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A Finite Element Method
for Solving Helmholtz Type Equations
in Waveguides and Other Unbounded Domains*

By Charles 1. Goldstein

Abstract. A finite element method is described for solving Helmholtz type boundary value
problems in unbounded regions, including those with infinite boundaries. Typical examples
include the propagation of acoustic or electromagnetic waves in waveguides. The radiation
condition at infinity is based on separation of variables and differs from the classical
Sommerfeld radiation condition. It is shown that the problem may be replaced by a boundary
value problem on a fixed bounded domain. The behavior of the solution near infinity is
incorporated in a nonlocal boundary condition. This problem is given a weak or variational
formulation, and the finite element method is then applied. It is proved that optimal error
estimates hold.

1. Introduction. We shall describe and analyze a numerical procedure based on the
finite element method for solving Helmholtz type equations in unbounded regions
with either finite or infinite boundary 9. When 99 is bounded (the “exterior
problem”), the appropriate radiation condition at infinity that ensures well-posed-
ness of the problem is the classical Sommerfeld radiation condition. There are,
however, many important physical problems for which the Sommerfeld radiation
condition is not the correct one. This occurs, for example, in connection with the
propagation of acoustic or electromagnetic waves in a waveguide [1], as well as wave
propagation problems arising in underwater acoustics [2]. In such cases the problem
may be shown to be mathematically well-posed using a radiation condition obtained
by separation of variables. See [3]-[5] for a proof of this for single waveguides with
smooth boundaries. These results were extended in [6] to include more complicated
waveguide geometries.

In this paper we describe a method for approximately solving problems of the
above type by employing the finite element method on a fixed bounded subset,
Qp C Q. The behavior of the solution outside of {5 is incorporated in a nonlocal
boundary condition of the form du/0n = T(u) on I, where I' is the outer boundary
of Qp, 0/0n denotes the outward normal derivative on I', and T is obtained from the
radiation condition for the problem. We shall prove that optimal error estimates
hold for the finite element method incorporating this nonlocal radiation boundary
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condition. We shall carry out the analysis for the case of a single cylindrical
waveguide in N-dimensions. In Section 4 we shall indicate other domains for which
the method is applicable.

The finite element has been employed by several authors to treat the exterior
problem. See, e.g., [7]-[13] and other references cited there, where various formula-
tions of the Sommerfeld radiation condition were employed to incorporate the
behavior of the solution near infinity. We shall see in Section 4 that the exterior
problem may be considered to be a special case of a conical waveguide. Hence our
method yields an alternative approach for solving the exterior problem.

The remainder of this paper may be outlined as follows. In Section 2 we give a
precise formulation of our problem for the case of a single cylindrical waveguide in
N-dimensions. A variational formulation is given for the solution of this problem. In
Section 3 we employ the finite element to approximately solve the problem.
Furthermore, we establish optimal error estimates. The main results of the paper are
embodied in Theorems 3.1 and 3.2. In Section 4 we discuss more general domains
and make some additional observations concerning this method.

2. The Boundary Value Problem in a Cylindrical Waveguide. In this section we
consider the Helmholtz equation in a perturbed semi-infinite cylindrical waveguide
Q C RY, where R" denotes N-dimensional Euclidean space with N = 2. More
general domains will be discussed in Section 4. We begin by introducing our
notation. We then establish appropriate outgoing and incoming radiation conditions
that ensure the well-posedness of the problem. Finally we shall formulate the
radiation condition at infinity in terms of a nonlocal boundary condition on the
outer boundary of a fixed bounded subset of  and give a weak or variational
formulation of our problem.

We employ the following standard notation for Sobolev spaces of complex-valued
functions. Suppose that M is a nonnegative integer, p € [1,0], BC R and v is a
complex-valued function defined on B. Set

[ 0lwype = max 1Dl rcs)

and
v = max |v|ym g -
ol wM(B) 0<m<M| |W,, (B)

Here D®v denotes the distributional or weak derivative of v. Thus || |l m 5, defines a
norm and | |, defines a seminorm. The Sobolev spaces are defined via

W (B) = {o:llollyuem < o},
and the special case p = 2 is denoted by
HY(B) = w(B).

