g,(2)]x(0)

d
=@ V), %, xEM,

(1.6b)

UO) ~u,,  V(0) ~ v,

The terms multiplied by the constant § in (1.6b) represent penalty terms to
impose the boundary conditions. Let

Y= max la, ., (x, t, u(x, t), v(x, H))I.
(1.7) (x,1)€[0,1] X[0,T] 22( )» v, )

We show that the scheme (1.6) is convergent if 8 > y/2. If a,, =0, it follows that
the scheme (1.6) is convergent for § = 0. We must also require that M C C1(J), i.e.,
k=>1,if a,, # 0. Otherwise the term

d
{ay, (U, VIV, X, XEEx—M,

will not be defined.
We denote by H’, for j a positive integer, the Sobolev space of functions on J
with j derivatives in L2(I) and norm

fl d*z d*z

2 _ ¢zaz 2 _ .2
lzIl7 = dx Izl = lzIIg.

We shall prove the following theorem in Section 5:

THEOREM 1. Let (u, v) be the solution to (1.1) and assume that there exists
C, <o such that

sup (lal, + o) < Cy /7l I + W B1ar <

0<t<T
Assume that U(0) € M, V(0) € dM/dx satisfy, for some C; < s,
(1.8) IU©0) = uy Il + 1V(0) — vy | < C3h

Suppose that 8 > v/2, that k > 1 if ay, ¥ 0, and that r > 2 if the system (1.1) is
nonlinear. Then there exists hy > 0 and C such that the solution (U, V) of (1.6)
exists on [0, T] for h < hy, and such that

(1.9) U@ — u(®)) + IWVE - w)I < CH fort€ [0, T], h<h
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We note that the estimate (1.9) is of optimal order for v. It has not yet been
determined whether the order of this estimate for the approximation of u can be im-
proved in general. The optimality of the result (1.9) is discussed in more detail in
Section 5.

Our procedure should be compared to the standard finite element procedure
[2], to be discussed in Section 2, for approximating the solution of first-order hyper-
bolic systems. Although high convergence rates can be proven for both the standard
finite element procedure and our alternative procedure, there are important qualitative
differences in the solutions they produce. It is shown in Section 2 that the numerical
solution produced by the standard finite element procedure has dispersion properties
unlike those of the exact solution of the differential equations. This behavior has
been noted by, among others, Hedstrom [5] and Platzman [9]. We show in Section
2 that for a model problem which is a linearization of (1.3) our proposed procedure
yields a solution with dispersion properties similar to those of the solution of the
differential equations.

In Section 3 we discuss the qualitative nature of the solution of (1.3). We show
that for short pipes (L small) or rough disturbances the dissipative term —fIGIGo™! is
relatively unimportant and the solution to (1.3) is approximated by the solution to
a wave equation. However, for long pipes and mild disturbances the dissipative term
-fIGIGp™! is shown to be very important and the solution to (1.3) is approximated
by the solution to a diffusion equation. Our numerical solution is shown to be close
to that of the solution of the standard finite element method for the wave equation or
the diffusion equation under the appropriate conditions.

Section 4 gives a result which indicates that accurate long-time integration of
systems such as (1.3) is possible with our procedure. We note that accurate long-time
integration of (1.3) is not possible with the standard finite element method due to
the accumulation of round-off and truncation error.

2. Dispersion Analysis of an Example. Consider the hyperbolic system
u, +v, =0, (x,€[0,1] x[0,T],
v, tu, =0, (x 1el0,1] x[0,T],
2.1)
v0,H=vul,)=0, t€[0,T],
ux, 0) = uy(x), v(x, 0) =vy(x), x€[0,1].

