MATHEMATICS OF COMPUTATION
VOLUME 36, NUMBER 154
APRIL 1981

Uniqueness of the Optimal Nodes
of Quadrature Formulae

By Borislav D. Bojanov

Abstract. We prove the uniqueness of the quadrature formula with minimal error in the
space Wj[a, b], 1 < ¢ < o, of (b — a)-periodic differentiable functions among all quadra-

tures with n free nodes {x}}, a=x; <:-- <x, <b, of fixed multiplicities {».}],
respectively. As a corollary, we get that the equidistant nodes are optimal in W/[a, b] for
1<g< wifry=--- =y,

1. Introduction. Let & be a given class of sufficiently smooth functions defined
on the interval [a, b). Suppose that the linear functional L(f) is defined on %. We
shall consider in this paper rules of the type

n wn-—l1
(1) LN~ 3 S aafOx) = S@x))

with nodes

(XX, b
x_(v,...vn)’ a<x <---<x,<b,

and coefficients a = {a;,}. Let R(a, x) := sup{|L(f) — S(a, x; f)|: f € F} denote
the error of the rule (1.1) in the class %.
Definition 1. The coefficients a(x) are said to be best for the nodes x if

s R(a(x), x) = inf{ R(b, x): over all real b = {5, } }

(12) =:R(xp ..., X,)
We shall refer to (1.1) as being a best rule if its coefficients {a,,} are best for the
nodes x.

Definition 2. We call the nodes {x, }] optimal of type (v,, . . ., »,) in the class ¥ if
x, <--- <x,and
(1.3) R(xy, ..., x,) =inf{R(yy,...,y,);a<y <-:- <y, <b}
The rule (1.1) with nodes x defined by (1.3) and coefficients a(x) is optimal of type
(IS A 8

The main purpose of this paper is to prove the uniqueness of the optimal nodes
of arbitrary fixed type (»,...,»,) for L(f) = fﬁ f(¥) dt in the Sobolev spaces
Wq’[a, b),1 < g < oo,

Wil a, b] = {(b — a)-periodic f: f € C""}(— o0, ),

S~ locally abs. cont,, || f7|, < o0},
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526 BORISLAV D. BOJANOV

where

I, : {fab LA dt}l/q forl < q < oo,

| flloo = supvrai{|f(¢)|: ¢ €[ a, b]}.
The error R(a, x) of the rule (1.1) is defined in this case by
R(a, x) = sup{|L(f) — S(a, x; /)|:f € W;[a, b], IIfll, < 1}.

As an immediate consequence of our uniqueness theorem we get that the equidis-
tant nodes are optimal of type (»;,...,»,) in W,I’ [a, b] for 1 < g < oo if the
multiplicities {»,}] are equal. Considerable effort was expended, in the last years,
on the proof of this intuitively obvious fact. It should be pointed out that particular
cases of the consequence mentioned have been given by many authors, see [14],
(18], [19], [10], [12]. Recently, Zensykbaev [20] showed the optimality of the
equidistant nodes in the simple node case, i.e., when », =--- =y, =1 for
1 <gq < 0.

Using the well-known one-to-one correspondence between quadrature formulae
and monosplines, one can restate our main result as a uniqueness theorem for the
extremal problem ||M| —inf, 1 <p < oo, over all (b — a)-periodic monosplines
of degree r with free knots {x; }] of fixed multiplicities {#,}, respectively.

In Section 2 we present some results which characterize the best rule and may be
used to calculate the best coefficients a(x). Section 3 contains our main uniqueness
theorem. In order to facilitate the presentation of the results, we have deferred the
proofs of all auxiliary lemmas to an appendix.

2. Preliminaries. Throughout we will assume that the multiplicities {#,}] are

natural numbers satisfying the inequalities 1 <y, <r, k=1,...,n,n> 1. We
shall write

_ xl DI xn
@) x=()

to indicate that x is a system of points {x,}] of multiplicities {»,}], respectively,
and such thata = x; < - - - <x, <b.

Given the points {y,}], a =y, <y, <--: <y, <b, and (2.1) we define the
function M_(¢) on [a, b] by

_ (b )r (yk ) t)r i—1

M () = a——+ (1 - §=]2 —Di + EO B'—_: m—
(2.2) n w1 _ t):-—}\- 1
_Zz § ""* A1)

where « is a parameter from [0, 1] and {B;}, {a}, are real numbers. In the
following discussion we shall assume that M, satisfies the boundary conditions

(2.3) MP(a+)=MPb-), j=0,....,r—» —1.
Remark 1. It is best to think of M, as being defined on a circle obtained by
joining the endpoints a and b of the interval [a, b]. Then M, may be considered to

be a periodic monospline of degree r with simple knots y,, ..., y, and multiple
knots { x, }7 with corresponding multiplicities {»,}}.
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Iff e W,’ [a, b], then integration by parts produces the identity

[ M@ de = a[* Sy de+ (1 - @) S fr)
a a k=2

(24) w1
z 2 ak)\-’()‘)(xk)’
where {g, k =2,...,n,A=0,...,p — 1} are the same as in (2.2) and
= (=17 TN METINGb —) — MUV (a +)),
25 M (-1 { (b-) (a+)}

A=0,...,»,— L

The relation (2.4) suggests a method of approximation of the functional
b n
L(f)=af fydi+ (1= a) 3 )

by a linear expression using the values { f®(x,)}. Moreover, the error of this
method at every f is given by

2.6) R = [* M) i

It is clear that R (f) = O for every f € W{[a, b] with fO(¢) = 0, i.e., for f = const.
Conversely, every linear method of the form L (f) ~ S(a, x; f) which is exact for
each f = const has an error expression (2.6) with M (¢) satisfying (2.3). This is a
one-to-one correspondence between monosplines (2.2) and rules (1.1) which we
shall use in the sequel.

In the following we discuss the construction of the best rule for fixed x in the
case § = W/[a, b), L = L,. Since L,(f) — S(a, x; f) = [ M, (t)f*Xz) dt, applica-
tion of Holder’s inequality shows that the extremal problem (1.2) is equivalent to
the following one

2.7 | M,

«|l, = minimum, 1/p+1/qg=1,

over all M, satisfying (2.3). But (2.7) is a classical approximation problem in
normed linear space (see [1, p. 17]). It has a unique solution for 1 <p < oo. Let us
denote it by M_(x; ¢). The parameter p is fixed and so is not mentioned explicitly in
the notation.

The next theorem presents a characterization of the extremal element M, (x; 7).

