"MATHEMATICS OF COMPUTATION
VOLUME 39, NUMBER 159
JULY 1982, PAGES 195-200

Asymptotic Expansion of the Lebesgue Constants
Associated With Polynomial Interpolation

By P. N. Shivakumar and R. Wong

Abstract. An infinite asymptotic expansion is obtained for the Lebesgue constants associated
with the polynomial interpolation at the zeros of the Chebyshev polynomials. The error due to
truncation is shown to be bounded in absolute value by, and of the same sign as, the first
neglected term.

1. Introduction. Given »n distinct points x,,,, X,,,-..,X,, in an interval [a, b] and n
real numbers f(x,,), f(x,,),-..,f(x,,), it is well known that there exists one and
only one polynomial P(x) of degree <n — 1 such that P(x,,) = f(x,,) for k =
1,...,n; see, e.g., [2] and [9]. Furthermore, this polynomial is explicitly given by the
Lagrange interpolation formula

PO = 3 S L)

where the polynomials L,(x) are defined by
n

L(x)= H

=1
i#*k

X = X
Xkn = Xin

The Lebesgue constants defined by

asx<s

A, = max ¥ |L(x)]
b k=1

are closely connected with convergence and divergence properties of the Lagrange
interpolation polynomials; see [6], [9] and [10, Section 14.9].
In the case of the special sequence

Xy, = cos(2k — 1)2—7;, k=1,...,n,

a= -1, b= +1, ie, for the zeros of the Chebyshev polynomials, Berstein estab-
lished in his classical work [1] that

An~glogn, asn — 00.
T
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This result was later improved by Luttmann and Rivlin [S]. They proved that
(L.1) AnZ%logn + A4, + a,,
where a, > 0 as n - oo and
2 8
(1.2) AO—;(y+log;).

In a recent paper [4], Giinttner further improved the result by showing that the error
a, in fact satisfies the estimates

(1.3) 0<a,<

, = 1.
72n?

The purpose of this note is to present a complete asymptotic expansion for A,.
More specifically, we demonstrate that, as n — oo,

) 1 s—H
(1.4) A, ~_logn+dy+ 2 G 4, ) .
where
2s B2
(1.5) A,= ¥ 1) o

2s (2s)!

and the B_’s are the Bernoulli numbers. Furthermore, we prove that the error in
stopping the series at any time has the same sign as, and is in absolute value less
than, the first term neglected.

2. The Euler-Maclaurin Formula. The well-known Euler-Maclaurin formula states
that

S 705 = [1(x) s+ 4110) + 1)
1 7°

+ 2 (ZS),{fm Y(n) — FEI(0)) + R, (n),

where m and n are arbitrary positive integers,

(2.2) R, (n) =f0" Bom = 2’;’"(;, “ 12D ey g,

and B,,(x) is the Bernoulli polynomial. Furthermore, if f@™(x) and f@?"*?(x)
have the same constant sign in (0, n), then R, (n) is bounded in absolute value by,
and has the same sign as, the first neglected term in (2.1); see [7, p. 285].

Now put

(2.3) P, (x)= 2m ),Bzm(x [x]),

and note that P,,(x) is a periodic function with period 1. The following observa-
tions were made by Giinttner [4]:
(24) P2m(2x) = 22m_1[P2m(x) +P2m(x +%)]’

(2.5) (D" [Py (x) = P(3)] = 0,
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(26) 3 j@j-1=3 ()~ 3 f2)),
2.7) % foznf(x) dx =f02”f(x) dx —/O"f(zx) dx.

Equation (2.4) is a special case of the multiplication theorem [7, p. 285, Ex. 1.4], and
(2.5) follows from the fact that (-1)"*'P,, (x) assumes its absolute minimum in
[0, 1] at x = 3; see the properties of the Bernoulli polynomials in [7, pp. 281-283]. A
combination of the above identities gives

S f@j-n=g [T 3 G0 -2

(2.8) =1
X[ f@=(2n) — f (2“‘)(0)] + r,(n),

where
09 nn) =27 e[ Pyl ) = Pay()]

From (2.5) it also follows that if f @"™(x) and f @"*?(x) have the same constant sign
in (0,2n), then r,(n) is bounded in absolute value by, and has the same sign as, the
first neglected term in (2.8); cf. the so-called error test in asymptotics [7, p. 68].

