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Local Stability Conditions for the Babuska Method
of Lagrange Multipliers*

By Juhani Pitkaranta

Abstract. We consider the so-called Babuska method of finite elements with Lagrange
multipliers for numerically solving the problem Au = fin Q, u = g on 3§, Q C R",

n = 2. We state a number of local conditions from which we prove the uniform stabili-
ty of the Lagrange multiplier method in terms of a weighted, mesh-dependent norm.
The stability conditions given weaken the conditions known so far and allow mesh re-
finements on the boundary. As an application, we introduce a class of finite element
schemes, for which the stability conditions are satisfied, and we show that the conver-

gence rate of these schemes is of optimal order.

1. Introduction. Let £ be a bounded simply connected domain in R”, n > 2,
with smooth boundary 02. We consider the second-order Dirichlet problem

(1.1) Au=f inf, u=g onadfd.

If f€L,(R) and g € H'(3Q2), r > 1, the problem (1.1) admits the following variational
formulation: find a pair (u, Y), u € H'(Q), ¥ € L,(892), such that

(12) fQVu * Vudx — fanvw ds + fmu‘pds = —fnfvdx + fmgcpds,
for all (v, v) € H' () x L,(38).

If (u, ¥) is the solution of problem (1.2), then u is the weak solution of problem (1.1)
and y equals du/dn, the normal derivative of # on 9 (cf. [1]).

If M'l’ C H'(Q) and Mg C L,(9%2) are finite-dimensional, the Lagrange multiplier
method [1], [2] for the approximate solution of problem (1.1) consists of seeking for
a pair (u,, V,) € M{’ x M;’ such that

1.3) fn Vu, + Vudx — J;mvd/h ds + fanuh«pds = —fnfvdx + fang¢ds,
for all (v, p) € M" x M.

It is well known, cf. [1], [2], [4], that the uniform stability of the Lagrange multiplier
method can be achieved only by rather careful choices of the subspaces M {' and M;'.

In particular, if M{' is fixed, then the choice of M;' is critical [2]. In [1] it is shown
that for finite element subspaces the stability can be achieved provided, essentially,

that the diameter of the smallest element on 0S2 and that of the largest element in the
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1114 JUHANI PITKARANTA
interior of 2 are related as

(1.4) din(0) = Cd__ (),

max(

where C depends on £2.

The problem of weakening the condition (1.4) was studied in [8], where it was
shown that for quasiuniform finite element meshes in R? the constant C in (1.4) can
be allowed a value close to unity, with certain natural choices of the boundary sub-
spaces. In the present paper we consider the more general situation where mesh re-
finements are allowed. Neither (1.4) nor the conditions given in [8] allow mesh re-
finements on 9£2.

The technique we use is somewhat different from that of [1] or [8]. Instead of
working with the Sobolev space H"(3%), we carry out the analysis using L, (92),
supplied with certain weighted, mesh-dependent norms.

In Section 2 a number of technical assumptions are made, which are sufficient
for the uniform stability of the Lagrange multiplier method. The assumptions are given
in a form allowing them to be checked locally for subspaces of finite element type.

In Section 3 the uniform stability of the Lagrange multiplier method is proved
from the assumptions of Section 2. Here the key result, which allows local conditions
in the case of mesh refinements, is Lemma 3.2. The uniform stability yields immediate-
ly an abstract quasioptimal error bound for the approximate solution. As a by-product
we obtain here a weighted convergence result for # —u, on the boundary.

The verification of the stability conditions in practice is finally considered in
Section 4, where compatible finite element-type subspaces are constructed assuming a
simplicial mesh in the interior of £. Quasioptimal convergence rates are proved for
the resulting finite element schemes.

Among other cases, where the conditions of Section 2 can be verified, we men-
tion the boundary subspaces constructed in [8] and [9] for plane domains.

2. The Basic Assumptions. For a domain  C R" we let H*(Q2), k > 0, k inte-
ger, denote the usual Sobolev space with the norm

K
”u”}{k(g) = z |u|%91
j=0
where
IquZ,Q = ||ZJQ(DO‘u)zdx, a=(,...,q),ld=0a + - +a,.
al=j
For nonintegral k, the norm || || k() is defined by interpolation [7].