Let H™(B) denote the closure of C°(B) in HY(B). For nonintegral s > 0, we may
define H*(B) and || |l 555, in the sense of interpolation theory; see, e.g., [14]. We
may also define the space H*(A) and norm || || 4, as in [14], where A denotes a
sufficiently smooth subset of 0B (the boundary of B).

We denote an arbitrary point in RN by x = (%, xy), where £ = (x,,...,xy_,) and
Xy € R'. We define an unperturbed semi-infinite cylinder S*¥ as follows, for some
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x%=0. Let / denote a bounded (N — 1)-dimensional domain. We define S*¥ to
consist of all points x = (£, x,) such that xy = x% and £ € /. (A two-dimensional
example of such a domain is a semi-infinite strip: S° = {(x,, x,):0 <x, <7,0 <
X, }.) We now define our waveguide {2 as follows:

Q=Q0U s,
where Q0 is a bounded set, and we assume that
QN {x=(& xy): xy=>x5} = S
We next consider the following boundary value problem in Q:
21) ((A—K>)u=f inQ, u=0 ondQ,anduis“outgoing” at infinity,

where K is real, f and 9 are smooth, f has bounded support contained in  — SN,
and the “outgoing” radiation condition will be defined shortly. Let A, denote the
(N — 1)-dimensional negative Laplacian acting in L?(/) and associated with the zero
Dirichlet boundary condition on d/. Denote the eigenvalues of A,, ordered increas-
ingly, by {»,} and the corresponding orthonormal real-valued eigenfunctions by
¢ (%) for each integer n = 1. (For example, in the case of the semi-infinite strip S°
defined above, we see that », = n?.)

Suppose that »,, < K? <,,,, for some positive integer M. The outgoing radia-
tion condition for u(x) is given by

( M 0
u(x) = glcn(K)e’V’“‘”"”{n(f)ﬂL —»24 Icn(K)e‘\/”"‘szfv{n(x)
and
M
(02 1 W) 5 i (k) K eV ()
— 3 (K= K e R ()
L n=M+1

for each x, = x%. The incoming radiation condition is similar except that
iyK? — v,is replaced by /K> — », for 1 <n <M.

Remark 2.1. We may generalize problem (2.1) in various ways without essentially
modifying our method or results. For example, the Dirichlet boundary condition
may be replaced by a Neumann or Robin boundary condition. Furthermore, the
differential operator may be perturbed by a variable coefficient second order
differential operator with compact support in €. Finally, the outgoing radiation
condition in (2.1) may be replaced by the incoming radiation condition.

Let A denote the differential operator acting in L*() given by —A associated with
the zero Dirichlet boundary condition on 9€2, and let {A,} denote the set of point
eigenvalues of the operator A. The set {A,} will be empty in many cases and will be
at most countable with no finite accumulation points, [15], even though the continu-
ous spectrum of 4 consists of the entire semi-infinite interval [»,, 00). Let A consist
of those real numbers contained in (», o0) other than the sequences {»,} and {A,}.
The following theorem is a consequence of the results in [3] or [4].
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THEOREM 2.1. Suppose that K? € A. Then there exists a unique solution u of (2.1).
Furthermore, we have

(2.3) Null gicgy < C(B, K £l -2,
for an arbitrary integer | = 2 and arbitrary subset B C §2, where the constant C(B, K)
is independent of f.

Note that we employ the notation C(B, K') to indicate that the constant C(B, K)
depends on B and K. Furthermore, we shall often denote different constants by the
same letter when there is no danger of confusion. We next replace problem (2.1) by a
boundary value problem on the bounded domain 2, C {2, where

Q=8N {x = (%, xy):xy<xZ} and xy<xT < oo,

with x%; fixed throughout the remainder of this paper.
Suppose that K2 € A N (vy,, ¥4 ). Set

(24) o,(x) =¢_o(x)4,(%) at

for arbitrary v € LZ(FX'N) and x5 < x}, < x%, where
L, =20 {x= (% xy): xy = xy}.

It follows readily from (2.2) and the orthonormality of the functions §,( %) that

¢, (K)=eVE 7y (x,) forl <n<M,
(2.5) and
e (K) = eV K%y (x3,) for M <n,

where x5 < xj < x%. It now follows from (2.2) and (2.5) that the solution u of (2.1)

satisfies

(-A—K»)u=f inQe, u=0 ondQe
(2.6) and

du/dxy = T(u) onTe,

where 3'Q, . = 32, N 9§ and
T(u)(x) = Ty(u)(x) + Tp(u)(x)

@) =1 3 (KT ()
- § Vo, — K2 8§, (£)u,(x7) forx € Tp.

n=M+1

Note that the boundary operators 7, T, and T, defined by (2.7) are nonlocal in view
of definition (2.4).

