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The Finite Element Method With Lagrange
Multipliers for Domains With Corners*

By Juhani Pitkiranta

Abstract. We study the convergence of the finite element method with Lagrange multipliers
for approximately solving the Dirichlet problem for a second-order elliptic equation in a
plane domain with piecewise smooth boundary. Assuming mesh refinements around the
corners, we construct families of boundary subspaces that are compatible with triangular
Lagrange elements in the interior, and we carry out the error analysis of the resulting
approximations in weighted Sobolev spaces.

1. Introduction. We consider the model problem
—Au = in Q,
(1.1) u=/ i

u=g ono
where @ c R? is a bounded domain with piecewise smooth boundary 9%, and f
and g are given functions defined on . Under sufficient regularity hypotheses on f
and g, problem (1.1) admits the following weak formulation: Find a pair (u, ¢),
u € H'(Q), ¢ € Ly(39), such that

02 fmélgu gvd +f v¢dx+f u¢ ds

= f fodx + f gbds forall (v, ) € H\(Q) X L,(39Q).
Q oQ

For f, g smooth enough, (1.2) has a unique solution (%, y) such that u is the weak
solution of (1.1) and v is defined as

du du du
(13) Y= —&' = -n‘a_x, - nza—xz, x € 0%,

where n(x) = (n,(x), n,(x)) denotes the unit outward normal vector of 9Q at x.

In the Lagrange multiplier method [2] for approximately solving (1.2) one
introduces the finite-dimensional subspaces M”* c H'(Q) and N* c L,(3Q) and
defines the approximate solution as the pair (1,, §,) € M* X N" which satisfies

ou, 9
fEa" vd +f ox,bhds+f U, ds
Q i=1 i
(1.4)
=ffodx+f gods forall (v, ¢) € M" X N*.
Q oQ
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Finite element methods based on (1.4) have the benefit that they do not require the
fulfillment of the Dirichlet boundary condition in the subspaces. The stability and
convergence of such approximations was studied first in [2] (see also [3]). For an
abstract Lagrange multiplier method, necessary and sufficient conditions for stabil-
ity are given in [6].

The actual verification of stability and the construction of the subspaces was
considered by the author in [9] for quasi-uniform finite element meshes and in [10]
in a more general situation. In [10] a number of local conditions were stated that
yield the uniform stability of the Lagrange multiplier method in weighted norms
depending on the finite element partitioning of the boundary.

In the present paper we proceed from the ideas of [10] and [4]. We consider the
situation where graded meshes are used to handle the singularities arising from the
corners of d2. Assuming mesh refinements of the same type as those considered in
[4] for polygonal domains, we construct finite element subspaces that meet with the
stability conditions of [10]. We then derive error estimates for the resulting
approximations in weighted Sobolev spaces.

The plan of the paper is as follows. In Section 2 we state the basic assumptions
and give some properties of weighted Sobolev spaces that are needed in the paper.
In Section 3 the stability conditions are restated from [10]. A family of finite
element subspaces is introduced in Section 4 and the validity of the stability
conditions is verified. Finally, in Section 5, the approximability properties of the
subspaces in weighted Sobolev spaces are studied, and a weighted convergence
result is derived for the approximate solution.

2. Preliminaries. We consider a bounded, simply connected domain @ c R?,
whose boundary 0 consists of a finite number of smooth closed arcs I';, i =
1,..., I, defined in terms of the smooth mappings J; = (J;, J;,) such that

@ L = {(Via(0), Jio(n), €0, 1]},
' [JH@] +[72(0] > ¢ >0, te]o, 1].

We will denote the corners, i.e., the endpoints of the arcs I';, by z,, i=1,...,1,
numbered in any order. The asymptotic opening angles of the corners into the
interior of  are denoted by w;. We assume that 0 < w; < 2w, i=1,..., 1, ie, we
exclude needles but include slits.

For u(x) defined on £, let D*u denote the field of all partial derivatives of u of
order k. Then the Sobolev space H™(R2), m > 0, is defined as usual, with the norm

|4l ey = 3 [ |D*uf* dix.
k=079
In what follows, we use the notation
I
22) o) = [ x— 2% B=(By....B) R,

andd =(1,1,...,1) € R!. For B € R' and m > 0 given, we let W™A(Q) denote
the weighted Sobolev space of functions u, defined on £, such that

m
||u||,2,,...,p(9) = 2 fﬂquu(k—m)oIDk“lzd" < oo.
k=0
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We state below some inequalities to be needed later on.

LemMa 2.1. If B € R is such that 0< B, < 1,i=1,...,1, and u € H'(Q),
then

J, @ dx < Cllull
where C depends on B and Q.