THEOREM 1. Let 1 <p < o0 and a € [0, 1). Suppose that r and x are given. The
Junction M_(t) is a solution of the extremal problem (2.7) if and only if there exists a
system of numbers {a,};"" such that

FO(a) = FO(b), j=0,...,r—1,
(2.8) F®(x,) =0, k=1,...,mA=0,...,9 —1,

MP@+)=MP(b =), j=0,....r—»-—1,

where

= _ < Y yi (x p—2
F,(x)=(p 1)20 (a,/it)x +f 1)| |M(t)| M (1) dt.
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Proof. Suppose that || M, ||, is minimal. The first necessary conditions for mini-
mum of || M,||, give

v

W—O k—2,...,n,}\—0,...,vk—1,
(04 _ _

—a?—o 1—0,...,1' 1,

where

r—rv—1

¥ = f|M(t)|’dt+ 2 A MO(b —) — MP(a +)]

and {A;} are Lagrange multipliers. Performmg the differentiation we get

—pf |M,(x; £)]P~2M(x; t)—((——;)w dt
29 R (x, — a) 177
NP R L Ty vy ey Tl
fork=2,...,n,A=0,...,9,— 1, and
b2 (b t)r i—1 r—ie1

P 1ML DM 1) =y e+ (<)

(2-10) R _ gyt
-2 I

fori=0,...,r — 1, with the stipulation that ¢’|/!= 0 for / < 0 and
A0 = {)\,. fori=0,...,r—»p, — 1,

0 fori=r—vw,...,r—1L

Let us set
17! (t a) '
P (x;1)=— 1 yF———
0=y 2 YNy

and define the function

b(x

(211)  F(x; x) = P(x; x) +[ |M( DIP M, (x; 1) dt.

1)'
The equations (2.9) and (2.10) show that

FOx;x)=0 fork=2,...,m,A=0,...,5 — 1,

FOx;b)=(—1""A",_,/p, i=0,...,r—1
Further, it is clear from the definition of F,(x; -) that

F{(x;a) = PP(x;a) =(—1)"A°_,_,/p, i=0,...,r—1.
Therefore
F(x;a) = F)(x;b), i=0,...,r—1,
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and
F¥(x;x,)=0, A=0,...,v,— L
So, we proved that the function (2.11) satisfies the required conditions.

Now let us prove the sufficiency of the conditions (2.8). Suppose that the
numbers {a*};”! and the function M*(¢) with coefficients { B*}, {af} satisfy the
conditions (2.8). Let g(¢) be an arbitrary (b — a)-periodic spline function of degree
r — 1 with knots x = (J!:1}7), i.e., g(?) has a representation of the form

.12 ) SR N S C )
w0 F ey 5 3 e Uy
where {v,} and {c, } are real coefficients satisfying the conditions
(2.13) g a+)=g?b-), j=0,...,r—» —1
First we shall show that

2.14) [ 1Mz -ma2()se) ds =

Indeed, using (2.9) and (2.10), we get
b
[ M) =2M2(0)g(2) e

_2 Yi

r=r-1 r—i—1—j
)7+ 2 (- 1)’,(r "Z : }

i=0 P j=0 1=/
n w1 r—v;—1 r—=A—1-—j
CkA 1y (% — “)
+3 3 = 3 (-1 .
k=2 x=0 P <o Tr=A—-1-))!

r—uv—1
5w - soeo) -0

according to (2.13). The relation (2.14) is proved. Now suppose that M_() is an
arbitrary function of the form (2.2) with coefficients B, a,,, satisfying the boundary
conditions (2.3). Then

[rimzop e = [ |Mz(op-paz(osin M2(0) dr
= [ 1M [ M2 = M) + M(0) Jsign M2()
= [ Mz~ m(o)sign M2() de
< [*1MOP M, (1) dt.
Applying Holder’s ineq:ality, we get
[ 1Mo e < ([ mzore=e ar) 1M,

Therefore, || M}, < || M,]|,, which was to be shown. The theorem is proved.

We conclude from Theorem 1 that the best coefficients {a,, k =2,...,n,
A=0,...,y — 1} are the unique solution of the system (2.8). The rest of them
anA=0,...,r — 1, can be found by (2.5).
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Let w be a (b — a)-periodic, integrable in [a, b], function which is positive almost
everywhere in [a, b]. We shall refer to a function w obeying the above requirements
as being a weight function.

Definition 3. We call the function

r—1 (x
(2.15) S(x) = 20 (a,/i)x' + f 1)' w(t)g(t) dt

a (b — a)-periodic natural spline function of degree 2r — 1 with a weight w and
knots x if
(2.16) S0(a) = SO(b), j=0,...,r—1,
and g is a (b — a)-periodic spline of degree r — 1 with knots x.

Denote by 9, _ ,(w; x) the set of all such splines. As an immediate consequence
of (2.6) and (2.14) we get

COROLLARY 1. Let 1 <p < oo, L = L, and a € [0, 1]. Suppose that the coeffi-
cients {a,,} are best for the nodes x. Then the rule (1.1) is exact for every
S € N,y (w5 %) with (1) = |Mx; DP 2

Thus, if we want L, (f) for some particular f, an alternative procedure is to

operate with L, on the natural spline S; with weight | M, (x; £)|? 2 that interpolates f
at x. In the next theorem we show that such an interpolating spline exists.

THEOREM 2. Suppose that the weight w and the nodes x (withv, + - - - +v, > 1)
are given. Then, for every function f € C""'[a, b] there exists a unique spline
S € 9N,,_,(w; X) which satisfies the interpolation conditions

(2.17) SM(x)=fMx%), k=1...,mA=0,...,y5 — 1

Proof. Evidently, the conditions (2.17), together with (2.13) and (2.16), form a
linear system of », + - - +», + 2r equations with », + - - - +», + 2r un-
knowns: {a}5™ ', {vi}o " {cwk=2,...,n, A=0,...,» — 1}. Denote by
A(w; x) the determinant of this system of equations ordered as follows: (2.16),
(2.17), (2.13). The theorem will be proved if it can be shown that A(w; x) ¥ 0 or,
which is equivalent, that the corresponding homogeneous system has only a trivial
solution. To prove this, let S, € IN,,_,(w; x) be a spline which satisfies the
homogeneous system. Consider the integral

o= [ * o(H)g2(f) dt = ) ® g(1)S§(0) b,
0 a

where g, is the spline in the representation (2. 15) of S,. Integrating by parts, we get

o= 2 (—1)"" gl (b —)SPU(b) — 2 (-1 gy (a +)S§N(a)

Jj=0 j=0
ve—1
+ 2 S (=) TSP 88T TV =) — 88T (% +)]-
k=2 A=0

Since S, satisfies the homogeneous system we conclude that ¢ = 0. This implies
S{(t) = 0 and, consequently, S, is a polynomial of degree r — 1. Then, the
periodicity of S, yields Sy(?) = const. Finally, Sy(¢) vanishes at least at one point
(v, + - - -+, > 1), hence Sy(#) = 0. The theorem is proved.
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As we have already mentioned, Theorem 2 is equivalent to the following

PROPOSITION 1. The determinant A(w; X) is nonzero for every weight function w and
nodes x.

