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A Class of Steiner Triple Systems of Order 21
and Associated Kirkman Systems

By Rudolf A. Mathon*, Kevin T. Phelps** and Alexander Rosa***

Abstract. We examine a class of Steiner triple systems or order 21 with an automorphism
consisting of three disjoint cycles of length 7. We exhibit explicitly all members of this class:
they number 95 including the 7 cyclic systems. We then examine resolvability of the
obtained systems; only 6 of the 95 are resolvable yielding a total of 30 nonisomorphic
Kirkman triple systems of order 21. We also list several invariants of the systems and
investigate their further properties.

1. Introduction. A Steiner triple system (STS) is a pair (V, B) where V is a v-set
and B is a family of 3-subsets of V called triples such that every 2-subset of V is
contained in exactly one triple. The number v is called the order of the STS (V, B).
It is well known (see, e.g., [12]) that an STS of order v exists if and only if v = 1 or
3 (mod 6). A Kirkman triple system (KTS) is a Steiner triple system (¥, B) together
with a partition R of the set of triples B into subsets R;, R,, . . ., R, called parallel
classes such that each R, is a partition of V. R is called a resolution of (V, B). It is
only relatively recently that Kirkman triple systems have been shown to exist if and
only if v = 3 (mod 6) [17].

With the existence problem for both STSs and KTSs completely settled, one
considers next the enumeration problem. Two STSs, (V;, B)), (V,, B,), are isomor-
phic if there exists a bijection a: V|, — V, such that aB, = B,. Similarly, two KTSs,
(V1, By, R)), (V,, B,, R,), are isomorphic if there exists a bijection a: V; — ¥V, such
that «B, = B, and aR, = R,. The numbers N(v) of nonisomorphic STSs and the
numbers K(v) of nonisomorphic KTSs are known exactly only for v < 15. One has
N@B3) = N(T) = N =1, N(13) = 2, N(15) = 80, but N(19) > 284407 and N(21)
> 2160980 (cf. [10]); it is known that N(v) ~ exp(v(v — 1)/6) as v — o [2], [21].
In order to circumvent the “combinatorial explosion” effect encountered as one
moves past the order 15, one imposes additional conditions that the STSs should
satisfy, so that the enumeration problem for such a suitably restricted class
becomes once again feasible, and the obtained numbers stay within “reasonable”
bounds. Examples of this approach include: (1) Enumeration of cyclic STSs
initiated by Bays [4] and carried out by him for orders v < 37 and v = 43, and
repeated recently, independently, by Colbourn [6] who verified the values obtained
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by Bays for v < 37 and extended the enumeration of cyclic STSs to orders v < 45
(correcting in the process the value obtained by Bays for v = 43); in particular,
there are 4 nonisomorphic cyclic STSs of order 19 and 7 nonisomorphic cyclic
STSs of order 21. (2) Enumeration of reverse STSs of order 19 [9]; there are exactly
184 of them. (3) Enumeration of 1-rotational STSs of order 27 and of 2-rotational
STSs of order 19 [16]; there are exactly 10 of the latter kind.

On the other hand, for Kirkman triple systems, one has K(3) = K(9) =1,
K(15) = 7 ([8], [14]; see also [18]) but virtually nothing is known about K(v) for
v > 21 (except, of course, that K(v) > 1).

In this paper we examine a class of STSs of order 21 possessing an automor-
phism consisting of three disjoint cycles of length 7. The purpose of this paper is
twofold. First, we exhibit explicitly all members of this class; they number 95 and
include, of course, the 7 cyclic STSs. Second, we then examine resolvability of the
obtained systems; only 6 of the 95 above STSs are resolvable, yielding a total of 30
nonisomorphic KTSs or order 21. As a by-product, this enables us to show easily
that the above STSs include all transitive STSs of order 21. We also list several
invariants of the systems, both STSs and KTSs, and investigate their further
properties such as double resolvability, etc.

