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Vortex Methods. II: Higher Order Accuracy
in Two and Three Dimensions

By J. Thomas Beale* and Andrew Majda**

Abstract. In an earlier paper the authors introduced a new version of the vortex method for
three-dimensional, incompressible flows and proved that it converges to arbitrarily high order
accuracy, provided we assume the consistency of a discrete approximation to the Biot-Savart
Law. We prove this consistency statement here, and also derive substantially sharper results
for two-dimensional flows. A complete, simplified proof of convergence in two dimensions is
included.

1. Introduction. This paper continues an analysis of the accuracy and convergence
of vortex methods begun earlier by the authors in [1]. The principle of such methods
is to simulate inviscid, incompressible fluid flow in two or three space dimensions by
computing the paths of representative particles in the fluid. In [1] a version of the
vortex method was introduced for three-dimensional flows which can be designed to
represent the flow with arbitrary accuracy. It was shown that this three-dimensional
method converges, provided a certain discrete integral approximation to the velocity
field is consistent to the specified order of accuracy. In the present paper we verify
this last condition, as stated in the Consistency Lemma below, thereby completing
the convergence argument. In addition, we discuss two-dimensional methods in
detail, since our techniques lead to sharper results in this case and allow more
flexibility than the previous work [7], [8]. Given the consistency lemma, the proof of
convergence is drastically simpler in the two-dimensional case. We include this
shorter convergence argument here, so that this paper provides a complete self-con-
tained treatment of two-dimensional vortex methods which can be read indepen-
dently of [1]. Also the proof of stability which we give in Section 5 both generalizes
and simplifies the earlier stability proof in the two-dimensional case due to Hald [7].

Before stating the results more precisely, we review the formulation of the vortex
method in two dimensions. Let z = (z,, z,) denote a point in the plane, u(z, t) =
(u,, u,) the fluid velocity, and w(z, ¢) the scalar vorticity,

W=y T U,
The basis of the vortex method is the fact that, for incompressible flows, the vorticity
determines the velocity: since div u = 0, we can express the velocity u in terms of a
stream function ¥,

u=(3,¥,-9,%)
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which satisfies

AY = —w.
If we write ¥ as the convolution of the Green’s function with w, we have
(1.1) u(z, 1) =/ K(z — z)w(z’) dz,
RZ
where K(z) = -(27)7!(3,, -9,)log| z | , or
-1
(1.2) K(Z):‘(2”|Z|2) (z5,~2).

We will use & = (@, a,) for the Lagrangian coordinates of a fluid particle. Thus, a
particle starting at the position « at time O follows a trajectory z(#; ) determined by
the equation

(1.3) é _ u(z,t), z(0;a)=a.
dt
We denote the solution of the ordinary differential equation (1.3) by z(z; a) = ®/(a);
thus @’ is the coordinate transformation from time O to time ¢ determined by the
flow. It is well known that in two dimensions the momentum equation leads to the
vorticity equation
‘ w+(u-v)w=0.

Hence w is conserved on particle paths, i.e.,
(1.4) w(®(a), t) = w(a,0).

Now suppose the initial vorticity wy(a) = w(a,0) has support inside a bounded
set, say

B(Ro) = {z:|2|<Ry).

We introduce a square grid in the a-plane with squares of side h centered about the
lattice points hj € A*, where A" = hA and A = {(J, j»): Ji» J» integers}. We will
write z,(t) = ®'(jh), uy(t) = u(z,(¢), 1) for the position and velocity at time ¢ of a
particle in the ideal flow beginning at a grid point jh € A*. According to (1.4),
w(z,(1), t) = wy(jh) = w;. Thus, the vorticity at z,(¢) is nonzero only for jh € A°,
where A° = A* N B(R,).

In writing equations to approximate z;(¢), we will smooth out the singularity of
the kernel K in (1.1), as was done in [1] as well as in earlier treatments of the
two-dimensional vortex method. Let y(z) be a function with [y(z)dz = 1, and let
¥s(z) = 872Y(z/8), where 8 is a parameter to be determined in relation to . We will
replace K with

(1.5) Ky(z) = fK(z — 2')y(2") dz.

Further conditions on v are specified below. Finally, with the initial vorticity wy(a)
prescribed and h fixed, we compute approximate particle paths Z,(¢), jh € A as
solutions of the system of ordinary differential equations

(1.6) %= (1), £,(0) = jh.
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Here ﬁj" is a discrete approximation to the velocity expression (1.1) computed from
{z;(D)},
(1.7) ()= 3 Ks(z(r) - £(1)) i h.

khe Ay

Having determined {Z;} from (1.6), (1.7), we can compute a continuous approxima-
tion to the velocity field defined, as in (1.7), by

(1.8) i'(z,t) = ¥ Ks(z—2(1))wh®

JhENY

Theorem 1 below asserts that, subject to certain conditions, {Z;(¢)} and i"(z, 1)
accurately approximate {z,(¢)} and u(z, t).

The accuracy of the vortex method is controlled by the choice of the cutoff
function y and the relative size of § and A. As in [1], we will say that ¢ belongs to the
class FeS~L+? provided three conditions are satisfied:

(1) (z) belongs to C*(R?);

(2) [¥(z)dz =1 and [z"Y(z) dz = 0, where y is any multi-index with 1 <|y|<
p— L

(3) L is a positive number, and, for any multi-index 8, the Fourier transform §(¢)
satisfies

sup | DEY (§) |< G(1+ 577

{ER?
Condition (3) means that § belongs to the symbol class S;¢. It implies that ¢ is
smooth and rapidly decreasing away from z = 0; see Lemma 2.1. We say ¢ €
FeS™? if € FeS~I? for every L > 0. (The notation FeS means the Fourier
transform of a symbol class.) If y(z) is a function only of |z|, the moment
condition (2) is automatically satisfied for |y | odd, so that in this case we might as
well take p to be an even integer, p = 2. For example, we can define € FeS ™7 by
setting

(1.9) ¥ (2) = c,exp(-¢P),

normalized so that ¢ has integral 1. If p = 2, this is the familiar Gaussian distribu-
tion.