For a definition of the spaces H*(3S2), cf. [1]. To define a convenient norm
for H*(9£2), when k is an integer, let {S,} be a finite family of open, disjoint subsets of
of 982 such that Uv §v = 0Q. ForeachS,, let {x(l”), - ,xfl")} be a system of local
coordinates, chosen so that S has the representation

@) S, ={M, ..., xM)err xW = F,, ..., xM),
(xg"), e, xf,"_)l) evU,}.
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If the diameters of the subsets are sufficiently small, the local coordinates can be
chosen so that each F, satisfies

2.2) ID*F () <C x€U,
where C depends only on |al, not on v. Assuming this is the case, we can define
2.3) W1 kagy = 3 19, Ik
v
where

(24) UM, x) = e, x W F e, D).

n—1>?
Henceforth we consider a family {Th(BQ)}O <n<, of partitionings of 82 satisfying
some further conditions as given below. We let K and X be real and L an integral pa-
rameter, K = 1, L = 1, A > 0. The subsequent conditions are assumed to hold for
any given 2, 0 < h <1, and for some fixed, finite values of K, A, and L.

Consider a partitioning 7 (3§2), & fixed. For a set S C R", we let d(S) denote
the diameter of S. Our first assumptions are the following:

Al. (i) Forall § € 7*(3%), d(S) < h.

(ii) To the partition 7#(382) = {S,} there corresponds a collection {C,} of
spheres, C, C R”, such that for each v, the center of C, is in S, d(C,) = 8Kd(S,),
and for each C € {C,}, C N C, # & for at most L spheres C, € {C,}.

Here Al(ii) may be regarded as a local regularity assumption. We will need an
additional global assumption which restricts the possible global mesh refinements. To
this end, let us define, for a given § € 7%(092), the sets 2. (S) and R, (S) as follows:

Z:()(S) =3,

@3) 2O =2, ,ULS, €MEQ); S, NI O #a) k=1,2,...,
and

Ry(S) =S,
(2.6) o =5

RS =%, -2, ), k=1,2,....

Each §, € 7"(8Q2) is obviously a subset of R, (S), S, € ™ (082), for exactly one value
of k. We assume:

A2. IfS,, S, €7"(3Q) and S, C R,(S,), then dSs,)ld(s,) <K - kM

In practice, A2 means that the refinements should be globally subexponential.
For situations where refinements of this type are used, cf. [3].

We associate next a family of finite-dimensional subspaces M;’ to the partitionings
7(09). For each A, M;’ is assumed to have a basis {/|, . .., \]/mh} which satisfies:

A3. (i) Forallj, 1 <j<my,, supp{y;} C Z;(S,) for some S, € ™(082) and
k<L.

() Iy =Z7""By, B, ER', and A, ={j;y; #0 on S}, S, € 7(3Q), then

K3 BIIE, 6, = WL, sy > K7 3 BFIWIE s
JEA, JEA,

In addition, we assume the following:

A4. Foreach S € (082), there exists 0, € M;’ such that S, N supp{f } # &,
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d(supp{f ,}) < Kd(S,), and

2
—1 -1 2
fmevds, > K7, [ o2

Finally, let {M{'}0 <n< be a family of subspaces of H'(R2). We assume that for each
h the following compatibility conditions hold between M{’ and M;’.
AS. To the basis {y,, .. ., \lzmh}, of M;', there corresponds the set
... 0,1 C M} such that
@i Foranyv;, 1 <i<m,, v;V; % 0 for at most L functions v, 1 <j<my,.
(i) If S, € ™ (3Q) then
{i;9,#00n 8,} ={j; y;£00n §,} = A,.
(iii)) Ifj € A, then
- 2 2
K ld(Sv)lvjll,\Q < ”U]'”L2(Sv) <K”¢/j”22(sv)-
Gv) If y = Z7By;, v =2T"Bv;, and S, € ™(082), then

211,112 > (Inl12 S k-1 2,112
K2 Bl s,y = I} sy = K71 X BRIli3 s
JEA,, JEA,

and
-1 P
J pvds = K0 6,

Qualitatively, AS imposes an upper bound for the dimension of M, as compared with
that of the trace space of M{’ on 9£2. In this sense A5 is a condition of the same
spirit as (1.4). The difference is that A5 is only a local constraint.

3. A Stability Result. In this section, C or C] denotes a positive constant which
may take different values on different usages and may depend on » and on the param-
eters K, A, and L of the preceding section without explicit indication. We write C(£2)
if the constant depends also on £2.

