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Additive Methods for the Numerical Solution
of Ordinary Differential Equations

By G. J. Cooper and A. Sayfy

Abstract. Consider a system of differential equations x' = f(x). Most methods for
the numerical solution of such a system may be characterized by a pair of matrices
(4, B) and make no special use of any structure inherent in the system. In this
article, methods which are characterized by a triple of matrices (4; B, B,) are con-
sidered. These methods are applied in an additive fashion to a decomposition f =
f1 +f, and some methods have pronounced advantages when one term of the de-
composition is linear. This article obtains algebraic conditions which give the order
of convergence of such methods. Some simple examples are displayed.

1. Introduction. Consider an initial value problem for a system of n differential
equations,

x' =f(x), x(ty) = x,.

Butcher [1] showed that many methods for the numerical solution of the initial value
problem may be characterized by a pair of matrices (4, B). Such methods make no
special allowance for any structure in the differential system, although in many cases
the system occurs naturally in a form where f = f| + f,, and frequently one term in
this decomposition is linear. To take account of such structure, this article examines
certain methods characterized by a triple of matrices (4; B;, B,). These methods are
used in an additive fashion with a decomposition f = f; + f,, which may be time de-
pendent. Since the results extend to methods characterized by » + 1 matrices
(4;B,,B,, ...,B,), used with a decomposition f=f; + f, + -+ f,, it is possible
to approximate each equation in the differential system in a different way. For ex-
ample, special methods for certain high order differential equations may be interpreted
as additive methods used with a particular decomposition. In this article, a general de-
composition is treated. An alternative approach was adopted by Lawson [3]. Lawson
considered a decomposition f' = f, + f, with f] linear and integrated the linear term
before applying a numerical method to the differential system.

To indicate possible advantages in the use of additive methods, consider the
trapezoidal rule used with a step length 4. This gives

p(m) = pm=1) 4 gf(ym—l)) + gf(y("')), m=1,2,3,...,

where y("™) is an approximation to x(t,), with ¢, =ty + mh,m=0,1,2,.... In
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general, each step requires the solution of a set of n nonlinear equations. Now consider
a decomposition f = f; + f,. Then the additive method defined by

h _ h
y(m) = y(m—l) + Efl(y(m 1)) + _ifl(y(m))
+ hf2<y(m—l) + gf(y(m—l))>, m=1,2,3,...,

is also a second order method. When f is linear, this method is linearly implicit, re-
quiring the solution of a set of n linear equations in each step. Although a different
decomposition may be used for each step, there is a substantial computational gain
when the same decomposition is used for several steps. In addition, the method pos-
sesses some desirable stability features akin to those enjoyed by the trapezoidal rule.
Thus, certain additive methods may be suitable for stiff systems of differential equations.

This particular additive method may be reformulated as the three-stage method
given by

ym = ynh,
_ h h
¥ =D+ S A6 + 2 HGIM),

- h h
Y =y S A0 + 5 A0 + R0,

form=1,2,3,.... For a fixed step length 4, a sequence of decompositions
{f= ffm) + fg’”)} may be used. Thus, a general s-stage additive method may be
formulated as

N

s s
WD = 3 a4 b T b mOE) b T gm0,

j=1 j=1 j=1
fori=1,2,...,sandm=1,2,3,.... Here y,(”’) may be interpreted as an ap-
proximation to x(¢t,,_, —h +¢ch),i=1,2,...,5,m=0,1,2,..., where ¢=
(ci.¢p5 v v cs)T is some (consistency) vector. Often it happens that
s s
;=2 by=3 By i=1,2,...,s
j=1 j=1

Such a method is described as an s-stage additive (4; B,, B,) method, where 4 =
{a,.]-},B1 = {b;},and B, = {f;}, are s x s matrices. Since it is possible to choose
fm =0orf{m =0form=1,2,3,...,an additive (4; B, B,) method gives
both an (4, B;) method and an (4, B,) method as defined by Butcher [1].