Now denote by J(x) the Jacobian of the system (2.8) with respect to the
coefficients {a,}, { B;}, {4} at the solution of (2.8). Our next task is to prove that
J(x) is nonsingular. Indeed, careful computation of the elements of J(x) shows that
the elements from the first » + », + - - - +», rows of J(x) are equal to the
corresponding ones of A(|M,(x; #)|?~2; x) multiplied by p — 1; the elements of the
last r — », rows of J and A coincide. Therefore,

(2.18) det J(x) = (p — 1) """ T RA(M(x; 1)lP 7% x).

It can be shown (see Appendix, Corollary 3) that the function |M,(x; £)|P~2 is
integrable on [a, b] if 1 < p < 0. Thus, we have proved

COROLLARY 2. The Jacobian J(x) is nonsingular for every system of nodes x of the
Jorm (2.1).

Finally, we recall an existence theorem [5, Theorem 2] which will be needed in
the sequel.

THEOREM A. Let {v,}} be arbitrary fixed natural numbers satisfying the inequalities
1<y <rk=1...,n, v+ +v, 31, r>1. Suppose that 1 < q < oo.
Then there exists a system X of optimal nodes of type (v, ..., »,) in the class
W; [a, b]. Moreover, the best coefficients {a,,} for the optimal nodes satisfy the
conditions

a, >0A=02 ..., -1 if v, is odd,
(2.19) {k}\ 'k if v,

ak,,,k__l=0,ak,‘>0,>\=0,2,...,vk—2 if v, is even.

3. Main Result. We prove in this section our central theorem. The proof is based
on the concept of topological degree. We picked up the thought of using topological
degree in approximation theory from Barrow [3].

First we recall, for the sake of completeness, some facts from degree theory (see
Schwartz [17] or Ortega and Rheinboldt [15]).

Let D be an open bounded set in the Euclidean space R”. Denote by D and 3D
the closure and the boundary of D, respectively. Let the mapping ®: D — R” be
continuous. Then, if ¢ € R” and ¢ & ®(3D), the degree of ® with respect to D and
¢ is defined, has an integer value and will be denoted by deg(®, D, ¢). The
following are some basic properties of the degree:

(i) Suppose that ® € C'(D), ¢ € ®(3D) and let det(®’(x)) # O for each x € D
satisfying the equation ®(x) = c. Then there are a finite number of points x; € D
where ®(x;) = ¢ and deg(®, D, ¢) = X, sign det(®'(x,)).

(ii) If deg(®, D, c) # 0, there exists at least one point x € D for which ®(x) = c.

(iii) Let ®(a; x) be continuous on [0, 1] X D and ®(a; x) # ¢ for any x € 3D,
0 < a < 1. Then deg(®(a; ), D, c) is constant independently of a.

(iv) Let ¢ & ®@D), c, & ®(BD) U ®(z2(D)), m=1,2,..., where z(D) =
{x € D: det(®’(x)) = 0}. Suppose that c,, - c as m — co. Then deg(®, D, ¢) =
deg(®, D, c,,) for each sufficiently large m.
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Now, let us introduce the notations
Q={xeR" hx=(xp...,x5)a=x<x<- - <x,<b},
Q={(x€Qx, —x>ei=1...,nx,,=>b}.
Define the mapping ®(a; x): & - R*~! by
®(a; x) = (by(a; X),...,b,(a; X)), XEQ,
where we have denoted by b, (a; x) the coefficient @, _, of the monospline
M 1), % = (22,000 %

VsV oo o5 ¥y/°

The basic steps of our reasoning in the proof of the uniqueness of the optimal
nodes go through the following lemmas.

LEMMA 1. Let 1 <p < 0, a =0 and r > 1. Suppose that the parameters {a;},
{ B}, {aw} of the function F,(x; t) satisfy the system (2.8) for some x. Then the
equalities @, | =0 fork =2, ..., nimply My(x; t) =0, i.e., the system
a4, —1(xp ..., x,) =0, k=2,...,n
has a unique solution x,, = y,, k =2,...,n.

LEMMA 2. Let 1 <p < o0 and r > 1. Suppose that {».}} are even multiplicities.
Then there exists an € > 0 such that whenever ®(a; X) =0 0:=(,...,0 €
R*~") for some a € [0, 1] and x € (x,, ..., x,) € Q, then X € Q,.

LeMMA 3. Let 1 <p < oo and r > 1. Suppose that {v.}] are even multiplicities.
Let the points y = (yp, . ..,y,) be fixedand a <y, < - - - <y, < b. Suppose that
€ is an arbitrary positive number such that y € Q,. Then

(3.1 deg(®(0; -), 2,,0) = (—1)""".

Denote by Ay (w; x) the matrix which is obtained from A(w; x) by deleting the
row and the column of numbers r+», + - - +y and 2r+ v, + - - - +y,
respectively.

LEMMA 4. Let 1 <p < o, r > 1. Suppose that {v.}] are even multiplicities
satisfying the conditions 1 <v, <r, k=1,...,n, and w is an arbitrary (b — a)-
periodic weight. Let X = (xy, ..., x,) € Q. Then, for fixed k € {2,...,n}, the
determinants det Ay (w; X), j = 1,...,n, are nonzero and have a constant sign,
independent of j and w.

Now we are prepared to prove our central theorem.

THEOREM 3. Let {v,}] be arbitrary fixed natural numbers satisfying the conditions
1<2(m, + 1)/2]<r,k=1,...,n,r > 1. Suppose that 1 <q < oo. Then there
exists a unique optimal quadrature formula of type (v, . . . , v,) in the class Wq’ [a, b]
with fixed node x, = a.