2. A Class of Steiner Triple Systems of Order 21. We will take V = Z, X
{1, 2, 3}; and element (x, i) of V; = Z, X {i} will be written for brevity as x;. Any
of the constructed STSs will have « = (0; 1, - - - 6,)(0, 1, - - 6,)(05 13-+ - 65) as
its automorphism. The triples of any STS fall into 10 orbits under a containing 7
triples each; only one representative of each orbit needs to be listed.

The STSs are classified according to how many of the sets V; carry subsystems of
order 7: STSs with three subsystems (type A), one subsystem (type B), or no
subsystem of order 7 (type C). (It is easily seen that there can be no STS with
exactly two disjoint subsystems of order 7.) There are altogether 4, 41, and 50 STSs
of types A, B, and C, respectively, for a total of 95 systems. These are listed in
Table 1.

A set of STSs, containing representatives of all isomorphism classes of STSs with
an automorphism of above type, was generated by hand (with double- and
triple-checking). However, the isomorphism testing and analysis was performed on
computer. Table 2 surveys some of the characteristics of the analyzed STSs that are
listed in Table 1. The column headed G contains the order of the automorphism
group, the column headed R gives the number of distinct resolutions, and the
column headed K the number of nonisomorphic resolutions of the given design (for
more about this last invariant see Section 3 below). Letters ¢ and ¢, respectively,
indicate that the STS is cyclic or that it is transitive (but not cyclic), respectively.
The column headed F counts the number of fragments (cf., e.g., [7]), and the
columns headed kg, k;, and k;-base vector count the number of 6-cliques, 7-cliques,
and 7-cliques through the 10 base blocks in the block-intersection graph, respec-
tively (cf. [7]). These last four invariants distinguish the systems completely; on the
other hand, each of F, k¢, and k,-base vector is essential for distinguishing, as
shown by the pairs of designs (C.45, C.46), (C.36, C.42), and (C.5, C.26), respec-
tively.
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015363
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015363
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016253
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016243

092,53

09243

052,64
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051533

093,23
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022233
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01254,
01255,
012,5,

0123,

012232

012,6,

012,68,

01226,

012252

01225,

01254,
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013113

0]3123

013153
01313

0]3]13

013423

013113

043,23

013123

013143
043,63

013123

013143

013,63

013143

013,63

013143

013]63

013413

0]3]23

013153

013413

013,23

01353

01313

013143

013463

013]13

013123

013153

043,13

01353

021543
021543
021243
021543
021243
021543
021553

0p1553

071953

051553

051553

0,1,65
051233

051533

02153
05153,
0,1,3,

02123
02123
02123
021534
0153,

02123]

0,153,

0,1,3,
051534
02153,

051234

0p1533

051533
0,1,3

Opl243

092,34
092534

052534

02223]

02223
0,2,3;
09253,

09253,

092534

02253
0223
02253
02224
022,%

052513

052,13
092,33

052533

0,253,

05245

052,43
052545

092554

092553

052553

052564

052565

052,63

052,63

052,563

052,63

022213
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023213

023223

0,3,2,
093,23

093,53

023,53

023223

073523

053,63

093,65

053,63

023243
023243
023543
023253
023253
023223
023223

053553

093,15

023213

03,13

053,23

053,23
053,23
053,13

053513

093,53

02322,
053,24
053,24

093,24

03]35]

031334
0313%
03135

03134

03134

03134

03134]

03136,

03136,

03136,

03135,
03132,

03132,

03134

03134

03133,

03133,
05144,
03133,
03134

03135,

031334

031344

03139,

03135,

03135,

03134

031334

03134
03135,

0313%

03233,

032364

032314
032334

03231,

03231,

03236,

03236,
03234,

03234,

03235,

03234
03234

03235,

032344

03235,

032344

03235,

03233,

032364

05231,

03233]