Before proceeding further, we define Hilbert spaces H*( I, ), with s €[0, 1] and
Xy € [x%, x¥], as follows. Let

H(T,) = {0 € L2(T): ol e, < ).
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where

0

1,2
ol 1.}5(1‘)(,N) = ( 2 V;f | Un(x;v) |2) .

n=1

It follows from [16] (Lemma 2.2) that, for j = 0 and 1, the spaces H/(T,, ) coincide
with the spaces Hf(F .,) and the norm on Hf(l‘ ) 1s equivalent to the norm on
Hf(F ..)- (Note that H O(F W)= LA T, W) Since the spaces Hs(I‘ ) define a Hilbert
scale connectlng the spaces H o, ) and H' (I,), it follows from 1nterp01at10n
theory (see, e.g., [14]) that for s € [0 1], s # 4, the spaces H(T, ) and Hs(l“ ) are
identical and the corresponding norms are equivalent. We thus have the followmg
useful estimate:

o0

1/2
(2.8) Cl(s)llvll,,,(rxw)s( S V;|on(x;,)‘2)

n=1

< Cz(s)llvll,,,(rx,”) foreachs € [0,1], s # 3,

where C,(s) and C,(s) are independent of v € I;T‘(I‘X;V). Since |, — K? < ¥, for
n > M, it follows readily from (2.7), (2.8) and the orthonormality of the functions
§,(X) that

(2.9) IT(0)l 2r oy < C(K)Il0ll r,., foreach v € H'(T,q).
In order to approximate the solution of (2.6) by the finite element method, we
obtain a variational formulation of this problem. We define
HE = {v:v € H(Q,) N H'(T,;) andv = 00n 3'Qe }.

It readily follows, using integration by parts, that the solution u of (2.6) satisfies

(2.10) a(u,v) =(f,v) = / fodx, foreachv € HE,
Qxﬁ
where a(, ) is defined by

(2.11) a(w, v) = fﬂ (9w V5~ Kwd) dx - 9Sr T(w)% ds.

Note that a(w, v) is defined for w,v € HE since it follows from the Schwarz
inequality and (2.9) that

ﬁ T(w)o dx| <

xR

”T(W)”LZ(I‘ w)”U” LZ(F m) C(K)”W”H (1" oo)”U” LZ([‘ m) < 00.

Remark 2.2. In order for the numerical method we are describing in this paper to
be computationally feasible, it is necessary that the cross section / be simple enough
that the eigenvalues {»,}, eigenfunctions {{,(X)}, and integrations over / may be
easily obtained. This is typically the case in most engineering and physical applica-
tions; see, e.g., [17]. Another point worth noting at this time is that the last term in
the definition (2.11) of the bilinear form a(,) requires the summation of an infinite
series, in view of (2.7). We shall see in Theorem 3.2 that suitable error estimates hold
even when this series is truncated.
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3. The Finite Element Method. In this section we describe how to approximate the
solution of (2.1) using the finite element method. We then establish the well-posedness
of the approximate problem and optimal error estimates.

Let {S": h € (0,1]} denote a family of finite-dimensional subspaces of HE. We
shall require the following approximation property of our subspaces S*:

inf (Hv—xll 2 +h|v— )
cesh L*(Ry) ‘ XIH(Qxﬁ)

(3.1)

3 ’
200 = Xl gy TH 0= Xy ) < OB l0] e

for each v € H’(Qxﬁ), h € (0,1], and each integer !’ € [2, /], where C is indepen-
dent of h and v, and / is an integer greater than one. Estimate (3.1) is satisfied by the
usual finite element spaces employed in practice. Typically, such subspaces are
constructed by partitioning £, into simple subsets, t", of diameter O(h) and letting
S* consist of sufficiently smooth functions, v”, vanishing on 3’Q,. and such that
v"| t" is a polynomial of degree less than /.

In view of (2.10), we define our finite element approximation u” to the solution u
of (2.1) by the equation

(3.2) a(u", v") = (f,v") foreacho" € S*.