The solution of (2.1) is easily constructed through Fourier analysis. If
ug(x) = 2 a,cos nmx,  vy(x) = 3 b, sin nnx,
0 1
then

u(x, 1) = ZA,, cos(nmt + 0,) cos nmx,
[
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oo
u(x, 1) = > A, sin(nnt + 6,)sin nmx,
1

where A, =a,, 0, =0, 4, cos 0, =qa,,and 4, sin 6, =b,.
Now consider two approximation procedures for (2.1). Let

Hy={z€H"1200)=z(1) =0}, M° = My(r, ) N H},

and define the standard finite element approximation [2] to be the functions U:
[0, T] — Mand V: [0, T] — M° such that

U, Wy +V, Wy=0, WEM,
(2.2) V, W)+ U, Wy=0, WEM,
U©) ~u,,  V(0)~ v,

It is instructive to study an explicit solution of (2.2) in the case k =0,r =1,
and § is a uniform partition. For NV a positive integer, set # = 1/N and x; = ih, i =
0,...,N. Define the interpolation operator P: C(/) — M = My(1, &) by the relations

Pz(x;) = z(x;) fori=0,...,N

If
N N
U@©) = X" a,P(cos nmx),  V(0) = 3 b,P(sin nmx),
0 1

then

N
U®) = Y A, cos(l', ¢ + 0,)P(cos nmx),
2.3) °

N
V(t) = 2 A,sin(T,t + 6,,)Psin nmx),
1

where A, = a,, A, cos 0, =a,, A, sin0, =b,,forn=1,...,N, and

3sin nhm

@4) Ln = h(2 + cos nhm) *

Note that I'y, = 0. Thus, we see that

U(t) = P(cos Nmx),  V(¢) = P(sin Nnx) = 0

is a nonconstant steady-state solution to (2.2). Furthermore, we see from Graph #1
that the most spatially oscillatory components of the solution of (2.2) have a low
frequency in time even though the spatially oscillatory components of the solution of
(2.1) have high frequency in time.

We can also see this phenomena for (2.2) and general spaces M = M, (7, §) as
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follows. Since
d
. 0 .
im — + 1 <dim M,
dmdxM < dim M

there exists a nonconstant Z € M such that

(2.5) X )=~ 2,) =0, x €M
Hence
(2.6) un=z V(=0

is a nonconstant steady-state solution of (2.2). We note by (2.5) that Z must be a
highly spatially oscillatory function.
Our new procedure to solve (2.1) is the following. Find U: [0, T] — M =
Mg(r, 8) and V: [0, T] — dM/dx such that
U, W)—<V, W)>=0, WEM,

d
@.7) Vo W+ U, Wy =0,  We M,

UO)~u, V(0O)~uv,.
We note that by elimination of ¥ in (2.7) we see that U satisfies

U,, W+U, W)=0, WE M.

Hence, our procedure reduces in this special case to the standard method for the
wave equation.

An explicit solution to (2.7) can be constructed as follows. Let A, be the kth
positive Rayleigh-Ritz approximate eigenvalue with eigenfunction U, € M for the
problem

(2.8) ~u" =, x€[0,1], «'(©)=u'(1)=0.

Thus, 0 <X, <A, <+ <Ny and MUy, W) = <ka, W.), WeE M, where M =
dim M — 1. Let w, =+/A;. Also, set w, =0and Uy = 1. If

M M
U@©) = X ¢ Uy, V(0)= 2 b (—wx Uy
0 1

then
M

U(t) = Y Ay cos(wyt + 0,)U,,
0

M
V() = 3 Ay sin(wt + Gk)(_"’-’lek)x’
1

where A, = a,, 0, = 0, A, cos 0, = a;, and 4, sin 0, = b;. It is well known [11,
p. 223] that w; = km for k=1, ..., M Hence, we do not obtain nonconstant
steady states for (2.7), and states which are spatially oscillatory have high frequency
in time.
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In the case M = M (1, &), where & is a uniform mesh of size 1/N, N a positive
integer, we can take U, = P(cos kmx) and

o @)( _2.2@>‘“2 -
2.9 wk—231n<2 1 3sin® =5 ht.

A comparison of the graph of w, and I'; with the graph of v, = km (see Graph #1)
shows the superior dispersion relation given by scheme (2.7). Intuitively, the graph
shows that only about one-half of the degrees of freedom in the standard method are
useful in approximating the solution, whereas for the proposed method all of the de-
grees of freedom are useful.