We will measure the error in {z;(¢)}, {u(z > 1)} by the discrete integral norm

1/p
gla={ = 151w
JEN,
where 1 < p < oo and the error in u(z, ¢) on any ball B(R,) by the corresponding
norm in L*(B(R,)). In studying vortex methods with a cutoff such as the Gaussian,
i.e., ¥ € FeS~L2 it is crucial that we use the L} norms with p > 2 and sufficiently
large in the arguments in Section 5. It is an underlying assumption of the analysis
that the flow being approximated is sufficiently smooth. It has long been known
that, with mild regularity assumptions on the initial vorticity, the Euler equations of
ideal flow in two dimensions have a classical solution for all time; for a recent
treatment see McGrath [13]. Moreover, if the initial vorticity is smooth, the solution
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is also, and bounds for derivatives of the velocity on a time interval 0 <¢<T, T
arbitrary, can be obtained from bounds on the initial data (e.g., see Lemmas 3.1 and
3.2 of [3]). Our main result for two-dimensional flows is the following,.

THEOREM 1 (CONVERGENCE IN TWO DIMENSIONS). Assume that the velocity field
u(z, t) is sufficiently smooth for z € R?, 0 < t < T, and that the initial vorticity has
bounded support. Also assume

(i) The cutoff  belongs to FeS %7 for some L, p with2 < L < oo andp = 2.

(ii) We choose 6 = h9, where 0 < g <1if L= o0 and0<g<(L—-1)/(p+ L)if
L < co.

Then, with 1 < u < oo, we have the following estimates for the quantities computed
by the vortex algorithm (1.6)—(1.8):

(1) Convergence of the particle paths

(1.10) max |2,(1) = 2,(1) |y < ChP°,
(2) Convergence of the discrete velocity

(1.11) 022T| al(t) —u(z,, t) | < Ch?9,
(3) Convergence of the continuous velocity

(1.12) Ofggrl a"(-,t) = u(-, 1) |owarey < ChP.

Here R,> 0 is an arbitrary finite radius. The constant C depends on T,L,p,
q, u, Ry, the diameter of supp w,, and bounds for a finite number of derivatives of the
velocity field.

Our analysis builds on the earlier convergence proof of Hald [7] in two dimen-
sions, although the techniques used in the consistency argument given here are quite
different from those in [7]. Hald’s main result was essentially that, with p = 4 and
g = } in the notation above, the errors are of order 42 in L? norms. His assumptions
on ¢ are rather different, however, and do not require as much smoothness. Besides
conditions (1) and (2) above, he assumes that ¢ has support in {| z|< 1} and is C*
for | z|< 1. As indicated by his work and our statement above, when v is not very
smooth, it seems to be necessary to take & considerably larger than h, thereby
reducing the accuracy. If, on the other hand, we use ¥ € FeS™ 7, we can take §
essentially of the order of 4 (i.e., ¢ near 1) and conclude that the errors are O(h?™®).
Thus, with this class of cutoff functions, which are no more difficult to implement
than others which have been used, we obtain substantial improvement in accuracy.
With p = 4, as in Hald’s case, we find essentially fourth order accuracy; with no
moment conditions at all (p = 2 in the radially symmetric case) we have essentially
second order accuracy. This last case includes the Gaussian distribution, showing
that it is possible to obtain second order accuracy with a positive ¢. The fact that u
can be taken arbitrarily large in Theorem 1 means that the convergence is nearly
uniform.

The smoothing of the velocity kernel has the effect of replacing point vortices by
finite cores of vorticity. This technique has been used for some time [5], [11] to
overcome instabilities that arise with point vortices. The numerical experiments of
Hald and Del Prete [8] supported the conclusion that the error is of order 67 = h?9
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in the case p = 2; it would be interesting to try test problems such as theirs with
higher order accuracy. Leonard [12] suggested the use of the generalized Gaussians
(1.9) to obtain increased accuracy. An excellent survey of vortex methods, including
extensive references, may be found in [12]. Additional discussion of the use of
two-dimensional vortex methods was given in [2].

In discussing the consistency and convergence we use discrete velocity approxima-
tions as in (1.7), (1.8), determined by the exact positions of the particles in the actual
flow,

(1.13) ub(z,t) = 3 Ks(z = z,(1))w;h?,
Jhe N
(1.14) ul(t) = 3 Kyo(z,(t) = z,(¢)) 0 h?.
khe Ny

The consistency argument is independent of the space dimension, N, and we
combine the two cases in the statement below. In three dimensions, the Biot-Savart
Law expresses the velocity u(z, t) in the form (1.1), where w = curl u is now a vector
and K is a 3 X 3-matrix-valued function; see (1.2), (1.3) of [1]. With N = 3, the
definition of u"(z, t) corresponding to (1.13) above is (1.11) of [1]; the difference is
that w, is replaced by w(®'(z,), r) and k> by h*. The consistency statement is as
follows.

CONSISTENCY LEMMA. Assume the hypothesis of Theorem 1 above if N = 2 or the
hypothesis of Theorem 1 of [1] if N = 3. Then for any R, > 0 we have
(1.15) max |u"(z,t) —u(z,t)|< Ch?9.
lz|<Rq
O<(<T
For N = 3, this lemma completes the convergence proof of [1]; for N =2, it is
used in Section 5 to prove Theorem 1 above. In the rest of this section we discuss the
estimate (1.15), which is derived in Sections 2-4. The relation between 4 and 6
expressed in the theorems comes about from balancing the errors in smoothing and
in discretizing, which are somewhat opposite in character. The error due to smooth-
ing is of the order of 8%, and is therefore worse for larger 8. But the error in (1.15)
from the discretization is improved by increasing 6. (The stability estimate also
requires that § is at least of the order of 4.)
To describe these two errors further, we express u” as Kz * ", where * is
convolution and

Wz, )= 3 8(z— zj(t))w(zj(t), t)hV.
JhEN
Here & is the usual Dirac measure. (The double use of the letter 6 should not cause
confusion.) Then,
u—u=Ksgr " —Kxw=(Ksg*w—K*w)+ Kg* (" —w).

