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Recurrence Relations for the Indefinite
Integrals of the Associated Legendre Functions

By A. R. DiDonato

Abstract. Two recurrence relations are derived for the computation of the integral of the
associated Legendre functions of real argument and integer order and degree.

The objective of this note is to develop recurrence relations for the integral

(1) S,:"(x)Efon'"(t)dt, |x|<1,-1<a<]1,
a

on the indices n = m = 0, where P)"(x) denotes the classical associated Legendre
function of degree n and order m with real argument x. We use the definition

@ Br() =(1 =)L (x)],  [4p.323],
with P%(x) = P,(x), the Legendre polynomial of degree n, i.e.,

1 2 1\
(3) P(x) =5y — n( ", [4,p.303].

The indices n and m are treated as nonnegative integers throughout, and a is a
constant usually taken as zero or minus one.

The final expressions are given below by (12) and (17) and in a particular
normalized form in (12) and (17). It is unlikely these relations are new, however we
have not been able to find them in the literature, and their absence is conspicuous in
such classical texts as [1], [4].* The need for such relations occurs in geodesy studies,
131, [5):

We first list for easy reference some well-known relations, [1, p. 1325]:
2n + 1 n

@  ma=EHhe - nmo(r =0,
(5) Pn"jr,=-n—-2_—n;+—_—:—l-xP'" ;%P"‘,, n=m=0,
©) pr= 2y = e+ 0y,

) (1= x) L (PP = (n+ DxBP — (n—m+ )P,
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*After this work was completed, it was brought to our attention that (12) had recently appeared in the
literature, [2]. It was decided to include our own derivation since it is different and more concise than the
one in [2].
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Pril =Pt + (n+m)(n+m—1)Pm)!
—(n—m+1)(n—m+2)Pm ",

(8)

y1 —x*pPr
) 1

T n+1
(10) [ =) pr] == (n—m+ 1)(n +m)(1 - x2)" 2 pmt,

n+m)(ntm—1)P"'—(n—m+1)(n—m+2)P" "],
n—1 n+1

The desired recurrence relation on 7 is obtained without much difficulty. By first
integrating (7) and then carrying out an integration by parts on the left we get

(1) (1= 2)Pr(e), + 2[R (1) de = (n + D[ Br(e)de—(n—m+ 1)sp,.

Then integrating (5) and using it in (11) gives the result we want, namely,

m o (n=Dn+m) _ 2n+ 1  pm ¥
(12)8"“ S (n+2)(n—m+ 1)S"‘l (n+2)(n—m+ 1)(1 C)E (1) Y

O0<m=<n.
The steps leading to a recurrence relation on m for (1) begin with the integration
of (8). The result is
Sl =8S"'+ (n+m)(n+m—1)S")!
—(n—m+1)(n—m+2)S",".

(13)
Now replacing m by (m — 1) in (12) and using some obvious modifications gives
(n+m—1)(n+m)S"'

(14) x
_@na Nt m) [ (n=m D42 gt (g ey }

n—1 2n+1

Inserting this result in (13), we have

@2n+1D)(m+1)(n—m+2)
n—1

(1= £2)B"=Y(z)

m+l — gm+1
Sn+1 _Sn—l +

St
(15) (2n+ 1)(n + m)
+ n—1

X
a

In a similar way, we replace m by (m + 1) in (12) to get

(n=1D)(n+m+1) (n—m)(n+2)
2n+1 2n+1

Then using this result in (15) yields

X

m+1 —
Sn—l -

Set (L=2)Rri(e)

a

1
Smit = —— {(m+1)(n—=m+2)(n+m+ )87

(16) x
+(1 =) [PrH (1) + (n + m)(n + m + NP (0)][).
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Replacing » + 1 by n in (16) gives the desired result, namely