Choosing a basis for the space S”, we obtain from (3.2) a finite system of linear
equations to be solved for our desired approximation to the solution on £,. For a
comprehensive treatment of the finite element method in connection with elliptic
boundary value problems, see [18].

Remark 3.1. In general, it is not always possible to impose the Dirichlet boundary
condition on functions in S*. (This problem does not arise in the case of a Neumann
or Robin boundary condition.) Various methods have been developed for modifying
the finite element method so as to circumvent the difficulty associated with the
Dirichlet boundary condition (see [18] and the references cited there). We also
observe that, for the simple cross sections / employed in practical problems, this
boundary condition can usually be imposed on functions in S” everywhere in Q
except in the bounded set &, . For the sake of simplicity, we shall employ the finite
element method as formulated above.

Our first result establishes the well-posedness of problem (3.2) and optimal error
estimates for u — u” when £ is sufficiently small.

THEOREM 3.1. Suppose that u satisfies (2.1) with K> € A N (v,,, vpy.,) and our
family of finite element spaces {S": h € (0, 1]} satisfies assumption (3.1). Then there is
an ho(K) € (0,1] such that there exists a unique solution u" of (3.2) provided
h € (0, hy(K)]. Furthermore, we have

lu — u" lle(Qxﬁ) + hllu—u" IIHI(QX;?) < C(K)H llull iq...,»
N

where C(K) is independent of h and u.
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Proof. To begin with, let us assume that there exists a solution u” of (3.2). Set
e" = u — u*, and apply (2.7) and (2.11) to obtain

(3.3) a(eh, e") =|e" 13,.(%0"0) - K2||eh||iz(gxﬁ) - 9Sr (Ty(e") + Ty(e?)) e* dx.
b
It follows readily from (2.4) (with v replaced by e”) and (2.7) that

( . )
gﬁrTz(e")e"dx:— S K el (x) P

x% n=M+1

(3.4) { and

. M
ﬁ T(e")e"dx =i [K?—y, !e,’,’(x}’v")r.
L x% n=1

Combining (3.3) and (3.4) and equating real parts of the resulting equation, we
deduce

[e o]
2
le" i@ + 2 Vo — K2 |el(x3)
(35) N n=M+1
=(K*+ 1)|lehlliz(9xﬁ) + Rea(e”, e"),

where Re a(, ) denotes the real part of a(, ).

In order to estimate the last term in (3.5), we apply (2.10), (2.11), (3.1), (3.2), the
Schwarz inequality, and the arithmetic-geometric mean inequality to obtain a
x € S” such that

lae”, e")|=]ale", u—x)|

< Ch' ull H’(onﬁ)(| ve” |H'(9x;’°) + hK2 )" Lz(ﬂxoﬁ))

+

ﬁwr(eh)(u_—“x)dx

(3.6) 21-1) 2 hy 2
< C(K, €)h I|u||H/(Qx;7) + elle”|| (2,)

+

9SF T(e")(u— x) dx

xR

for arbitrary ¢ € (0,1]. It follows from (2.7), (3.1), the trace inequality (see, e.g.,
[14]), the Schwarz inequality, and the arithmetic-geometric mean inequality that

¢ T(e")(u— x )dx

xR

< IITl(e")Ile(pxoﬁ)Hu ~ Xl 2

(3.7) = C(K)“ellil(rxﬁ)” u— X” Lz(rx;?)

< C(K, )2 D llulldyg,qy + elle* Iia,q).
N
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We may now employ (2.4), (2.7), (2.8), (3.1), the Schwarz inequality, and the
arithmetic-geometric mean inequality to deduce

S m K2t (0= %), (%)

$ Ta(e")(w—x)di| =

xR n=M+1
o0
<e 3 n- K2l
n=M+1
o]
+C(e) X Vu, — K2 (u—x),(x%) (u—x).(x¥)
n=M+1
© 2 o ) 1/2
0 =e $ hmletnl + | S - 0.60
n=M+1 n=M+1
0 ) 1/2
IRy SRS
n=M+1
Se 2 Vv—K2|e"(xN)| + Cle)llu — xll 2, )Ilu X”H'(rm)
n=M+1
<e 2 V. — K2 |el(x3 )| + C(e)h?!~ 1)Ilull,,l(gw)
n=M+1