A case of special interest arises when { ffm)} is a sequence of linear maps of R"
into R". Then it is appropriate to choose the method (4, B,) to be semiexplicit so
that B, is a lower triangular matrix, and to choose the method (4, B,) to be explicit
so that B, is a strictly lower triangular matrix. The additive method is then linearly
implicit, since each step requires the solution of a set of » linear equations for each
nonzero diagonal element of B,. There is a substantial computational gain if these ele-
ments can be chosen equal.

Now assume that B,;e = B,e, wheree = (1,1, ..., 1)T. Then, it happens that
the method may be used to solve a nonautonomous initial value problem x’ = f(t, x),
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x(ty) = x,, with a fixed step length / and a sequence of decompositions {f = f‘lm) +
fg’")}. In this case the method is applied in the form

N s
o= 1;1 ap" + h ,-Z:l byl (" by y + hey, yf™)

N

13 Ay + ey 5,
fori=1,2,...,s,wheret, =t, + mh,m=1,2,3,.... Again suppose that the
additive method is chosen so that the method (4, B,) is semiexplicit and the method
(4, B,) is explicit. For each ¢, let {fl('")} be a sequence of linear maps of R” into
R™. Then the additive method is linearly implicit. Again there is a substantial com-
putational gain if the nonzero diagonal elements of B; can be chosen equal and the
corresponding elements of ¢ can be chosen equal also.

Although examples are given, this article concentrates on establishing algebraic
conditions which give the order of convergence of additive methods. A treatment of
certain stability features, and the derivation of special methods, is deferred to another
article. Recently, one of the authors [2] used an order vector to define a sequence of
norms and hence established conditions giving the order of convergence of an (4, B)
method. Here, this theory is adapted to cope with additive methods, although the type
of method considered is restricted in order to simplify the analysis. Instead, it would
be possible to adopt the theory developed by Skeel [4]. Skeel points out that the re-
sults are applicable when different numerical methods are applied to different equations
in the differential system, and the theory may be applied also to additive methods.
However, the order of convergence result requires the minimal polynomial of 4 to have
only one zero of modulus one. This is not an intrinsic property of the methods con-
sidered here. Further, the theory developed here leads more naturally to algebraic con-
ditions for the order of convergence of additive methods. For these methods it is
possible to obtain algebraic conditions which are independent of the decomposition
used and which have a simple interpretation in terms of the order conditions for (4, B)
methods.

A number of assumptions, concerning the initial value problem and the decom-
positions, are stated now. These are stronger than necessary in order to simplify the
presentation. A more detailed treatment is given by Cooper [2]. Suppose that the
initial value problem has a unique analytic solution x: J — R", where [0, 1] is con-
tained in the open interval J, and suppose that ¢, = 0 and that solution approximations
are required on [0, 1]. Let f satisfy a Lipschitz condition

173 —f@I <Lly -zl Vy,z€ER",

for a given norm on R". Assume that f is a continuously differentiable mapping with
derivative f': R" — [(R",R"™), where L (R", R™) is the space of continuous linear map-
pings of R" into R™. It is supposed that higher derivatives exist also. The particular map-
ping f'(x): J— L(R", R™), defined by f'(x)(£) = f'(x(?)), is assumed to be analytic.
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Suppose a step length 4 is chosen so that Mh = 1, M a positive integer. Since the
decompositions used may depend on the step length and may vary from step to step,
it is necessary to consider sequences of decompositions

{(f=fm+mM_ - M=1,2,3,....
It is assumed that the components satisfy Lipschitz conditions

IS0) — PN < Ly —zll, i=1,2,m=1,2,... . MM=1,2,3,...,

on R". Further, it is assumed that each component has continuous derivatives and
that the special mappings

<m>(x) <m>'(x), m=1,2,... M\M=1,2,3,...,

are analytic. It is to be understood, throughout, that the definitions refer to an arbi-
trary initial value problem and to arbitrary sequences of decompositions which satisfy
these assumptions.

The s-stage methods considered are defined by reference to the space R® with ele-
ments w € R’ interpreted as column vectors w = (W, w,, . . ., ws)T. The elements
€,,€,,...,e are the natural basis for R®,and e = e, +e, + - - + e, is the unit
element. An order vector is an element p € RS with positive integer components p; =
eiT p,i=1,2,...,s. It is supposed that a given method has some order vector, and
hence a sequence of norms on RS,

Iwlly, = max Miw,l, M=1,2,3,...,
1<i<s
associated with it. (The order vector associated with a method is not unique.) Let
A= {ail-} be a real s x s matrix. Then

s .
IAllyy = sup  Awlly = max > laylM™" 7.