Proof. Let x;5 be a smooth function defined on € such that x;;(x) =1 for
|x — 2| <8 and x,s(x) =0 for |x — z| > 28. Then, if & is sufficiently small, a
modification of Hardy’s inequality gives (see [8]):

[1x = a2l G de < [ |x = 2D ()P dx, @ > -2

Q Q

Taking a = -2, summing over / and using the triangle inequality, the assertion
follows after a simple computation. []

LEMMA 22. If B € R is such that B, < 1 for some i € {1,...,I), then any
u € W2B(Q) satisfies

lu(x)| < Cllullpengy,  |x—2z|>8>0,j+#i
where C depends on  and 8. Moreover, u(z;) = 0

Proof. See [4]. This result is also implicit in [8].
Consider next functions defined on 9Q. We say ¢y € H™(3Q), m > 0, if

I
2 _ 2
1Yl frmeagy = > 1%l Frmeo,1y < 00,
i=1

where (1) = Y(J(1)), t €0, 1), i = 1,.. ., I Similarly, y € H™*/3(0Q), m > 0,
if

I
1l ey = 2 (1l Fmony + 1901 2) < o0,
i=1

where

1o [6(0) — o()]°
(2:3) ¢ dtdr.
ol = [ f s
We note that H™*!/%9€) can be defined equivalently as the interpolation space [5]
H™1/2(3Q) = [ H™(0Q), H™* ‘(89)]

To define weighted Sobolev spaces for functions on 9%, let » = »(i) and p = u(i)
be integers such that

(24) Ji0) =z, J()=z,
With 8 € RY and m > 0, we define W™P(Q) as the space of functions i such that

1/2,2°

I
_ 2
Il Fmaomy = 2 Wil 5 < 00,
i=1

where

Z ol . —m4 .
19112, 4, = Zofo [eB=m+i(1 = = PloO( )R db.
=
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Further, we let W™*1/28(3Q) denote the space with the norm

I
(2.5) W1l Gmer2nagy = (Wl Gme-orzomy + let”'(l - t)p"‘l’gm)ﬁ/z’
jom

where | - |, , is defined by (2.3). The following interpolation result is obtained from
[11].

LeMMA 23. If m > Oand 8 =%(,8, + fB,), then

Wm1/28(3Q) = [ wmA(3Q), wm1LE ’(39)] 1/2.2°

In Section 5 we need the following trace inequality:
LEMMA 2.4. Ifu € W™B(Q), m > 1, then

luaqll wm-172800) < Cllull ymseg)-

Proof. In [8] it is proven that if u € W A(Q), then
(2:6) 4aqll wos-er@ay < Cllull wrag)
From this it is easily concluded that, if « € W™P(Q), m > 1, then
(2.7 l#pell wm-1e-er2g) < Cllu|l ymag)-

Now let D,,_,u be any partial derivative of # of order m — 1, and let yu(f) =
D, _w)J(),i=1,...,1 Then

I
(2.8) 2 A1~ t)ﬁ"ll’iﬁ/z < C||‘Ppo—1“|asz||121'/2(asz)~

i=1
Using the trace properties of Sobolev spaces H™(S2) (cf. [1]) the right side can here
be further estimated as

(2-9) ||‘P,3Dm— 1u|asz“H‘/2(asz) <C ||‘P5Dm— 14l H'(Q)

The asserted inequality now follows by comparing (2.5) with (2.7) through (2.9) and
noting that

lPg Dy 11l i@y < Cllu|l yma O

We state finally a regularity result for the solution of problem (1.1). For the proof,
see [8].

THEOREM 2.1. Let m > 2 and let 8 € R! be such that B; > 00m — 1> B, >m —
1 —w/w, i=1,...,1 Further, let f and g in (1.1) be such that f= f, + f,,
fLE H™ Q). f, € wm=2(Q), and g = & +8,8 €EH"), 8 € W™B(Q). Then
problem (1.1) has in H'(R) a unique weak solution u which satisfies u = u; + u,,
u, € H™(Q), u, € W™,

leyll emeey + Nl wmsey

< C{llfill gm-2@y + Il Loll wm-280) + || &1l rmey + 11 82ll ey }-
3. The Local Stability Conditions. In this section we state a number of conditions
that are sufficient for the uniform stability of the Lagrange multiplier method.
These were stated already in [10], but as they will be referred to in the sequel, we
repeat then here for convenience.
Suppose we are given a partitioning 7”(d2) of 9%, consisting of connected
smooth arcs, a finite-dimensional subspace N* ¢ L,(dR) associated to 7”(3Q) in
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the manner described below, and another finite-dimensional space M”* c H(Q). If
S C R", we let d(S) denote the diameter of S, and we let K, A, and L be some
fixed positive parameters, with L an integer. Further, we associate to each pair
{8 S;} C 7*(32) a number ny, defined as the minimum number of subsets S €
7#(0%) that have to be crossed when passing from a point in S; to a point of S;
along 9.

In the above notation, the sufficient stability conditions are as follows:

Al. To the partitioning 7%(3Q) = (S,,..., S,} there corresponds a collection
{C, ..., G} of discs C; C R? such that, for each j, the center of & is in S,
d(C)) > 8Kd(S)), and, for each C € {C}, C N C #J for at most L spheres
G ef(C,...,C}

A2. Forall pairs {S,, §;} C 7"(3Q),

d(s,)
d(s))