If ¢ €R!, denote by “lly, 4,560 the weighted L,-norm

9l 50 = 2 d(S, Y f5 o ds,
\4
where the sum is over all S, € M(082). We will denote by X_n the space HY(Q) x
L,(9%2) supplied with the norm
I, ¢)II§(Th =Wul} g + Ml _y, .0 + el s 060-

In this notation, our basic stability and convergence result is as follows:

THEOREM 3.1. Let the partitionings 7" (S2) and 7"(0S2) and the spaces M:’ C
H'(Q) and M} C L,(382) be defined so that the conditions Al through A5 are satis-
fied for some K, N, and L. Further, let f € L,(Q2), g € H'(3Q),r > 1, and let (u, V)

be the solution of problem (1.2). Then if h <hg, hy = hy(Q) € (0, 1), problem (1.3)
has a unique solution (uy, ¥,,) € M? x M which satisfies

”(uh: wh)”X < AQ) (”f”o o T ligll, 1y ag),
Th ’ P
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and
N, ¥) = @, Yy , <C  min i@, )= @, 9y _,.
( w I = pemhart ) o
The proof of Theorem 3.1 will be based on the following two results.
PROPOSITION 3.1. If u € H'(Q) is such that
3.1 fanu«pds=0 for all p € M2,

then if h is small enough, u satisfies
“u“h,-—l/z,aﬂ < Clull’n.
PROPOSITION 3.2. For any ¢ € MY there exists v € M? such that
blig + W0l poq <1 and [ vpds> Clgll, y 50

Before proving the propositions, let us show that Theorem 3.1 follows from them.
For this, note first that we have

(3.2) lellp ey < CQ) (I} g + Wl _y 00)' " u € HY(Q).

This follows, since llull, _y, 5o = d(Q)”V’IIuIILz(m) and since

Il gy < CQ) (ulf o + Il @0 u € H(SQ).
Now define on X_» x X_n the bilinear form

B(u, y; v, 9) = fn Vu - Vodx — fmvwds + fmu‘pds,
so that Eq. (1.3) can be rewritten as
(3.3) By, ¥y, v, @) = —fnfvdx + fmg«pds, (v, 9) EM" x M.
The bilinear form B is continuous on X x X _n:

(34) 1Bu, ¥ v, )l < I, \D)llxrh @, sD)IIXTh.
Also, using (3.2) we have

(3.5) —fnfvdx + faﬂg«pds

In view of (3.3) through (3.5), the proof of Theorem 3.1 is complete if we can show
that [2, pp. 186—188]

< C®) (||f||L2(SZ) + ”g“h,—‘/z,aﬂ) ll(v, ‘p)“XTh~

By, ¥; v,
(3.6) inf su W ¢: v, ¢) =C>0.
@ v)EM" <Ml

2 (v#’)EMlXMg ”(u9 \b)“XTh“(U, ‘p)”XTh
For (3.6) to be valid in the present situation, the following two conditions are suffi-
cient (see [4]):

uEM & J;mucpds=0 for all ¢ € M}
(3.7)
= ulf o = Clul} o + lull} _y, 50
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and

=C>0.

antl/vds
(3.8) inf  sup 5
. 2
veml vem” Wiy a0l g + vl _y, 50)"

But (3.7) follows from Proposition 3.1, and (3.8) is equivalent to Proposition 3.2.
Thus, if the propositions are true, the proof of Theorem 3.1 is complete. O

Proof of Proposition 3.1. Let D, be the unit sphere of R"71, Dy ={x€ R"L,
Ix| <1}, and let E; be the cylinder

Eb=x=(Gx)ERz€D,,0<x, <1}
We prove first a preliminary result.

LEMMA 3.1. Let § > 0 and let § € L,(D,) be such that

fpo 0(z)dz| .
Then if u € H' (Ey), there is a constant C depending only on § such that

2§‘

Proof. If the assertion is not true, then there exist the sequences {u,} and 0,1,
u, €H'(E,), 0, €L,(Dy),v=1,2,...,such that

G-9) 1= II9"”1'42(00) <8 ‘ fvoev(z)dz

1= ||0“L2(DO) <57t

fvo lu(z, 0)?dz < C fEO|\7u|2 dx + fvo 0(z)u(z, 0)dz

b

(3.10) ey g1 g gy = 1,

2 1
< > fDO lu,(z, 0)? d-.

(3.11) fEOIVuvIZ dx + fvoev(z)uv(z, 0)dz

By (3.10), there exists a subsequence of {u}, still called {u,}, which converges in
L,(E,). Since (3.10) also implies that fvoluv(z, 0)[? dz < C, we have, by (3.11), that

fEOIVuv|2 dx — 0, v—> oo,

Hence, {u,} converges in HI(EO) to a function u(x) = C, = const. By (3.10), C, #0.
However, taking the limit in (3.11) one has

0= vlln; 'fvo 0,(2)u,(z, 0)dz

fvof W(2)dz

so that C; = 0, by (3.9), a contradiction. O

Now let 7 (32) and M;’ be given, & sufficiently small so that the subsequent
assumptions are valid. For each § € ™ (08), let 0, € M;’ be a function referred to in
A4, and let the sphere C, C R” be as in Al(ii). By A4, if & is small enough, there
exist the systems of local coordinates {x(*’, . . ., xf,")}, the spheres D, C R™1 with
center at the origin and diameter d(D,) = 2Kd(S,), and the functions F, defined on

= |;ll>nzo |C0| - C||9V||L2(DO) ”uv _uOHHl(Eo) )
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D, such that S, C T, and supp{f,} C I, where
T, ={GP, .. xM)eRS XY = F eV, ..., x0), P, ..., x® ) e D).