Iwllpy<1 1<i<s j=1
Let RN =R" x R" x -+ x R"with N=nsso that Y=y, &y, ®-- - ®y,,
where y; €R",i=1,2,...,s,is an element of RY. A sequence of norms on RY is

defined by
IVl = max M7Plyll, M=1,2,3,....

1<i<s

Any real s x s matrix A = {ai]-} defines a linear map A: RY — RV,

N
AY = ; a,;y; ® Z a5y ® - - @igl agyj,
so that A = A ® I is the tensor product of A4 and the n x n identity matrix 7. It
follows that [|All,, = ll4ll,.

The mapping f: R" — R" defines a mapping F: RN — RN where F(Y) =
o) ®f(@,) ® - ®f(yy). Thus, for each norm, F satisfies a Lipschitz condition
on RN with Lipschitz constant L. The derivative of F is the mapping F': RN —
LRN, RYN), defined by F'(Y)Z = f'(y))z; ®F'(v))z, ® - - - ® f'(»g)z,. Thus,

IF'(Vlyr = sup  [IF(Y)Zlly = max [If' I <L VYERY
"Z"M<1 1<i<ys
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Since x: J — R" is analytic, the mapping X: J* — R, defined by X(w) = x(w;) ®
x(wy) @ - - - ® x(wy), is analytic, as also is the mapping ¥’ '(X) defined by F'(X)(w) =
F'(X(w)). Letc=(c;,C5 .- cs)T and let C be the s x s diagonal matrix with
diagonal elements ¢;; = ¢;,i =1,2,...,s. Then C = C ®/ is a linear map of RV —
RY and, provided that w + ¢ € J,

X(w+c)=X(W)+CX'(W) + -~ +—TITCTX(T)(w) 0,
F'(X(w + ¢)) = F'(X(w)) + CDF'(X(w)) + - - - + T—l' C'D'F'(X(W)) + -~ - -

Here, for example, X'(w) = x'(w,) ® x'(w,) ® - - - ® x'(w,) and DF'(X): JS —
L(RY, RN) is defined by

' a d d ,
DF (X)(W)Y = aw, f(x(wy))y, & aw, Fxw)y, &+ & w, I (x(Wg))ys.

Sequences of decompositions of f define sequences of decompositions of F'
= M =
{F=Fm) + F{mHM M=1,2,3,...,

=1’
and the components satisfy properties similar to those described for F.

2. The Additive Methods. An s-stage additive method is characterized by a
triple of real s x s matrices (4; B,, B,) and is associated with sequences of decom-
positions {f= (™) + (M)} where M=1,2,3,.... Forsome M > 0 the method
is defined by

1 1
= - — — )
@D Ym = Ay(m=h + I B, F{m)(y{m)y + 7 B, F{m(Y{m™),
m=1,2,... M\M>M
where Y{"™) = y{m) @ y(m) @ - - - ® y{) is interpreted as an approximation to

1
le,[’”) =X<A—/I(me—~e +c)>

m-1+c¢, m—-1+c, m—1+cs>
= x[— — 2o ox———),
T )%\ T M

for some ¢ € RS, for each m =0, 1, ..., M. Thus, for a given step length & = 1/M
and a given Yﬂ(/lo), the method provides approximations on an interval [a, b] D [0, 1].
Equation (2.1) has the form Y = G(Y) with

1 1
G(Y) = AZ + 2 B, F(Y) + 3 B, F,(Y),

where F| and F, satisfy Lipschitz conditions on RY with Lipschitz constants L and
L,. It follows that G is a contraction mapping and hence that the sequences {ij/lm)}
exist and are unique, provided that M > M', where M' > L,||B,|l; + L,IIB,ll;.