1
SmHl = — {(m +1)(n—m+1)(n+m)S"!

(17)
+(1 = A)[B(1) + (n+ m = D)(n + m)B (0], }
2<ms<n.
To start the recurrence relations (12) and (17) we can use
(18) PO=1, Pl=x, PP=4(3x>—1), P/ =y1—x*,
2n+1 n _
(199 P, = 1 e AP n=0,P_, =0, (from (4)),
(20) st=x—a, Sl=4[o1=7 +sin"][
x2 _ (12
(21) st =221
and, in general,
1 X
(22) S) = S LBei(t) = Pii(0)]]
(n—=2)n . 2n

Sl_

23) X mSnZ (_1)(—+—1)(1—t2) I(t)a9

n =2, (from (12)),

(24) 82 =280 +[(n + 3B, (t) — (n+ DB, (1)]], (from (2), (9), (4)),

pr o= 2nF 1l pm MEM _pm om0 nmm,
(25) " n—m+1 n—m+1

P'il = (2n+ 1)J1 — x?p} (from (9) and (8)).

(26) §7 = [n(Zn—3)(2n—1) 2 4p(1)]1]

(from (6) with integration
by parts).

n — 42
(27) S"+'"n+2 I—1

n+1

Normalizations of P(x) and S,"(x) may be needed in order to keep the results of
the recurrence relations from becoming excessively large. Since

(9) [ ol a= (55 ) )

2+ 1) (n=—m)l’

we define normalized Legendre functions P(x) by

(29) P"=

n

PM(x).

2n+1 (n—m)'|'?
2 (n+m)

**The result in (22) follows from integrating (10), with m = 1, and then using (9).
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Accordingly, for (5), (12), and (17), respectively, we have their normalized forms,
where we number a normalized equation the same as the corresponding unnormal-
ized equation except for the addition of an overbar.

(2n + 3)2n + 1)
+tm+1)(n—m+1)

Br(x) = ()
ic |

G [l e me ] g

@n—=—1)(n+m+1)(n—m+1)
O<m<n+1,

= _n—1 2n+ 3)(n+ m)(n —m) Vz_
S(x) = n+ 2[(2n - )(n+m+1)(n—m+ 1)] Sit(x)

x

b

- (= @en+3)2n+1) |7,
(12) n+2 [(n+m+1)(n—m+l)] ()

a

l<sm<n-+1,

S i) = —1—{<m o[ e )

m—1 (n+m+1)(n—m) "
o @rnt+D)(n—m—1) 2_ :
(17) - )[ @Qn—1)(n+m+ 1)] P .
et D Em)n+m—0)]12 |
(- )[(Zn— D(n+m+ 1)(n—m)] Pri(e) a}’
2<m<n,
where

Sm _|2n+1 (n—m)!
S(x) =[ 2 En-i—m;!

]l/zs,f"(x).

The starting relations (18)-(27) in normalized form are given in the same order.

— R=1/2, P(x)=(3/2)"x, B(x)=(5/2)"(x*— 1)

(18) ITl'(x) :[3(1 _ x2)]l/2/2,
(19) Frri(x) = — 3n)(in1+ D~ xP,(x)
n 2n + 3\V/2 _
_n+1(2n—l) P,_i(x), n=0,
(20) 5 zé("‘a), EI:@[’ 1—z2+sin"'t] :,
(21) =T,
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) 8 2” 2n+ 1)1(2n +3) ]I/ZEH(t) _[ (2n + 1)1(2n -1 ]mﬁ"_’(t)}

—,_n—z[ @n+Dn(n—2) |7
" n+1|2n—3)(n+1)(n—1)

(- [(2;1 +1)(2n —1;)}'/25‘1_1([) X,

n+1 (n+ 1)(n—

,.\
N

Ql
Sn—2

= _ 1
[(n+2)(n+ Dn(n—1)]""?

Aras o a6 o[ B o |
(25) B () =| 2220 - ) (),
(26) = - ["(2"4_(,11)_(21")+1)]1/28—,,":22“&”: ,
(27) Sryy =~ [2(n + D] - ),
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