Finally, we combine (3.6)—(3.8) to conclude that, for arbitrary ¢ € (0, 1], we have

la(e”, e)|'< C(K, e)h* " Vull% o, w)+2e||e %, =)

[o e}
+e Xy, — K? le,','(xﬁ)r.

n=M+1

(3.9)

Set e = 1 in (3.9), and then combine this estimate with (3.5) to conclude that

2(Ile 2, (Qw)+ A24+1VV —Kzle"(xﬁ)|)
n=

(3.10)
< C(K)(hz(’_l)llulli,z(ﬂxm) + lle” ||2LZ(9X°°))~

It thus suffices to estimate ||e”|| L2(2,)- It follows from the definition of the L?
norm that

h
el 2qqy = et e)|
R A PP

N $ECP (L) L (Qx",“;)

"(-A—K*)®
(3.11) - s | (" ( )®) |
$ECP(Qeg) ol L)

b

where ® denotes the solution of (2.1) with f replaced by ¢ and the outgoing radiation
condition replaced by the incoming radiation condition. It is readily seen, using the
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arguments of Section 2, that @ satisfies the following boundary value problem:

(-A-K*)®=¢ inQgp, ©®=0 ondQe

(3.12) and
20— 7%(®) = TH(@) + T,(®) on,
Xy v
where
M
(3.13) TH®) = -i X VK*—2,$,(X)®,(x7).
n=1

We now apply integration by parts, (2.7), (2.10), (2.11), (3.2), (3.12), and (3.13) to
see that

(3.14) |(e",(-A — K?)®)| =

f (ve' T8 — K%'B)dx — ¢ " TH(D) dx
Qg Ty

XN

=la(e", @)| =|a(e", ® — x)| foreachx € S".

Applying (2.7), (2.8), (2.11), (3.1), the Schwarz inequality, and the argument leading
to (3.8), we obtain a x € S” such that

la(e", @ — x)|

(3.15) <cnl@| ,,z(ﬂxm)(| " | + K2leA ] p2gy + COK R 2l agr.,
N N N N

+ ( S oK Ie,’:(x;'é’)lz)l/z)-

n=M+1

Since @ is the incoming solution of (2.1) corresponding to data ¢, it follows from [3]
or [4] that

(3.16) 191 10,0 < CI@ 0

Combining (3.11) with (3.14)—(3.16) and the trace inequality, we deduce

x 2
(3.17) lle"l}xq,.,, < C(K)R*| e, + 2 Vv — K? le(x3)| )

n=M-+1
We may now combine (3.10) and (3.17) to obtain an hy(K) € (0, 1] such that, for
h € (0, hy(K)], we have

x 2
(3.18) ||eh||},.(gxeﬁ)+ S Vr— K2ef(x)] <C(K)h2(’“')||u||%,1(ﬂxﬁ).

n=M+1
Finally, we conclude from (3.17) and (3.18) that
(3.19) lle” ||L2(nx°}\‘,’) + h”eh”Hl(nxﬁ) < C(K)h'llull (@)

We now complete the proof of the theorem as follows. In order to prove that
problem (3.2) is well-posed for h(0, h,( K)], it suffices to prove uniqueness since S”
is finite dimensional. Hence, suppose that u” satisfies (3.2) with f = 0. Since problem
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(2.1) is well-posed by Theorem 2.1, it follows that u = 0. We thus see from (3.19)
that u* =0 for h € (0, ho(K)], so that (3.2) is well-posed. The remainder of the
theorem now follows immediately from (3.19). Q.E.D.

Remark 3.2. 1t follows from the proof of Theorem 3.1 that (K ) decreases as K
increases. This is typical for numerical methods applied to Helmholtz type equations
and is due to the oscillatory nature of the solution.

In view of (2.7) and (2.11), it is necessary to sum an infinite series in order to
compute the matrix equations resulting from (3.2). In the remainder of this section,
we determine the effect on our error estimates of truncating this infinite series. To
this end, we now replace the boundary operator T defined in (2.7) by the operator
T” defined as follows for J/ = M + 1 and for eachv € H '(T,s) and x € I,

T’(0)(x) = Ty(v)(x) + Tfo(x) = Ty(v)(x)

(3.:20) ~ S - K220, (x5),

n=M+1
where 37}, | is defined to be zero forJ = M + 1.
We define
a’(w,v) = f (vw- vo — K?wb) dx
ﬂxﬁ
(3.21) —95 T/(w)Gd% foreachw,v € HE.
FX;’O

In our next theorem we show that, for J sufficiently large (independent of ), the
following problem has a unique solution u”:

(3.22) a’(uf, ") = (f,v"), foreachv” € S*.