GRrRAPH #1 (from Platzman, [9])

|
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3. Application to the Modeling of Gas Flow in a Pipe. For high frequency
disturbances, solutions of Eq. (1.3) behave very much like solutions of the usual
second-order wave equation, and for low frequency disturbances they behave very
much like solutions of a heat equation. In this section we indicate the sense in which
this is true for a linearized version of (1.3) and examine the behavior of our numeri-
cal method in these two limiting situations.

If we linearize (1.3) about constant mass density o > 0 and momentum density

G = 0, we obtain the system (after scaling the length)

(3.1) p, +L7'G, =0, (x,H€][0,1] x [0, T],
(.2) G, + L '%p, = ~fG,

(33) p(x, 0) = py(x), G(x, 0)=Gy(x), x€1[0,1],
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for positive constants L, &, and f where L is pipe length, 6 = o(p) is the isothermal
speed of sound, and fis a constant friction factor. We consider, for simplicity, the
case of homogeneous boundary conditions

(3.4) GO,5)=G(1,H=0, t€0,T].

We obtain, by eliminating the variable G from (3.1)—(3.2), the damped wave
equation

P —L726%0,, =—fo,, (x,H€E[0,1] x [0, T],
(-5 p(x, 0) = py(x),  px, 0)=-L7'G, (x), x€][0,1],
p,0,0)=p,(1,5=0, t€][0,T].

Now suppose that the initial data is such that for m a positive integer

(3.52) p(x, 0) = a,, cos(mnx) and p,(x, 0) = B, cos(mmx).
Then it is easily checked that the solution to (3.5) is given by
+0mt L~ Ym?
3.6) p(x, 1) = [c e + ¢, e’ ™ Jcos(mmx),
where
" f e B — Tma
Ym ==7 [ £1 - dm*n’L7%6%f 7, e, =

+

Ym

T

If %, = v;} for some m, then small modifications of the following arguments are
necessary. Let

+ ~t
p,x, 1) = c:;,e’y"‘tcos(mnx), p,y(x, 1) = c,e’™ cos(mmx).

Note that p = p, + p,.
We first consider the case when

(3.7) miniL G2 2 >> 1.

A simple calculation shows that under the condition (3.7) we have that
2 —272

(3.8) Vo | <<IL™%0%p; I, oy, I,

for (x, ©) € [0, 1] x [0, T],i=1, 2. (For functions ¢, ¢ € C([0, 1] x [0, T])
we say |¢| << |y| for (x, £) € [0, 1] x [0, T] if and only if ¢l/I¥| << 1 for (x, £)
€ [0, 1] x [0, T].) Hence, it follows that the solution to (3.5) is approximated by
the solution to the wave equation

pepe —L7%0%p,, =0, (x,t)€[0,1] x [0, T],
3.9 0,0, =p,(1,H=0, t€][0,T],

p(x, 0) = &, cos(mmx),  p,(x, 0) =B, cos(mmx), x € [0,1].
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Next, we consider the case when
(3.10) m?n L7202 << 1, 1Bl << la,, 1.
Then it is easily verified that
G11) oy, | <<ILT26%0, |, [yl for (x, )€ [0, 1] x [0, T].
It also follows from (3.10) that |c;}| << lc;,| so that

oy, Fpy | IL726%0, | <<IL726%p, I, fb, I,
(.12)
for (x, ) € [0, 1] x [0, T].

Hence, we see from (3.11) and (3.12) that under the conditions (3.10) we have that
the solution of (3.5) is approximated by the solution of the diffusion equation

-L7%%,, =-fo,, (x t)€[0,1] x [0, T],

(3.13) 0,0,0)=p,(1,6)=0, t€]0,T],

p(x, 0) = o, cos(mmx), x € [0, 1].

We shall now show that under the conditions (3.7) our numerical solution to
(3.1)—(3.3) is close to the standard finite element method for the wave equation
(3.9) and that under the conditions (3.10) our numerical solution to (3.1)—(3.3) is
close to the standard finite element method for the diffusion equation (3.13).

Our finite element solution to (3.1)—(3.3)is p: [0, T] — M, G: [0, T] —
dM/dx, such that

(3.142) 0 ~L7'G x)=0, x€EM,

- - d
(3.14b) G, %+ L 16%p,, 0 =[G x, xE€ = M
(3.14¢) p(0) = py,  G(O) =~ G,.