Since K5 = K * i, the first term is K * (Y5 * w — w). Applying the Fourier trans-
form, we have

(1.16) $(§) = ¥ (8¢)
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and | K($)|<| ¢, so that
[(Ks*o—K*w)(§)[<|S[ ¥ (85) — 1]]a(F)] .
Now for ¢ € S™7, §(¢) = O(| ¢ |P) at { = 0, and in fact |§(8¢) — 1|< C(8|¢ |)7;

see the proof of Lemma 4.1. If w is sufficiently smooth, then |&($)|<
Cr(1 + | ¢ 7R, so that by taking R large enough we have

|(Kg*xw— Kxo)(§) < C87(1+[5)" "
It follows that K5 * w — K * w is uniformly of order §7.
The second term, K * (0" — w) or K * [{5 * (w" — w)], is more subtle and easiest

to discuss at time zero. Except for a negligible part, (see (4.2)-(4.6)), this term can be
estimated (Lemma 2.2) by a Sobolev norm of y5 * (w" — ), i.e., the square root of

JO+ D™ 14s(0) Pla"(5) — a(3) P dg
for suitable M, or, using (1.16),
(1.17) JA+ 1™+ 8180 48 P as,

where f, = 0" — w. To estimate this integral we reexpress f* using the Poisson
summation formula (e.g., see [14, pp. 251-252]). Applying the formula to &, we
know that
(1.18) S o(¢ — 2mj/h)

JEA
has a Fourier series expansion whose coefficients are w(jh). But then the inverse
transform of (1.18) is just w”, and f, = (") —& is the sum of (1.18) with the j = 0
term taken out. Using this representation we estimate the integral (1.17) in Proposi-
tion 3.2 and find that it is bounded by C8-2LhXL~M)~¢ Provided 8 is of larger order
than A, and L is sufficiently large, this error improves as & — 0.
. For later time we verify that this second term has an error of the same character as
for time zero. Again the important point is to estimate y; * (w" — ) in a bounded
region. Using ®* to change variables, we write this as

Ju(@'(a) - 9(a)) £i(a) da,

where now

fie) = Zd(a = jh)w(®'(jh), 1)h".

Next, we express 5 as the inverse transform of Y. The part of the integral away from
the diagonal @ = @ is negligible (Lemma 4.3), and for the rest we can change the ¢
variable and rewrite the integral as

Jf e Ppy(a, 8, &) fi(a) dai i,

with some symbol p;. We regard this integral as a certain pseudodifferential operator
applied to f;. By expressing the operator in a more standard form, we reduce the
estimation of this term to the previous case (1.17). Only the most elementary facts
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about pseudodifferential operators are needed, but we have to be careful to take into
account the dependence on the parameter § and the interaction with f,/ as 8, 4 - 0
(see Lemmas 2.4 and 4.4).

The necessary properties of pseudodifferential operators are developed in Section
2; the treatment is largely self-contained. The estimation of (1.17) is carried out in
Section 3. As noted above, this essentially proves the consistency at time zero. In
Section 4, we perform the reduction to time zero. The proofs of certain lemmas
stated in Section 4 are deferred to an Appendix, in order to avoid interrupting the
argument. Finally, in Section 5 we present the convergence proof in two dimensions.

2. Some Facts About Integral and Pseudodifferential Operators. First we introduce

the Sobolev spaces H*(RV), s any real number, with corresponding norm | - |,
defined by
2.1) Igh?= [ (1+15P)"12(5) P ek,

where g({) is the Fourier transform of g. When s is a positive integer, we also use the
fact that the norm defined in (2.1) is equivalent to the norm defined by the
expression

(2.2) D / | Dg 2 dx.
o<|g|<s “R"
For s a positive integer, we denote the H* norm over an open set by || - Il o, where

the integration corresponding to (2.2) is over the set Q.
The first simple fact which we need below is the following one:

LEMMA 2.1. Assume \ is a tempered distribution with J(¢) € S%; then Y(z) is C*
in RN — (0}, and, for any fixed e, > 0 and indices vy, B with 8 > 0,

sup |z|P| DYY(z) |< G,

lz|=2o

with a finite constant Cg ..

The proof of Lemma 2.1 follows immediately from the identity

. 2\~ 5 a 1z-§ — jiz-¢
(1|z|) Ezja—gje =e

=1

and repeated integration by parts in the Fourier integral formula

v(z) = e (§) dt.

We also need to study convolution operators, which are given by

K= [K(x = 9)f(») dy,
where, as we see from (1.2) and the Biot-Savart formula in Part I,

(2.3) Kis C* in RY ~ {0} and homogeneous of degree 1 — N.

We need the following simple variant of Lemma 3.8 in Part I (we omit the proof).
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LEMMA 2.2. Assume that f(x) satisfies supp f(x) C {x||x|< R’}, s is a nonnega-
tive integer, and p(x) belongs to CP(RY). Then there is a constant C, so that

oK f g1 <Gl fll; e

In Section 4, we need some elementary facts regarding pseudodifferential opera-
tors and related kernels. We need to consider multiple symbols ps(a, §, @) with
(a, ¢, @) € RY X RV X RY and depending on a parameter 8,0 < § < 1.

Definition. The family of multiple symbols ps(a, §, &) is uniformly bounded in the
symbol class Sl%, provided for any multi-index (g8, v, B) there is a constant (O
independent of § so that

. .
(2.4) | DEDEDIp, |< Gy, g (1 + 5D

Such a family of symbols ps(a, {, &) is properly supported provided that py(a, §, &)
vanishes for |a — @|> ¢, for some fixed e, > 0. Associated with a properly sup-
ported multiple symbol is a related operator P; defined by

(2.5) - Pf= f fR NXRNe«a—&)-fps(a, ¢ a@)f(a)dade.

(See Chapter 2 of [15] or pages 102-109 of [10] for a complete discussion.) Given a
symbol ¢(a, {) € S{,OL, with no @ dependence, a classical pseudodifferential operator
is defined by

(2.6) g(a, D,)f = [ Sq(a, $)/(5) d8.

The main fact regarding the operators in (2.5) defined by multiple symbols which we
use in Section 4 is that such operators can be expanded as a finite sum of classical
pseudodifferential operators, as defined in (2.6), within a remainder operator of
negative order. More precisely, the following proposition is proved in pages 102-107
of [10] or Section 2 of [15]. (One only needs to remark that these proofs given for a
single operator remain valid for families of operators defined by uniformly bounded
symbols.)

LEMMA 2.3. Consider a family of properly supported multiple symbols py(a, §, &),
uniformly bounded in S,",{), M any number, with corresponding operators Ps defined in
(2.5). Let R be an arbitrary integer. Then there are symbols p{(a, §) uniformly bounded
inS 1",{)_7, a remainder operator R 5, and an integer K(R) so that

(2.7) Psf= 2 p¥(a, Dx)f+ Rsf,

-K<y<M
where R, 5 has order -R, i.e.,
(2.8) NRsfllo<Crllfll_g

for a fixed constant Cy independent of 8. In fact, pY (e, {) can be computed by the
formula

- | G -
(29) Péw Y(a’ g) = 2 WD&YD{YPS([X’ glaa) a=a"
=y °
The last general fact regarding distributions related to pseudodifferential opera-
tors which we need in Section 4 is the following statement.
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LEMMA 2.4. Consider a function Qs(a, §) satisfying the condition

(2.10) S [, DEQs(a §) | dec < g5(5)

|Bl<M
for some M > N with g5({) € L*(R"). Define a function w(a) by the formula

(211) w(a) = [ e 50y(a §) .