THEOREM 3.2. Suppose that u satisfies (2.1) with K? € A N (vp, ¥4 ,) and the
family of spaces {S": h € (0, 1)]} satisfies (3.1). Then there exists an hy(K) € (0,1]
and an integer J(K) = M + 1, independent of h, such that, for h € (0, ho(K)), there
exists a unique solution u” of (3.22) provided J = Jo(K). Furthermore, we have for an
arbitrary integer p = 1

lu — u}llﬂl(ﬂxﬁ) +

J—1 1/2
S w,,—Kzn(u—u:),,(xw)

n=M+1

(3.23) ; ,
< C(K)hl_l ”u”HI(wa) + Ce VK (Xﬁ_x"’)l’_,_(p_l)/znU”Hp(rxo)

and

lu = bl 2gq,y < (COK )R+ C(e)2;+*)lu = ulll ..

N N
J—1 5\ 12
(3.24) +Ch| T r— K |(u—ul),(x3)] )
n=M+1

_ K2 wo_,0 —(n—
+ Ce VK (X% xN)VJ(P 1)/2“u”H"(1"X0)
N

for € > 0 arbitrarily small.
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Proof. To begin with, we assume that u” satisfies (3.22) and set e = u — u”. Asin
the proof of Theorem 3.1, it follows from (3.20) and (3.21) that

J—1 5
lef g 2 Vo= K*|(ef),(x%)]
(3.25) N n=M+1
= (K*+ Dllefl132q.., + Rea,(e), ).

To estimate the last term in (3.25), we observe from (2.7), (2.10), (2.11), and
(3.20)—(3.22) that

0 -
as(ef,ef) =a,(ef,u—x) = 2 Vr— K u,(x3) (x — u}),(x%)
n=J

for each x € S*.

(3.26)

Employing the same argument as in the proof of (3.9), we see that we may choose a
x € S”" such that, for arbitrary ¢ € (0, 1], we have

la,(ek, u—x)|< C(K, s)hz(’_')llulliﬂ(gxﬁ)
(3.27)

J—1
+2elef e, te 3 Jo = K7 |(ef), (x30)] -

n=M+1

We next estimate the last term in (3.26). It follows from (2.8), the Schwarz
inequality, and the triangle inequality that

S Vo~ K2 us) (x4, 057)

oo N 1/2
(3.28) < ( 2 (”n - K2)|un(x%°)| ) (”e;'”LI(rxm) + llu — X||L2(rx;3))-
n=J N

In view of (2.2) and (2.5), we obtain

M
W%, x3) = 2 e, (K)eVErmFE (%)
m=1
had 2 =) 0
(3.29) + ) e VK ("”_"N)_{'m(i)um(xg,).
n=M+1

It thus follows from the orthonormality of the {, (%) that, for n = M + 1, we have

N

(3.30) u,(x3) = ﬁ u(x, x2)¢ (%) dx = e‘\/”"_Kz<"'°"°_"?’)u,,(x0 )-

XN

We now employ (2.8), (3.1), (3.28), (3.30), the trace inequality, and the arithmetic-
geometric mean inequality to deduce
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gm Z K () (x = ), (%)

" 1,2
<e v,—Kz(xﬁ*X%)( 2 (Vn — Kz)lu,,(x,?,) !2)
n=J
(3.31) X (ne}'HLz(rxﬁ) + llu— XHLZ(FXW))

Y A PR _
< Ce V= K*G:F XN)(“u”%-I'(FXO) + llef g,y + H* l““”%{'(ﬂxm))'
N N N

Since v, increases with J, we now choose ¢ = % in (3.27) and v, sufficiently large in
(3.31) to conclude from (3.25) and (3.26) that

) J—1 2
7 (ne;'ni,l(gxﬁ) + 3 K2 (e), (R )

n=M+1
(3.32) <(K2+1)lek ||2Lz(9w~°) + C(K)h*"~ ‘>|Iu||§,z(ﬂxﬁ)