Motivations for the following definitions have been given by Cooper [2]. It is
recalled that the definitions refer to an arbitrary initial value problem with arbitrary
sequences of decompositions. It is supposed that a given method has a particular order
vector assigned to it. This order vector defines the norms employed.
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Definition 1. An additive (4; B,, B,) method is order p convergent if for each
K >0 3K’ and M' such that

X9 = YO, <K= 1X - Y|, <K', m=1,2,...,M¥M>M.

By choosing trivial sequences of decompositions, an additive (4; B, , B,) method may
be reduced to either an (4, B,) or an (4, B,) method so that each of these methods
must be order p convergent if the additive method is order p convergent. In particular,
order e convergence of an (4, B) method is equivalent to the definition of convergence
given by Butcher [1]. Thus, order e convergence of the additive method implies con-
vergence of the (4, B,) and (4, B,) methods.

An (4, B) method is convergent only if it is stable, and a method is defined to
be stable if A is power bounded

4% <ea, »=0,1,2,....

Likewise, an additive (4; B, , B,) method is defined to be stable if A is power bounded.
To simplify the analysis, this article is restricted to those additive methods which

may be considered to belong to a general class of hybrid methods. For a given order

vector p, an additive (4; B, , B,) method is defined to be Aybrid with respect to p if

p,-<p= max p,.=>Ae]-=0, i=12,...,s.

1<i<s
This definition depends on the order vector chosen. A method can be both order p
convergent and order 7 convergent but hybrid with respect to p only. (Conventional
hybrid methods are covered by the definition.) A method which is hybrid with respect
to p uses, in a given step, only approximations of ‘maximum’ order p from the pre-
vious step. This has a remarkable effect. Let H be any element of [(RY, RY). Then

N N N
l1HAlly, =  sup H 3 a3 ® 3 ay; y;®: - ® 2 asjyi)
1Y lipp<t =1 =1 j=1 M
N N s
= sup H<Z 2,2 ® 2 ;2@ @ Y asizi> ,
I1Z <1 =1 =1 =1 M

where z;=01if p; <p. Thus [|Zlly; = MP|IZ]l;. On the other hand ||W|l,, < MP|IWI|,
for any W € RN so that |[HAZ||,; < MP||HAZ||,. Hence, for a hybrid method,

(2.2) ”HA”M < ”HAIII < ”H”1”A||l’ M= 1> 23 37 ce e

To define order p consistency, consider sequences {Z{"™)}, where Z(?) = X ()
and : .
- -4 L 1
Zm = Ax(m =1 4 m B, F{m)(z{m)) + m B,F{m)(Z(m)),

23) m=1,2,..., M\M>M.

Again, this equation defines a contraction mapping and the sequences {ij/l’”)} exist
and are uniquely defined for all M > M', where M' > L, ||B,|l; + L,|IB,ll;. The com-
ponents of X Ig") - ZIf,I"') give the errors in each stage of step m, when the step is
started with exact solution values.
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Definition 2. An additive (4; B,, B,) method is order p consistent if 3% and M
and an integer w = 0 such that

X =z, <k,

IAG™ - ZGml, <
Since the sequence {4M} may not have a limit, it is not possible to employ the defini-
tion used by Skeel [4]. A method may also be described as order p(w) consistent, and
an order p(w) consistent method must be order e(w) consistent. By considering special
sequences of decompositions it follows that if an (4; B, , B,) method is order e(w)
consistent then both the (4, B,) and (4, B,) methods are order e(w) consistent.
Cooper [2] showed that a stable (4, B) method is order e(w) consistent if and only if
it is consistent. Thus, if an (4; B,, B,) method is stable and order e(w) consistent,
both the (4, B,) and (4, B,) methods must be consistent so that Ae = e and there
exist consistency vectors ¢; and c, such that

24 Ac; +Be=c, +e, Ac, +Be=c, te

The consistency vectors may be chosen equal if and only if B,;e = B,e, but it is pos-
sible to obtain additive methods (for autonomous systems) where B e # B,e.

Suppose that a stable and order e consistent additive (4; B,, B,) method is ap-
plied to the initial value problem x’ = 1 with x(0) = O using a decomposition f; =
1 —aand f, = a. Since N = s, elements of RY may be interpreted as column vectors.