A3. For each S; € r%(3Q), there exists ¢; € N* such that supp{¢;} 2 S;

d(supp{¢;}) < Kd(S)), and
2
ds| > K74(S, 2 ds
faﬂ ® (s )fasz ¢

A4. There exists a basis {{y, ..., ,} of N* and a set {v,,...,v,} C M" such
that

(@) For all i, 1 <i < y, if supp{y;} N S; # & and supp{y;} N S, # I, S, S,
7%(3Q), then n, < L.
(i) Forall i, 1 <i < p, v;u; Z 0 for at most L functions v;, 1 <j < p.
() If §; € 7%(3Q), then
A, ={i;4,200n8;} = {i;0,Z00nS}.
(iv) If S; € 7%(3Q) and v, = 0 on S, then

ny

K“ld(S;.)j;Z|D'v,.|2 dx < ||°.'||2Lz(.s;) < K”‘Pi”zl.,(.s;)'
W) Ify = ZF B, v = ZF Biv, B, € R, S; € 7"(3Q), and A, is as in (iii), then
K3 Bl > 1¥li,s) > K 2A sznll’z”zz,,(s;),
=

iEA,

K 2 B ”U"L,(S) > ||°||L2(S) >K™ 2 .B ||'-’||L2(.s;)’

iEN; A;

and

fs Yo ds > K9l sy

We state below a consequence of the above assumptions, which will be of basic
importance in what follows. First, let us define on [H () X L,(dQ)]* a bilinear
form B as

2 du dv
(3.1) By 0.9) = [ 3 gogsdrt [ (uo+ op) ds,
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so that (1.4) can be rewritten as

B (uyy Y5 0, $) =ffu dx +f gods, (v,¢) € M* x N~
Q Elo)
Further, let us introduce on H '(2) X L,(3Q) the weighted norm
I DI = [ 1D dx + 3 d(s)™ f wds + 3 d(s) f ¥? ds
where the sums are over all §; € 7(382). Then we have, by slightly modifying the
stability result of [10],

THEOREM 3.1. Let 7%(32), M", and N* be such that the assumptions Al through A4
are satisfied for some finite K, A, and L. Then, if d(S) < hy for all S € 7"(3Q),
where hy = hy(2) € (0, 1), we have

inf sup B (w ¥; 0, ¢)
(4,4) € M" x N* (0:$) E MP X N* (e, )11l (o5 D)l 1

where C depends on v, K, A, and L.

>C>0,

4. The Finite Flement Subspaces. We will now introduce partitionings and
subspaces, which meet with the assumptions of Section 3. First, a family of
triangulations of € is introduced. To this end, let 8 € R! be given so that
0<B<Li=1, , I, and assume that for each h, 0 < h < 1, we are given a
collection 'rB(SZ) of open, disjoint subsets of 2, such that U Ted@® T = Q and so
that each T € 75 *() is either a triangle or a triangle with one or two curved sides
on Q. We will further assume that for some positive constant e, the following
conditions hold for all A € (0, 1).

B.(i))Each T € 74 %(Q) contains a sphere of radius p > ed(T).

({ I T €i@andz, & T,i=1,...,1, then
ehmax @g(x) < d(T) <e lhmm @p(x).
xeT

(iii) If T € 74(2) and z; € T, then
ehmax ¢p(x) < d(T) < e”'hmax gp(x).
xeT
Here gg refers to (2.1).

For a polygonal domain, triangulations of the above type were discussed
previously in [4]. We cite from [4] that the number of triangles in a triangulation
'r;(ﬂ) is bounded by Ch™% where C depends on Q and ¢, and 8. We also point out
the following implication of B(iii):
4.1 T € t}(Q) & z; € T=d(T) < Ch'/(1=F),
To each ’T;(Q) we associate the finite element spaces Mé', wk=12,..., defined
as subspaces of H'(Q) such that if u € Mg, and T € 74(Q), then u is a
polynomial of degree at most k.

We let T,;'(asz) denote the boundary partitioning induced by 'r;(ﬂ), ie., T;;(asz)

consists of the sides on 92 of the triangles in r,;'(ﬂ). We associate to T,;'(asz) the
subspaces Né‘ « C Ly(0R), k = 1,2, ....First, assuming the notation

(42) 75(3Q) = {T,, C 3Q; F.—J( hi=L... . Li=1...,m},
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where J; is as in (2.1) and
(4.3) Ly=(nt); O0=g<tf< - <t =1,

let Né',k,,-, 1 <i < I, denote the maximal subspace of CY0, 1] such that if ¢ €
Ngi.» then (i) if k =1, then ¢, is a constant for j=1 and j = m; and a
polynomial of degree unity for I<j< m; — 1; (i) if kK > 2, then ¢, is a
polynomial of degree k — 1 for 1 < j < m;. Then define i

NE = { € Ly(39); ¢(t) = ¥(J(1)) € Nfyi=1,..., 1}

In order to verify the assumptions Al through A4 for the above subspaces and
partitionings, set M* = Mj,, N* = N},, and 7*0Q) = 3T N 32, T € 75 @), T
has at least one side on 9€2}. First, we easily conclude from B(ii) that, if S € (0Q)
and C c R?is any disc of radius p < Kd(S) containing S, then the number of the
sets §; € 7%(dQ) that intersect C is bounded by CK, where, if h is small enough
(depending on ), C depends only on B and e. In view of this, there exists for any
given B, ¢, K, a finite L such that Al is satisfied for all & € (0, hy), hy = hy(2) €
O, 1).

The verification of A2 is also easy: using B(ii) and (iii), a simple calculation
shows that A2 is satisfied if K is large enough (depending on 3, ¢) and

A= max

B
i=1,..., 11— Bi )
To verify A3, let S € 7*(3Q) be given and let S, € 7#(0R) be a subset adjacent to
S on 9Q. Then there exists a nonnegative function ¢ € N* such that supp{¢}
CcS,US. By a scaling argument, we have the inequality |f,q ¢ ds|> >
Cd(S)fyq ¢* ds, where C > 0 depends on k and on the constant K in A2. Hence,
A3 is satisfied.
We come finally to the assumption A4.

