MATHEMATICS OF COMPUTATION, VOLUME 35, NUMBER 152
OCTOBER 1980, PAGES 1325-1329

On Some Trigonometric Integrals

By Henry E. Fettis

Abstract. Expressions are obtained for the integrals

A6 \P —cos A8\?
I(P) 77/2<Sm ) do, J}(\p) = fg/2 <..1_£s.=_> do

sin 0 sin 6

~

for arbitrary real values of “A”, and p = 1, 2.

1. The integrals

) @ = ("? <Sin “’)”
I fo sin 6 d6
and
Jw _ (™12 (1~ cos M))P B
(@) V=[N ) 0 p=1.2,

are of a sufficiently general, standard type that one would expect to find them in
almost any table of integrals or other reference work (e.g., [1], [2], [3]). However, a
comprehensive search by the author has disclosed that (with the exception of (1) for
integer “\’), these integrals are conspicuously absent from the literature. Should any
one of the above integrals arise in a practical problem (as well they might) one would,
in the absence of a closed-form expression, be inclined to evaluate it either numerically
or in series. However, as will be shown in the following sections, this is not necessary,
as such a closed form does exist, and can in fact be found in terms of the logarithmic
derivative of the gamma function, ¥(z).

2. It is evident that 1{1) and J{l) satisfy the recurrence relations
3) 1}(?1 - 17(\1—)1 =
@ 5 90, = 2 (- cosT),

with I(gl) =J{V =0, Ifl) =7/2, Jfl) = In(2), from which we easily obtain, by induc-
tion, that for integer values of A = n > 0,

_1 1)
(1 — Z DTy
©) hi=22 Grrry fmniTo
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© J5) =2 Z (2k+1) Ty =T = @) 2 }: (2k+1)

The results (5) are well known (see [1, Egs. 3.612—3]), while those of (6) have been
previously found by the author (Math. Mag., v. 39, no. 5, 1966, p. 281) but do not
appear in any of the standard references, such as [1], [2], [3].

3. For p =1 and noninteger values of “A””, the integrals (1) and (2) can be
readily evaluated by complex integration of the function

Q) f@=

22—1

in the z= pe’® plane around the contour consisting of
i

I I-The quadrant of the unit circle z = e'f
Iy 0 <0 <n/2).
II-The imaginary axis extending from z =i to

z = 0, and the real axis fromz =0toz = 1.

0 1

The integral around this contour must be zero, since the integrand has no singularities
within it, and is single valued throughout.
On the arc constituting part I of the contour, z = €', and integration gives

.2 l—e’“’ /2 l—e’w _1..1) _ 0
®@) lfo o0 — ) f Tsin 6 0_5(']7(\)_1[7(\ ).

On the portion fromz =itoz =0,z = y€i™? (0 <y < 1), and hence integration
along this segment gives

11— ™2 12 fl 121 _einx/ztm)
-2

9 + im [2 ,
©) € fo R 1+¢

while on the segment from x = 0 to x = 1, the contribution is

11 1 =121 = $M2

(10) f 1 =5 g = 1 AN ik 3000 P
0 x 0 1-1¢

Both of the integrals (9) and (10) can be expressed in terms of the function ¥(z) =

d[In I'(z)] /dz, using formulae 5 and 6 from [2, Chapter I, p. 9]. Finally, when the

total integral is set equal to zero, and real and imaginary parts separated, we obtain

i =v(24) v (}) -Fan($) LW(KH) <A11>]’
W -g-teu(ps (222)-v(22])
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4. The results (11) can be found alternatively in the following way. We have
7 . A
D, +1M =2 (" sinngcot9do = [ sindo cot< e> do = G,(\/2),
B+ =2 J, sin3 i
m/2 A
A2) o +JD =2 () +f0 <1 - cos 50) cot 16 df

=21nQ2) + G,(\/2),

where the integrals
T m 1
13) G,(@ =f0 sin @b cot 1 df and G, () =f0(1 - cos af)cot 10 a6

can be evaluated by a limiting process from the known result [2, Chapter I, p. 8]:

. . ) (1 + x)ef™r/?
(4 Px, y) +i0, ») =f0 sin*re'dt = EE[I‘ <1 R +y>F< x ~y> '
2 2