+Ce VKT =R w2 p .
*N

We next estimate || e || [2(2,)- 1t fOllows as in the proof of Theorem 3.1 that
N

eh ¢ a eh Q
(333) ” e;-ll” Lz(ﬂxno) - sup ”l( ”J’ )l = sup —||| (”J 5 )-l 5
Vo secpa 1P1Pag  secrag 19100

where ¢ satisfies (3.12). It now follows from (2.7), (2.10), (2.11), and (3.20)-(3.22)
that

(334)  a(e}, @) =a(e), @ —x) - gwn—Kz(uﬁ),,(xﬁ)x,,(xﬁ)

for each x € S*. Employing (2.8), (3.16), the argument leading to (3.15), and the
trace inequality, we conclude that there exists a x € S* such that

la(e), ® — x)|

< |lo] Hl(gxﬁ)(C(K)h ”e;l Il H‘(Qxﬁ)

-1 L\ /2
s Jvn—K2|e:<x;°>|)
n=M+1
I—1 12
(3.35) «[ 3 \/vn—Kzl(‘D—x)n(x?@)l)
n=M+1

o0

(E e er) (£ - ene-oenr) |

=J
I-1 )\ 12
S =k |e;(x°N°)1)

n=M+1

+C(s)h/2;5/ 2| eh | ,,,(rx,N))

<119l 2 C(K)hlle}'llf,.mxﬁ) + Ch

for each s € [0, 3).
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We are thus left with estimating the last term in (3.34). Employing (2.8), the
triangle inequality, and the Schwarz inequality, we obtain

S oy~ K (), () X, GR)

o 1/2
= ( 2 (”n - Kz) | “n(x;?) |2) (”‘D - X”Lz(rxm) + ”(DHLZ(FXm))
n=J N N

o ,\ 172
+ ( > I(e;l)n(xiovo)l ) (||(I) - XHH'(I‘X;‘?) + ||®||H'(rxw))~
n=J N

We now combine (2.8), (3.1), (3.16), (3.30), and the trace inequality to deduce
0

2 V= K2 (), (x3) X (%)
n=J

_ — K2 o __ 0
(3.36) < Ce V=K xR x”)”“”H'(rxo)”‘i’”Lz(nxw)
N N

+C(s)v° 2 e | gor .y 120
N N

for each s € [0, §). Finally, we apply (2.8), (3.32)—(3.36), and the trace inequality
and choose 4 sufficiently small in (3.35) and J sufficiently large (independent of h)
in (3.36) to conclude that

J—1 172
S ), 0
n=M+

” e;‘ ” Hl(ﬂxﬁ) +

(3.37)
< C(K)h' " Mlull g,y + Ce_”y’_Kz(xﬁ_x%)”“”H'(rxo)

and

lef 1l 12,y < (C(K )R + Cs)r;*/2)ll el H'(Qy0)

N N
J—1 ,\ /2
(3.38) +Ch| 3, — K2|(e}), (x3)] )
n=M+1

+ Ce—‘/vJ—I(Z(xﬁ—x%) ” u ” H'(l" 0)
*N

for each s € [0, 1).

The well-posedness of problem (3.22) for & sufficiently small and J sufficiently
large now follows from (3.37) and the finite dimensionality of S* in the same manner
as the analogous result in Theorem 3.1. Furthermore, it follows from (3.37) and
(3.38) that the theorem is proved with p = 1. In order to prove (3.23) and (3.24) for
p > 1, we use the following observation due to J. Pasciak. Since supp(f) C @4, we
readily see, using (2.1) and (2.2), that u € C *(Iyg) and Au =0 on Iy for each
integer g = 0, where the operator 4, was defined in Section 2 as the (N — 1)-
dimensional negative Laplacian acting in L?(/). Hence it follows from [16] that

o0

1/2
(3~39) Cl(p)”u”HP(I‘x%) < ( 2 74 “n(x%) |2) < Cz(P)”“”HP(rx%)’

n=1
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with Cy(p) < Cy( p) < oo. We may now combine (3.39) with the proof of (3.31) and
(3.36) to obtain (3.23) and (3.24). Q.E.D.