Proof. 1t is clear from Theorem A that the assertion will be proved if we show
that the equation
(3.2) ®(1;%) =0
has a unique solution for every system {»,}] of even multiplicities. For r = 1, the
optimal nodes can be found even explicitly; see [11]. So, we assume in the sequel
thatr > 1.
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Let the number g be fixed in (1, ). According to Lemma 2, there exists an
¢ > 0 such that each solution x of the equation ®(a; X) = 0 is situated in Q, for
any a € [0, 1]. It is easily seen that ®(«a; x) is a continuous function of a and X in
[0, 1] X ,. Then, using (iii), we conclude from Lemma 3 that

(3.3) deg(®(1; -), 2, 0) = deg(®(0; -), 2,,0) = (—1)""".
Next, observe that ®(1; -) € C’(R2,). Indeed, the coefficients b (1; X) are solutions
of the system (2.8) for a = 1. Further, the Jacobian J of the system (2.8) is
nonsingular, in view of Corollary 2. Thus, by the implicit function theorem, b,(1; X)
is a differentiable function of x. Moreover,
ab,(1; x)  det 4,

ax,  detJ’

3.4)

where the matrix 4,; differs from J only by its 2r + », + - - -+ +th column
which consists of partial derivatives with respect to x;, but not with respect to by, as
it is in J. The elements of 4,; and J are continuous functions of X and det J(x) #
0. Therefore, ®(1; x) € C’(R,). Then the uniqueness of the solution of (3.2) will
follow immediately from (i) and (3.3) if we prove that

(3.5) sign det(M) =(-1)"""
ox
for each x € Q, satisfying (3.2). To this end, we assume that x = (x,, ..., x,)

satisfies (3.2) and x € Q,. Denote for simplicity the function Fy(x; ¢) (from (2.11))
by F(¢). Careful calculation shows (see (3.4)) that

0b,(1; x , .
—%2 = - (=1)F®(x)det J, /det J for k #},
3.6
T = — (— 1) F% (xl)det J”/det.l - aj’,7_2,
where the the matrix J, is obtained from J by deleting the column and the row of
numbers 2r + v, + - - -+ +y.andr + v, + - - -+, respectively.
Clearly,

detJ, =(p— 1) "7 et Ay (IMy(x; 0P~ x).
Therefore, in view of Lemma 4, det J; has a constant sign for k € {2, ..., n},

Jj=1,...,n Now, consider the values F ('9)(xj), Jj=1,...,n. It follows from the
construction of F that it has », + - - - +», zeros. Consequently, by Rolle’s
theorem, M,(x; ) has at least », + - - - +, zeros in [a, b). Further, the assump-

tion ®(1; xX) = 0 shows that the knots x,, . . ., x, of M,(x; 7) have odd multiplici-
ties. Then, according to Lemma 4 from [5], the coefficients {a,,} of M (x; ¢) satisfy
the inequality

(3.7) ak’,k_z > O, k= 2, [P (8
It is easily seen that the function F(r) has no other zeros except {x,}7 of
multiplicities {, }] (Otherwise M,(x; ¢) would have more than », + - - - +, zeros,

a contradiction to a known result of Micchelli [13, Proposition 1]; see Lemma 8b of
the Appendix.) Since {»,}] are even, F®)(x,), and consequently (— 1)F*)(x,) has
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a constant sign for k = 1, ..., n. So, we proved that the quantities

Y = (= 1) F®(x,)det J, /det J
have a constant sign fork € {2,...,n},j=1,...,n.

Next observe that M{(x; ) is a periodic spline function of degree r — 1 with
knots {x,}7 of multiplicities {#,}7, respectively, since ®(1; x) = 0 (which implies
&, -1=0 k=1,...,n, as can be seen in the proof of Lemma 1, Appendix).
Therefore F’ € N,,_,(w; x) where w(f) = |[M(x; #)IP~2 and F’ can be presented
(according to Theorem 2) in the form

(3.8) F'(x) = FO(x,)8,(x) + - - = +FO(x,)S,(x),
where S; € N, _,(w; x) and
SP(a) = SP(b), j=0,...,r—1,
SP(x) =0  k#*i,A=0,...,9 —1,
SM(x,) =0, A=0,...,v,—-2,
SEH(x) =1,
gNa+)=g"b-), j=0,....,r—» —1

Here g is the spline in the representation (2.15) of S;. Now, following an idea of [8],
we compare the coefficients of the basic functions on both sides of (3.8) and obtain

(P~ Va2 = 3 FO(){(~1)(p ~ et J/det J).

Jj=1
Therefore,

n
ak’yk_z = 2 ij, k = 2, I (B
Jj=1

Since v,; has a constant sign, we deduce from (3.7) that

(3.9) Yy > 0, k=2 ...,nj=1,...,n.
Therefore, a,, _, — (Yo + * * * +7¥4,) > 0. This inequality shows that the de-
terminant
Y2 = Gyp,-2 Y23 T Y2n
ad(1; x —as, _ s Y
det(—-——(—_—Q) — 732 733 3p3—2 3n
ax ................................
Yn2 Tn3 Ynn Qpy -2

has a dominant main diagonal, i.e., the corresponding matrix is strictly diagonally
dominant. Moreover (see [4]),

Ad(1; %)

n
ox ) = sign kI=12 (Vx — ak,vk-2) =(- l)n_l~

sign det(

The relation (3.5) is proved. This completes the proof of our theorem.
The next proposition is a simple consequence of the previous theorem.
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THEOREM 4. Let vy = - - - = v, = pand 1 < 2[(p + 1)/2] < r. Then the equidis-
tant nodes
k-1
n

X =a+ (b — a), k=1...,n,

are optimal of type (vy, . . ., v,) in the class Wq’[a, b] for 1 < g < oo0. Moreover, the
best coefficients { a,,} for these nodes satisfy the conditions

ap=---=a, =0 ifAisodd,
ap=---=a, >0 if)iseven,
ap=":":=a,=(b—a)/n

The optimal nodes are unique in the case 1 < q < oo.

Proof. Suppose that 1 <g < o0 and », =--- =, = p. It follows from the
uniqueness of the optimal nodes that they must be equidistant.
Set

x oocx _
x= (%1000 e = 1M 0l

where 1/p + 1/q = 1. Denote by ¢, the unique function from the set 9q,, _,(w; x)
which satisfies the interpolation conditions

‘Pf'j)‘)(xk) = 8ik8Aj,
8, being the Kronecker symbol. On the basis of Corollary 1, g, = I NOY 2

Since the function ¢, (¢#) can be obtained from ¢,,(#) by translation, we conclude
that

(3.10) apn=---=a, forA=0,...,p— 1L
Further, it is easily seen that the quadrature formula

v—1 n v —1

[~ T (~1apf®) + 3 3 (~1 0000/
a A=0 k=2 A=0

has the same error in Wq’ [a, b] as the optimal quadrature. Then, it follows from
Theorem 3 that

(-Dap=a,, A=0,...,»,— 1

This, coupled with (3.10), gives @,, = 0,k =1, ..., n, for odd A.