We can eliminate G from (3.14) to obtain the following finite element equation
for p: [0, T] — M

(3.15) o X+ LT20%p,, x) = ~for X, XEM,
where p(0) is as in (3.14c) and p,(0) € M satisfies by (3.14a)
(3.16) (p[0), ¥ =L7'GO), x,, X E M.

As in our discussion of the differential problem, we assume that

p0) = &, Uy, 0,(0) = B,,U,
(we use here the notation for the eigenproblem (2.8) introduced in Section 2). The
solution to (3.15) is then given by

+ p—
3.17) o(t) = [c;er'”t + c,‘ner'"t] U,
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where

N|\)

Bm ~ anam
re-ri
An analysis similar to that given for the differential problem then establishes
that if

(3.18) N L2632 >> 1,

r [1£+/1-4NL725%777),

o
I

+
m

we have that the solution to (3.15) is approximated by the solution p: [0, T] — M
to the standard finite element approximation for the wave equation

(3.19) (s X +L726%p,, x,) =0, xEM.
Similarly, if
(3.20) N, L2032 <<, 1Bl <<la,fl,

it can be verified that the solution to (3.15) is approximated by the solution p:
[0, T] — M of the standard finite element approximation for the diffusion equation

(3.21) L%g? Pys Xo? = f<pt, X XxX€M, p0)=0a,U,.

4. Long-Time Integration. We shall prove the following result:

LEMMA 1. Let (p, G) be the solution to the continuous problem (3.1)—(3.4).
There exist positive constants Cand D (depending on 6, L, and f but independent of
T, py, and G) such that

4.1) ”p(t)—f(l) podx” + IIG(t)||<ée—D’< po = [y podx|| + IIGO||>,

Also, if p: [0, T] — M and G: [0, T] — dM/dx is the numerical approximation of
(3.1)—(3.4) defined by (3.14), then

|p(t) fp(O)dx“+ G < <” ©) - [ p(©)dx

(4.2)

\ + 1G(O) Il >

Remark. This result implies that the dependence of the solution p, G of (3.1)—
(34)at ¢, > t, on p,, G, and the boundary conditions for ¢ € [0, #,] decays ex-
ponentially (except for the dependence on fg p(x, t,) dx, of course). It is essential
that a numerical procedure for (3.1)—(3.4) have the property (4.2) if the accumula-
tion of round-off error and truncation error is to be prevented from destroying the
accuracy of the numerical solution after a finite interval of time.

Proof of Lemma 1. We shall prove the estimate (4.2) for the numerical solu-
tion given by (3.14). The proof that (4.1) holds for the differential problem is
analogous. Suppose that the solution p(?) = EI(‘,’I ¢,n(OU,, € M to (3.14) has initial
conditions

M
p(0) = Zam mr PA0) = 3B,U,
0
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We assume in this section that the eigenfunctions {U,,} have been normalized. Again,
if v, = 7,,, for some m, then small modifications of the following arguments are
necessary.

It follows from (3.17) that

+ —
_ + It _ It
(D) =[cpe™ +c,e™].

By the orthonormality of the set {U, }, we have that

'2 = %4: cm(D?.

“3) “p(t) - [yp@ax

It follows from (3.14a) that

(4.4) G = fj (LN, U,
1
SO
M
4.5) IGOI? =3 ¢, (LN}
1

It is easily checked that there exists a positive constant C, which is independent
of m and &, such that

(4.6) leh 12 + e, 1> < CloZ, + B2 LN .

We also note that since A,, = A, = 7% for all partitions § and form =1, ..., M it
follows that

f

4.7) Rel;, < Red{ - AL -1 - 4w262L-2f-7]$ =D,

form=1,...,M
Hence, we have that

(4.8) 2 () <2e2P|ct 12 + ;1] < Ce P2, + B2,L7N, .

Since ¢,,,(0) = «,, and c'm(O) = B,,, it follows from (4.3) and (4.5) that

A 1 2 el 2 r2y—1 2
(4.9) a2 = b - [, o@ax||, T ELN = IGO).
1 1
Thus, if we sum (4.8) form =1, ..., M, we obtain
2 2
(4.10) p(t) - f (1) p(0)dx|| < Ce'w’< 5(0) - f ; p(0)ax|| + IIG(O)II2>.