4. Additional Comments. In this section we indicate how the theory presented in
Sections 2 and 3 may be extended in various ways. We intend to investigate many of
these extensions in detail in future publications. To begin with, we observe from
(2.2) that only the first M modes of the solution u of (2.1) are propagating out to
infinity, while all of the remaining terms in (2.2) are exponentially decaying. (This is
in contrast to some of the other waveguides we shall discuss below, such as conical
waveguides, for which there are no exponentially decaying modes.) Hence it seems
reasonable that a good approximation to the solution of (2.1) may be obtained by
employing a boundary operator on I’ that is exact for solutions containing only the
first M terms in series (2.2).

Such a boundary operator is given by the operator T, defined in (2.7) for
K? € AN (, ¥ag1) bY

Tu(x) =i 3 {K* =, 8,(0)f (%, x%)8,(¥) a5
n=1 xR

Another boundary operator that is exact for the first M terms of series (2.2) is given
by

(a1) Bu(0) = 11 (7 = /K=, Juto).

n=1

The well-posedness of these approximate boundary value problems, as well as a
finite element analysis of these problems and the proof of a suitable error estimate
for the difference between the solution of the exact and approximate problems, will
be considered elsewhere. Note that B,, is a local operator, and hence the resulting
matrix equations will be sparse. Since B,, is a differential operator of order M, the
smoothness requirements of our finite element subspaces on the outer boundary
must be increased as M increases. A sequence of local, higher order differential
boundary operators for approximately solving the exterior problem was investigated
in [7].

There are various other problems for which all but a finite number of modes are
exponentially decaying. This is true, for example, in the case of a compound
cylindrical waveguide consisting of a finite union of semi-infinite cylinders, as well
as wave propagation problems in underwater acoustics (see [2]). There are, however,
a great many domains for which none of the modes are exponentially decaying. We
shall illustrate this for the case of a perturbed two-dimensional cone.

Let

Q=0Q%U Sn,
where r, = 0, Q0 is a smooth, bounded set, S = {x = (r,0): ry,<r, 0 <8 < 7a},

(r, 8) denotes the polar coordinates of a point x in R?, and 0 < a < 2. We again
consider problem (2.1) with respect to this domain. It was proved in [5] that this
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problem is well-posed for any real K # 0 with the outgoing radiation condition
defined by

u(x) = glc(K) '/)a(Kr)sm Zg

(4.2) and

ou . h
E(x) = Y (K)d H) (Kr)sin =0

n=1

where H(") (Kr) denotes the Hankel function of the first kind. The incoming
radiation condition is defined similarly with H{!), replaced by H(), (the Hankel
function of the second kind). Proceeding as in Section 2, we obtain the following
boundary value problem:

(-A—K*)u=f in®,, u=0 ondQ_ and %lriZT(u) onT, ,

where r_ > 1, Q,w =QN{x=(r0) r<rg}, a'sz,w = 8&2,00 N 992, I‘,eo =N
{(x=(r,0):r=r,}and

P VHD (Kr
(43) T(u)( 0) — ( ) 2 (d/d ) /a(K )

n=1 Htsl/)a(Koo)

. n
u,(r,)sin -0

with
_ T . 2
(4.4) u,(r,) = j(; u(r,,, 8)sin " 6dé.

Introducing a family of finite element spaces S* as in Section 3, we obtain in an
analogous fashion the following equation for the finite element approximation
u" € §" of the solution u:

a(u, o") =f (Vu"-;)Z —Kzu";;‘)dx

'uo

~§ T(u*)v"dd = (f,v") foreach " € S*.
T,

It is readily seen, using (4.3) and (4.4), that

T g o (d/dV DKy |, s
49§ T = ()" 3 ) )

As in Section 3, it may be seen that it suffices to take a finite number of terms in the
infinite series (4.5). In this case, however, the higher order terms in (4.2) are not
exponentially decaying, so that a larger number of terms will be required in general
than for cases in which all but a finite number of terms decay exponentially.

Observe that the exterior problem in R? is a special case of the present problem
with « = 2. Hence our method yields an alternative approach to solving the exterior
scattering problem. The nonlocal boundary condition on I, is obtained without
having to invert an integral operator. In addition, variable coefficients may be
treated since the Green’s function need not be known.
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The well-posedness results of [3]-[5] were extended in [6] to a large class of
waveguides in three dimensions, including compound waveguides consisting of a
finite union of single waveguides of (possibly) different geometries. The results in [6]
also included waveguides with discontinuities. It may be seen that the finite element
method proposed here can be readily extended to these more general geometries
(providing, of course, that appropriate modifications are made when discontinuities
are present).
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