032361

032314

032334

03234,

032354

03256,
032364
032314
03233

0323]1

213

033,1,
03332,
03332,

033322

03331

03332

0,3,1

333
03332

033364

033314

1

03332

03336,
033314

033324

03331]

033324

033314

03332

033314

03334,

03334,

03334,

033362

03336,
03336,
033314
03332,
033314
03332,
03332,
03332,

03335,
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TABLE 1 (continued)

C.43 011132 012162 0]3]13 021243 022213 023221 03135] 032331 033352
C.44 011142 0]2112 013]53 021243 022213 023251 03134] 03231] 033352
C.45 011]32 012]62 0]3]12 021233 022263 023213 031341 0323]1 033351
C.46 011132 012162 013112 021253 022233 023223 03134] 0323]1 03335]
C.47 0]1132 0]2162 0]3]12 021243 022213 023253 03'|34.| 03231] 03335]
C.48 011]32 012162 0]3]12 021233 022263 0232]3 03135] 03233] 03332]
C.49 011132 0]2]62 013]]2 02]233 022263 023213 03133] 032361 03331]
€.50 011]42 0]2]12 013]52 021243 022213 023253 03134.| 03231] 03335]
TABLE 2
Invariants and properties of the STSs
No G R K| F kg k7 ) k7-base vector
A.l 294 28 2121|4116 {182 | 7 7 7 23 23 23 23232323
A.2 126 ¢ 44 4163 {4116 |126 | 9 9 914 14 14 14 14 14 15
A.3 | 1008 ¢ [12480 |18 {63 | 4858 | 406 |13 41 41 41 41 41 41 49 49 49
A.4 882 ¢ 448 4121|4263 | 231 |14 14 14 27 27 27 27 27 27 27
B.1 14 0 0f{14({4053 | 59| 5 5 5 6 6 6 6 6 7 7
B.2 14 0 0({28(4137} 312 2 2 3 3 3 3 4 4 5
B.3 7 0 0f21(4018| 24| 0 1 2 2 2 3 3 3 4 4
B.4 7 0 01414074 52} 1 2 3 4 4 6 7 8 8 9
B.5 7 0 0|21 (4053 | 45 2 2 2 3 3 5 5 7 8 8
B.6 7 0 0(421(3976 | 24| 1 2 2 2 2 2 2 3 4 4
B.7 7 0 0f(35{4102f 100 0 01T 1 1 1 2 2 2
B.8 7 0 0({28{4039 | 31| 0 1 2 3 3 3 4 5 5 5
B.9 7 0 0f28(4074 | 241 0 0 1 1 2 3 4 4 4 5
B.10 7 0 0f35{4109¢( 311 1 1 2 3 3 3 4 5 8
B.11 14 0 0284053 31| 2 2 2 2 2 3 3 3 6 6
B.12 14 0 0j1414081 | 31| 2 2 2 2 2 3 4 4 5 5
B.13 7 0 0j14]4018{ 38| 0 1 2 3 4 4 5 5 6 8
B.14 7 0 0|28(4011 (170 1 1 1 2 2 2 2 2 4
B.15 7 0 0|42 (4081 | 31| 2 2 2 2 3 3 3 4 5 5
B.16 14 0 04213885 | 31| 1 1 2 2 3 4 4 4 5 6
B.17 14 0 012814179 11710 0 0 0 2 2 2 3 4 4
B.18 7 0 oi{34(4018y 10,0 01T 1T 1 1 1 1 2 2
B.19 14 0 0 {63 |4858 {150 {13 13 13 15 15 15 15 17 17 17
B.20 14 0 0149 13927 | 45| 2 2 2 4 4 5 5 6 6 9
B.21 7 0 0|14 14074 | 2411 1 2 2 2 3 3 3 3 4
B.22 7 1 112813997 | 452 3 3 3 4 4 5 6 7 8
B.23 7 0 0|5 {4018 | 38| 2 2 2 3 4 5 5 5 5 5
B.24 7 0 012114081 | 592 3 4 4 5 6 7 81010
B.25 7 0 012113976 { 52| 1 2 3 4 4 5 6 6 714
B.26 14 0 0 |14 |3885 310000 O0O0O0T1T 11
B.27 14 0 012813983171 11 2 2 2 2 2 2 2
B.28 14 0 012114130 | 523 3 3 4 4 4 4 6 615
B.29 14 0 013514431 | 594 4 4 4 4 5 5 8 813
B.30 7 0 012114088 | 24|10 1 2 2 2 3 3 3 3 5
B.31 7 0 0|35({4046 | 10| 0 0 0O 0 1 1 1 1 2 4
B.32 7 0 021 (4151 17{0 1 1 1 1 1 2 2 3 5
B.33 7 1 111413997 {1711 111 2 2 2 2 2 3
B.34 7 0 0|28 {4032 | 2410 1 1 2 2 3 3 3 3 &6
B.35 7 0 0|42 {4081 (170 1 11 2 2 2 2 3 3
B.36 7 0 0|14 {4039 | 87 |5 5 7 7 7 8 8 811 21
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3. A Class of Kirkman Triple Systems of Order 21. As seen from Table 2, only six
of the 95 STSs admitting a as an automorphism can be resolved, i.e. can serve as
an underlying STS of a Kirkman triple system. However, these six resolvable STSs
account for 30 nonisomorphic KTSs. Surprisingly, very few Kirkman triple systems
of order 21 seem to have appeared in the literature. Ahrens [1] mentions that there
exists a system of this order due to Dudeney [11] but does not display it; the paper
[11] is inaccessible to us. The KTS of order 21 in [S] and the KTS in [12] are both
isomorphic to the KTS No. A.4.b (see Table 3). Four distinct KTSs of order 21
appear in older editions of Rouse Ball’s book on mathematical recreations [3]; the
first three are isomorphic to the KTS No. A.4.b while the remaining one is
isomorphic to the KTS No. A.3.r (cf. also [15] where the nonisomorphism of these
two KTSs is established by using an invariant based on types of interlacing of two
parallel classes).

