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Evaluation of the Integral [fu"e “(u + x) ™' du
By K. S. Nagaraja and G. R. Verma

Abstract. The representations of the above integral, in a power series form for small values of
x and in an asymptotic form for large values of x, are given for integer values of n. In view of
the usefulness of this integral, tabulated values are also presented for a wide range of values of
x and p, and for a few values of n.

1. Introduction. Integrals involving exponential functions occur frequently in
several problems in kinetic theory and generally in mathematical physics (cf. [1]-[5],
[7D). An integral of the form [§° e‘“z(u + x)7! du has been discussed in [2], [3], [4], [7],
and a particular integral of the form [§ e‘"z(u + x)"'du has been evaluated in [5].
This last integral is generalized and its representation, both in a power series form
for small values of x and in an asymptotic form for large values of x, are given for
integral values of n. In view of the usefulness of this generalized integral, tabulated
values are also presented for a wide range of values of x and p, and for a few values
of n.

The integral

(1) f(x,p)= '/(;pu"e'“z(u +x) " du

is considered, and its analytic representations are given for small as well as for large
values of x. For small values of x, we can write

fn(x’ p) :fp[un—l _ xun—Z + xZun—3
0
) +oo () x4+ (—1)"_1x"“']e"‘2 du
+(~l)"x"fpe‘“2(u + x) " du.
0

All the integrals except the last one in (2) can be expressed in terms of the
incomplete gamma functions, and the last one can be evaluated as follows.
If we write

folx, p) Zjépe‘“z(u + x)_1 du

and set y = f, + e *'Inx, then it can be seen that y satisfies the differential
equation

2

dy o e’ 1. 5
(3) dx+2xy—¢;erfp+P+x —(1—e),
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where
erf p = ifpe“‘z du
p ~Jo .
Assuming a series solution of the form
o0
(4) y= 2 ayx*
k=0

for the differential equation (3), we obtain the coefficients a,. They are given below.

[
(5) lnp—— 2 n- n‘ ’
(6) a, = ZL e du+e” /p,
a _ Gy e ” _ (‘l)k
(7) 2Tk + 1 (k4 1D)p*tr 2(k+ D[(k+1)1]°
k=0,1,2,...,
_ 28y, e ? _
(8) Arp+1 = 2k + 1 (2k+1)p2k+l’ k—'laz’-"'
The coefficients a,, , | and a,, may also be expressed as follows:
_ (D (nfer & (D)),
©) a > . k=1,2,...,
et (%)k (i)k =1 P!
o EDfay | (D) RS )
2k 2kt <~ p2r+0
(10) =0
('—l)k k—1 1
+ k=1,2,...,

JI§ N

2k! r+1’

r

where (a), = I'(k + a) /T(a). But for machine computations, it is more economical
to use (7) and (8), rather than (9) and (10).
Thus f(x, p) is given by

15 p) = [Mwre a2

(11) :%Y(g’*’ﬂ)_%Y(%_%’Pz)”dziy(%_l’pz)
R NN
+(—1)nx"[2akxk — e *In x],

where a,’s are given by (5), (6), (7), and (8); and y(a, x) is the incomplete gamma
function given by

(12) v(a, x) :fxe"t”_'dt.
0
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2. An Alternative Approach. Since 1/(u + x) = (1 — x/(x + u))/u, it follows
that

(13) fi(x, p) = Ci(p) — xf,i(x, p),
where
(14) G(p) :fpu"e‘"z du.
0
Clearly,
T
(15) Cop) = [e du:ﬁerf(p),
0 2
(16) Ci(p) =41 —e7).
Further,
(17) Coea(p) = =3p" e + 4 (n + 1)C( p).
So
1 2n_] pzk 1
(18) C,,:—(—) pe Py +(—) G,
? 2/ n k=0 (%)k 2/,
and
1.2 —pzn_l p* !
(19) | C2n+l——§n.pe kgo(k—_l_"ﬁ!“i‘n.cl.

In most cases it is easier to compute C, by the recursion relation (17) than it is to use
(18) and (19), and the same is true for f, using (13). Of course, if » is large, stability
problems can arise. If the C, are known, use of (13) in the forward (backward)
directions is stable as n becomes large if x <1 (x > 1). On the other hand, use of
(17) is not stable in the forward direction as n becomes large. In (14), we use the
exponential series to get (in hypergeometric notation)

n+1 , )
n+1 n+l1, -
_ P 2 _ ool _pte” 2
(20) Cn(p)_n+1|Fl n+1+1 p n+1 lFl _{'__—*___1+1P s
2

which is convenient for p fixed and » large.
Combining (13) and (17), we have

2Xfuv2 2 a3 _ PnHe—p2
1) S e e T I

This is advantageous since the need of C, is bypassed. On the other hand, there are
obvious stability and round-off difficulties. Still the expression is quite useful for
moderate n and x provided sufficient round-off controls can be initiated.

Repeated use of (13) gives

n—1
(22) fi= 32 (DG, + (-1)"x"f,
k=0

which is the same as Eq. (11) given above.
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For large values of x and for p < x

00

1 1 _
(23) 5L(x, p) = X 2 x_ZkCn+2k - X 2kCn+2k+l’
k=0 X" k=0

which is the same as Eq. (24) below.

3. Asymptotic Representation for Large x. When p < x, the function f,(x, p) can
be written as

L(x,p)= f)c(1+—w ]E 2k+l_/(; uktng=u? gy

P 2
. 2 2k+2/ u2k+n+le u du.
X 0

(24)

Now we consider the odd and even values of n separately. Let n = 2m,

0
1 p mo—u?
me(x*p) = 2 x2k+1_/(; u2k+2 € du

p 2
_ 2k+2m+1,-u di
2 2k+2_/(; u € u

k=0 X
_ § Qk+2m—1D)Qk+2m—3) -3 - Lr ofp
= 2k+m+l x2k+1
(25) Qk+2m)2k+2m—2)---4-2 (1 —e?)
- Sktm+l L 2k+2
e p p2k+2m p2k+2m—l
+ D) {x2k+2m T }
2 QI @k 2m) 2k +2m—2) - 2k +2m — 2r +2) pikr2m—2r
g g 27 x2k+2
k=0 r=1
(Qk+2m—1)Q2k+2m—3) -+ (2k+2m—2r+1) p2kt2m-2r-1
B 2" 2k+1
If n=2m+1,
o0

1 P ok+am+1,-u?
me+l(x7p): 2 2k+1_/(;u 7T e du
0X

_ 2 2k+2]‘ u(2k+2m+2)e—u du
k=0 X

Q[ @kt2m)@k+2m—2) 421 — ¢
- /Eo gk+m+1 2k +1
(26) L Qk+2mADRE+2m—1) 3 L1 e
2k+m+2 x2k+2
N e P p2k+2m+l 3 p2k+2m
2 x2k+2 x2k+1
e” QLT @kt 2m+ D@+ 2m = 1) - 2k +2m — 27 + 3) pkrim-2r+
+ 2 2 2 27 x2k+2
k=0 r=1
e § "+§ Qk+2m+ 1D)Qk+2m—1) -+ 2k +2m—2r + 3) p2k+2m=2r+1
2 27 x2k+2

k=0 r=1
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Asymptotic expansions for the case p > x have not been shown, although they can
be easily derived. However, mention may be made about the difficulties associated
with asymptotic expansions of functions of several independent variables such as p,
x, and n that characterize the present problem. General methods for deriving the
appropriate expansions are discussed in [6], [8], and [9].

The authors would like to express their appreciation for many illuminating
comments and suggestions to the referee of the paper.
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