Then w(a) € L>(R") and
(2.12) lwlly< Cligs($)llo,
where C is independent of 8.

We prove Lemma 2.4 in the following standard fashion. We define Qs(n, {) by

0(n.§) = [ 0(a,§) da.

The condition (2.10) implies that for any multi-index 8 with | B|< M

[n?110s(n, §) |=

/e”""Dng(a, $) da|< g5(¢)

and, therefore,

| Os(n, )< C(1 + |0 ) ™Mgy(8).

If wis defined as in (2.11), w(n) satisfies

[a(n) < [10s(n =&, O)ldt < € [(1+ |n = )™ | gs(8) | 4.

Since M > N and the convolution of an L' and L? function is in L?, we have
lwlly = lwllyg<CII(1+ Ii’l)_MllLlllgg(f)Ilo < Cligsllo-

3. The Error in Approximation at Time Zero. In this section, our main proposition
estimates the difference in the approximation of the vorticity by discrete and
continuous convolutions with ; at time # = 0 where ¢ € FeS; . More precisely, we
consider the function

(3.1) Fh,8(z) = 2 ¥s(z — Z/)‘*’(jh)hN _f‘l/s(z —Iw(Z) dz

JjhE N

for a given smooth function w(z) with compact support and measure F), 5(z) in
positively indexed Sobolev spaces. In the proof in Section 4, we reduce the main
error in the consistency at later times to a finite sum of error terms like the one on
the right-hand side of (3.5) below which estimates || F, 5(2)Il ;.

First, we introduce the distribution

(3.2) fle) = 2 8(a—jh)w(jh)h" — o(a),

JjhEN
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where 8(a — jh) is the Dirac measure centered at jh. By Poisson’s summation
formula, as discussed in the Introduction, the Fourier transform of f,(«) is given by

A . 2aj
(3.3) Mo =3 a(s-2).
JEA
=0
Since §/({) belongs to S7{, we have

(3.4) 1§ (88) |< Cy(1+ 8¢

Thus, since F,, 5(z) is the convolution of Y5 with f,, we obtain, using the definition
2.1),

(3:5) 1E, a(2)3 < € [(1+1E2)" (1 + 18D 146 P k.

As remarked above, we prove in Section 4 that the main error in consistency at-later
time can be bounded by the right-hand side of (3.5) with M = [N /2]. The two facts
which we prove in this section are the following ones:

PROPOSITION 3.1. For a given M = 0, assume that L satisfies L> M + N /2 and
also that 8 satisfies 8 = Cyh, Cy > 0. Then for any € > 0, fixed but arbitrarily small,

(36) [P+ 8DTHAE) Pk < Ca IR0,

Here the constant C depends on ¢ and a fixed finite number of derivatives of w. This
number of derivatives also depends on e.

PROPOSITION 3.2. Assume that M satisfies M < —N /2; then
JA+ED™IAE) P ds < 2™,
where C,, involves finitely many derivatives of w.

Remark 1. In Section 4, we use Proposition 3.1 with M = [N /2] and Proposition
3.2 with M < 0.

Remark 2. Proposition 3.1 indicates the necessity of choosing § = h7, ¢ < 1, in the
basic vortex method. After examination of the proof below, it will be evident that

Ch2M < [(1+ [§P) "1+ 18| P &

for appropriate functions w(a) when 8§ = Cyh, so there is a substantial error in
approximation in nonnegative Sobolev norms unless § = A9, ¢ < 1.

The proof of Proposition 3.2 mimics the proof of Proposition 3.1 but is simpler, so
we concentrate on the proof of Proposition 3.1:

To begin the argument, for simplicity, we assume that &(z) is rapidly decreasing.
Thus, for any positive integer g, we have

(3.7) o)< C(1+ ¢
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The proofs below require only a finite number of constants C, and, therefore, only a
fixed finite number of derivatives of w. We introduce the sets R, k € A, where

27k
R, = {gﬂg ——'f’— %,1<isN}.
By utilizing (3.3) and the triangle inequality, we estimate the expression on the

right-hand side of (3.5) by twice the sum of two different groups of terms,

2

oM 2L ole - 27
2 forisraeien 3 ofe- )| &
(3.8) JEA
M -2L| A __Z_ﬂ =
+ (;F%%/ P+ ey - 2 ) ast = (1) + ().

Our first objective is to deduce that the terms in {1} satisfy
{1} < Cxh® for any R > 0.
The following elementary lower bound is crucial for the argument:

There is a fixed constant C; > 0 so thatif { € R, and |j — k|
>0,|¢—2mji/h|= Coh7'|j — k.
From (3.7) and (3.9), we deduce that, for { € R,,

(3.9)

- 1-q
2o e, -
(3.10) li—k>0 Ji—k>0
<Ch? ¥ |jI < Ch?
>0

provided that g satisfies ¢ > N; this requirement on g guarantees that 3, |j |77 <
oo. From (3.8) and (3.10), we see that the term in {1} is bounded by

h2ac, [(U+ (1 + | 88)) 2" dy

Since M = 0, the above expression is estimated by

hzch(1 + [P se)) dg)
[§1=1
(3.11)
< hlch(1 + 872N [ (5] 1M dg),
RN

and the last integral is convergent provided L satisfies L > M + N /2. Since we have
6 = C,h, the right-hand side of the last inequality in (3.11) is estimated by

C,h*4™ DN = C n*® forany R >0,
by choosing ¢ large enough.
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Next we estimate the principal error term {2} in (3.8). Since 1 + | 8¢ |>| 8¢ | and
| £ |= = /h, this error term is dominated by

2
(3.12) 52 S f ¢ oD ( Zk) a&.
|| 0
keA
For each k, we split the integral over R, into integrals over two disjoint sets,
{ 27Tk - h_o} ,

e o)

where 6, 0 < 8 < 1, is arbitrarily small but fixed. Because &({) is rapidly decreasing,
the estimate in (3.7) applies, and we have

(g_ﬂ) 277k 2

Cl{—=—| =<Ch*’ for{€R,.
Recall that L satisfies L > M + N /2; therefore

(3.13)

5-2L 2 f |§|2(M L)| A (;__2_7_71{) dt
k| 70
(3.14) keA
< CqS"ZLhZ‘?"f Ig-lZ(M—L) dt < Cq8—2Lh2q0+2(L~M)—N‘
[Y{=m/h

Since M, L are both fixed, § = C,k, and g can be chosen arbitrarily large, the last
term in (3.14) above is O(hR) for any R > 0. What remains in the proof of
Proposition 3.1 is to estimate