Next, it is easy to show that there exists a positive constant C, which is inde-
pendent of m and §, such that

4.11) (T3 )N < cC
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Hence, we have that

M M + _
IG@OI? = Y (PLAN; = X (chThe' m" + ¢ e m* LX)
1 1

M
(4.12) <Py [let 2 + I, 12]
1

2

< Ce-“”< p(0) = [, p(0)ax

+ IlG(O)I|2> .

We note that the estimate (4.2) is not valid for the standard finite element solu-
tion to (3.1)—(3.4). The standard finite element solution to (3.1)—(3.4) is obtained
from (2.2) by replacing U with p and V with G and by adding — F4G, W) to the right
side of the second equation. Since (see (2.5))

p(H=z, G(1=0,

is a nonconstant steady-state solution, it is clear that (4.2) cannot be verified for the
standard finite element method.

5. Proof of Theorem 1. We shall fix r > k > 1 and derive error estimates for
the scheme (1.6) for the family of spaces

M = M @, 8)

satisfying the quasi-uniformity assumption (1.5). We note in the statement of Theo-
rem 1 that we may allow k = 0 if @,, =0 and r = 1 if (1.1) is linear. These special
cases can be proven by a variant of the following argument.
In what follows we denote by W/* the Sobolev space of functions with j weak
derivatives in L™ (/) and norm
j

el = 2

k=o0!

s
dx"

It is well known that there exists C, < o, depending only on C, of (1.5) and 7,
such that the following inverse hypothesis holds for x € M,

.1 U2 x| + Rl < Cylixl, U2 Ix, | + Rl I < Cylix, 1.

pey 1=

It is also well known that the spaces M satisfy the following approximation
property:
There exists C5 < o such that for 2<s<r+ 1 and z € H°,

(5.2) inf (lz = xIl + &llz = xIl, + A2lz = xll, + #B3/%|z = x|,) < CHSlz]l,,
xEM 1 2 1 5 S

and for 1 <s<randz € HS,
(5.3) inf (lz —xI + Az —xll, + hi?z - Xlp) < Cholzllg.
d

e—M
X dx
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We also use the fact that there exists C, < oo so that if z € H? and z,(0) = z,(1)
= 0, then we can choose x € M such that x,(0) = x,(1) = 0 and

(5.4) Iz = X, + hlixl, < Cghlzll,.

In what follows, C will denote a constant which depends on the Lipschitz con-
stants for a; and f;, o, and C, through Cg, but which is independent of §. It will be
allowed to vary from estimate to estimate. When the arguments for g;;, f; are omitted
we assume that the functions are evaluated at (x, ¢, u(x, ), v(x, t)).

We wish to define the weighted L? projection of v, R = R(v) € dM/dx, by rela-
tions

ij

(5.5) @,0—-R@), W=0, WE % n

It follows by the approximation property (5.3) and (1.2) that n, = v — R(v) satisfies
(5.6) Iy I < Clloll, A"

It then follows by the approximation property (5.3) and the inverse hypothesis (5.1)
that

(5.7) hliny Il + B2 in,| < CH" vl

We obtain an estimate for M, by differentiating (5.5). We then obtain

d
(58) (alznzt, W>+ <<3;a12>172, w>=0, WG‘%My
it follows that
llnztll < Clln2 I +C inf Ilvt - xI < Cr'( IIvllr + Ilvt ll,).

GdM
de

59)

As before, by (5.3) and (5.1) we can then obtain

(5.10) hliny I, + k20, | < CH (W, + To ).

We also wish to define the following approximation of u, Q = Q(u, v) € M, by
the relations

<‘121(“ - Oy, v))xs Xy? T <022772x> X!