We may further assume the coordinate systems to be chosen so that each F satisfies

DF, () <C,  lel=1,z€0D,

and
(3.12) IF\(z,) = F,(z,)| <Kd(S,), z,,2z,€D,.
For each v, define the set E, as
={(x®, ... ,xfl")) € R"; (xﬁ"), - ,xf,vll) €D,
Fv(xg"), e, xf,"ll) < xf,") < Fv(xg"), Ce, xfl"zl) + Kd(S,)}.

Then if & < hy, hy = hy(2) sufficiently small, we have E, C Q for each v. From
(3.12) and from Al(ii) it is also easily verified that

(3.13) E,CCNQ, v=1,2,....

The set £, may be mapped onto the cylinder £, of Lemma 3.1 by the mapping
x — X = J,(x) defined as
% =K1dES )XW, i=1,...,n-1,

£, = K7dE) 7 xP - F 60, X))

By the properties of F, assumed above, J,: E, — E, is an invertible smooth trans-
formation. Moreover, we obtain from the definition of J, the formula

(3.14) Jpp@ds = [, e, @z € LyT)

where §,(z) = ¢(J; ! (z, 0)) and e, satisfies
(3.15) C,K"1d(S,)" ! <e (2) < C,K"'d(S,))"!,  zED,.

Now let u € H'(2) be such that (3.1) holds, let u,, be the function u in the coordi-
nate system {xg"), e, xfl")}, and let i1 (x) = uv(Jv'1 (x)), x € E,. Then, since ', D
supp{f ,}, we have, using (3.1) and (3.14),

(3.16) 0=f up,ds=[ @h@0c 0d,
v 0

where 0 ,(z) ='0,(J, " (z, 0)). By A4 we have
0.d 2
Jr v

fvoe"é" dz

>Kas,y [ e, P ds
v

2 ~
> K-1d(s,)! fvoevva &z,

or, using (3.15),

(3.17) 'fv e 0 dz f le §v|2 dz.
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Let 6 be normalized so that ||ev(3vll Ly(Dg) = 1. Then, choosing 6 = evﬁv in Lemma
3.1, we conclude from (3.16) and (3.17) and from the lemma that

0 2 < 15 12
fvoluv(z, 0)I*dz < ConlD a,l? dx,
or, in the original coordinates,
-1 2 1, 2
as)” [l ds<cf, 0'u,Pds

We sum the last inequality over v and use (3.13), together with Al(ii), to finally obtain

a2y, 5 < S d(S,)™ fr lu, 2 ds
v \4
<cxf p'w,Pax<crLf Ip'uldx
< . E, v < a g

This completes the proof. O

Proof of Proposition 3.2. Let V" denote the subspace of L,(3S2) spanned by
the functions Vipr L= 1,...,my,, v;asin AS. It is easily verified from AS that
dim(V") = m,, ie., V" and M? are of equal dimension. We also recall from AS5(i),
(iii), and (iv) that if v = X7 B;, then

mp
2 2 2
If o <L; B i3 g

SLKY d(S,)7 2 B} s,y < LK IZ, _y, 5g-
v JEA,,

In view of this, the assertion of Proposition 3.2 follows if we can show that

(3.18) inf  sup fan v ds >C>0.

‘I’EM}; Ve Vh ||\1/”h,1/2’ag ”U”h'_l/z,ag

The remaining problem of proving (3.18) can be further modified as follows. First, de-
fine the linear mapping P, : L,(0Q) — M;’ as

(3.19) Py €M bP,Y, v) = b(y,v) VvE V",
where
(3.20) b, )= ), veds, ¥, 9 EL,00).

Then we have
LeEmMA 3.2. (3.18) holds, provided that P, satisfies
(3:21) 1Pl 00 < Qlelly v, 00, ¢ € L,(39Q).