The listing of all 30 KTSs appears in Table 3. Each KTS is listed in a compact
form as a 10 X 7 array of ordered pairs; each of the 10 rows of the array represents
a parallel class. If a pair ij occurs in row k, this means that the triple belonging to
the orbit determined by the jth base block and obtained from the representative of
this orbit by adding i (mod 7) to each its element belongs to the kth parallel class.
For easy reference, the representatives of the orbits of the underlying STSs appear
again in Table 3 under the heading “base-block classes”. Since the orbits are
numbered 0 through 9 and each orbit contains 7 triples, each ordered pair ij, with
0<i<6,0<,<9, occurs exactly once in the array representing a KTS. The
numbering of the KTSs is such that the letter and the digit in the first two places
indicate the type of the underlying STS.

In Table 4 we display some invariants of the KTSs given in Table 3: the order of
the automorphism group (G), the number of 6-sets (k¢-) and 7-sets (k;-) of disjoint
triples (= parallel classes) orthogonal to the given resolution (i.e. to the given
KTS), and the r-dimension of the KTS (RDy). The last three invariants require
some explanation. A collection of triples C is orthogonal to a resolution R if, for
each R, € R, |C N R| < 1. (The invariants k- and k;- distinguish the KTSs
completely.) Similarly, two resolutions R = {R;, ..., R}, R"={R{,..., R]} of
an STS (V, B) are orthogonal if |[R, N R/| <1 for all i,j=1,...,u More
generally, a set {RO|R® = (R®, ..., R®},i=1,...,t} of t (¢ > 2) resolutions
of (V, B) is a d-orthogonal set (d > 2) of resolutions if