2 8—2Lf l lZ(M L)~ ({_M) d{
|k| 50 [§—2mk/hl<h™*
(3.15)
< 2 8-2L C l §|2(M—L) d{,
e [§—2mk/h|<h~?

and this term yields the principal error on the right-hand side of (3.6). By rescaling
(3.15), we have

2 8—2L[ l§-|2(M—L) d{
|$—2mk/h|<h~®

k| #0
(3.16) < §2LpAL—M)—N 2 f~ §'|2(M—L) df
k|70 “I§—2mk|<h'"?
< C§-2LpAL—M)~NO 2 lkl2(M~L) < C§-2LpAL—M)~Nb_
k| #0

In deducing the last inequality above, we have used the condition L > M + N/2
which, as in (3.10) above, implies the convergence of the infinite series. By setting
e = NO, we observe that the estimate in (3.16) completes the proof of Proposition
3.1
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The proof of Proposition 3.2 is similar but simpler. We use the same splitting of
terms into {1} and {2} in this case, where L = 0 but M satisfies M < -N /2. For
term {1}, we repeat the argument in (3.9)—(3.11), arriving at an estimate of the form

(1) < Ch [(1+ 5" s,
where q is arbitrary. However, since M < —N /2, the above integral is convergent, so
that

{1} < Cxh® for any R > 0.

For term {2}, this time we are very crude in our estimates and get directly,
@y<cf (1+ ¢ )M d¢ < ch2M—N
51=Coh™!

as required in Proposition 3.2. This completes the proof.

4. Reduction to Time Zero and the Proof of Consistency. Here we give the proof of
the main consistency estimate. Besides the facts in Sections 2 and 3, we use several
other technical lemmas which are proved in the Appendix. Before beginning the
proof, we pick a function p,(z) € C&?(RV) with p,(z) =1 for |z|< 1 and p,(z) =0
for | z|> 2. Below, pg(z) is the smooth cutoff function pg(z) = p,(z/R).

We begin the proof by applying the Sobolev lemma,

(4.1) |n|1a)1(e |u"(z,¢) —u(z,t)| < C 0maxT||;0R(Z)(u"(z, t) —u(z, 1)),
7|< <<
O=<I<T

with sy = [N /2] + 1, ie., 5, = 2 for N = 2, 3. Since the initial vorticity has compact
support, we assume that
supp w(z,t) C {z||z|<R,}, 0<t<T,

for some fixed R, and that R above satisfies R = 2R ,. We write wi(t) = w(z, (), 1)
and

pr(2)(u*(z, 1) = u(z,1))
= {PR(Z) /K(Z - Z)Psk(f)( 2 (- Z/)‘*’,hN —w(Z, t)) df}

(4.2) IhE N

+ {pRm [KG =0 =pu()| T wli- z,)w,(t)h'“)}
JheE Ny
={4;} +{Bs}.
We claim that the second term { By} defined in (4.2) is a negligible error term, i.e.,
(4.3) | Bsll,,< C8" for any positive integer > 0.

On the support of p, z(z)(1 — psg(Z)), necessarily | z — Z|= R; because K is smooth
in RY ~ {0} and homogeneous of degree 1 — N, we have

(4.4) > |DPK(z—%)|<C for|z—Z|=R.

IBI<s0o
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Also, since | z;|< Rand §5(Z — z)) = 8" MY(Z — z,)/9), from Lemma 2.1,

(1= oD T W= 2)a0n"]

JheE Ay
- -N Z- Zj
< Csup|w||1— psg(Z)] sup |8 ¢( 5
(4.5) JhE Ny
—Z. =s
< C67 " max 2111 = psg(2) ]
JheE Ny 4

<C8NT(1+|2])7
for any positive integer s > 0. Thus, by (4.4) and (4.5),

2 sup

la|<so

punl®) [DK(z = )1 = b)) I wulz = 2)ap")

JjheNy

(4.6)
<8VrC [(1+]2]) " dz < c8V

provided that s satisfies s > N but otherwise s is arbitrarily large. The estimate in
(4.6) easily implies the estimate claimed in (4.3) by setting » = —-N + s.

From the above argument, we only need to concentrate on the principal error
term A, defined in (4.2). By applying Lemma 2.2, we observe that

47 4l <cC

pale) 3 tulz = 2)ap" = ofz.1)]

JjheN

so—1

The following straightforward estimate involves the moment condition on ¢, as
mentioned in the Introduction, and is proved in the Appendix.

LEMMA 4.1. If § belongs to FeS;j*?, L = 0, and w is sufficiently smooth, then
/%(z — 2)w(z, 1) di — w(z, 1)

Because of Lemma 4.1, the right-hand side of (4.7) is estimated by
(4.8) C8” + CliGsll -1

max
0=<!<T

< C6°.

so—1

with
(49) G.s(z,t)=p5R<z>( S Uz — )0 (O — [z — el 1) dz |
JhE A

Since ®‘(a) is a one-parameter family of smooth diffeomorphisms, there is a fixed
constant C so that

(4.10) Gy(z, )5,y < CNGs(®(@), t)ll, 1y  O<t<T.

The continuous contribution to Gg(®'(a), ¢) is given by

(4.11) psa(@(0)) [¥5(®(a) — 2)e(Z, 1) d.
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If we change variables inside the integral in (4.11) using # = ®’(&) and det v, &' = 1,
the integral is equal to

(4.12) [os(@(@) — @(@))w(2(a), 1) da.

Similarly, the pullback under the map @’ of the Dirac measure centered at z, is the
Dirac measure 8(& — jh). Therefore, following (3.2), we introduce the measure f,/(a)
defined by

(4.13) @)= 2 8(a—jh)e(®(jh), t)h" — o(®(a), ).

Jhe Ny
From (4.11)-(4.13), we deduce the important identity
(414)  Gy(@/(a).1) = pip(@(@) [ 4o(@'(a) ~ ¥/(8)1i() d.
To estimate the term on the right-hand side of (4.14), we use the following
elementary lemma discussed in the Appendix and due to Kuranishi.

LEMMA 4.2. There is an e, > 0 and a smoothly varying invertible N X N matrix
function, e'(a, &) defined for |a — a|<6¢ey and 0 <t <T so that, for any vector
{ ERY,

(1) (®(a) — @(&) - § = (a — &) - ((e"(a, @)7'0);

Q) C¢I<|e(a, &)S|<C|¢| for 0<t<T, |a — d|<4ey, and for a fixed
positive constant C.