Proof. Denote by H, and H, the Hilbert spaces obtained by supplying L,(0Q)
with the inner products

WO, = EAS)f bods, and @,y =5 ds,) [ vods,

respectively, where the sums are over S, € ™(32). Then II'IIH1 = I"lly, 1,500 > and
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Iz, = I"lly, _3, 5, and b is a bounded bilinear form on H xH,:

(3.22) 16w, O < Wl Ielly,, vEH, pEH,.
We also easily contend that

(3.23) inf  sup M— = inf su _M =1.
VEH | pEH, II\I/HH1||¢|}H2 vety yer; Wiy Nl

Assume that (3.21) holds. Then, using (3.23), (3.19), and (3.21) we find that if
vE V" then

P,
lolly, = sup 280 g OBV,

ver, Wiy, ven, Wiy,

< sp MBVoV) oo o bW
ver, WPl = o Wiy,

(3.24)

Proceeding as in [2, p. 113], we now define the linear mapping E,: V" — M through
the formula
by, v) = (¥, Ehv)Hl > Y] GM;’, vE V.

Then, by (3.22) and (3.24), E,, is bounded and 1:1 [2, pp. 113—115]. Moreover, as
M;’ and V" are of equal dimension, £}, is onto Mg’. Then if E}*: M;’ — V" is the
adjoint mapping defined as

bW, v) = By, v)y,, YEM:,veEV",

we have, using (3.24) and a well-known argument (cf. [2, pp. 112—115] or [4]), that

inf b(¥. v)

veul? verh Wiy ol

IEH I = 151!

inf sup M =2C>0.

veph \[/EM;I ”‘I/”Hl ”U”H2

This proves the lemma. [J
To prove (3.21), let p € L,(39) be given and define, for S, € (3%), the func-
tion ¢, as
9,0) = olx), x€S8,,
=0, x €3Q\S,.

With the sets R, (S,), k =0, 1, 2, ..., defined as in (2.6), let us first prove that
P, ¢,(x) decays exponentially in the following sense:

—ak
(3'25) ”Ph‘pv”L2(Rk(Sv)) < Ce™™@ ”‘P‘,”L2(Sv), a>0,

where o does not depend on 4.
Note that, in the case of a quasiuniform partitioning, a result analogous to (3.25)
was proved in [6] in a different context.
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We start the proof of (3.25) by first introducing a real parameter g, ¢ > 1, and
defining

(3.26) S,.(x) = q’”ivi(x), i=1,...,m,,

where m; = 0 if supp{v } N S, # &, and otherwise m; is chosen so that supp{v 1N
mi-1 (S ) = & and supp{y;} N Z,, (S ) # &, where the sets Z,(S) are as in (2 5).
Consider a given subset S, € T”(asz) such that S, C R,(S,), k > 1. By the as-
sumptions A3(i) and A5(ii), if Y; ¢0 onS§, , then supp{v 1NaCz L(S ).
In view of (2.5) and the above deﬁmtlon of m;, this implies that k — L <m; <k,
and therefore, by (3.26),

(3.27) v;(x) — ¢*ux) = " Ax),  181<1-g7L.

Now let P, ¢, be expanded as Py, = =]k Biv;, and let v = X7 B]ﬁj. Then if A, is as
in A5(ii), we get, using A3(ii), A5(iii), A5(iv) and (3.27),

q_ka”(Ph‘Pv)s ds
-] Su(Ph%)<i€ZAu " Uj> “r fs#(Ph%)<ieZA:u A,.B,-v,> *

> K - w1 - q71)] HP;,%”I::z(Sy)

1 \2
(3.28) ‘2*(1—_—4-L)f sﬂ<.z Ak ) ds

]EAM
> (K7 =% = DR, 17 s,

~uk(l-¢ 1) Y B’f v? ds

]EA

> K7 = %K +1) (1= )] P, s,

Taking q sufficiently close to (but still larger than) unity, we can have
(3.29) K -wK3+1)(1-qgF)>uk!.
Upon summing over u, (3.28) and (3.29) then imply

. P, )vds = zk:ka(Sv) (P,p,)vds

>uk" o
k

Ri(Sy)

(3.30)
(P,v,)? ds.