|R1(lh) N Rl(zlz) n--- nRgd)l <1

for any {Jjy,jp --->Ja} C{1,2,...,¢}, andany j €{1,...,u},k=1,...,d.
The smallest number d (if it exists) such that there exists a d-orthogonal set of d
resolutions (¥, B, R®) of an STS (V, B) is called the r-dimension (RDyg) of the
STS; otherwise RDg = oo. The smallest number d (if it exists) such that there exists
a d-orthogonal set of d resolutions (¥, B, R®) of the KTS (¥, B, R) with all
R® ~ R is called the r-dimension (RDy) of the KTS; otherwise RDy = oo. If
RDg = 2, the corresponding STS is said to be doubly resolvable [13]; doubly
resolvable STSs provide perhaps the nicest examples of generalized Room squares;
cf. [13]. Unfortunately, none of the 30 KTSs in Table 3 are doubly resolvable; it



follows then, from Table 4, that RDg equals 3 for the STSs A.1, A.2, and A4 (and
so one can construct from them Kirkman cubes, cf. [20]), and equals oo for A.3,
B.22, and B.33. However, one of the KTSs is “almost” doubly resolvable. If one
takes the KTS No. A.3.r and omits the orbit No. 8 (triples 0,5,1; mod 7) from the
set of triples, the remaining set of triples can be partitioned into two orthogonal
“resolutions”. The resulting square of side 9 below is a special example of a

A CLASS OF STEINER TRIPLE SYSTEMS

generalized Howell design of degree 3 (cf. [19]).

0,1

13

1

510543

630325

15254,
43,13
216553

615233

Base-block classes:

616265 031333 212523 0153, 448583 51555

11298 01433 526212 530313 613223 312,03

328262 213157 Ty5p83 233353 441505 012963 6,013

338363 23355, 314167 294,51, 516205 170553 041523

611253 415107 42550, 142533 346,13 293544

013553 34063 59691y T32383 295,03 416,33

315223 435303 6,052, 610127 511533 14463

010,03 T4TpT3 59423 642543 313,33 445,65
512513 490523 291563 14303 046583 314,53
TABLE 3
Kirkman triple systems

A1 A2 A3 A4 B.22 B.33
07931 09131 O9My3y 0913y 0413 O3y
02153, 051535 05153, 05153, 070,05 070,04
031333 031333 031333 031333 041533 07155,
010,03 040,03 040,03 0,005 04323 043,13
091523 091523 041523 031533 0128, 0;2%
01283 092353 03265 042,63 03556, 0456,
01363 093,13 033p53 033,23 041353 04234,
014,13 094563 09433 04455 048565 043363
015533 09583 095513 095513 053,13 053,65
016555 016533 06543 016543 0p3383 051523
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00
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01
21
41
61
11
31
51
14
24
44

01
41
51
61
21
11
31
14
25
54

01
11
21
31
41
51
61
13
15
18

01
11
31
4
61
51
21
35
34
18

02
32
62
22
52
12
42
25
35
55

02
22
32
42
12
62
52
34
45
07

02
12
22
32
42
52
62
33
25
28

02
12
42
22
62
52
32
16
05
28

23
04
05
06
17
08
19
36
46
66

.la

23
06
64
04
18
24
17
44
55
48

.2b

23
54
64
04
14
24
34
44
35
38

.3a

23
54
04
15
33
24
36
56
45
38

.3d

43
34
15
16
27
28
39
47
57
07

43
36
05
15
28
35
37
65
67
19

43
06

<16

26
36
46
56
66
45
48

43
06
14
57
25
46
47
66
55
48
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53
54
45
26
37
38
49
58
68
18