(5.11) + Bny (1, DX, (1) + Bn, (0, 0)x,,(0) =0, x€EM,

[ - 0@ vyax =o.
Set n; = u — Q(u, v). It follows from (5.1) and (5.7) that

In, (1, Ox, (DI < CH i, Nl x €M,
(5.12)
[n,(0, DX, (0] < Ch 1y, I l,,  x € M.
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Hence, it follows that

(5.13) lIn Il < Clin,ll, + cnt lwll, + C inf lu = xIl, < A" (ll, + lull,).
XEM

We can derive an L? estimate for n, by a variant of a frequently used duality
argument. Let f € L2(J), /3 fdx = 0, and determine ¢ by
1
~@19): =5 x€00,1], 4,0 =9¢,)=0, [ eax=0.

Note that

8,00 =~ — [ f(s) .

a4
Then it follows that llpl, < CIlfIl. Also, for x € M, such that x,(0) = x,.(1) =0,
by (5.11)

my, ==&, —(@,9,), = <a21‘nl,¢’ ¢y
(5.14)
= (azlnlx, (@ =X, + <"22772,¢’ (9 = X0, + My, (23,8,),)-

Now, if we choose x to approximate ¢ as in (5.4) so that l¢ — xll, < Chlgl,, it fol-
lows that

(5.15) iny, I Clhlnly + Rl + ln, 17 1£1.
Hence, since [, (1) n, dx = 0, we can conclude that
(5.16) Iy I < CH"[Mell, + loll,].

We can derive an estimate for n, by differentiating (5.11) with respect to ¢
to obtain, as in the estimate for In, I,

(5.17) IInltlI1 < O (lull, + M l, + o, + v, 1,).
A duality argument similar to the previous such argument establishes that

(5.18) Iy 1< Gl + ol + Byl + ol ]

Set £, =U—- Q@ v), &, = V—R(v). Then from (1.1), (1.62), and (5.5) we
see that

(519) &, %0~ (a8, X =My, 0 HAU V) - f1 v), 0, x EM.
It also follows from (1.1), (1.6b), and (5.11) that

&, T ay, @ V) + a5, 0)E, X0+ BE L, HX(1) + BE, (0, H)X(0)

(5.20) =My, x + ([ay, @, v) —ay, (U, MIU,, x
+ ([ay, (W, v) —ay, (U, NIV, X

+{LH(U V)~ L, v), 0, XG% M.
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We prove the theorem by a variant of an argument used in [2], [6], [10], [13]
by showing that there exists a positive constant C, such that for any ¢ € [0, T], if

(5.21) (U, V) exists on [0, #]
such that

{(x, s, Ulx, ), V(x, )| (x, s) € [0, 1] x [0, 2]} C A,

and

lu—0),® +lv-V) 6 <1 for0<s<ty,
then
(5.22) I - D))+ I - VY <C,, 0<s<t

Let B be a compact neighborhood of
{(x, 5 u(x, 5), vx, ) 1(x, 8) € [0, 1] x [0, T]}

such that B C interior of A.
It follows from the “inverse” hypothesis (5.1) that (5.22) implies the existence
of a positive constant C so that

w—U)s)l +1v - Ml <Ch 12, 0<s<t

Hence, there exists a positive constant /, such that if # € (0, &, ], then (5.22)
guarantees that

(G, s, Ux, ), Vx, $)I(x, s) € [0, 1] x [0, 7]} € B.
Similarly, it follows from the “inverse” hypothesis (5.1) that (5.22) implies the
existence of a positive constant C such that
I - U) &)+ lw- V)6 <Ch3?2, 0<s<t

Hence, since r > 2, there exists a positive constant 4, such that if # € (0, &, ], then
(5.22) guarantees that

@ —=0) Ol +lv-V) 6<% for0<s<t

Now, Ulx, ?), V(x, 1), l(u = U),(?)l, and I(v = V), ()| are continuous functions
of t. Also, by the assumption (1.8) on the choice of U(x, 0), V(x, 0) and the above
discussion it follows that for 2 < min(k,, h,) we have (assuming without loss of
generality that C, < C;)

{(x, 0, U(x, 0), V(x,0))Ix EI}C B and |(u— U),0) + I - V), (0) < %.