We introduce the cutoff function p, (a — &) and write
[#(@(a) — @(8)) () da

(4.15) - {fPEo(“ — a@)ys(2'(a) — @'(@)) () dd}

{0 = pyla— @@~ (@)si(a) da

={E} + {F}.
The contribution to [|G(®'(a), #)ll, , from {F;} is negligible and satisfies an error
estimate like B; in (4.3). To emphasize the main points of our argument, we state this
fact in the lemma below and postpone the proof until the Appendix.

LEMMA 4.3. For any positive integer rand 0 <t < T
||P5R((I>t(“))F:s||s0—1 <Co".
Thus, by Lemma 4.3,
1G5(@" (), 2)ll,,— < CllpsgEsll,,— + C&"

wig =€, 3 |ffecre

O<||<so—1

X psp(@(@))py, (o — &@)$74 (88)£(&) da dg

+Co.
0
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In the last line in (4.16) above, we have used the Fourier integral representation,

¥s(@'(a) — @'(&)) = [ @ @D 5 (5) d.

To study the terms on the right-hand side of (4.16) we will successively apply
Lemma 4.2 and then Lemma 2.3. First, we introduce the change of variables
¢ = e'(a, @) for the operators defined on the right-hand side of (4.16). Then the jth
integral above becomes P f;/, defined as

/fei(a_&).f;)sR(q)t(a))Pzeo(a - &)(et(a’ &)f )j
Xdet e(a, &) (8e'(a, &)8 ) fH(a) da dE,

(4.17)

where P; is the properly supported operator associated with the multiple symbol
ps(a,§, &) = Pzeo(a - &)pSR((I)t(a))
X (e'(a, &)§)jz,l3 (8e'(a, @)}) det e'(a, &).

To apply Lemmas 2.3 and 2.4, we need the estimates in Lemma 4.4 below which are
proved by direct computations in the Appendix.

(4.18)

LEMMA 4.4. Assume that ) € S, L then there are fixed constants Cs,, SO that, with
Ds from (4.18),

| DIDEDEpy(a, &, &) |< Gy (1+ 88751+ ¢V,

Now, by Lemma 4.4, p; is a uniformly bounded family of multiple symbols in Sl{!o
so, by Lemma 2.3,

(4.19) Psfy = 2 pi(a, D,)fy + Rsfi>

—k<y<lJj|
where given any r > 0, K(r) is chosen so that
(4.20) IRsfillo<CIl £,

We next apply Proposition 3.2 to f,/(«) as defined in (4.13), but with w(a) of Section
3 replaced by w(®(a), t); thus

(4.21) max || f/ll_, < Ch" /2
O0<I<T
for any fixed arbitrarily large r. From (4.7), (4.8), and (4.15)—(4.21), it remains to

analyze the principal error contribution to || E; |l so—1 arising from the finite sum of
terms with the form

(4.22) I (e, D) fi llo, -K(r) <vY<[jI<s— 1,

where the symbol pi(a, {) is computed from py(a, §, &) in (4.18) by the formula in
(2.9). We recall that p{(«, D,)f, is defined by the formula

(4.23) pi(a, D) = [[e 5py(a, ) £(5) ds.

Next, we will apply Lemma 2.4 with Qy(a, §) = pi(a, $)£/($), and this will reduce
the principal error at time ¢ to the quantity estimated in Proposition 3.2 at time
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t = 0. From Lemma 4.4 and the fact that p;g(®‘(a)) has compact support, it follows
immediately that

A 2 fIDst(a,§)|da
<so—1
< GUH 8 ) (1 + [ED™ A1) |= 85(8).

Thus, we apply Lemma 2.4 to estimate

(424)  max I py(a, DSNG<C [(1+ ]800+ 8 [F3) [ .

By applying Proposition 3.1 of Section 3 with M =5, — 1 = 1 for N = 2, 3, we find
that

(4.25) max I py(a, D)1l < C8FhE 7,
<t<T

By adding together the error terms in (4.25) contributing to Ej to those obtained
earlier in this argument (especially see Lemma 4.1), we deduce from (4.1), (4.3), (4.8),
and (4.16) that

(4.26) 022T| u(z,t) —ul(z,t)|< C87 + CO~ Lt~ "¢ + Co",
lzI<R
where r can be arbitrarily large. We choose & so that the first two terms in (4.26)
have equal strength; this requires
87 =8 Lpt=17¢ or §=pLTIma/(PHD),
By choosing r to be larger than p, we have finished the required error bound in the

main consistency lemma.

5. Proof of Convergence in Two Dimensions. The proof of Theorem 1 is based on
the consistency lemma whose proof was completed in Section 4, and on the
following stability estimate for the discrete velocity approximation:

STABILITY LEMMA. Assume the hypothesis of Theorem 1. Provided that
(5.1) max [2,(1) —z(2)|<9
JhE A,
0=<r<T,

for some T, < T, we have for 0 < t < T, the estimates

(5.2) |ﬁ_7(t)_u_;'(t)lLﬁgclfj(t)_Zj(t)lL;:’
(5.3) [a"(-,t) —u"(-, 1) |g"<B<R0» < CI£/(1) = z,(1) |-

The constant C in (5.2) and (5.3) has the same dependence as in Theorem 1; it is
independent of T,. We will first present the proof of Theorem 1, and then prove the
Stability Lemma. To derive (1.10) we set e, = 7, — z, and obtain, as in [1, Section 2]
or in [7], a differential inequality for | e, |, 4. From the ordinary differential equations
(1.6), (1.3), we have

é,(1) =il(t) —u(z,,1) Z[ﬁj"(t) - uj"(t)] +[u"(zj, 1) —u(z, t)]
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The consistency estimate (1.15) asserts that the second term on the right is O(67) =
O(h?9), uniformly in j, and thus also in L} on the bounded set A%. Assuming (5.1)
holds, we can apply the stability estimate (5.2) to the first term and obtain

(5.4) 1&,() 1 < Coll €, (1) [ + h??)

for0 <t <T,. Since e (0) = 0, it follows from this differential inequality that
le,(t) g <y(1), O0<t<T,,

where y is the solution of y' = Cy(y + h*9), »(0) = 0. (E.g., see [9, Section 1.6].)

Therefore,

(5.5) le,(1) |y < Cih?7,

as long as (5.1) holds. Here C, depends on T but not on T,,.