On the other hand, we find from the definition of v and from A3(ii), A5(iii), and
A5(iv) that

~ 3/2
Jo 08 ds <Kol 5 )Pt s

v
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Recalling that v € V'#, we then have, using (3.19) and (3.20),
faQ(Phapv)v ds = fan‘p"v ds = fsvcpvv ds

(3.31) <Kol s Pavli, s,

12
k

<Koy {2 4 WP s,

Since g > 1, the estimate (3.25) follows from (3.30) and (3.31).
Combining (3.25) with the assumption A2, we get for all S, S, € ™) the
estimate

dis,) |, Pye ) ds<d(S,) (Py,)* ds
Sy R

5y
(3.32) e

< akremka(s,) [ v2ds < Ceakas,) [ 5 s

where k is such that S, C Ry (S,), and 0 < ¢o; <.
Finally, to estimate Py, write P, =% P,¢,, and apply the inequality

<Zak> czeﬂkak, B>0,C=C@),q ER!,

1

together with (3.32) to first get

d(S“)fsM(Ph‘p)z ds

= d(s,) s [};‘_( E; ph%>] 2 ds
VEAK
(3.33) < Cd(Su)§eﬁ “f “< > P )

vEAkﬂ

<GS TN B[ @) ds

vek

<G, Y ebvky, d(s )f @2 ds,
k vEAkﬂ

where Ay = {v; S, C R, (S,)}, and NV, , denotes the number of sets S, € 7(3R)
which are contained in R k(S”).

Ny , can be estimated as follows. First, if C, is the sphere associated to S, as in

Al(ii), then, by Al1(ii) and A2, the set UvE Ak “Cv is contained in a sphere of radius

k
(3.34) p<KdS,) > j*+ 4K(Kd(S kM) < Cd(S kM1
j=0

Second, by Al(ii) and A2,
(3.39) d(C,) > 8K[KT'kd(S)], vEA,,.
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Therefore, using (3.34), (3.35), and A1(ii), we have the estimate

LICAS KN = Ny, [4k7d(S,)]",
so that

(3.36) Ny, < GG,

Upon taking 0 < < «, in (3.33) and using (3.36), we get

d(s,) fs (Buplds<CX e 3 d(s,)f o as,
u k VEAL v

with @, > 0. Summing this over u and again using (3.36), we finally have

”Ph‘P”izz,l/z,an <CYY ¥ e‘“zkd(Sv)Is * ds
v k "EAk,v v

=C g: <Zk: e“"‘Z"Nk'V>d(Sv)va¢2 ds
<C Z( 3 emozkgn@ 7*+1>> des,) fs p2ds
v \k=1 v

2
< Gliglly, 060 -

This proves (3.21), and the proof of Proposition 3.2 is complete. O

We point out that the regularity properties of 02 did not play any explicit role in
the proof of Proposition 3.2. Also, Proposition 3.1 is true under weaker regularity as-
sumptions on §2; for example, it would suffice to assume that € is a Lipschitzian do-
main with piecewise smooth boundary. Theorem 3.1 is then true also for such more
general domains.

4. Application. Let {Th(aQ)}O <n<; be a family of partitionings of 02 satisfy-
ing assumptions Al and A2. Let & be fixed sufficiently small and assume that for each
S, € M(082) the systems of local coordinates {x(l"), BN xf,")} are defined so that Eqgs.
(2.1) through (2.4) are satisfied.

Let k be a fixed integer, k = 1. We define M;’ as the maximal subspace of
L,(32) such that if ¢ eM?h, S, € ™ (09), and V, is defined as in (2.4), then ¢, is
a polynomial of degree k£ — 1 in the variables xﬁ"), RN xf,"ll.

To define the interior subspaces M", consider a family of partitionings 7" of R"
into n-simplicial subdomains #,. We assume the partitionings to be arranged in the
usual way so that any face of any 7 € #”* is also a face of another t, € 7". The fol-
lowing additional assumptions will be made:

Bl. () t€a" =d@) <h.

(i) For each t € 7", either t N Q = For ¢ N Q contains a sphere of radius p >
K7td(@).

(i) If t € 7", § € P"(0Q), and t N S # &, then K ~1d(S) < d(r) < Kd(S).
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We note that if ¢+ € Q, then (ii) reduces to the ordinary regularity assumption
[5].
We let {"(Q}y< <, be a family of partitionings of ©2, defined as

MQ)={T,;T,=1,0Q¢t,€n" 1,02+ g}
We will further denote by 2, the polyhedron
Q, = U 7.

t,enhit,NQ#d

For each A, let M{’ be defined as the maximal subspace of H'(2) such that, for each
T e ™), Mf’IT equals the space of polynomials of order k& on T, where & has the
same value as in the definition of M;’.