Let Ylf,?) = (1/M)(c — e) for some ¢ € RS. Then, using the consistency condition (2.4),
the method gives

Y =2 (m = e + ¢} + (4™ = D1~ a)e = ¢)) + ale ~ ¢p)},

where [ is the identity matrix. The method is order e convergent but, for an arbitrary
@, the initial value problem is integrated exactly if and only if ¢ — ¢, and ¢ — ¢, both
belong to the null space of A — 1. This occurs only when B, e = B,e, and in this case
the method may be adapted to handle a nonautonomous problem. When B, e # B,e,

a nonautonomous problem should be converted to autonomous form before the method
is applied (although it is possible to consider decompositions where the time dependence
occurs only in one term of the decomposition).

3. Order of Convergence. In this section, it is shown that a hybrid additive
method is order p convergent if it is stable and order p consistent. It seems to be
necessary to use certain inverse mappings and, in this respect, the argument is similar
to that used by Cooper [2]. Partly because hybrid methods alone are considered, the
argument given here is shorter and more direct.

THEOREM 1. A hybrid additive (4; B,, B,) method is order p convergent if it
is stable and order p consistent.
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Proof. (i) It has been shown that there is an M’ such that the sequences {YJ&”’)}
and {Z 1f/1’")} exist and are uniquely defined for M > M'. To establish order p con-
vergence, assume that ||X]f,?) - Y]S’)HM <KforalM>M'. Let Ulf,l'") = Y]f,l’") -
Z{m and V) = x{m) -z form =0,1,...,Mand M>M'. Now (2.1) and
(2.2) give

1 1
U]f,lm) = AUJE,I’"—I) - V(’" ) +11_/IB W(m) +M32W§T/1),

m=1,2,... M\M>M,
1 ,
Wi = FGPrim) - FGD@Eim) = [ J FSD @ + 1ufmyar v,
i=1,2.
Thus Wi(]f,l") = Gi(]f/[")U](w'"), where {G(l']'l’,l)} and {G%I)} are sequences of elements in
LRY, RNy with |G < L, and IGSN, < L,,m=1,2,... ,M,M>M'. Let
G =BG + B,G{M) so that IGU™N, < L B, Il, + L,IB,ll, =B. Let Ibe
the identity mapping in L(RY, RN) and suppose that M’ > 8. Then, for M > M, the

inverse mappings S = (1 - (/MG ™!, m = 1,2, ..., M, exist and it follows
that

Uy = SEMAULm=1 — simApym-1),

m
Ui = SSA - - - SASHAUL — Zl SEIA -+ - SIFDASDOA Y1),
1=

o) UMy, < ISSA - - - SIASOANL 1UQ,,

m
+ i_zl ||S]$4m)A c. S1(1}1+1)AS1(151)AV]$}—1)”M

(ii) Consider the expression S Jf/[m)A SRR ﬁ)ASJ(V})A. Since

1 1
S]g) = <[ MG(V)) =1+ MG(r) 4 — (G(r))2 cee

the expression may be expanded in powers of M. There are (™ +'r‘ 1) terms associated
with M~" and a typical term is

1 vg (i) vy AGin) v i), v
Trzﬂ?A GMIAIGMZ A2"'GMrAr,
where m >i; >i, >---2>i,>1and v, > 1. Since the method is stable and hybrid,

inequality (2.2) gives

aBy /
IT Ay <Ny <algz),  M>M> 6.
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Since (" 1=y < M*77 1, it follows that

o M+r—-1 af\
i=

aff -M
= 1 —_—_— < 20([3

provided that M > M' where M' > 2a8.

(iif) Consider an expression of the form S{™)A - - - S(AS(DAV, , where
k
M,
Again the expression may be expanded in powers of M, and a typical term associated
with M™" is T,V,,. Since the method is stable and hybrid,

o ¥
IT, Vgl <o <M6> ko v,<o,

,
1T, Viasllag <a<9ﬁ—f> %, v, > w.

(3.2)

Wallyy <k, A Vil < M=1,2,3,....