The value of g, is calculated using the fact that the optimal quadrature formula
is exact for f(r) = 1.

The optimality of the equidistant nodes for ¢ = 1, oo follows as a limiting case.
The theorem is proved.

Note that a particular case of Theorem 4 (for p = r — 2) was studied in [12].

Using the correspondence between monosplines and quadrature formulae, we
can restate our main result in the following form.

THEOREM 5. Let {»,}] be arbitrary fixed natural numbers satisfying the conditions
1 <2A(n, + 1)/2]<r,k=1,...,n. Suppose that 1 <p < oo. Then there exists a
unique (up to translation) (b — a)-periodic monospline of least L, deviation in [a, b]
of degree r with n distinct free knots {x,}} of fixed multiplicities {v,}].



536 BORISLAV D. BOJANOV

An analogous proposition to Theorem 5 was proved in [6] for monosplines with
free ends, i.e., without boundary conditions. The first uniqueness results for
monosplines of least L, deviation are due to Johnson [9] (forp = o0, ¥, = - - - =
v, = 1, free ends), Jetter and Lange [8] (forp = 2, », = - - - =y, =1, free ends)
and Zensykbaev [21] (for 1 < p < o0, », = - - - = », = 1, under the boundary
conditions MP(a) = MP(b) =0, j =0,...,r — 1). Recently Barrar and Loeb
[2] considered the case p = oo with arbitrary fixed {»}], 1 <y, <r,k=1,...,n,
and free ends.

Remark 2. We must note that the proofs of Lemma 5 and Lemma 7 of [6] are not
complete. However, one can apply with obvious modifications the reasoning used
in Lemma 1 and Lemma 2 of the present paper in order to complete the proofs of
the lemmas mentioned.

Appendix
First we shall recall some known facts about spline functions and derive some
new properties of the function M_(x; #) which we require in our study.
For the sake of convenience we extend the definition of M, (x; ¢) by

M,(x; 1) = M([x]; )
for each x = ("%, ), where [x], = G, and . = min(r, my), k=1,...,n.
LEMMA 5. Let 1 <p < oo,
g & Xy Xy
= , = , =12....
(pl...pj xm (l;l...y ) m

Suppose that x,, > %X, in R¥Y, N=»p», + - +9,, a,>0ap 0<a, <1, m=
1,2,..., as m— oco. Then M, (X,,; 1) converges uniformly to M, (Xo; f) on each
compact subset of [a, b) which does not contain breakpoints of M, (Xo; 1).

This lemma was proved in [5] for a,, =1, m=1,2,.... The proof in the
present case is similar. We omit it.

LEMMA 6a. Let the multiplicities {v,}] be odd. Given [a, b] there exists a constant
C > 0 such that whenever M(t) is a function of the form

M(t)_a(b )+(1 a)z ( ) +23(b*‘t)
(1) Pt O TR
i V,il ( _ t)r -A—1
- AGp———"—
K1 xS0 P (r=A-1)
with0 <a < 1,x, < -+ <x,and M has r + Z}_, (v; + 1) distinct zeros in [a, b],

then

Bl<C, i=0,...,r—1,
| B
lakxl<c, k=l,...,n,A=0,...,l’k—l.

The lemma was proved in [13] for a = 1. A similar proof can be given for this
setting.
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LEMMA 6b. Let the multiplicities {v,}] be odd. Given [a, b}, there exists a constant
C > 0 such that, whenever M, () is a function of the form (2.2) satisfying (2.3) with
0 <a < land M, has Z7_, (v; + 1) distinct zeros in [a, b), then M, has coefficients
bounded by C.

Proof. If some v, is equal to r, we apply Lemma 6a to M, (f) considered on the
interval [x;, x; + b — a]. Suppose that max, », = », <r. Then MY ~"X(f) has
271 (v, + 1) distinct zeros in [x;, x; + b — a) and, according to Lemma 6a,
M ~")(f) has bounded coefficients. It is easy to see that B, . .., B._, -, are also
bounded. For example

Broyor+ [ M) dt =0
a

for some 7 € [a, b). Therefore, |B,_, _;| < (b — a)]|MT™"||,. The latter norm is
bounded since the coefficients of M‘f""')(t) are bounded. The lemma is proved.

Denote by Z(s; @) the number of zeros of the spline s in the set @ where the
multiplicities are counted as in Schumaker [16]. The following is a result of
Schumaker [16].

LEMMA 7. Let s be a (b — a)-periodic spline function of degree r — 1 with knots
{(§)1, a < § < - - - <§, <b, of multiplicities { i }T', respectively. Suppose that s
does not vanish identically. Then

Z(s; [a,b)) < K -1 if K is odd,
<K if K is even,
where K = p, + « -+ +p,.

The next lemma was proved in [6].

LEMMA 8a. Let 0 < a < 1. Suppose that M(t) is a function of the form (1). Then

Z(M; [a, b]) <r+ Y (v +o0),
k=1

where o, = 1, if v, is odd, and zero otherwise.

LeEMMA 8b. Let 0 < a < 1. Suppose that M,(t) is defined by (2.2) and (2.3). Then
n
Z(M,; [a, b)) < kEI (v, + a,).

The assertion follows from Micchelli’s result [13, Proposition 1] as in the
previous lemma.

COROLLARY 3. Suppose that X is a given system of nodes with even multiplicities
Viseoor ¥, Let 1<p< oo and 0 <a < 1. Then the function |My(x; 0P~ is
integrable in [a, b].

Proof. The assertion is evident for p > 2. Assume that 1 <p < 2. Then it is
sufficient to show that M, (x; ¢) has only simple zeros in [a, b). To this end, recall
that the function F,(x; f) (see (2.11)) satisfies (2.8). Hence, F (x; f) has at least
N :=vp, + --- +v, zeros in [a, b). By Rolle’s theorem, F{)(x; f) and, conse-
quently, M, (x; ¢) must have N sign changes in [a, b). This means that M_(x; ¢)
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has N distinct zeros in [a, b). On the other hand, according to Lemma 8b,
Z(M(x; -); [a, b)) < N. Therefore, all zeros of M_(x; ¢) are simple. The claim is
proved.