Suppose we have proven that (5.21) implies (5.22). We can thus conclude
from the existence theory for ordinary differential equations that if 2 < h, =
min(h,, h,), then (U, V) exists on [0, T],
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{x, s, U, ), V(x, 9)1(x, ) €[0,1] x [0, T]} € B,
-0, +1p-V)6I<k% O0<s<T,
and
I — U)ol + Iw - VYHI<C,h", 0<s<T

So, we assume that (5.21) is valid. We shall proceed to prove the estimate
(5.22). Since

{Gx, s, Ulx, s), V(x,9))(x,5)€[0,1] x [0,¢]}C A,

we can assume (1.2) and the Lipschitz bounds on the coefficients where needed. We
also note that it follows from (5.21) and Sobolev’s inequality that

U | + 1V () < luy(5)l + v ()] + 1

(5.23)
< Cllus)l, + lus)l,} +1<CC, + 1,

for0<s<t.
We set a&; € M to be the L? projection of a,,%,/a,, onto M, ie.,

4y, —
(524) <‘Z; 51, X> = usl’ X)’ X € M

We use the following variant of a lemma of Dupont and Wahlbin [4] to estimate the
error a¢, — a,,&,/a,,.

LEMMA 2. There is a constant C such that if b is a continuously differentiable
function on [0, 1], ¢ € M, and { is the L? projection of bp onto M, then

l(dp — ¥), I < Clb, | ligll.
Proof of Lemma. For x € M, we have by (5.1)
o — ¥), I < g = x), I + Iix = ¥, |
(5.25) < lipg = x), I + Ch I = vl

< I@o - x), | + Ch1(Ibg — xIl + g — Y1),

It follows directly from [4] that b — Yl < Chlb, | lgll. The argument in [4] also
shows that one can construct x € M,_,(r, 8) such that llbp — xIl + £l(b¢ — x), Il <
Chlb, | lgll. The result follows by substituting the above two estimates in (5.25).

Q.E.D.
e
a, 2 /%

We apply the lemma to obtain

(a‘él)x - <:7112—21' $1>x

(5.26)

<c I, .
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We note that from (1.2) it follows that there exists a constant C > 1 such that

Cllg I < < Clg, .

a2lz
a;, !

We now take x = ;El_ € M as our test function in (5.19). We obtain, since glt

€ M, that
PSR |
<21t’ a21> _<‘§1t)a12 El>
Also,

(5.27) <€1ta > 2a’t<a“£l’> <1, dta >

and by (5.26)

- a
(ay,&,, (@), = <112$2, <az—1§1>)> + 0(llg, 17 + g, 1)
(5.28) 12

=@, 8, )+ O(lg, 12+ lg, 12).
Hence, we can obtain from (5.19), (5.27) and (5.6), (5.16), and (5.18) that

(5.29) 2 dt gl, 2L g> = @y, by, £ Y <CLIE P+ g, 7] + Cr?".

If weset x =%, € dM/dx in (5.20) and use (5.6), (5.9), (5.16) and (5.23), we
obtain

&y, £ Fay 8y L E) FLay,k, B+ BE (1L 97 + BE, 0, 5)?

(5.30) i
< CR*" + C[lE 12 + Ng,12].
However,
1
<"2222 €)= f (a,,83), dx - <(a22)x52’52>
(5.31)

< 57(52(1, $)? + £,(0, )*) + Clig, 2.

Thus, if we add (5.29) to (5.30) and use (5.31), we obtain

1daf/ @ |
2at [<_5> 158 |+ (- dr)0, 97 + 2099

< C[lg 12 + g, 12T + Cr?".

We now obtain from Gronwall’s lemma the result

g, ()17 + Nz, ()12 +< —%y)jé [£,(1, 0)* + £,(0, 0)*] do

(5.32)

(5.33)
< CH*" for0<s<

Since it follows from (5.6) and (5.16) that lIn, I> + lin, I < Ch?", we have shown
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that
I = UXs)I + Ip - MYSHI<Ch, 0<s<t

Thus, we have shown that (5.21) implies (5.22). Hence, we can conclude (as our
theorem asserts) that there exists 4, > 0 such that if 0 < & < h, then (U, V) exist
on [0, T] and

(5.34) I — YOI + I - VYOI<CH for0<t<T

Q.E.D.
We also note that the following estimate is valid [1]:

(5.35) Iny| < Ch'[ul,.
We can use this estimate to conclude from (5.33) the following corollary.