LEMMA 4.1. Let B € R be such that 0 < B, < 1,i=1,..., 1 Then there exist
finite K and L depending on & and B such that M* = M}, and N* = N}, satisfy A4
Sor all h € (0, hy), hy = hy(R) € (0, 1).

Proof. We define first a linear mapping U: N* — M*, To this end, let ¢y € N” be

given and let us associate to each T € 'ré'(ﬂ) a polynomial p; = p(¢) (on R? such
that

(44) (W)(x) = pr(x), xeTEe T;(Q)

We now define the polynomials p,. First, consider a triangle T € T;,'(Q) which has
a side S on 9§2. We choose a cartesian coordinate system {x,, x,} so that S has the
parametrization

(4.5) S = {(x1, x2); x, = F(x), x; € (0,d)},
where F is a smooth function satisfying
(4.6) F(0) = F(d) =0, |F(x))|+ d|F'(x))| < Cd* x, €(0,d),
with C independent of S. Now if S does not touch a corner of 32, we require that
Ppr = p(x,, x,) satisfies
pr(id/k, 0) = y(id/ k, F(id/k)), i=0,...,k
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In the remaining cases, i.e., one endpoint of S is a corner of 9%, we choose the
coordinates in (4.5) so that the corner is at (0, 0), and set

pr(0,0) =0, pp(id/k,0) = (i/k)Y(id/k, F(id/k)), i=1...,k
Consider now an arbitrary T € 'r;(ﬂ). Recall (cf. [7]) that any polynomial of
degree < k on R? is defined uniquely by its values on a set o, given by

3 3
or = {71(-21 va; v, € {0, 1,...,k},2 v,.=k},

i=1

where a; are the vertices of T. Now, if T has a side on 0% and if x € o, is located
on the line joining the two vertices of T on 952, then we define p(x) as above. At
the remaining points x € o, we set p;(x) = 0. Then each p, is uniquely defined.
Moreover, it is easy to see that the mapping U defined by (4.4) is linear and into
M*,

We establish next some inequalities for the mapping U. Let ¢ € N* be given, let
T e 'r;(ﬂ) have a side S on 0%, parametrized as in (4.5)-(4.6), and let ¢(x) = Y(x),
x € S, if S does not touch a corner of &, or ¢(x) = ¢(x,, x,) = (x;/d)WY(x,, x,),
x € 8, if (0, 0) is a corner of .

Let us first note that, by (4.6),

f TUp(x,, 0) = Ulx,, F(x) ] dx,

(4.7) )

- "{ [ F "‘"—aa— Ud(x,, x5) dxz} dx, < Cd? f |V UYP dx.
0|7 Xy T

Also, since Uy(x,, 0) is the Lagrange interpolant of ¢(x;, F(x,)),
d
j(; [ U(x,, 0) — o(x,, F(xl))]z dx,

(4.8)

< Cd2k+2f

d \*+! 2
od[(d-xl) o(x,, F(xl))] dx, < Cldzj;*Pzds-

Here the last inequality follows from an inverse inequality for the space N*. (Recall
that ¢ comes from a polynomial of degree < k — 1 if S touches a corner of 2, and
from a polynomial of degree < k otherwise.)

Using (4.7) and (4.8) we obtain

Juws = on ds| =| [T = ep)x F(xl))—d% dx,

=l.l(;d[ U‘I’(xly F(xl)) - U"’(xla 0)]\P(xl, F(xl))_gxg_; dx1
d. . .
+f0 [ Ud(xy, 0) = ¢y, Fxp)) [9(xy, 1~"(x1))2"x_l dx‘l

172 1/2
< Cd{levu\dex} {fs¢2ds} + Cdfs¢2ds.

On the other hand, by the equivalence of norms in a finite-dimensional space, we
have

fs¢¢¢s>cfs¢2ds
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for d sufficiently small. Combining the last two inequalities we obtain, for d small
enough,

[ (wyy as >cf Y2 ds — Cld2f|VU¢|2dx.
S S T
Now, if S is the only side of 7 on 9%, then B(i) and (4.8) imply that
d
d(T) [ |[VUyPdx < C [ [ U(x,, 0)]* dx, < C, | y?ds,
(1) [ |VOP dx < C [ [ U(x, 0)] s < €, [ ¢

where C, depends on k and &. More generally, if T € 'r,;'(ﬂ) is a triangle that
touches 9%, we conclude from a similar argument that

d(T)fT|VU¢|2 dx < CfS(Ux,b)zds < c,fs Y2 ds,

where S = 9T N dQ if T has one or _two sides on 3%, and otherwise S = S, U S,,
where S; € 7#(3Q) are such that S, N S, is a vertex of 7. Combining these
inequalities, we see that

) fS(U¢)¢ds>(C¥ Clh)fs¢2¢s>czfs¢2dc,

h small enough, § = 3T N 92 € 7%(3R), y € N~

(4.9

Also, since W = 0 if 7 does not touch 9L, we obtain

f|v WPdx<C 3 d(S)'lf(U¢)2dy
(4.10) e S €74(3Q) s

<¢, S ds)! f Y2 ds.
S erh3R) s
Using (4.9) and (4.10), it is now easy to complete the proof of Lemma 4.1. First,
introduce a basis {y;} of N * such that A4(i) is satisfied for some finite L. Such a
basis is easily formed from locally supported functions. We then define the set
{vyjcM # so that v, = Uy;, where U is the linear mapping constructed above. The
validity of A4(ii) is then clear, and the inequalities in A4(iv) and (v) are easily
proved using scaling arguments and (4.9) and (4.10). [
We conclude this section by stating a convergence result for the Lagrange
multiplier method (1.4) when M* = Mg,, N* = N}, We need the following result.