Proof of Lemma 1. Let us assume the contrary: @,, _; =0fork =2,...,n but
M(x; ¢) is not identically zero. Then, clearly, Fy(x; ) is not zero, either. We shall
show that Fy(x; f) cannot vanish even on some subinterval of [a, b). Indeed,
suppose that Fy(x; ) = 0 for every ¢ from a subinterval of [a, b). Then there is a
subinterval (¢),4,) such that Fy(x;¢) # Oalmost everywhere in (,,7,) and, F(x;?)
=0 if t€[t;, —¢ 1, JUt, 1, + €] for some € > 0. (Remember that we are

thinking of [a, b) asacircle) Lety, < <yp < <y <t < Ypjup X <
<X, < Xivm <t € X4 me1- Then Fo(x, t) has 2r + N,,, N, = »,,,

+ -+ +y,,..1> zeros at least in [¢, t,]. Consequently, by Rolle’s theorem,
My(x; 1) has r + N, sign changes at least in (¢,, t,). Moreover, My(x; ;) = 0 or
My(x; t,) = 0 since My(x; 1) =0 for t E[t, — ¢, ;] U [1,, 1, + €] and M(x; ?) is
continuous at least at one of the points ¢, ¢, because ¢, ¢, €
{xp---5X%p» Y2 ...,y,} and the multiplicities of all these knots, without x,, are
less than r, according to the assumption: 1 <», <r,k=1,...,n, &, —1 = 0 for
k=2,...,n and r > 1. Therefore My(x; ) must have at least r + N,, sign
changes in (¢, ;). Then the function

(Chall) SR S )
{(r—l)- 2 o)

must have, for small «, at least r + N, zeros in (¢,, #,), which contradicts Lemma
8a. Therefore Fy(x; f) has only isolated zeros.

Next we prove that the assumption @, _, =0 for k =2, ..., n, implies a,, _,
= 0. For this, we consider the periodic function Fy(x; ¢) on an interval [4, B] of
length b —a such that 4 <x, <--- <x,<B, A<y, <-:- <y, <B. Then
F(x; t) can be represented on [A4, B] (see the analysis in the proof of Theorem 1) in
the form

} + My(x; 1)

. Ay
Fy(x) = Fy(x; x)-—go( 1y "?——})T

# " C oo a,

where

M0 = My(xs ) = 3 =Dy py

2
( ) n ve—1 (x _ t)r—)\—l
k=1 A=0 (r=Aa-1"
with some P € 7,_,, and {)g.}(’,‘l are Lagrange multipliers for the extremal prob-
lem
3) ¥(M ) — minimum
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over all splines M of the form (2) with free coefficients. Here
B it . .
Y(M) = f |M(9)F dt + 3 N[ MO(B) — MO(4)].
A j=0
By the definition, M, is the unique solution of the system

F§(A) = FY(B), j=0,...,r—1,
4) FP(x,) =0, k=1,...,n,A=0,...,59 —1,
M4 +)=MPB-), j=0,...,r—1

Since

) 0¥ (M,) i

1
P ox =>\21 Gr— 1 F§V (%),

the assumption Ay -1 = 0, together with (4), yields ¥ (My)/dx, =0 for k =
2,...,n We claim that 9¥(M,)/dx, = 0, too. Indeed, let us set
Y, - .., 8) = WM& ), &= (%) Then it follows from the periodicity of
M(x; t) that

V(x,+ hxy .o, x,)=¥(xp,x,— hy...,x, — h)

0¥ (M,) IV (M,)

el Sl VA A

0x, ox,,
= ¥(x,,...,x,) + o(h).

=¥(x,...,x,)

~h + o(h)

Therefore,
¥ (M,)

r— }l'i_%{‘l'(x, +hoxy..,x) = ¥(x,...,x,)}/h=0,

which was to be shown. Now return to (5). It follows from (4) that
(6) al,v,—lFByl)(xl) =0.

Suppose that F{*?(x,) = 0. Then we conclude, on the basis of Rolle’s theorem, that
M(x; ¢) has at least », + - - - +», + 1 zeros in [a, b). On the other hand, in view
of Lemma 7, Z(My; [a,b) <n—1+», +v, -1+ - +y, — 1=y,
+ - -+ 4+, or My(x; t) = 0. We obtained a contradiction. Therefore, F{*"(x,) #
0. Then the relation (6) implies a,, _, = 0. Since Fy(f) has N:=», + - +p,
zeros in [a, b), M(¢) must have at least N zeros in [a, b). Applying again Lemma 7,
we see that

Z(My; [a,b)) <n—1+» -1+ - +py,—1=N-—1

or My(x; t) = 0. This contradiction completes the proof of the lemma.

Remark 3. We showed in the proof of Lemma 1 that the equalities g, _, = 0 for
k=2,...,nimply (6) in the case « = 0. By the same argument, one can verify
that this holds for 0 < a < 1 too. But, for 0 < a < 1, F,(x; ) does not vanish
identically on any subinterval, and F,(x; ¢) has only », + - - - +, zeros: {x,}] of
multiplicities {»,}}, respectively. Therefore, F*’(x,) # 0. Hence, the relations
&, 1 =0fork=2,...,nimplya,, ;=0for0<a<landl<p < oo.
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Proof of Lemma 2. Assuming the contrary, there exist sequences {a,,}¢°, {X,,}7>

4 Xoa: o x
I
such that
®(a,; X,,) = 0, Xy = (Ko« + 5 Xpun)
form=12,..., a, > a € [0, 1] and x,, tends to some

_ ( a & & )
X0 = PL P By
witha < § < - -+ <§ <b,j <n, as m— co. Remark that (0; X,,) = 0 only for
X, =y = (¥ ...,y according to Lemma 1. Therefore, we may assume without
loss of generality thata,, #0,m=1,2,....

We know from Lemma 5 that M, (x,,; ) converges uniformly to M, (xo; #) on
any closed subset of [a, b) which does not contain a breakpoint of M, (xo; ?). It is
not difficult to deduce from Lemma 6b that M, (xo; ¢) is a continuous function.
Indeed, each monospline M, (x,,; ¢) has a maximal number of zeros. Further, it
follows from the assumption ®(a,,; X,,) = 0 and Remark 3 that the knots {x,,;}7.,
of M, (x,,; t) have multiplicities {», — 1}, respectively, i.e., odd numbers. Then, by
Lemma 6b, the coefficients of each polynomial fragment of M, (x,; ¢) are
bounded by a constant which does not depend on m. Consequently,
| My (X5 )l cia,s) is bounded. This implies the continuity of M, (x,; #).