COROLLARY 1. If in addition to the conditions of Theorem 1 we have that

T
(5.36) STtz ar < oo
and B > v/2, then the estimate
(5.37) Jot(1, 5= v, o2 + 1, 1) = V0, H2] dt < CH"
is valid.

We now consider the optimality of the estimate (1.9). First, we consider the
problem

(T =0, (nelo,1] x [0, T],
v, + u, = —ﬁ),

(5.38)
v(0, £) = gy (1), v(l, ) =g,(), te€]0,T],
ulx, 0) = uy(x), w(x, 0) =v,(x), x€[0,1],

where f is a constant. The next lemma shows that if the solution (1, v) to (5.38)
is smooth enough and if

d
(5.39) luy — UO)I < Ch*Y, (v, - V(0),x =0, x€ 7 M
then the improved estimate
(5.40) K u() = U@l + @ - vOl<cn’, t€]0,T],

can be obtained. We note that the estimate (5.40) is of optimal order in % for both
u and v.

LEMMA 3. Let (u, v) be the solution to (5.38) and assume that there exists Cg
such that

T
sup (el + Wl <Cgr VSTl | dr<c.
0<t<T
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Let (U, V) be the solution to (1.6) witha,, =1,f, =0,a,, =1,a,, =0, f,(, v)
=-fu,8=0,k>0,andr>1. Assume that (U(0), V(0)) satisfies (5.39). Then the
estimate (5.40) is valid.

Proof. 1t is easily checked that (using the notation of Theorem 1)

(5.41) EpX—Enxd =@, 0 XEM
and

2 d
(542) <E2ta X +<£1x, X>=_f<£2’ X)s Xe(_iX—M

We set x = &, in (5.41), x = £, in (5.42), and add the resulting equations to obtain
(5.43) Ld e g2 g2y <3 im, 1+ Tig 2 + (A, e,
2 dt 1 2 t 2
Now it follows from standard estimates that in this case
(5.44) I, I < CRPH M, . I|n1tll <cntlull,, ., Iy I < CH'Ibl,.
Also, we can conclude from (5.39) and (5.44) that
(5.45) lg, @l < Cch*!,  &,(0)=0.
Hence, it follows from (5.43), (5.44), (5.45), and Gronwall’s inequality that
(5.46) lg, (OI? + lg,(H)I> < cn?T*D, e o, T].

The result (5.40) now follows from (5.44) and (5.46). Q.E.D.
We conjecture that the estimate (5.40) is valid in general if the solution (u, v)
to (1.1) is smooth enough, if a,, =0, and if

d
lug — UO)I < CH™*Y,  (ay,(vo = V(0), =0, x€ o M-

Next, consider the system

u, +v, =fix), (x t)€l0,1] x [0, T],

v, +u, +v, = f,x),
(5.47)
v, 1) = go(t)’ u(l, ) = gl(t)’ te (o, 1],

ux, 0) = ug(x), v(x, 0) =vy(x), x€[0,1].

Let the space M = M (r, §) where 6 is a uniform partition with mesh length #, i.e.,
h = 1/N for N a positive integer and x; = jh.

Set n, = u — Q(u, v) as before. Let (U, V) be the solution of scheme (1.6) for
(5.47) with 8 = 1 and initial conditions

(548) V(0) = R(vo), uo) = Q(uo, vo)-
Let M = M, (2, 6). It can be shown that if (, v) is a smooth solution to (5.47),
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then there exists a constant Cy such that

(5.49) I+l ) < Coh/2.

This result can be used in the analysis of Theorem 1 to show that if (4, v) is a smooth
solution to (5.47), then the result

(5.50) 12 0u(s) - U@+ (@) - vl <ch?,  tE€]0,T],

can be proven. The estimate (5.50) cannot be improved since it can be proven by
techniques similar to those used in [3] that the estimate at ¢ = 0,

K 2wy = Qug, vo)l + vy = R(vg)Il < Ch2,

cannot be improved.
It can also be shown that if M = M, (4, §) and if the initial conditions are deter-
mined by (5.48), then the estimate (1.9) cannot be improved.
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