We illustrate the procedure for G, which, since cot %8 = (1 + cos 8)/sin 6, can be

written

m 2 sin af + sin(a + 1)8 + sin(o — 1)0
Gi(@) =7 f Sin 0

(15)
11m [20(x, &) + O(x, . + 1) + Q(x, « — 1)].

x—>_

After substituting from (14), combining, and simplifying with the aid of known I'-func-
tion identities, this becomes

2sin%a

G,(@ = lim 11(1+x)_1[ -
x—>=—1 X (¢4 X~
F(1+ 5 >P<l+———2 >
B OlCOSza
3 x+ta 3 x—a\
F(z* 2 )F<2+ 2)

The limit is easily evaluated with the aid of ’'Hospital’s rule, and, upon making use of
various familiar identities relating to the I'- and ¥-functions, we get ultimately

(16)

_ . _ sin ma l+a) _ o4 ‘ .
a7 Gy(e) = m — 8L {l-l-a[\lf( . ) \p(1+2)]}
In an exactly analogous way we find*
(18) Gy(a) = —2\1’(2> M +2 [cosﬂz—za\lf(l -;a) + sin? a\If (1 + >]

and, when (17) and (18) are substituted into (12), the results combined with (3) and
(4), and certain obvious simplifications made, expressions identical to (11) are obtained.

* The author was unable to find either (17) or (18) in the literature.
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As an exercise, the reader may verify that, when X is an integer, (11) reduces to
the previously obtained relations (5) and (6). In this regard, the numerous identities
dealing with the ¥-function of rational argument found in [3, Chapter XXIV] will
prove helpful.

5. The Integrals I$?) = [7/2(sin N6/sin 0)? d6, J* = f7/*((1 — cos \)/sin 6)* d6.
The first of these integrals, according to [1, formula 3.624(6) is equal to

A
(19) Ch

Although it is not so stated in the above reference, this result only holds if A is an

integer. For noninteger values of A, the integral can be evaluated in the following way:
We have

2) = (™/? (sin A@ "|l—cos)\¢
(20) I§ _fo ( . 2[

sin 6 0 l—cos¢

Consider the more general integral

7 1—cos\¢o T ™ cos Ao
do = - ——d¢,
1) fo cosh a — cos ¢ sinh « fo cosh o — cos ¢ ¢
and let
. ™ cos A ¢
A, @) = sinh ——— d¢,
22) YA @) =i afo cosh o — cos ¢ a9
so that
23) fn 1 —cosA¢ do = T —.y()\, a) )
o cosh a — cos ¢ sinh «

Now, differentiation of (22) with respect to “a”, followed by integration by parts,
gives

oy m sin A¢ sin ¢ .
24 = == = d
(24) o )\fo cosh a — cos ¢ ¢

Hence, since

m 1 —cos \¢ ) (1 -\ a))
——d¢= 1 —_—,
@25) fo 1 —cos ¢ ¢ 0 sinh «
application of I’Hospital’s rule gives

(26)

J.ﬂ }ﬂﬁd(ﬁ:)\fﬂwd(b:}\G ")
1.

o 1—cos¢ o 1—cos¢

Substituting the expression for G () from (17):

m/2 /sin N9\ 2 AT o
do =T _sin Am 1+A)\ _ A
en -, (sin@) 27 2 {Hk[‘l’( ) ) YI+3)|f -
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and since

/2 (1 — cos A0 j2(Sin 5 2 n/2 (sin A9 \?
S O
@8) fo sin 0 f sin 0 dé fo sing /)’
this integral can be expressed in a similar fashion.

6. As a final observation, it may be mentioned that integrals of the type

29) T/2N sin \§

fo sng 0
and
30 m/2N 1 — cos N0
(30) fo sin 0 a9,

where VN is an integer, can be expressed as finite combinations of the integrals 1{1) and
Jg\l) with the aid of the relations

sin(2M + 1)6

. M
31) Sin2M6 _ —
31) P 2 n;l cos(2n — 1), e

M

=142 Z cos 2n0,
n=1

after making the change of variable 6 to ¢/N, giving

m2Nsin N0 2 ~m/2 sin(A¢/N) [ L2 2n-1)¢
32) fo sin 6 6 _Nf sin ¢ ngl cos N d¢, N even,
1 (/2 sin(A¢/N) WN-1)/2 2n¢
Nf [ +2

-m— Z_: Ccos —‘jv—] d¢, N odd,
n=1

with similar expressions resulting for

(34) fn/zN 1 —cos A@ do.
0

sin 6
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