LEMMA 4.2. Let 15(9Q) = {S),..., S,} and let r > —1. Then if h € (0, hy),
ho=(2) €(0,1), and Y € Ng, or ¥ € Mgy0, 0< B, <1, i=1,...,1, there
exist the positive constants C, and C, depending on k, ¢ and r3 such that

C,h fa ) QF? ds < 21 d(s,)”" fs Y2 ds < C,h¥ fa ) PTY? ds.
J= 7l

Proof. If §1 does not contain any of the corners of 0%, then B(i) and B(ii) imply
that, if & is small enough and € L,(0), then

2r 2r;2 2r 2 2r 2r12
(4.11) C\h fsj¢ﬁ¢ ds < d(S)) ];}4/ ds < C,h fsj%q/ ds,
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where C, and C, depend on ¢. Assume then that z; € §;, 1 <i < I. Using the fact
that

1 1 1
C, | t%9*dt < 2dt < C,| t%*dt
1 I 1
for a« > —1 and for any polynomial p of degree k, with C, and C, depending on «

and k, we conclude by scaling that if ¢ € Né’) L Oory € Mé', «joe and h is sufficiently
small, then

cd(s)™ fs lx — z|*y? ds
J

< 2ds < C,d(S)™ | |x — z|N?* ds, a> -1
fsj«p 2d(S)) f| &%

Choosing @ = 2rf; and noting that, by B(i) and (4.1),
Cthr < d(Sj)z"("'ﬁ;) < Cthr’

we again obtain (4.11), with C, and C, now depending on ¢, rg; and k.
Since (4.11) holds for all §; € 7,5'(89), the assertion follows by summing over
J- O :
We note that, by Lemma 2.4 and Lemma 2.1, we have the inequality
fa ) pp'u? ds < Cllulypgy 4 € HY(Q).

In view of this, if we define
2 1,2 -1 1,2 2
u, = | |D'ul*dx + h u“ds + h ds,
l1(, ¥) I 5.n fn D "ul fan s j;ﬂ(pp"!’

then || - |5, is a norm in the space H Q) x W*B/2(38). We denote the normed
space (H /(@) X WO8/2(0Q), | - || g) by Xp

Let the bilinear form % be as in (3.1). We replace from here on the weak
formulation (1.2) by the following more convenient variational problem:

(4.12) (4, ¥) € Xz,: B(u, ¥; 0, 6) =fﬂfv dx +fasz gods, (v, ) € Xp,

In the sequel it is of importance that (4.12) is solvable under weaker assumptions
on f and g than (1.2). From (3.1) one concludes immediately that the bilinear form
%® is bounded on Xz, X Xg,:

(4.13) 1B (u, Y5 v, §)| < [|(u, Yl gall (0, V)l g -
Moreover, by Theorem 3.1 and Lemma 4.2,

>C>0.

(4.14) inf sup B ¢ v, 9)

(u) € ME i X NE (0.0) € M X Ny ([ ‘P)”B,h“(v’ 4’)”p,h
From (1.4) and (4.12) through (4.14) we conclude, by classical arguments (see [3]),
the following result:

THEOREM 4.1. Assume that problem (4.11) has a solution (u,y) € H'\(Q) X
WOoB/2(3Q), 0 < B, < 1,i=1,..., I Then, if (4, {3) is the solution of (1.4) with
M" = M}, N" = Ng,, h € (0, hy), hy = ho(Q) € (0, 1), we have the error estimate

(w4, ) — (s Yi)ll g < C( min 1(u, ) = (0, D)l g

o,¢)M;,"kxN£,,‘
where C depends on B, k and e.
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5. Rate of Convergence. We state first some lemmas which pertain to the
approximation properties of polynomials in weighted Sobolev spaces. In what
follows, T denotes a triangle with vertices at (0, 0), (1, 0) and (0, 1).

Our first lemma is from [4].

LemMa 5.1. Let a 5 0 and let u be defined on T such that [|x|*|D'|* dx < co.
Then there exists a constant q, depending on u and a, and a constant C > 0,
depending on a, such that

(5.1) fT|x|""2|u —gPdx<cC fT|x|"‘|Dlu|2 dx.

LEMMA 5.2. Let k be an integer,k > 1,a € R, a & {0,2,...,2k — 2}, and let
u be defined on T such that [|x|*|D*u|> dx < co. Then there exists a polynomial p of
degree k — 1 and a constant C, depending on a, k, such that

k—1
(5.2) S f |x[**+¥~2%|D/(u — p)P dx < C f |x|*| D*ul? dx.
j=07T T

Proof. We first apply Lemma 5.1 to find constants g;;, i + j = k — 1, such that

a—2 ak_lu ’ a k,,|2
f|x| —= — g, dx<cf|x| |D*ul? dx.
T T

0x,9x4

Then define
4 ;
()= X —ﬁxfxf
i+j=k—11J"
Let ,_, = u — p,_,, and apply again Lemma 5.1 to find constants q,;, i +j =
k — 2, such that

k—

2
k%
x| —==L — g, | dx < Cf |x]*"HD*uy_ | ax.
S (ax;axé 4 I

Further, define w, _, = u,_, — p,_,, where
= i
P2 = ey B l'j' xlxé'
Continuing in this way, one finally finds the homogeneous polynomials p; of degree
Jj, 0<j <k -1, such that if uj=u—2',‘:j'p, for 0<j<k-—1, and u, = u,
then

frlxla+2j—2k]Djuj’2 dx

< Cfrlxla+2j+2—2k|Dj+luj+1|2 dx, J = 0, e, k- 1.