When m > w, the number of terms associated with M~" is

m+r—2 m+r—3 m+r—1-—w M+r—2
+ 4+ 4 < w s vr<w,
r—1 r—1 r—1 r—1
m+r—2-w m+r-3-w r— M+r-1
+ +--0 4+ < , v, > w,
r—1 r—1 r—1 ¥

and the results give

ak S (M A+ 7= 1\/apY
ISGMA - - - SPASOAV,IL, <7 L+ wap) ( )<‘£>
r

=0 r M

k
< %{— (1 + wap)e?«h,

provided m > w and M > M', where M’ > 2aB. Since the method is order p consis-
tent, this inequality gives
m-—-w
ce.g(itl i i1
2 ISEmA - SEHFDASDAY =)

i=1

<(m- co)a—]‘;c (1 + wap)e?®f < ak(l + wap)e?b.
Inequality (3.2) may be used now to give

m
Zl ISSIA -+ SUHDASDAVED) < ak(l + wapfle?®P + wake?*P.
=

(iv) The bounds, applied to the inequality (3.1), give the result
UGN, < ae®@PAUDI,, + wk + k(1 + wap)).

Order p convergence follows from IIUJS’)IIM = IIXﬁ’) - YIS))IIM < K and from
X5 = Yim,, < wvem,, + 1uim,
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4. Algebraic Conditions for Consistency. Certain algebraic conditions, for order
p consistency of an additive (4; B,, B,) method, are obtained in this section. Since
these conditions have a simple interpretation in terms of the order conditions for
(A4, B) methods, the results generalize easily. The approach adopted is an extension of
the technique used by Cooper [2]. Preliminary conditions for order p consistency are
obtained by using bounds on the local truncation errors.

LemmAa 1. An additive (A; B, B,) method is order p(w) consistent with p =
pe if and only if Ae = e and 3 a diagonal matrix C such that

(41) {CT-AC-I-BC"'le=0, r=1,2,7r=1,2,...,p-1,
42) A®{CP —A(C-1)Y -pB,CP"'}le=0, r=1,2.

Proof. Suppose that the conditions hold and define the consistency vector ¢ by
e,.T c= e,-T Ce;,i=1,2,...,s. Consider the local truncation error

1
E]&m) — X]&m) - Ax&m—l) _MBIF(m)(X(m)) - =B F(m)(X(m))

Let C be the linear map defined by C so that
m—1 1 m—1
Fam@emy = Fom <X<7 e>) +—MCDFr(ﬁ)<X< - e))
+1_ C2D2F(m) X<m_le 4.
2]‘[2 rM M / >

(m) — m—1 +_1_ '<m_1 1 caypr(m=1
X3 X(M e) MCX 2w € +2M2CX u e + )

where X" 1)(w) = D'F &"/[)(X (W) + DF (m )(X (w)) forr=0,1,2,.... Thus, since
p = pe, the conditions give

k!
EG Uy <K, IACEGON, <37,
and the conditions are also necessary to establish these bounds. Let V(’") =X/ (m) —

Zy (m) where M > M'. Then

1
(43) Vi = B+ g BUAFROG) - PRI

+ ;732 {F("’)(X("’)) p(m)(Z(m))}

Choose M' > 2ap, where g = LilBll, + L,lIB,ll;, and a > [|4”ll,,» = 0, 1, , W.
Since p = pe, the Lipschitz conditions give

VeI, <2pELMI,, < 2,

ap

kl
IA© VDI, <IACEGDI, + 5 IVl < (1 + 246) o5,

and the method is order p(w) consistent. Now suppose that the method is order p(w)
consistent for some consistency vector ¢ and hence define C. Then the conditions are
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necessary, because
a
M

Suppose that an (4; B, B,) method is stable and order e(w) consistent. Then an
argument used by Cooper [2] may be applied, directly, to (4.2) to show that there
exist ¢; and c, such that Ac; + B;e =c, + eand Ac, + B,e = c, + e. Thus, the
associated (4, B,) and (4, B,) methods are consistent. On the other hand, the lemma
shows that, if these methods are consistent, the additive method is order e(w) con-
sistent, if for some c,

A A -I)c, —¢)=0, A“MA-I)c,-¢)=0.