To complete the proof of (1.10), we need to remove the restriction (5.1). To do
this, we estimate | e, | uniformly in terms of the L* norm. We find

max|e |*h2<(|e ¥ or maxle |[<h M e |,.,
J J J 1L J J 1L

so that fort < T, by (5.5),
max |e, |< C hP972/1,

Now since the estimates (1.10)—(1.12) are over a fixed bounded set, there is no loss
of generality in making p as large as we wish. We will assume p is large enough so
that pg — 2 /p = q + 6 with 8 > 0. (Since p = 2, this is always possible. For p = 4,
we could take p = 2 provided ¢ > 1/3.) Then from above,

max |e,|< C h°h? = C\h’%6 <82,

for h < (2C,)'/?, as long as (5.1) holds. But this means that max | e, | can never reach
8, and it follows that (5.5) holds with T, = T.

The first estimate (1.10) of Theorem 1 is now verified. The remaining two
estimates are immediate consequences: for (1.11) we write

ah(t) — u (1) =[a(r) — ul ()] +[u"(z,(1). 1) = u(z,(r), 1)]

and apply the stability estimate (5.2) to the first term and the consistency estimate
(1.15) to the second. Similarly

i"(z, 1) —u(z, 1) =[a"(z, 1) — uh(z,0)] +[u"(z, 1) — u(z,1)].
Using the continuous stability estimate (5.3) for the first term and the consistency
for the second, we obtain (1.12). The completes the proof of convergence.

In proving the Stability Lemma, we will need a few estimates for the kernel Kj.
Since K * f = (9,,-9,)A™'f, the convolution with VK is a second derivative of A™,
and we have, according to the Calderon-Zygmund inequality, | VK * f|,. < C|f|u
for 1 <u< oo. (E.g, see [4, pp. 224, 245-250].) Therefore we can estimate
V(Ks* )= V(K= (¥ * f)) by

| V(Ks* ) |n<Cl¥s* flox<C"|Ys|p | fl1n
or

(5.6) [(VKs) * flow< C"|f|ps,
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since | s |1 is bounded independent of 8. (For u = 2, (5.6) can be verified in a more
elementary way by expressing the convolutions in the transform; see Lemma 3.7 of
[1] or Lemma 8 of [7].)

Pointwise estimates for K; can be found directly, as in Lemma 5.1 of [1]. Making
only dimensional changes in the argument given there, we have
(5.7) | DK 4(z) |< C8' 1A, all z,
(5.8) |DPKg(z)|<Clz|'"®, |z|=8.
These pointwise bounds lead to integral estimates. If we apply (5.7) for |z |< § and
(5.8) for | z |= §, with 8 = 0, we obtain

(5.9) f | Ky(z)| dz < CR.
|z|<R

We will also need estimates for discrete approximations to the L' norm of DK on a
bounded set. With time ¢ fixed and z, = ®'( jh), let

(5.10) MY = D,IliaésiDﬁKs(zj —z ).
=1

Then for | z, |< R we have
Cllogé|, [=1,
5.11 MPh? < {

G-11) 2 My cs, [=2.
Here C depends only on C,, R, and bounds for the flow. The order of § in (5.11) is
the same in two or three space dimensions. For the derivation of (5.11), based on
(5.7) and (5.8), see [1, Lemma 3.2] or [7, Lemma 5].

To verify (5.2), we estimate the difference &/ — u}' in terms of e, = 7, — z, under
the assumption (5.1). We can write @ — u! = vV + v, where

(5.12) oD = % [Ks(z, — 2) — Ky(z, — z,) | w, %,
(5.13) o® = ; [Ks(z, — 2) — K5(z, — 2,)] 0k

We begin by estimating (5.12). Applying the Mean Value Theorem along the line
from z, to Z,, we have

(5.14) o =3 VKs(z, =z, T y,) - e b’
k
(We ignore the fact that y, might depend on the component.) According to (5.1),
(5.15) [ypl<é
for each j, k.

It will be convenient to regard vj(') and e,w, as step functions on a partition
naturally associated with {z }. With j = (jj, j,) a pair of integers, let O, be the
square of side s centered at jh. Then {Q,: j € A} partitions the plane, and at later
time 7, the fluid particles beginning in @, have evolved to a cell B = ®/(Q))
containing z,. Since the flow is smooth and area-preserving, each cell has area h? and
diameter uniformly of order 4, and {B,: j € A} again partitions the plane.
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Now let § = U{B: |jh|< R,}, where R, is the radius of support of the initial
vorticity. We define functions v and f on S by setting v)(z) = v" for z € B,
f(z") = ew, forz’ € B,. Also let

X(z,2") = DKy(z, — z, T y4), z € B;, 2z’ € B,.
Then (5.14) is equivalent to

(5.16) v(z2) =/€}£(z, )f(z)d!, z€ES.
s
Moreover, since the Bj’s have area 42,

[o® |L"(S) =| ”J('l) |L£," | flines) =1 exwy ,L;,"

Thus estimating (5.16) is equivalent to estimating (5.14).
It is natural to rewrite K as X (z, z’) + H,(z, z’), with

Hi(z, 2') = vKs(z = 2),
Koz, 2") = VKs(z, — 2, + yu) — VK(z — 2°).
Then the F,-term in (5.16) is just (VK * f)(z), and we have from (5.6), | K, f],.. <

C|f]|;» or, since w, is uniformly bounded, |, f|;» < C|e,|;4. Using the Mean
Value Theorem again, along with (5.15), we can estimate

(5.17) | Hy(z, 2) < MPS, z€EB,z €B,,
with M as in (5.10). It is well known that
| 9 flimsy S WHQ M flvsys

where || K || is the smallest number such that
(5.18) [15CG ) (d <%0, [ %, 2) |y < 1%,
s s

forall z, z € S. (For a proof, see, e.g., [6, Section 0.C].) Using (5.17), we see that the
integrals of (5.18) are estimated by the sums in (5.11) with / = 2. Thus
| Ky flon < C8- 87" f| < C'|e, lzs-
This finishes the estimation of v(".
We may apply the Mean Value Theorem to write (5.13) as

v = 25’, - VKy(z, — z, + yi)wih?
k

with Yk again satisfying (5.15). Since e, factors out of the sum, we will know that
| 0? |, < C| ey, provided we check that

2 VKy(z, =zt yp)eh?| < C
k

uniformly in j. With j fixed, let g(z') = w, and H(z) = VKy(z, — z; + y,) for
z’ € B,. Then the sum above is the same as

/%(z')g(z') dz’.
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Now
| VKs(z; — 2, + yu) — VKs(Z/ —z)|< Mj(lz)s

49

for z” € B,. Thus if we replace H(z') by VK,(z, — z’) in the integral, we commit an
error which, according to (5.11), is bounded by C8 - §~' - max | w,|< C’". Further-
more, in the same way we can replace g(z’) by w(z’) with an error bounded by

Ch |log & | max | Dw |< C’. The integral is now replaced by
f VKy(z, — 2)w(z') dz’ /Ks Yve(z')dz.
N
We estimate this by

max | Vw|/|K3(zj —7')|dz,
s

which, in view of (5.9), is bounded by a constant. This completes the proof of (5.2).
The inequality (5.3) can be established by an argument very similar to the estimation

of vj(.') above.