Noting that D’u, = D’uy, the assertion follows by taking p = 3525 p;. [

Let 3, denote the set of nodal points on 7 associated to a reference Lagrange
element of degree k, k > 1 (cf. [7]). For a continuous function u, defined on 7, we
let (1), denote the kth order Lagrange interpolant to u, i.e., (1), is a polynomial of
degree k such that (u),(x) = u(x) for x € 3,. We have

LEMMA 5.3. Let k > 2, let 2k — 4 < a < 2k — 2, and let u be defined on T such
that [r|x|*|D*ul* dx < oo. Then (5.2) holds for a polynomial p = (u),.
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Proof. Let p be the polynomial of Lemma 5.2. Then we have

(53) (Wi = (u—p+p.
From Lemma 2.2 and from (5.2), we have

I(u — p)(x)P < C fT|x|"‘|D"u|2 dx, x€T,

(v —p)(0) =0

Then also (¥ — p),(0) = 0, so we have

(5.4)

k-1
> f|x|“+2”2"|D’(u —phfrdx < 0, a>2k-—4.
=0T
Further, by the definition of the interpolant and by (5.4),

2 f|x|a+21 2k|Dl(u _— |2

=0

(5.5)
<C 3 u-px)P<C fT|x|“|D*u|2 dx.

xEZ,
The assertion now follows by combining (5.3), .(5.5), and (5.2) and using the
triangle inequality. [
Using the above results we now prove the first approximation theorem.

THEOREM 5.1. Let k > 1, and let B € R’ be such that 0 < B<lLi=1,..
Further, let u be defined on Q such that [ @5*|D**'u* dx < co. Then, if h € (0, hy),
hy = hy() € (0, 1), there exists a constant C, depending on k, B, €, such that

{f|pl(u—o)|2dx+h el = o ds }

ueM,;'k
< Ch* [ Q2| D**+1y? ax.

Proof. We begin by introducing an interpolant of u. Let T be the reference
triangle as above. Then, if 7; € 'ré'(ﬂ), we can write
(5.6) T=(G 4)T), Ty,
where 4; is an affine transformation which maps the corners of 7; onto those of 7,
and G; is a smooth transformation which straightens the curved sides (if any) of
A(T; ) If T contains a corner z; of 0€, then we assume A4, to be chosen so that
A(z) = (0).

With the nodal set =, defined as above, let 3, = (G; ° 4,)"'(Z,), and define ’ as
the polynomial of degree k on 7} such that »/(x) = u(x) for x € ;. Since the sides
of the triangles 7; € T;,'(Q) become straight in the limit 2 — 0, we see that, if 4 is
sufficiently small, then ’ is uniquely defined for all 7, € T;(SZ). We let ug v« € M;;,k
denote the interpolant defined as

ug(x) = W(x), x €T, €THQ).

We will first prove that, under the assumptions made,

1 — ah 2 2k 2k k+1,12
(5.7) fnw (u— uly)P dx < Ch fﬂqoﬂ |D** 1y dx
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Let T, € 14 () be a triangle which does not touch any of the corners of 9Q. Then
we have the classical result

fTwl(u — WP dx < Cd(T)™ fT|D"+‘u|2 dx,

where C depends only on k and ¢ for 4 sufficiently small. Using B(ii), this can be
further written as

(5.8) fT|D‘(u — WP dx < Chz"fT 92| D**'uf? dx

We show next that (5.8) also holds when f; contains a corner z; of 2. We note first
that Lemma 5.1 holds also when T is replaced by 4,(T)), 4; as in (5.6), provided
that 4 is small enough. Moreover, the constant C in (5.1) does not depend on ;.
This follows, since 4(T) = Gj“(T), and the Jacobian of Gj'l tends to unity
uniformly in j as A — 0. Then Lemma 5.2 holds also when T is replaced by A(T)),
and so does Lemma 5.3, if =, is replaced by Gj‘l(Ek) in the definition of the
interpolant (u),.

Now choose any @ € R! so that 2k — 2 < a < 2k, a > 2kp;. Then, using the
above modifications in Lemma 5.3, we conclude that, if #(x) = u(4;'(x)), #(x) =
uf(Aj“(x)), x € A(T)), then

[ Jt *|pY(a — u’)|2dx<Cf |x|*| D** 13 dx.
A(T) (T)

This inequality is invariant in scaling. Therefore, and taking into account the
assumption B(i), the affine transformation Aj'1 can only introduce a dependence on
¢ in the constant C. Thus, we have

(5.9) fT|x — z]*%*|DV(u — W) dx < C fTIx — z|*| D** uf? dx

where C depends on k, a, £. Using (4.1), we have here the further estimates
|x — z*=2 > Che-20/0-),
|x = z]* < C[@p(x) ] h=240)/0=F),  x & T,C >0.