3
NESyy S WVl IACEGDL, < IAC VIl += IVl

This is certainly true when ¢; = c,, but may also be true when B e # B,e. The
lemma also shows that, if the additive method is at least order 2e consistent, the con-
dition B,;e = B,e must hold. That is, this condition must hold for any method which
is order p consistent with el.Tp =2fori=1,2,...,s. Thus, methods with B e #
B, e are comparatively difficult to obtain.

The lemma gives necessary and sufficient conditions for a method to be at least

order pe consistent, and these conditions imply that

k

k
NES™I, < Ivimi, <—

for some constant k. These bounds are used in the proof of the following theorem to
give the order of magnitude of certain remainder terms.

THEOREM 2. Letp= (P, Py, - - . ps)T be a given order vector with
P<Sp;<2p,i=1,2,...,5 for some integer p > 1. An (A; B,, B,) method is
order p(w) consistent if and only if Ae = e and there is a diagonal matrix C such that,
fori=1,2,...,s,

eTB CT“—I ...B T1—1 TO _ _n7o _ To~ 1 . —
(4'4) 17y rlC {C A(C I) TOB,,OC }e 0,
TotTy+ T, <p -1,
e,.T,a1w13,“c”~“l - B,CTVTHCTO - A(C- )0 - 70B,,CT% ' Je = 0,
(4.5) To+T + o +71,<p,
foru=0,1,2,...,wherety, 1, Ty, - . - , take all possible positive integer values

andwhereru=1,2f0ru=0,1,2,....

Proof. (i) Suppose that the conditions hold and suppose that a decomposition
=/, +f, is used in step m of an integration. Let E = E1$4m) be the local truncation
error in step m and let V= XJ(V',") —Z}V}"). Since the conditions imply that the method
is at least order pe consistent,

F,(Z§m) = F(X\D) = F)(XSM)V + 0(M72P),  r=1,2.

Define G' = B, F;(X{™)) + B,F,(X{). Then (4.3) gives the relation V' = E +
(1/M)G'V + O(M~?P~1), and this may be used recursively to give
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1 1 }
= + — + oo 4 — P —2p—1
14 {1 MG p(G) E+oWMm ).

(ii) Each term in this expansion is treated separately, using the Taylor series

= 1
G' =
T;O T!MT

[B,CTD"F (X) + B,C"DTF, (X)),

E= i '—]1‘—41 [{C" -A(C-D)" —7B, C™}D""'F (X)

7=1T-

+ {CT—A(C-1" —7B,C"1ID™F, (X)),

where X = X(((m — 1)/M)e). Let X=x ®x ® - - - @ x and let W be the linear map
defined with respect to a real s x § matrix W = {Wij}' Then

FIXWF,(X) = f}(x) 2. wyf,() ®- - ©f, (x) 2° wyf,(x) = WF,(X)F,(X),
j=1 j=1

so that a term M~*(G')*E gives expressions of the form
1 - - -
B, - B, C"1N{CTO—ACC-DT0 - 7,B, CTO7'}
Mrut TN R 1 Y
~D71—1F,'“(X) _ DTI"‘F;I(X)DTO"‘F,O(X).

Hence conditions (4.4) and (4.5) imply that

L2

b

IM~H(GVEly, <k, M *A“(G)Ell,, <

for some constant k. Thus, || V|l,, < k and |[A“ V|,, < k/M for some constant X, so
that the conditions are sufficient for order p(w) consistency.

(iii) Suppose the method is at least order pe consistent, where p > 1, and con-
sider the expressions that arise from each term in the expansion for V. Since each ex-
pression involves a product of differing function and derivative elements, the given
conditions are necessary.

The theorem may be extended, but there are further conditions to be taken into
account. However, the conditions given in the theorem may be interpreted simply as
the order conditions for an (4, B,) method, or for an (4, B,) method, plus all possible
‘mixed’ conditions that can arise if B, and B, may be interchanged. This is true in
general.

In particular, the theorem gives conditions for p = 2 and ||pll; = 4. Since
llpll; > 2 and B,e = B,e imply p > 2, the case B,;e # B,e may turn out to be of little
interest. It may also be recalled that this case cannot be adapted to nonautonomous
problems with arbitrary sequences of decompositions. For this case the theorem gives
conditions only for |lpll, <2.