53
56
16
26
38
46
47
27
08
29

53
37
47
57
67
07
17
27
55
58

53
37
44
09
65
07
19
27
26
58

63
64
65
56
67
48
59
69
09
29

63
65
49
59
68
09
57
58
39
69

63
69
09
19
29
39
49
59
65
68

63
69
64
29
17
39
59
49
67
68

00
10
20
30
40
50
60
03
13
33

00
10
20
30
40
50
60
04
05
09

00
10
20
30
40
50
60
03
13
08

00
10
20
30
40
50
60
03
05

01
51
31
1
61
41
21
24
34
54

31
41
51
61
01
1
21
14
15
19

01
11
21
41
51
61
31
14
34
18

01
11
41
31
51
21
61
13
15

02
22
42
62
12
32
52
45
55
05

12
22
32
42
52
62
02
24
25
29

02
12
22
32
62
42
52
24
05
28

02
12
52
32
22
42
62
33
25

08 18 28

23 43
07 37
04 14
08 18
15 25
09 29
16 36
66 17
06 27
26 47

A.1b

53 66
63 06
03 16
13 26
23 36
33 46
43 56
34 44
35 45
39 49

A.2c

23 43
54 06
64 16
04 15
33 25
35 07
46 56
44 65
45 55
38 48

A.3b

23 43
54 06
14 47
04 26
24 64
36 46
34 56
44 66
35 45
38 48

A.3e

TABLE 3 (continued)

53
57
44
28
35
39
46
38
48
68

47
57
67
07
17
27
37
54
55
59

53
37
47
27
66
29
17
36
26
58

53
37
67
57
16
07
17
27
55
58

63
67
64
58
65
49
56
59
69
19

28
38
48
58
68
08
18
64
65
69

63
69
09
57
19
49
39
59
67
68

63
69
09
19
39
29
49
59
65
68

00
10
20
30
40
50
60
04
05
09

00
10
20
30
40
50
60
13
23
43

00
10
20
30
40
50
60
03
05
08

00
10
20
30
40
50
60
03
05
08

01
41
51
61
21
11
31
14
15
19

31
41
51
61
01
11
21
24
35
64

01
1
21
51
41
61
31
13
15
18

01
1
41
51
31
61
21
13
15
18

02 23 43
22 06 36
32 03 16
42 13 26
12 18 28
62 33 46
52 17 37
24 34 44
25 35 45
29 39 49

A.2a

12 53 66
22 63 06
32 03 16
42 04 15
52 14 25
62 33 46
02 34 45
44 54 05
55 65 07
17 58 09

A.2d

02 23 43
12 54 06
22 64 16
62 24 07
42 14 36
32 04 34
52 46 56
33 44 66
25 35 45
28 38 48

A.3c

02 23 43
12 54 06
52 14 47
62 24 07
22 64 17
32 04 34
42 16 36
33 44 66
25 35 45
28 38 48

A.3f

53
56
67

07

38
27
47
54
55
59

47
57
67
26
36
27
56
37
18
29

53
37
47
57
67
26
17
27
55
58

53
37
67
57
29
26
46
27
55
58

63

48
58
68
08
57
64
65
69

28
38
48
59
69
08
19
68
49
39

63
69
09
19
29
49
39
59
65
68

63
69
09
19
39
49
56
59
65
68
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01
11
61
31
51
4
21
13
15
18

01
11
51
21
31
41
61
34
55
18

01

61
31
51
41
21
13
15
18

01
21
41
51
31
1
61
14
17
18

02 23
12 54
52 07
32 04
62 14
22 09
42 16
33 44
25 35
28 38

A.3g

02 23
32 54
52 15
62 25
12 14
22 24
42 13
45 17
16 27
28 38

A.3j

02 23
32 54
62 65
12 05
42 14
52 04
22 55
33 44
46 57
28 38

A.3m

02 23
32 04
62 13
22 06
12 19
52 33
42 35
24 44
27 37
28 38

A.3p

43
06
17
26
24
29
36
66
45
48

43
64
46
56
65
05
33
57
39
48

43
64
07
26
25
24
16
66
09
48

43
34
45
15
29
26
16
65
47
48
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53
37
47
57
34
39
46
27
55
58