Together with (5.9), these prove (5.8).

Having verified that (5.8) holds for all 7, € TB(Q), it suffices to sum over j to
prove (5.7).

We prove next the estimate

(5.10) h f allu — ul P ds < Chz"f @2|D*+'up? dx.
Let 7, € 'rB(Q) be a triangle such that 7 has a curved side S; on 0%, and let 4 and

@’ be defmed on A(T) = "(T ) as above Assume first that S; does not touch any
of the corners of 89. Then we start from the inequality

[ Ja—@Pds < Clli = apoqry < Cf |DFaf ax,
,(S) 4(T)

AN
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where C,; depends only on k and e for k4 sufficiently small. Applying to this the
affine transformation Aj", one gets

d(T)" [ |u — WP ds < Cd(T)* [ |D**'uf? dx,
and further, using B(ii),

5.11 h! Ny — W ds < Ch* 2| pk+1y|2 dx.
(5.11) fsjm | frj%l |

If z, €S

j >
inequality

f |x|a—2k—l|ﬁ _ﬁj|2dy
A4;(S)

we take a € 2k — 2, 2k), a > 2kf;, and derive first from (2.6) the

<Cf {xfHa — @ + [xr*|D G ~ #)P) .
A4(T)

Applying on the right side the same reasoning as above and performing the affine
transformation 4,”', we conclude that

x — z|*"* Ny —wlds < C| |x — z|*|D*+'u|? dx.
1 ll
s T

Since, by (4.1),
2k =2k — —B, -1
Ix — z|® %=1 5 cpla—2k-1+8)/(1 B')[%(x)] ,

Ix — z]* < Ch(a—zkﬁi)/(l—ﬁi)[q,ﬁ(x)]%,
2kB, < a < 2k,x € S, C >0,

we again obtain the estimate (5.11).

Upon summing over j in (5.11), the estimate (5.10) follows. Finally, combining
(5.7) and (5.10), the proof of Theorem 5.1 is complete. []

The second approximation theorem is as follows.

THEOREM 5.2. Let k > 1, and let B € R be such that 0 < B, < l,i=1,..., I
Then, if u € W**V B(Q) and  is defined by (1.3), there exists a constant C,
depending on k, B, € and Q, such that

mjn h b 2ds} < Ch2k u 2k+l, .
ﬁm{ [ vl =¥ ) By

Proof. Consider first a function ¢ defined on 0$ and sufficiently smooth on each
T,i=1,...,1 We use the notation of (4.2) and (4.3) to define an interpolant of
Y in Né’,k. First, let Y(¢) = y(J,(¢)), t €0, 1),i =1, ..., I, and let {,, denote the
interpolant of y; in the partitioning {Z}7%,, defined so that (i) if 2 < j <m; — 1,
then y; 1,' equals the Lagrange interpolant of y, of degree max{1, £k — 1} on J;, and
(i) if j = 1 or j = m;, then ;4. is defined as a polynomial of degree k — 1 such
that

(W — ¥ - 0) =0,

5.12 '
G12) (W2 —y@)(rh _ +0)=0, I=0,...,k— L
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We let 4/;, « be a function defined on 9% such that

Ype(x) = 4, (J7(x), xeT,i=1,...,1L
It is clear from the definition of Ng, that Y5, € Ng, . We will establish first the
interpolation error estimates

5.13) h a0 Pply — Ypil? ds < CR**Y|yY| e 1/28Gg),
5.13

Y E WhEHUDBQRO) k=1,2,....
To prove (5.13), let » = »(i) and p = (i) be as in (2.4). Then B(ii) implies the
inequalities
Cith(1— 0 <dI)) < CuP(1— 0 telij=2....,m—1,
where C, and C, depend only on &. Combining these with the classical estimates of
the error of Lagrange interpolation we get

hf,tﬁ'(l - t)ﬁ"l‘l’i - ‘I’i,klz dt
Ijl

(5.14)
< Ot [ (CRrDR(] — R DR @R G =2 m - L.
Iji

Let us now show that (5.14) also holds for j = 1 and j = m;. We need the following
consequence of Hardy’s inequality [8]: Let @ > 0, k > 0, and let f be defined on
(0, 1) so that f§t**%*|f®P2 dt < 0, and so that fO(1)=0, /I=0,...,k— 1
Then

(5.15) fl 1o dr < cf' 1o+ 2| fO g,
0 0

where C depends only on k.
Since (5.15) is invariant in scaling, we conclude from (5.12) and (5.15) that

f (1 - t)B"N’i - ‘l’i,kl2 dt
IJI

(5.16)

<C tﬁ,+2k(1 _ t)ﬁ“+2k|\lz,(k)|2 dt, JjE {l, mi}.
Ijl

On the other hand, B(iii) implies that
t<ChV/O-B) e
and
1—t<Ch/C-B),  relr.
Using these estimates in (5.16), it follows that (5.14) holds also for j = 1 and

J = m. It then suffices to sum over i and j to prove (5.13).
In view of (5.13), the following estimates hold:

min {h - ¢ ds}
¢EN£,k{ j;g el — 9|
< Ch2k+l“4/” 3;/"-("”/2)3(69)’ 4} c Wk,(k+l/2)ﬁ(aﬂ)
< CH* Yl jemre-1romagy ¥ € WETHET/DE(Q),
k=12 ....
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Here the second estimate is trivial if kK = 1, and for k > 1 it follows from (5.13)
and from the inclusionNg, _, C Né', « Upon interpolating between these estimates
and using Lemma 2.3, we have

min {h[ gplt = of ds)
(5.17) ¢EN[;'J‘{ -/;9 ’
< Ch*||Y|| 2-romsay ¥ € WETV2RBQQ), k=1,2,. ...