Appendix: Proofs of the Lemmas. Here we give the proof of Lemmas 4.1-4.4,

which we used in Section 4.
Proof of Lemma 4.1. By Plancherel’s Theorem, we have

max

o<i<T f%(z —Hw(z,t)dz — w(z,1)
(A-1) s

< max f(l + |§'|2)y0‘1|1_‘p(3§)|2|‘:’(§’f)|2d§'

o=<I<T

Since y belongs to S;&7, it follows that

(A-22) 9(0) = [wlz)dz =1,
(A-2b) DEY (0) = Cﬁfzﬁx[z(z)dz =0 forl<|B|<|p|—1,
(A-2c) S DY) <G+

lo|=p

From (A-2) and Taylor’s theorem with remainder,
|1 =4 (80) =14 (0) — ¥ (80)

< C|6&§|P sup
o=sf<I1

(A-3)

|Bl=p
Using (A-3), we estimate the right-hand side of (A-1) by

(A-4) 82C max [(1+]¢P) @k 0) Pk < Co.
<r<

We have used the fact that the vorticity is sufficiently smooth for 0 < ¢ <

last inequality. This finishes the proof of Lemma 4.1.

» Dfxﬁ(osf)]< I8P,

T in the
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Proof of Lemma 4.2. We include the proof for completeness; it is given in a more
general setting on pp. 102—109 of [10]. By Taylor’s Theorem with remainder,

(A-5) (‘Dt(a) - q)t(&))i = g Dilj(a9 &)("‘j - &j)9

where the N X N matrix (D/;) satisfies D (a, &) |z=q = v P(a). Since
det(v,@'(a)) = 1, it follows by continuity that there is an &, > 0 so that

(A-6) det( D/ (a,&)) >} for|a—d|<6ey, 0<r<T.

Call e‘(a, &) the transpose matrix of (D/;(a, &). Then, from (A-6), e‘(a, &) is
uniformly invertible for 0 <t <T, |a — d|<4e, and satisfies C'|{|<
|e'(a, @)§|< C|{| as required in (2) of Lemma 4.2. Also, from (A-5) and the
definition of ¢‘(a, @), for any { € R”,

(@(a) — #(&)) - ¢ = (@, @) - (‘D(a,@)) = (a0, &) - (e, @)0)
as required in (1) of Lemma 4.2.
Proof of Lemma 4.3. We recall that the term F; is given by

E = [(1 = pfa— &))us(@(a) - @(a))£(d) da,

where f//(&) is defined in (4.13) above. In proving Lemma 4.3, our objective is to
estimate

(A-7) OTIajT”PSR((I)’(“))I%”sO—x-

First, we concentrate on the contribution to F; from the continuous portion of f;/( &),
more precisely,

(A-8) B = [(1 = o (@ &@)d(®(a) - 2(&))w'(&) da

with w'(a) = w(®'(a), t). Because psx(P'(a)) has compact support in |a |< R’ for
0 <t < T, we estimate

max | ps(@(a) B,

=

(A-9)

t —_ tf ~
<c 3 sup f(] - 980/2)3-IBI—N¢<B)(M)wt(&) da
IBl<so—1 la]<2R’

with ¢#)(z) = (Dfx[z)(z). Since the fluid velocity vanishes at infinity, ®(a) is a
uniformly Lipschitz family of diffeomorphisms; therefore,

(A-10) Cl'la—a|<|®(a) —P(a)|<C|la—al
for 0 < ¢ < T and some positive constant C. From (A-10), we deduce that

I‘D’(a) ; o'(&)

=Cle for|a—a&|=igandd <1,
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so by applying Lemma 2.1 we have the key estimate, for any s > 0,

(‘P’(a) < o'(@) )‘

8N — Pe,2(@, @) | y*

(A-11) <G a1 —p (&) ®(a) — @(&) [

<SG AVt @ - al)”.

Here we have used (A-10) in the last inequality. Thus, the right-hand side of (A-9) is
estimated by

Cs-NTIBIFs  sup f(l +la—al)*|w(a)|da
(A-12) 0<t<T,a
< CO~NP*s max |w'(a)|< CO-NTIAIHZ
O=<!<T

since ' has bounded support in a. Therefore, the term on the left-hand side of (A-9)
is dominated by
Co~NTIBI*Ts  for any s >0,

so that by choosing r = -N — B8 + s, we have verified Lemma 4.3 for the contribu-
tion to Fy from Fy'. Given the inequalities (A-10) and (A-11), we need only repeat a
simple discrete variant of the above argument (as we have already done in (4.5) and
(4.6) above) to complete the proof of Lemma 4.3—we leave these straightforward
details to the reader.

Proof of Lemma 4.4. From the form of p; in (4.18), it is evident that we only need
to verify the bounds

(A-13) | pyo (o, &) || DDEDEY (8e'(a, @)F) < Gy, (1 + |8 )" (1+ ¢ )™,
provided xﬁ({ ) €S, & to prove Lemma 4.4. The reader can verify the following
identity by induction:

Prc (@, &) DIDLDE (de(a, 8)8)

(A-14) = 3 MY o(a,d)$O(se(a, d)S),
161=1v1+12|
121<18:[ +18

where p, o(a, &) are smooth functions vanishing for |a — &|< 4¢, and YO =
DEY(%). Since §(§) € S, we have

(A-15) 9O 1= G+ e
Also, by (2) of Lemma 4.2,

ClsI<|e(a, @) |< C|¢| for|a — @&|< 4de,.
This fact and (A-15) imply that

[0, o(a, @)PD(8e(a, @)F)|

(A-16) L8] _ L—yl- 2]
< G(1+|8¢]) = C,(1 +8¢)) .
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From (A-14) and (A-16), we have
(1418 Dpre (@ @) DDEDE (8¢, 8)8 )|

<C T (A gMamr g (1 + | g )M
(A-17) 1921<[81]+ 18]

(8+8[gp™ g
<l +ig | L+ 81D (1 +8(¢)"

Since each quotient in brackets is less than one, the last term in (A-17) is dominated
by

(A-18) c(1+ 8¢

From (A-17) and (A-18), we see that the assertion in (A-13) is verified, as required to
prove Lemma 4.4.

<C

(1+ 87"
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