53
35
66
09
26
36
44
67
49
58

53
35
17
56
37
45
36
27
29
58

53
54
06
25
39
46
56
36
57
58

63
69
67
19
64
49
56
59
65
68

63
06
07
19
37
47
59
29
69
68

63
06
49
19
67
39
47
59
69
68

63
64
66
55
69
09
49
59
67
68

00 01
10 11
20 31
30 51
40 41
50 21
60 61
13 44
33 65
08 18

00 01
10 11
20 61
300 41
40 51
50 21
60 31
03 14
13 34
08 18

00 01
10 21
20 11
30 31
40 51
50 41
60 61
03 35
34 15
08 18

00 01
10 21
20 31
30 41
40 51
50 11
60 61
03 13
34 15
08 18

02
32
12
52
22
42
62
55
16
28

02
32
42
22
62
12
52
24
05
28

02
12
62
52
32
22
42
16
46
28

02
62
22
52
32
12
42
33
46
28

23 43
54 64
05 47
03 14
15 36
04 25
34 56
07 27
26 46
38 48

A.3h

23 43
54 64
04 16
15 57
33 25
07 27
46 56
44 65
45 55
38 48

A.3k

23 43
54 65
64 45
04 14
25 67
24 05
13 33
56 66
57 09
38 48

A.3n

23 43
55 65
64 05
04 14
25 67
45 06
35 16
44 66
57 09
38 48

A.3q

TABLE 3 (continued)

53
35
19
24
66
45
17
67
57
58

53
35
49
09
66
37
17
36
26
58

53
07
06
55
19
36
44
27
29
58

53
36
17
24
19
26
56
27
29
58

63
06
69
59
29
37
49
39
09
68

63
06
69
29
19
47
39
59
67
68

63
37
17
26
39
47
59
49
69
68

63
07
47
54
39
37
49
59
69
68

00
10
20
30
40
50
60
13
34
08

00
10
20
30
40
50
60
03
34
08

00
10
20
30
40
50
60
03
34
08

00
10
20
30
40
50
60
03
34
08

01
n
51
3]
41
21
61
44
15
18

01
11
61
31
41
21
51
13
15
18

01
21
31
51
11
41
61
13
15
18

01
51
31
21
41
11
61
13
15
18

02 23 43
32 54 64
22 03 16
12 05 26
62 14 24
42 04 25
52 33 17
55 07 27
46 57 09
28 38 48

A.3i

02 23 43
32 54 64
52 07 17
12 05 26
62 14 24
42 04 25
22 55 16
33 44 66
46 57 09
28 38 48

A.3%

02 23 43
12 54 65
22 64 05
62 14 25
32 26 36
52 04 24
42 35 16
33 44 66
46 57 09
28 38 48

A.30

02 23 43
52 55 07
22 64 05
32 04 54
62 14 24
12 45 06
42 35 16
33 44 66
46 57 09
28 38 48

A.3r

53
35
66
56
65
45
47
67
29
58

53
35
47
56
65
45
39
27
29
58

53
07
17
55
67
45
56
27
29
58

53
67
17
25
65
26
56
27
29
58
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63
06
49
19
36
37
59
39
69
68

63
06
67
19
36
37
49
59
69
68

63
37
47
06
19
39
49
59
69
68

63
39
47
19
36
37
49
59
69
68



220

00
10
20
30
40
50
60
04
05

—~ O ONO W~

00
10
20
30
40
50
60
03
13

—_, O ONO G WN —

01
11
21
61
41
31
51
14
15
17

01
41
11
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21
61
31
54
64
14
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02 23
12 03
22 13
52 06
42 33
62 08
3219
24 34
25 35
27 37