To complete the proof, take ¢ in (5.17) to be defined by (1.3), with u €
Wwk+LkB(Q). Since n; in (1.3) are smooth functions on each arc T;, i =1,..., 1,
and since the operator of multiplication by a smooth function is bounded in the
weighted Sobolev spaces considered, we conclude from Lemma 2.4 that i satisfies

”\[/“ Wk=-1/2kB(3Q) < C||u|| Wk+1kB(Q)-

Upon combining this with (5.17), the proof is complete. []
Using the above approximation results, we can now estimate the error of the
Lagrange multiplier method in terms of weighted norms.

THEOREM 5.3. Let B € R! be such that B; >0, 1 >B,>1—n/wk, i=
1,..., 1. Further, let u be the solution of problem (1.1) with f=f, + f, fi €
H*"Y(Q), f, € Wk E(Q) and g = g, + 8 8 € H** (@), 8 € W *+L5(Q), and
let  be defined by (1.3). Then, if h € (0, hy), hy = hy(Q) € (0, 1), and M* = Mé',k,
Nk = Nﬁ’,"k, (1.4) has a unique solution (w,, ), and there exists a constant C,
depending on k, 3, € and , such that

[ @?lu — w dx + 12 [1D'(u — w)P dx
Q

1, _ .12 3 — .12
+hj;9¢p lu — u, d""hj;g%l‘l’ A

2 2 2 2
< Ch2k+2{“f1“121"“(9) + || foll e-rieey + 1l &1l geory + ||82||Wk*"kﬂ(ﬂ)} .

Proof. Given k and B, which satisfy the assumptions of the theorem, we have, by
Theorem 2.1,

u=u +u, u €H(Q),u, e WTFE(Q),

(5.18) gl Zevray + [l fesracey
2 2
< C{IAll B-vay + Lol Be-rem@y + 1| 8ll Frxvrcey + 1] 82l s reney -

Also, by (1.3) and Lemma 2.4 and by the trace properties of functions in Sobolev
spaces H™(R), y satisfies
Y=+ Y € H2(09), 4, € WETI/2(00),

(5.19) 2 )
“‘1’1“13""/2(89) + ||4’2||v2V'<-'/2’*ﬂ(39) < C{““l“H""“(G) + “uZHW"*'J‘*"(ﬂ)}-

From (5.19) and (2.5), we conclude that ¢, € WoE~&=1/263Q) Since y, €
L,(dQ)and 0< B, < 1,i=1,..., I, it follows that y € W>/%(3Q). Hence, (u, )
is the solution of problem (4.11), and the error bound of Theorem 4.1 applies to the
Lagrange multiplier method.
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By Theorems 5.1 and 5.2, we have

min {fnwl(u - o) dx + h-lfm pslu — of? ds}

(5.20) oS Mhs
< Ch%* 2k| pk+1,2 dx,
fﬂ 95 | I
and
(5.21) min [h f Pl — ¢|2ds} < Ch?*||uy|| Fusrung)-
SENS, 0

Also, using the same type of reasoning as in the proof of Theorem 5.2, one gets

min { A - st}
¢EN£*{ j;mq’ﬁl‘l’l |

(522)
< C min {h [ o= of ds} < CR* 9l Be-vaay

SE NS,
We finally estimate [, @z%|u — u,|> dx using a duality argument. Consider the
auxiliary problem
AV =i (u—w,), x€Q,
V=0, x € 9%,
the solution of which satisfies [8]
vV € W*(Q);
(5.23) 1/2
IV lwowy < Clogi(u = llwney = €{ [ ot = P dx}|
By Lemma 2.4, if we define & = -3V /dn, x € 9L, then
(5:24) I1Z1l wiza0a) < CIV I w2a@):

By (2.5) and (5.24), we have £ € W/2£=6/23Q), so = € W*/%(3Q). Noting also
that, by Lemma 2.1,

fg 92 (u — w)o dx < Cllu — w| paylvl ey ©€ H\(Q),

we see that the auxiliary problem admits the variational formulation

(5.25) (V, E) € H'(@) x W/*(39):

B(v, p; V, E) =f e2(u — w)vdx V(v, ¢) € H'(R) X W*/2(3Q),
2

where the bilinear form % is defined by (3.1).

By the same reasoning as above, we get, from (5.24) and (5.25), that
5.26 min V—o0Z%-¢)3s <Ch?| @z*|lu— u,|*dx.
20 omin (G Waa) < CH [ @illu = )
Then, since (1.4), (5.25), and (4.13) imply that
f q>§2|u —wldx=B(u—upyy—Y; V—10,E—9)
(527) ¢ .

< 1(u — wy  — Yl gall(V — 0, E = d)llgn V(v, ¢) € Mg, X Nﬁ’;,k’
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we obtain by combining (5.26) and (5.27) the estimate

(5.28) fn @52lu — uP dx < CH|(u — wy ¥ — W) 5

The asserted error bound now follows from the estimates (5.18) through (5.22),
(5.28), and from Theorem 4.1. []
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