5. Examples of Additive Methods. The conditions for order p consistency cover
a considerable variety of methods which may be represented by arrays of the form
pl4|B,|B, |c,
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b @y 17 """y by byp " by Bi1 Biz * " By €1
1) ayy @yy " Ay byy byp t v by Ba1 By =+ Bas (&)
Ds agy Qgp * s bsl bs2 e bss ﬁsl Bs2 T ﬁss Cs

Such an array gives two (4, B) methods which may be represented by the arrays
plAIB,|lc; andp|A4|B, Ic,. Only one example with ¢, # ¢, is given here.

The following examples are intended to indicate some of the possibilities. Meth-
ods which are more competitive with existing procedures will be discussed in another
article. It is also remarked that the efficacy of an additive method depends on the de-
compositions chosen. It is expected that the principal application of additive methods
will be to handle stiff problems.

Order pe convergent methods are particularly easy to derive, since all such meth-
ods are hybrid, and Lemma 1 gives the only consistency conditions required. Indeed,
any pair of stable linear multi-step methods of order p yield an order pe additive
method. For example, the 3-step Adams-Moulton method and the 4-step Adams-
Bashforth method give the additive method described by the following array.

4 01 0 00 0 O 0 0 O 0 o 0 00 -3

4 0 01 00 0 o 0 0o O 0 0 0 0O -2

4 0 00 10 0 O 0 o0 O 0 o0 0 0O -1

4 0 0 0 01 0 o 0 o0 O 0 o0 0 00 0
1 s 19 29 2 31 _59 58

4 0 0 0 01 0 37 T34 24 24 52 24 24 o4 0

This method may also be written in conventional linear multi-step form as
h
Im+a =Ymi3t 55 10ms1) =51 0pm12) T 1910 43) + 10 4 a)}

+ ’2% {"9f20’m) + 37f20’m+1) - 59f20’m+2) + 55f20’m+3)}’

and the method is inefficient, unless the decomposition f'= f, + f, is independent of
the step. Such methods are order p(0) consistent and have B,;e = B,e. When {f ,("’ )}

is a sequence of linear maps, these methods require the solution of one set of # linear
equations in each step.

Certain pairs of Runge-Kutta methods also yield additive methods. One example,
already discussed in the introduction, may be represented by

1 0 00 0 0O 0
1 % 0 0 % 0 0 %
1 B 0 % 010 1

oS O O
oS O O
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and is order p(1) consistent and may be applied to nonautonomous systems. The
(4, B;) method is equivalent to the trapezoidal rule and is A-stable. Other examples
of additive methods with B, e = B, e are given by

3100 0 1 0 0 0 0]0000O0]o0
— A

20000 1| 2 2 0 0| %00O0|%

20000 1| 2+u-1 21-A-w u 0 |-1 2 0 0]1
1 2 1 1 2 1

31000 1 . 2 Lo 2ol

and these methods are also order p(1) consistent. The (4, B,) method is A-stable when
A =3/2 and pu = 5/6. In this case the method may also be written as

- 1 _ 3 1 -
H = 50 = Laggmipnen) 1 3 pemimy 4 Laggmogron),
() = yom=1) 4 LT p ctmy o om=1y) _ 8 ) m) (m)y 4 2 pr(m)(5(m))
Yy =3 6 M0y 3 0 ¢ M0
— hfz(m )(ygm—l)) + 2hf§m)(y(lm))’

- 1 - 2 1
Ve = Y5O+ COT) + 5 HO™) + ¢ HOE™),

where a sequence of decompositions {f = f{™) + f{m} is used.
The final example is the additive method represented by the array

1 0 0 1 % 0 0 0 0O %
1 0 0 1 0 % 0 1 00 %
2 0 0 1 “ % 0 % % 0 1

which is order p(1) consistent. The (4, B;) method is equivalent to the implicit
mid-point rule and is 4-stable. In this example, B,e # B,e. In essence, information
lost in the first stage is regained in the second stage.
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