In order to be able to verify the conditions A3 through AS for the above sub-
spaces, a further constraint on the partitionings will be required. In particular, AS is
not generally true unless the partitioning 1(3Q) is locally by a certain factor coarser
than the partitioning induced by 77(£2) on 8. A sufficient condition can be found
as follows. Let {y;,..., yph} be the set of vertices of the simplices ¢, € 7" which
are located on 89,. For eachi, 1 <i<p,, let

h =
4.1) E} oy £,

where A; = {v; ¢, € ", y; €t,}. Then it suffices to assume
B2. Each §, € 7"(3Q) contains at least one of the sets Q2 N E{’, 1<i<p,.
To verify the assumptions of Section 2, we need first a basis for M;’. For § €
7(382), let U, be asin (2.1), and let C; > O be a fixed constant. Then, by a scaling
argument, there exists for each v a basis {npg"), e, ap,(;)} of the space of polynomials
of degree < k — 1 in R"! such that if D, CR"™!,i =1, 2, 3, are any spheres satis-
fying D, N U, # & and C,d(S,) = d(D;) = C;'d(S,), then

m
-1 20,012 m 2
¢ Z:lﬁillwiv UM 02<i;13i%(V)> @
4.2) =

m
<C Y BeMIE 0y BER

i=1

where C depends only on Cy, k, and n. Assuming such bases to be defined, we take
for the basis of M;’ the set U, W, ..., xl/f,';)}, where

\l/,(V)(x) = ¢§v)(x§v)’ e, xflvll), x € Sv,

=0, Xx € 3Q\S,.

(4.3)

For the above basis, A3(i) is true with L = 0. To verify A3(ii), note that, by B2,
B1(ii), B1(iii), (2.1), and (2.2), if & is sufficiently small, then each U, in (2.1) contains
a sphere of radius p > Cd(S,), C > 0, C independent of v. Denote this sphere by



1126 JUHANI PITKARANTA

D, ,,andlet D, , be a sphere of radius p = d(S,) such that D,, D U,. Then the va-
lidity of A3(ii), for some constant K, is obvious from the following chain of inequali-
ties:

m m
2 2 2 2
gmwmmw>q;mwmdm)

m m 2
> €, 5 Bl >Cy | > B
2i=ZIBl “‘p' ”Lz(Dv,Z) 3 i;]ﬁ,‘ﬂ, LZ(Dv,2)
|
= C, f:ﬁ*l/(v) > Cs iﬁ"p@ 2
S | LGy = [ £200n

m m
211,012 2,02
>Q;meM%”>q;mmwM%ﬂ

m
> Gy BIWAMIE s, B ER'.
=1

Here the constants C] are positive and independent of »; the second, third, sixth, and
seventh inequalities follow from (4.2) and the remaining ones from (4.3), (2.1), (2.2),
and from the inclusions D, ; C U, C Dv,2'

Assumption A4 is easily verified. Taking

0,x)=1, x€S,
= 0’ X (S aQ\SV,
it suffices to verify that, for all S, € 7*(3Q),

f ds > Cd(S,)" ',
SV

with C independent of v. This follows from B2, B1(ii), and B1(iii).

Finally, AS should be verified. To this end, let {¢,, ..., gph} be the set of con-
tinuous functions in R" such that for each i, 1 <i<p,, £, is a polynomial of degree
one in each f, € ", Il‘éille(Rn) =1, £(x) = 0, and supp{§;} = E?, where E,h is as in
(4.1). Asis well known, such functions exist. Then define

@4 v =g &P, xDePeP, X0, 1<ji<mxeq,

where {xﬁ"), R xf,")} and {‘pg"), Cy cp(m")} are as above, and i, is chosen so that
“.5) S, D E} NoQ.

Functions v](") are continuous and piecewise polynomials of degree &, so v](") € M{’.
Now let us verify that the set |J, {v{", . . ., vf,’,’)} is what we are looking for. First,
A5(i) follows from the assumed regularity property B1(ii). Second, A5(ii) is true since
supp{vl(")} Na2Cs, = supp{tp](")}. Third, A5(iii) follows from a scaling argument,
using B1(ii) and (4.2).

Finally, to verify A5(iv), note that if 4 is small enough, then (2.1), (2.2), B1(ii), and
B1(iii) imply the existence of the spheres 0, C R"7!, with d(D,) = Cd(S,), C independent
of v, such that D, C U, and so that Eiv satisfies
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(4.6) £ @) >C>0,x€A, ={xP,... . xMean; xP,...,xP, €Dl

Then, since Eiv is everywhere nonnegative, we get, using (2.1), (2.2), (4.2), and (4.4)

through (4.6),
.00 ) [ S50 5 2
LBt B Ll
m 2
>c fvv<;6f‘pf@> ax® . dx®)
= C, va<i:’:Bf¢f(V)>2 dx(IV) . 'dxgtvll

m 2
) 1
>C2fsv<;6f‘pfv) ds, B ER".

The remaining inequalities of AS5(iv) follow from a similar reasoning.