Next, we prove that F, (xo; #) does not vanish identically on any interval. First,
note that F, (xo; ¢) is not zero identically, since

FQ (%05 1) = | M (Xo; )1 7*M, (Xo; 1)

and M, (xo; £) = 0 would imply ay = 0,5, € {§;, ..., &)} fork =2,..., n which
is obviously impossible because j < n. Now assume that F,, (xo; ) vanishes identi-
cally on some subinterval [}, ¢,] of [a, b). Let ¢, be the next point after ¢, which is a
zero of F, (xo; #) of multiplicity at least r (note that r; may play the role of ¢, since
we are thinking of [a, b) as a circle). The function F, (xo; ) has at least 2r + N,
zeros in [¢,, t,] where N, is the sum of those {p, }/ for which &, € (¢,, #,). According
to the choice of #,, p, < r for these §,. By Rolle’s theorem, M, (xo; ?) has at least
r + N, sign changes in (¢, t;). Moreover, M, (X,; ¢) = 0 since
M, (%o; ) = 0 on (7, t;) and M, (Xo; ) is continuous. Therefore M, (x,; ¢) has at
least r + 1 + N, zeros in [¢,, ¢,). This contradicts Lemma 8a in the case 0 < a, <
1. If «y = 0 we apply again Rolle’s theorem and conclude that M{(x,; ?) has r + N,
sign changes in (¢,, ¢,). Then the function

(b1 =03
”‘{ r—1 ,ke%b o (kr —2)!

would have r + N, zeros in (¢, t,) for small «. We obtain a contradiction with
Lemma 8a. Thus, F, (Xo; #) does not vanish identically on any subinterval of [a, b).
In the same way one can prove that F, (Xo; ) does not have a zero of multiplicity
> r + 1, i.e., that x, does not have a coordinate §; of multiplicity p; > r + 1. (Note
that the assumption p; > r + 1 yields that F, (x,; #) has a zero at £ of multiplicity
at least r + 1 because th;)(xo; t) is a continuous function.) Therefore, we can

} + M(xo; 1)
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assume that p; <r fori =1,...,j. Then F, (xo; ?) has a zero at § of multiplicity
at least p;. On the other hand, M, (xo; ¢) has a knot at § of multiplicity at most
p; — I, where [, is the number of those coordinates of x,, which tend to § as
m — oo. Hence F, (Xo; #), and, consequently, M, (xo; ) has at least p; + - - - +p;
=y, + -+ +p, = N zerosin [a, b). On the other hand,

Case I. For 0 < oy < 1, by Lemma 8b,

Z(My(xg; *); [a, b)) < é (0= L+1D)=N—-(L+ - +[)+j<N-1

i=1
since /; + - - - +/; = n > j. We obtain a contradiction;
Case 11. For ay = 0, by Lemma 7,

J
Z(My(xg;°); [a,B)) <n—1+ 3 (o, — 1)
i=1
=n—1+N-(L+ - +l)=N-1
a contradiction.

Therefore j = n. The lemma is proved.

Proof of Lemma 3. First we shall show that (3.1) holds for p = 2. To this end, we
construct the unique natural spline function ¢,(X; ¢) € 9q,,_,(1; x) where x =
(x - - -5 x,) € R, x = (}':]}7) which satisfies the interpolation conditions
(<p,(")(f; a) =o(x;b), j=0,...,r—1,

oM (x; x,) =0, k#i,A=0,...,15 —1,

() J<ao§*’(f;x,-)=o, A=0,...,v -2,

o V(%; x) =1,

N (T a+) =X b-), j=0,...,r—v — 1L

According to Corollary 1, the rule based on the coefficients {a,} of the spline
M(x; ?) is exact for ¢,(x; t). Therefore

® b,(0; x) = Lo(‘Pi(f; )) = ké2 ‘Pi()?; )’k)'

We know from Proposition 1 that the determinant of the system (7) is nonsingular
at every x € ,. Hence, by the implicit function theorem, the coefficients of the
spline @,(x; t) are continuous functions of X in §,. Then

(9) ”(p,()\)(f; .) - (p,()\)(i; ’)”C[a,b] _)0’ }\ = 0’ ey — 1,
as X — y. Now it is easy to see that

(v — xi)yi—l - _1
R e & o(|ye — xi|™
(v — 1! k§2 (lyk d )

for each X = (x,, . . ., x,) near to y. Indeed, by Taylor’s formula

@(%20) = (e = x)™ 9T m)/ (v — 1!
where 7, lies between x; and y,. Since, according to (9),
0 ifisk,
1 ifi=k,

(10) b,(0; %) =

o~ D(Fs m) — o (75 ) = [
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as X — y, the relation (10) is clear. (Remember that {»,}] are even natural
numbers, hence y, — 1 > 1.)

Now we make the invertible, orientation-preserving change of variables z; =
O —yyi~ Y —DLi=2,...,n, and get

n
b(0; %) =z + 3 o(lz]) =: §(2).
k=2
Let us set B(Z) = (Ez(z‘), cee, b~,,(z‘)). Clearly

oo B9 (e

By the implicit function theorem, B(Z) is 1-1 for z near 0 and hence ®(0; x) is 1-1
for X near y, say in the neighborhood U(y) C €, of . Let £ = (£,, . . ., £) e Uy
and denote ¢ = ®(0; £). Then the equation ®(0; X) = ¢ has a unique solution
(which is £) in U(y). Therefore, by (i),

deg(®(0; -), U(y), ¢) = sign det( q)g?c g))

But the latter determinant has a dominant main diagonal for £ near y and evidently
. 80(0; . N . e
sign det(%) = (=1 sign 1T (= 80%72= (=17,

since {#,}; are even. On the other hand, &) tends to 0 as £ — y because ®(0; ) is
a continuous function and @(0; y) = 0. It remains to apply (iv) with respect to a
sequence of points &(£) with £ — y to obtain that

deg(®(0; -), U(5), 0) = (=1)""".

But, according to Lemma 1, y is the unique solution of the equation ®(0; ¥) = 0 in
Q,. Therefore

deg(®(0; -), 2, 0) = deg(®(0; -), U(),0) = (—1)"~".

The relation (3.1) is proved for p = 2.

Now suppose that p* is an arbitrary number fixed in (1, o). Consider the
mapping P4 [0, 1] X €, — R"~! defined by the equality Dp(x) =
(b5(0; X), . .., b,(0; X)) where the parameter p in the definition of the coefficients
b,(0; X) is chosen to be Bp* + 2(1 — B), B € [0, 1]. We have proved in Lemma 1
that X = y is the only solution of the equation ®(0; x) =0 in Q, for each
P € (1, o), ie., the equation P4(x) = 0 has a unique solution x = y in Q, for
B € [0, 1]. Since y & 0%2,, the property (iii) yields

deg((bl, ., (_)) = deg((bo, Q,, (_)) =(=n""L
The lemma is proved.