A.da

02 23
32 06
62 09
22 05
52 18
12 04
42 17
35 16
45 26
65 46

A.4d

43
36
46
16
66
28
39
44
45
47

43
36
19
15
28
24
37
67
07
27

53
58
68
26
18
38
49
54
55
57

53
56
49
25
38
34
47
48
58
08

63
69
09
56
29
48
59
64
65
67

63
66
69
55
68
44
57
29
39
59

TABLE 3 (continued)

00
10
20
30
40
50
60
03
13
33

00
10
20
30
40
50
60
01
02
03

01
21
41
61
11
3]
51
14
24
44

44
54
64
04
14
24
34
n
12
13

02 23 43
42 04 34
12 05 15
52 06 16
22 17 27
62 08 28
32 19 39
25 36 47
35 46 57
55 66 07

A.4b

65 26 57
05 36 67
15 46 07
25 56 17
35 66 27
45 06 37
55 16 47
21 31 &1
22 32 42
23 33 43

B.22

TABLE 4
Some invariants and properties of Kirkman triple systems

53
54
45
26
37
38
49
58
68
18

08
18
28
38
48
58
68
51
52
53

63
64
65
56
67
48
59
69
09
29

29
39
49
59
69
09
19
61
62
63

00
10
20
30
40
50
60
33
64
15

00
10
20
30
40
50
60
01
02
03

1 1
No. G ke K d
A.la 21 448 25 3
A.1b 21 581 32 3
A.2a 9 320 14 6
A.2b 9 380 23 3
A.2c 63 245 32 o
A.2d 9 332 32 .
A.3a 3 671 23 w
A.3b 1 479 4 ©
A.3c 3 569 5 o
A.3d 1 578 15 w
A.3e 1 542 3 o
A.3f 1 517 3 o
A.3g 1 515 3 .
A.3h 3 475 1 .
A.3i 1 517 9 ©
A.3j 1 501 2 o
A.3k 1 496 4 o
A.32 1 533 6 ©
A.3m 3 579 27 w©
A.3n 1 504 5 .
A.30 3 586 13 m
A.3p 3 558 15 .
A.3q 3 617 1 ©
A.3r 21 875 53 "
A.4a 9 533 32 4
A.4b 63 560 32 3
A.4c 3 348 3 3
A.4d 21 427 25 3
B.22 7 308 0 w
B.33 7 322 0 ©

01
41
1
51
21
61
31
55
05
37

a4
54
64
04
14
24
34
il
12
13

02 23 43
32 54 65
62 45 67
22 03 14
52 18 28
12 04 24
42 13 35
66 07 17
16 26 36
48 09 29

A.4c

65 56 27
05 66 37
15 06 47
25 16 57
35 26 67
45 36 07
55 46 17
21 31 41
22 32 42
23 33 43

53
06
08
25
38
34
46
27
56
59

08
18
28
38
48
58
68
51
52
53

63
39
19
58
68
44
57
47
49
69

29
39
49
59
69
09
19
61
62
63
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4. Concluding Remarks. Although we obtained 30 KTSs of order 21, almost all of
which appear to have been unknown earlier, there are no doubt many other KTSs
of this order. Complete enumeration (which, apart from being of independent
interest, would enable one to settle the question of whether there exists a doubly
resolvable STS of order 21, an important step enroute to determine the spectrum of
doubly resolvable STSs) does not appear to be feasible. One could attempt either
an enumeration of a class of STSs with some additional property, in a manner
similar to that of this paper, and then test the obtained STSs for resolvability, or
one could try to derive a set of transformations of (the known) KTSs leading to
discovery of new KTSs. One possibility for an approach of the first kind would be
to examine the set of STSs admitting an automorphism consisting of one fixed
element and four 5-cycles; STSs of this kind do exist; cf. [16]. (On the other hand,
an STS of order 21 with an automorphism having one fixed element and one
20-cycle or one fixed element and two 10-cycles cannot exist [16].) As for the latter
possibility, we ask at this point only whether there exist automorphism-free STSs of
order 21 that are resolvable.
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