Having verified that the assumptions of Theorem 3.1 are satisfied, let us evaluate
the error of the approximation in terms of the parameter 4 of A1(i) and B1(i). We
need the following approximation results:

ProrosiTION 4.1. Let M{’ and M;’ be defined as above, with k denoting the de-
gree of polynomials in M", and let u € H**1(Q) and ¢ € H**(0K2). Then, if
k > (n — 1)/2, the following estimates hold

(47) rél;f[lh{lu - Ull,\Q + |l — U”h,—’/z,aﬂ} < Chk”u||Hk+1(Q),
v=M
and
i k
4.8) 2 U= Dl 52} < Wi oy

Proof. Denote by N" the finite element space associated to the partitioning of
Q,, such that M{’ = Nhln. Further, let u® denote the extension of u to ,, such that
4.9) ||ue||Hk+1(Qh) < Cliullge+1(q)-

Such an extension exists since 9§ is smooth.
Let I,u® € N" denote the kth-order Lagrange interpolant of u¢ on Q,. fk>
n —1)/2, 1, is a continuous linear operator on H**1(£2,), and, by the classical results
h

of approximation theory (cf. [5, p. 121]),
(4.10) llu® — Ll g, S Chk'“e|k+1,nh'

To estimate [lu® — L,ull, _,, .o, let 1, € 7" be given such that £, N 382 # &, and let
J,, denote the scaling mapping

. = X
Jox —Xx d(tv)'

Further, let J (z,) = 7,, J(t, N 0) = [, 4°(%) = u°(x), and [,2°(%) = I,u°(x),
x <€ £,
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By the assumption BI(ii), if 4 is small enough, the estimate
f @ ~ a7 as < Cl = 1,2
holds uniform}y forall 7, = J (z,), t, € ", t, N 0Q # &. By the approximation
properties of /, we then have [5]
| p @ - Layas<cui,, ;.
Upon scaling this back to the original size we get
(.11) )™ [ o U~ D) ds < G R
Summing over v and using B1(i) and B1(iii), (4.11) gives

(4.12) € = L€l 50 < CHE I+ 1(gy, -

In view of (4.9), (4.10), and (4.12), the estimate (4.7) follows by choosing v = I, u¢|, .

To prove (4.8), let € H¥(92) and consider a given partitioning 7*(39). For
each § € ™(0Q), let {xg"), cee xf,")} be as in (4.3), and assume that 4 is small enough
so that (2.1) through (2.4) hold. For each S, € r(3Q), let D, C R"7! be a sphere
such that D, O U, where U, refers to (2.1), and

(4.13) d(D,) < cd(S,),
for some constant C. Further, let
L, ={xP, ..., xP) e ), ..., xP ) ED,),

and let Y, be defined on D, as

x,l/v(xg"), R xf,"_)_l) = w(xg"), c, xf,”)), (xg"), e, xf,")) €Tr,.

In view of (4.13), there exists for each v a polynomial ¢, on D, of degree k — 1 such
that

(4.14) Wy =@l 50,y < CASYW, i, 9,5

where C is independent of v (cf. [5, p. 115]). On the other hand, by the assumption
Al(ii), the constant Cin (4.13) can be chosen so that, for any given I' € {I' }, I inter-
sects I, for at most L different I, € {',}. Therefore, if 4 is small enough, (4.14),
Al(i), and (2.3) imply

Zd(sv)“l//v - ‘Pv||i2(pv) < Chzk-‘-lzwvll‘ivv < Clh2k+l“‘p”?1k(39)'
v v
In view of this we have

: _ k+%
(4.15) vlél}l‘;lglltlf Ol o0 < 2Vl pa)-
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The estimate (4.8) now follows from interpolation between (4.15) and the trivial esti-
mate

min, [y = ¢l 4, 5 AL
oM naa S 2(Q)"

This completes the proof. O
Using Proposition 4.1 one can now easily estimate the convergence rate of the
Lagrange multiplier method.

THEOREM 4.1. Let u be the solution of problem (1.1) and let (u,,, V,,) be the
solution of (1.3), with M} and M} defined as above, and so that M contains the
polynomials of degree k. Then if f € H* 1(Q) and g € H* " (3Q) in (1.1), and if k >
(n—1)/2, the following error bounds hold:

ou

s | = @ Ul < O i1y + I8l o))

Xrh

and

e = uplly @y < CH L If k=14 + lellyir o2y)-

Proof. The first inequality follows from Theorem 3.1, Proposition (4.1), and the
estimate (cf. [7])

ou

”u“Hk+l(Q) + n

< A k1) + el hngpny), k> 1.

Hk— '/Z(a Q)
The second estimate follows from the ordinary duality argument, see [1]. O
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