Example 1. Let k be a positive integer and f(x) = x*. From (2.8) (and the remark
following it), it follows that, for any m = 1,...,[3k] + 1, we have

@) S k1 ¢y _ 2oty _Bas
(2.10) 2 (2j+ 1= Zjo( FHa-2 )G ).
where sﬁ,’,‘)(n) =0if m =[$k] + 1 and
i 2 )< ! ) B,
(211)  0<(-1) ef,“(n)s—(k”ll (k;nl)(zzm '—1 )(| Z)ZL

if m<[ik]+ L
Example 2. 1t is well known that, as n — oo,
n—1 0
1 1 B,, 1

(2.12) > —~logn+y——— 3 = —,

=1 2n 2 2s p?
where y denotes Euler’s constant. Furthermore, if the expansion is truncated at the
term s = m — 1, where m is a positive integer, then the remainder is bounded in
absolute value by the next term and has the same sign; see [7, p. 292]. From this and
(2.6), it follows that

n—1 ©0 2s—1

1 1 Y BZS (1_2 )

2.13 — ~—logn+log2+ L - > =12 _J
(2.13) EO 2, +1 2% g7 3 El 25 2n)®

as n — oo. However, the error analysis for the expansion (2.12) no longer applies to
the expansion (2.13). (All one can conclude at the moment is that the remainder is
bounded in absolute value by three times the first neglected term.) To obtain a
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similar result for (2.13), we employ (2.8)-(2.9) with f(x) = 1/(x + 2), which to-
gether with (2.13) gives

n—1 m—1 _
1 1 Y B,, (1 —2%71)

214) 2T o =_logn+log2++ — 3 HE+—=—2+5 (n),

j=0 2] + 1 2 2 Pt 2s (2n)2s
with

P + 1) — 1
(2_15) Sm(n) — 22m(2m)! foo 2m(x 2) > I;Zlm(Z)dx.
n=1 2x+2)™"

In view of (2.5) and the error test [7, p. 68], we have

< (1) '8.(n) < | By | (22771 = 1)
(2.16) 0= ()", < el B

Example 3. Let a be any real number, not —1 or a positive integer. An argument
completely analogous to that in Example 2 yields

n—

2 27+ 1% = (1=2%§(-0)
(2.17) s=0

b

2 a+l oo B
. ( nll 2 (a2+1)(1_225—1) 2s2
@ s=0 § (2n) g

as n — oo, where {(z) is the Riemann Zeta function. Furthermore, the remark in
Example 2, concerning the error due to truncation, also holds here if m > 3(a + 1).

3. Proof of (1.4). In [3], Ehlich and Zeller proved the identity

1t @i+ D
(31) A, = W ; COt—4n-—-—‘,
j=0
see also [8]. Following Giinttner, we substitute the expansion

— 1 ! 2r 22r—l
(32) COtZ—;— 212 |B2rim (]z|<77)

r=

in (3.1). Thus

n—1 00
1 4

2 . - E

/=0 2j+1 T

(33) A, =

n

3s

From (2.10) and (2.14) it now follows that

2 g8 "' (-1’4
(3.4) A, ==logn+A4,+—= Y ——= +p,(n),
m o g (2n)*
where
4 2 1 % 7¥|By,|
35 A= —log2 + =y — — 2r
3 S mY 72 @)
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(1) 4, = B, (2*7'-1)
s 2 2
(3.6) s
B2s 223*1 —1 § IBZrI 772’
(2s)! 2 o @r—2s)t 2r°
and
_ 4 < UBal (7N oy
(3.7) p(m) = 2|8 = 3G (5) .

To show that (3.5) and (3.6) agree with (1.2) and (1.5), respectively, we recall the
identities

) %) 22r—1|B2r| 5
(3.8) logsinz=logz — > ————:z* (0<|z|<wm),

= r-(@2r)
_mo@r-n s
(3.9) nz= 3 oS 1Bz (121<3)-

((3.8) is obtained from (3.2) by integration.) Replacing z by 7 /2 in (3.8), we obtain
immediately (1.2) from (3.5). Since cot(7 /2 + z) = —tan z, it follows from (3.9) that

(3.10) cot® V(T ) = -2(2% — 1) | By, | /2r.
On the other hand, we have from (3.2)
2r 2r 2x B

er-0(TY = (9, .(Z) _(Z) | By, |
(3.11) cot®O(Z) =~ @r— 1)1 (= D e TR
A comparison of (3.10) and (3.11) gives

o0

le I 77,2s 772r g

3.12 s =2 _(p2r-1_ 1 _ — 1M
( ) s:;_‘_l 2S (2S__2r)! r (2 )|B2r| (zr 1) ’

which implies that (3.6) and (1.5) agree. To estimate the remainder p,(n), we apply
(2.11) and (2.16) to (3.7). The result is

8 (-1’ = B,
T (2m) 2Zm ()P

(3.13) 0<(-1)"""p,(n) <

Here we have also made use of (3.12). This completes the proof of the result stated in
Section 1.

Remark. The methods employed in this note are applicable to a much broader
class of problems than merely the sum (3.1). It is a trivial extension to apply the
method to any Riemann sums of the forms
s 125

J

_ 1
n

and
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as long as f(z) has a Laurent expansion of the form
[o}
f2)= S ez, 0<|z]<p,
r=0
p being greater than one.
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