It remains to prove Lemma 4. Its proof is based on the following interpolation
theorem for natural splines with weight.
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g___ gl..‘gm) x=(x|."xn)
”‘100-”"', Vl‘-.l’n

be arbitrary systems of points satisfying the conditions

a<§ <<, <b, a<sx;<---<x,<b;

0Ly <r, k=1,...,n,

O <r, i=1...,m
The number v, + - - - +v,isodd; vy + - -+ +v, =, + - - - +p,. Let us think of
the points {£)7' and {x, }] as being given on a circle obtained by joining the endpoints
a and b of the interval [a, b). Suppose that x and £ satisfy the requirement:

For any pair (§,8") from the set {§,...,§,}, 1+y +- - +vy >pu
+ -+, provided the points Xip o oo Xy and £j|, ceey §jl lie between & and ¢
(i.e., on the left-right oriented arc (¢, £")).

Suppose that « is an arbitrary (b — a)-periodic weight in [a, b]. Then, for every
function f € C"~'[a, b) there exists a unique natural spline S € IN,,_(w; §) satisfy-
ing the interpolation conditions

SM(x) = fM(x), k=1,...,n,A=0,...,y5 — L

Proof. Assuming the contrary, there exists a function S 20, § € 9N,,_,(w; §
satisfying the homogeneous system

THEOREM 6. Let

SO(a) — S9(b) =0, j=0,...,r—1,
(11) SV(x)=0, k=1,...,n,A=0,...,5— 1,
ga+)—-g?b-)=0, j=0,...,r—p—1,
where

_ { 0 ifa#¢§,
B2\ n ifa=¢,.
Suppose that S vanishes identically on some subinterval. Then there exists an arc
[#,, t;] such that S(¢) = 0if t € [¢; — &, ¢,] U [t5, ¢, + €] for some ¢ > 0 and S(¢) #
0 almost everywhere in [¢,t,]. Clearly (¢, t,) = (§,£"”) for some ¢, ¢ €
{5 ---5&,) Let x;, ..., x; be the points from x which lie between § and £”.
Then S(¢) has at least 2r + »;, + - - - +v, zeros in [t, 5] ¢, x;, ..., x,, 1, of
multiplicities r, N S respectively. By Rolle’s theorem, S)(¢) and, conse-
quently, g(¢) must have r + v, + - - - +, zeros at least in (¢, £,). But g(¢) = O on
[t — & ] U [ty t, + €] and g(¢) is continuous at ¢, because ¢; = ¢ and y, <r,
Jj=1,...,m Therefore g(t;,) =0. Thusg(f) hasr + 1 + v, + - - - +y, 271+
+ -+ +p, zeros in [1,, 1)), where §, ..., §, are the points of § which lie in
(¢, £”)., On the other hand, according to a known result by Schumaker [16],
Z(g[t, ) <r—1+w + - - +p. This contradiction shows that S has only
isolated zeros in [a, b).

Since S satisfies (11), by Rolle’s theorem, g(#) must have N :=p», + - - - +,
zeros at least in [a,b). But »; + - -+ +p, =p, + - - +p, and it is an odd
number. Then, by Lemma 7, Z(g; [a, b)) < N — 1, a contradiction. The theorem is
proved.
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Proof of Lemma 4. 1t is easily seen that for given j and k the multiplicities {7;}],
{ i;}}], where

D =
V; =

v, if i #J, .| ifi #k,
v,—1 ifi=j, -1 ifi=k,

and the points x = ((xy, 7;), . - -, (X5 7,))s €= (%5 fiy)s - - - » (X, fi,)) satisfy the
requirements of Theorem 6. Therefore,

(12) det A, (w; x) 0.

Suppose that the nodes x are fixed and w,, w, are two (b — a)-periodic weights.
Then the function w(8; ¢) = bw,(f) + (1 — &)w,(¢) is a weight too, for each
8 € [0, 1]. Therefore, in view of (12), det A, (w(8; ), x) # O for every § € [0, 1].
Since the determinant is a continuous function of 8, we conclude that sign
det A (w;; x) = sign det A; (w,; x). Thus, it suffices to prove the lemma only for
w(i)=1.

Let D(f[3 ' ") denote the divided difference of f at the points #; < - - - <, of
multiplicities a,, . . . , a, respectively. It is well known that

(13) D(fly,:2%) = FVm)/NY € (1, 1),
provided f € CV[a, bla; + - - - +ay=N+ 1, ¢, E€[a,bl,i=1,...,1 It can be
verified (see Cakalov [7, Theorem 1]) that

m—1 1

7, T+ _L —
(14) D(fIri™) = gmfle + ) = B i

SO@).

We shall show that

(15) sign A, (1; x) =sign 4, 1,(1;x), Jj=1...,n—1,

for every fixed k € {2, ..., n}. Then (15) will imply the assertion of the lemma.
Let k£ be fixed. Let M(k; ¢t) stand for a monospline of degree r with knots

X))o o s (v — 1, ..., (x,, v,). Denote by A(-) the matrix corresponding

to the system of the form (2.8) with interpolating nodes those indicated in the

parentheses and with a F defined by M(k; ¢). For instance, A;(l; x) can be

rewritten as
A x'l RIS xj . o . xn
yl . e . I{i —_— 1 . s . Vn *
Suppose that 0 < h < x;,; — x;. Consider the determinant of the matrix

xl...x xj+h xj+l...x

n
vy =1 1 Vg~ 1,

It follows from Theorem 6 that det Aj’»’k # Oforeach h,0 <h <x;,; — x;. We shall
prove that sign det A, = sign det A;, . In order to do this, let us change Aj’.'k in
the following way:

Multiply the r + », + - - - +yth row by (», — 1)!/h%~" and add to it the sum
of the rows with numbers r + »; + - - - +v_, + A+ 1,)\=0,...,vj — 2, multi-
plied by —(», — 1)!/(Alh%~'~?), respectively. The new matrix A%, will correspond

Ay = A(
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to the system which is obtained from the previous one, changing the r + »,
+ - - - +;th equation by

(v — DID(F|35t) = 0.
Since »; < r, (13) implies
(y - l)'D(FI" % +") - FC~Y(x) ash—0.
Therefore,

det A% —detA,,,, ash—0.

But det A} = (( — )!/h% ")det A%, and detA,,,, # 0. Hence sign det A%, =
sign detA;,,, for small . We have already mentioned that det Aj'.'k # 0 for
0 < h < x;,, — x;. Therefore, sign det A}'k =signdet A, forallh, 0 <h <x;,,
- X

In the same way, using the explicit expression of D(f[7 k. 1) one can show that
sign det A J = sign det A;. The relation (15) is proved. This completes the proof of
the lemma.
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